
25 Feb 2026 Distinct Elements Problem

Announcements:

↓ Weds 2/25 : Eshan C quest Lecturer

② Weds quiz covers 2/ , 2/18 ,
2/23

Streamingmodel of computation

An algorithm processes a sequence of

m tokens

from a universe of

N potential tokens N= yb
token - 40

,
13

using storage space O(poly (b + 1rsm)
and must afterward report an estimate

of some function of the token sequence.

-most frequently occurring token

· # distinct tokens

· entropy of token distrib

A

...
et cetera

An (8
,5) - PA algorithm satisfies

the property



Pr(/ALG's answer-TRUTH) > Truth) < S.

Cutmating distinct elements

Suppose we
have stream

5.
,

En
, . . ., Em = 40

,
13

and Cunredistic we have nuntually

independent rander

h(f)
,

heal . --

,
h(fm)e[o

,
]

ifi
= = Ej h(fil = h(fj)

else h(fi) inde of hifj) .

If There are & distinct tokens

in the stream, what would
the set of distinct hash vals

Look like?
M(fs) h(t

,
) hEph(fz)

19
*

↓↓ I d ind unit-
ets in [0

,
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For d ind unit pts in (0
,
1]

/min] = da

eElements Estimator (Part 1)

Initialize 2-uniform Lash hi (N]- (p]
&) large prime) Ullogp) bits of storage

for each token Ei
, compute hi)

and store Z = min(h(t.), ..., html]
↑

memory requirement is only
strong I and the

most ret hash h(ti).

↑ If a distinct tokens
,

expect z = -
d +1-

After seeing M
entire stream

,

report d=



Cham .

If pe

fr(e (t d
, 6d]) < 5

.

Prof Two bad eventsI-e

&
E: Getz

:dz

Pr(E) : the event < @d happens

when at least one of

Shirl, . . .

.,
h(tm)3 E [7, ...,

Esti?
Assume WLOG Ex---Od are

thea distinct stream elements
.

↑ (Ch(f) , . ., hCm13 intersect [1,
.., -11)

=> #) + i + ()
,..,d3 : h(file <E

, s-1]
= Te F(ucti)<)



d.d =

P(E) E

Pr15) : E
, happens when

[h(fil
, hLfn) ,

-- , GlEd)] disjoint
from 11,

2, ..., 3.

&1
. Pr(410 .7 It....,3)=

=I - &
Pr(h(E)k().. -,3) = 1-

·

Pr(h(ta) + (7
,

. .

-, 3) = 1 -
Assumes hifl.-

, hifd) mutually indep &↑ (h), ... h(d)3 disj from St ...,h)= (-)C< (
-

b1d]d =

e

-
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L.

When X1
, ---,Xn are

fairwise indept,

Var(X ,
+.. + Xn) = EVar(Xi) ·

Prof .

Let
: =(x) ·

k = y
,
+... +

n

= E(x .
+ .. +Xn] .

var(X,
+... +x) = H((X +... +xi)-x)]

- e) , x + 2[XX;
Kijan

-2[XiX + y I



& Var(i) =( -2x+ Xi)
Abandoning proof to avail

careless algebra error
.

Themprot. Var (X,t...+n)
is #[quadratic polynomial].

Each moromia depends
an 12 variables

,
so

can't detect whether

They arefully indep
Y

or just pairwise indep-



Applying
to

Pr(e) = Pr(h(k)....,ha dist (from 47, ..., g
i = 1

,...,
di

Xi = Stihi)+

#(xi) = -

Var (xi) = (t-d) <(i) -

E
,

= (x ,
+ .. + Xa = 04



Have : ((X,
+ - + Xd) = a d = 6

Var(X, +.. +Xa)
using
pairwise
-> = Var(x

,) + .. + Var(Xa)
indep

< ((x , ) + .. + E(Xd)
= G

P(X ,+ ...
+ Xd = 0)

Chebyshe Var(X, +.. +Xd
↳ E -

62

= = T
F(E, )

, Pr(32) =



Pr(E , vE) = %
.

Pla = (td
, 6d)), 5

.

Reducing relative arror to HE
.

Let Zizy, ...., Zy be the

t smallest hash values.

t = 17 .
a

-Z Z
Analysis in 53

.2


