
10 Mar 2025 Quantile estimation,
Reservoir sampling,
Glivenko-Cantelli

If tokens in a stream come from an

ordered set
,

e .g .
[m]

,
we can

define the quantile function aka.

the empiricalCDF # stream Tokens
& a

g(a) = #did-
total length
of stream.

Two goals for quantile sketching,

The algorithm estimates gla) using estimator(a).

LePAC : Va Pr(1g(d -g(a)) > 2) < 8.

Uniformly(2
,5)-PAC :

Pr (11g-gl - 2) <S

where llg-glly denotes max Igd-gla



This lecture in a nutshell :

1
. Dunsampling the stream-

maintaining in memory a random

sample of t at elements -

is a good way to maintain a

quantile sketch.

2. Reversampling achieves ownsampling
in Ot + logm(n) space.

3
.

Given to i uniformly random

elements of the stream,

the empirical CF of those t
elements ins an e-approx to

the empirical CDF of the entire

stream .

Glivenko-Cantelli Theorem

DKW Inequality
Droretzky-Kiefer-Wolfowitz

Samplingfor t= 1 random elements

store as in memory
for 5=2

,
3
, my

no

with probability - overwrite stored elt with as



Probability that at is stored at the end?

= pick 9: and store it when we

first see it. (t)
- don't pick as

for all Si.

(-) . (1-) ...... (i)
Product of all these probabilities :

% (i)().... (=

Generalization to selecting to out of n.

1
.

Britialize empty
boer of size to

b = Eas-egba) = (t ,
+
,.,

1.

2 . for 5= 1
, --,

m :

if set store bias

if sti

with probability :

sample is It] uniformly random

overwise by -as

else : // probabiliz 1 -*
do nothing

# If not then the buffer contents

after processing stream of length n



are a uniformly random telement subset.

eestimation using reservoir sampling.

Maintain reservoir sample bi--,by in memory
.

When queried about g(a) for + [m] report

(a) =

*u
a .

k .a
. is the empirica CDF of the

resembit sample.

Araanying
the error gla-g(a)

We'll analyze an algorithm where

be
, ..., by are independent,

each is uniformly distributed.

Space : O(t + log()
& ↑

storing storing the Counter St(n]
by mult when one element of

[m] takes O() storage.

Pr(((0) -g(a)))a)) Ze
- 2et

by Hoeding Bound.



X, = Get it
ba ie[t]

D
. N. bi is unif

random

↓ #Essah
E(Xi) = P- (b: a) =

M

=

g(q) .

n+ X = X
,

+ -
+ Xt = tig(a)

the event lg()-g()) > & is equit to

(x- EX) > zt,

5, ery
, by indepit > Xis .-

, Xy indept

Coeffing)
=> f((x- (xyst)c]e2E/t

Summary .
For (5,

5)-PA) quantite est

maintain t indep,
unif. redom samples

from the stream where t is chosen

Situ 2e-2et < S

th()

Upgrading to a uniform (E
,
5)-PAC estimate

keep same algorithm. Vary the value of t

according to the analysis technique,



Plant.
Union found

There are M events of the form

((a) - g(a)) >
one for each ac[m].

We can make each have probability
less than i by setting
- 52 (n(2)

Play2 .

More careful union bound

Lemma .
(weak DKW) JF b

,
,

. -

., be
are independent ident distrib samples
From

any
distribution on R

with CDF F(a) and if

we define the empirical caf

vizla)=i a
t

then

P (11g-Fl > e) <-



Compare with

P(11-F1) < meet
where F supported on [m) and

we use naive unior bound

a la Plan
1

.

pooof weak DkW.

k+ k = 5) .

We'll find a set of 21k***
bad events

,

such that i

none of them happen,

Ilg - Fly =

&

--

-
-

I
a a()a(3) alt all a(k)

a

al = supba) F() = 3



Proof shows that if Ja sit.

Igla- F(a)) > then

=i + (k-1) site

F(ah) - g(a()))%
or

>
Il

sphiglalasak crifallacal


