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9 Mar 2026 ReservoirSampling
Quantile Estimation

G irenko - Cantelli Theorem

Announcements ① Prob Ser 1 & Quit 4 grades released

Regrades available forI weeks (PSCT)
1 week (quizt

② Typos corrected on PSet 2
.

see Ed post,

Puzzle, You're going to see a stream of m

tokens
;

each in [0
,
13

You only have space to store

oneEen and we counter in range
-

0,7
, .. ym -

How to output a uniformlydom
element of the token sequence?

Idea.
Store one token

, y ,
in memory.

When processingEve, replace y withX+
with "Some probability such that it remains

uniformly random
.

"



RESERVORSAMLING:

intodize y = r
,

for t in 2
,
3
,
4
, ey

mi

observa token X
with probability It :I
else :

y = xt

y remains unchanged
endfer

output y

Pain Vt31
,

after t rounds of this drop
,

Y is unit distrib over (
, ...,X3 ·

&roof
.

Induct on
to

Base case
=L : y

= x
,

v

Induct Step : After wep iteration ++,
Pr (y = X

++
) = E by design ·

For
any

Is it
,

↑ (y= xs) = Prly unchanged in iteration ta
· Pr(y = X

,
at start of iter



- (l-E) : E

= t
.

RESERVOIR SAMPLING for drawing
elementsubset of dx

, --., Xm3

uniformly at random from al

krelement subsets.

initialize (y....,y() = (x
.. . . -,Xk)

for + = litt
,

k+ 2, ....,
ma

with probability :
11 Store * in 5 overwritingS

a random stored element

sample index it (k] unit random

y :
= xt

else:

ignoreIt,
leave if unchanged.



Correctness proof : again by induction.
↑

Comitted
,

but Ih book

Space requirement : kib + log m

un -

Y1 . --

, Y( t

Quantiletimation .

Tokens are elements of [N] = 57,
2,. . .,

233.

Go Store a sketch of stream X . . . .Ym

and afterward answer quantile queries :

g(i) mini
letquantile este.

On
query is outputg(i) str

Pr((y( - g(i) > a)S
.

(c, 5)- PAC uniform quantile est :

Output a data structure encoding
a vector of guantile estimates



(5(d), g(, .. --

, g(m)) such that

Pr (Ji w (g(il-glilk2) < S.

Clearly (5
,
5)-PAC URE = (ESIA) QE

(9, )-PAC Ge = (5
,
51-PAc UQE

.

First let's talk about QE-

Claim:
For appropriate choice of k

,

the

following algo works :

- use reservoir sampl to downsample
X1 , - - -

, Xne to Y1 , ---,Y

- using y 1 ---

, Ye simulate K indep
stream samples with replacement E

, . .. .,E
- answer query glit with

(i) = #dis
How large must K be for this

too work ?



Toyw. Egli) -gill likely smal

ea.

Use Hoofing.

&
1 if i

g(i).

Ne -

o otherwise

Indeed [(Xe) = m + yj/xxi)
because

ye
is unit distrib

over (xy---Xm]-

g() =π(Xy + xz + -- + X()
-

P-(Ig -g(l > a)

= Pr (/king() -k g(i)) > ka)

= Pr(((,
+ . .. +x)- E(x,

+... + X)) - ka)

(Horeff)
E 2e
- Le-Ska

To make this 8
,

set

k(5)



& BEGIN "SCRAP PAPER" DIGRESSION]
Readers of these notes after the Lecture should
ignore this part of the notes. They were

used as a visual aid but aren't meant to be

comprehensible toypeople who weren't

*
z = 97 , mpb. Yo

[41
.
42)-dz ,3 mprb

. #



Mogenerally
After sampling z

,,. - -

,fi
let d = distinct values in

(2
.
--

,Zei) ·

random

= = G web n repeatone of the

d distinct vals

random
Wi prit.

M sample None of the

unsampled elements of

tuple (y .
- - -Ym)-

YEND SCRAP PAPER DIGRESSION]

Bettstill.

Run K indep copies of reservoir

sampling (each sampling o

stream element) to yield
Er.

.. -, Ex) eachiid uniform

over 2x, .
- : Xm3 .

Then g(0) =

=teris
K



Summary , sample size

k = en()

suffices for 1851-PAC QE

=> k = zen()
suffices for 1891-PAC UQE

,

In fact

k = 2h))

samples are sufficient even for

(E
,
S)-PAC UQE .



dontinequality (Drorktaky-Kiefer-
Wolfowita)

If E, , .-

,E are did draws

from a
distribution with COF F

,

andEz denotes the empirical CDF

Ek=
then

Pr(1-F1) < Ze-zi

⑪.

For a single aEIR,

Pr (IIFzla) -F(a)) > 3) < 2e-23

(Like Hoeding bot + union bet combined

without requiring uniben ba)
=> (S-PAL UQE requires space

O(log m + en(b)



=> Drm-CantelliTheorem

If Z.,
Ez, ....

is an infrite

Sequence of did samples from

distnd
.

With Cor F und

Pla) =#zah
t

= empirical DF of first

- samples

then Pr(IIE-FO as +-xl = 1

Region .

DKW implies VaxO

() it : IFF1>] is finde

=> n. prob . A
,

"E Flo for al suff

large to


