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,p) diameter and expansion

+ "probabilistic method"

Jef. In a grah
G with verticesa

d(u
,
y = # edges in shortest nor path& - If no ner path exists.

diameter(c) = max (d(,3.
u

,
v

E . g. u diameter = 2~

t. When p=e and cast,

diameter) G(n
,p)) = Oglogn) with probability

↑ 1-o(f)
implicit constant

as not X.
in 0 C. -

-) may
depend on C.

Tony.
Prove this for c= %.

(The choice of c=t is for convenience)

D Find undirected groph G = (Y1) with

n-vertines is an -vertex-expander if

Ser Isle
,

last c.IS)
where &S = [veS/7 edge (nr with ufs3.



* SoS

non grid is not an -expander
unless a = 0 ().&(nz)

Gemma.

If G is an -expander

then diameter (6) = 0 )")
where n = (v()) ·

Proof S Want to find shortHatch
n-v path for

any given U,

w
0-⑱CU

Consider running BFS from a to

discover "layers" defined by
↳ = Gab



4 = (w) wa,edgea

↳
z

= (w) worLedgea
:

2 = Sw/wL ... rjy , 5 edge 3
(w) with xzO

equivalently⑳
What doesd-expansion tell us about

sizes of layers ?

Let Si = Loh,
. . . . .Lj

If 15j/ E then 105
; /h

. /5j /



But &S;jn

So
, 1j/zalS; /

(jnk = (j) + Kiri)z (1 + a) · 1Sj) .

From 1S = 7
, 1Sj+ 1 = (1 +2) · (5j) Vj

=>Kiz (Iqi
... as long as ISjl.

Comlusion: For ja[logc17.
15j)s (1 +: ·

Do the same thing with

Tj = Quertices reachable form V 3in j or fewe hops

(5j(z (1 +2)) .

Set j
= [logta (17.



(Ira)i z
/ ,

Itjkz

Sist, cannot be disjoint

=> 7 vertex weSjeTj
sitdn) < j , din)j
·od(u

,)d(um) + d(w
,v) = 2j

=> diamter(G) -
> 2/10ga)

=

Oli
= O)-

timeG(up)an expander ?

Requires p
>G because

disconnected graphs aren't expanders.
We'll show pat - E-expansion,



Say ST is a b e
if ISIE

,
&SET

,

and ITIs) :/5) .

Oberation .

G is -expand

if it has no bad pair.

A bad pair with 191K,
must have (T) =(s) + 1T15)

= (l +z)k .

For a= t
,

k **,

((+) · k = Z . z = 3 .

=> IVT) = n
- (T) = ↑ .

For given S-T
,

with K = /S
,

|+ (1 +)k,



D
no edges from

S to VIT.

151 = k
,

(VT1 &

=> there arek pairs (ii)

with ueS
,

veT.

In order for SjT bad pain

all these (v) fairs must be

non-edges of G(t
, p) .

=> Pr(5,
T bad pait & (l-p)

:/4
.

3n/ 1
/

#) b pirs] - (i)(
k= 213

& ↑ Prlbad)

Choosing T Choosing
withl SET

elements with K > 2



k 2 = (l-p) - (-p)c
= (l-p)2%6

#bad pin] ->*(1)

Cel2e(
c - 1 + (e)(2(-p

+Je
= - 1 + (1 + 2(- ps)n
c -1 + (1 + Ge

-

egn
psk)

E -1 + (1 + 2n/3)(zm()
E -1 + (ezn45yn ear -

> n

- 7/6

2 . v%.
n 2/46

=⑰= - 1 + ee
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Tri For p
Pr)7 bad pain-> O

as new

Pr (G(n,p) is i-expande-+ 1

When G(n
, p) is -exander its

diameter is OClosm).

This also shows that there exist

graphs withn vertices and

O(mbgn) edges that are

E-expanders.

(Because Pr(Glup) is -esp)- 1

Pr(G(,p) has OGlogn) eges)-> 1

assuming p = 7)
PROBABILISTIC METHOD : Show something

exists because a random object has the
property with high probability ,


