
2 Mar 2026 Sketching element frequencies.

Recap: N = 2b [N] = 40
,

13 "Space of tokens"

*Nrz, ...,
Num stream of tokens

↑ ERN frequency vector

f = # (i)x= 2)
= number of times or occurs in stream

la number between & and my

Misra-Gries outputs a
list of 1 tokus quaranteed

↓o include
every token orit . -

Shahing I means maintaining a data struct C
that occupies small space (poly (b, logw))

Cand enables ximately answeries queries

↓ H -x (utimate of f) .

1

-
(4,5)- PAC

Pr(normalized error > a) > 8.

count-min Sketch : PEl
Count Sketch : &(1 E- E 1 cF1)
: li : (x + (i) let = X +y2.(usesatisfy

=mP+2(/y| + (y)z = (Pr(y)



In I
, 1x11x112always

1x11
,

can exceed 1/2 by factor I

E. g . x =E

Count - Min Sketch

Sample random h h : (n)+ 137150 -

y

from I-universal family ,
where =flog (7.

intidize C = 0
.

(dimension Bxt)

For i = 1
,
2
...,

mi

let(bsorylf) = (M , (x)
,
-

, hf(x)

I Fj((j,j) = (lbjj] + 1/C(b] counts how

many tokens hashed

end to bucket b.

Qury() : return = min C(h;() , j]
j

os.
E never underestimate -x

x - withRob. An

& Pr( *- * <z) ?
A

=- Ex = # tokens
Xi # X siti

h(xi) = h(x) .



((5x - +x] = ??

Suppose X
: #X . What is

↑ (h(xi) = h())]
P. (h(xi) = h()) =

()(x - f) = 5 Pr(h(xi) = h()
iixifX

= #hi/ xi= x 3 -

= y . (m -x) - 5 m = 3 11+ 1)

Idea1 , Set B =s

#(( -E) - @S11 fly

Pr(Ex-fx < 31f() < 8 by Markov.

Space requirement :

C stores B counters in range
O

... m

-. log(m) = atslog(m) bits
.

description of h : 0 (big B - log N) = 0(lig (s)-b).



Now with B : (7
,

+ = fliga)st]

we have

- Never underestimate Pl* = f) = 1

- Probably overshootI by at mostEllElla
P- ( *- Ex a(1f() S

- Space requirement :

rows cols bits per entry
C needs *tem

h
,.., he needs O (log(s)b: log(s)

Count-Sketch
.

Use random signs to

bring about cancellations in the

"noise" without carcelling "signal .

"



Algorithm.

t = ??

B = ??

initialize
array C of dimension Bxt

C = 0
.

sample random hash functions(-vnin)
h

,
hz , ...,h : (Ny + (a]

91, 92 1 ..., 9t : [N]- 47 13 .

for i = y . --

,
m :

LD , --z) = (h, (i)
,

. --

, ht(xi))I Vj ((bj . j)= ((bj ,j] + gj(x)
↑Could increment or decrement

end for

Query(c) :

for j
= /, . ..,

t let

aj
= ((hj(x)

, j] - gj(x)
↑ in absence of hash collisions

this would be extly fx
output * = median(a,

---

, at).



What can we prove
about this ?

- Error is two-sided : Ex-Ex could

be positive or negative.

-Error likely to be small :

↑-EK & 11) small when

BE

and t leg,1st

-

Space

C requires Bx+ x leg (m) bits

h
...., ht

, g1..--,9t

O (bgB . t - b) .

Total space-O(Greek . (b + log M)

sisof count sketch

Focus on column j with

hash functions h = hj , g
=

gj,
estimate

aj
= ((h(x)

, j) + g(x) -



claint · Elaj) = Ex
Inof. Let Xby =[i h

zy = g(y)
4b, :]= &Xaj Ze

9j =Xax (lbj) · Ex

#(aj] = & #X
↳ 0

except if

= 54(Xxx]
x =

y

= fx


