
24 Feb 2025 Straming Algorithms

Announcements. RegardeDeadline

D Quiz 3 is graded .

Sun 3/2

② Pet I is graded ,
Sum 3/9

③ Solution Ser 1 on Canvas.

⑰ Quit 4 on Wed
,

2126, will cover 2/12 , 2119
, 2/24.

CAP.

A family of hash functions 94 = Gh :X + 933
isAnniverse ("pairwise independent) of

VoyeX(hy) + 952 is uniformly
distributed

-X= 93 = #
= 50, 4 - -ypt(op3 p prime

hy(x) = axrb (modp).

why is 94 = [has) abe#p3 2-unir ?

For any fixedEY the pair

Ch(x), h(y) can take any value

in..

because h(x) can be made to take

any
value by varying b,

and hly) - h(x) = ay+ b - (axb) = a. (y-X)



can be mode to take
any

value

by varying a

Look at 0 · (y -x) and
1
· G- x) mod?

i

(p-1) · (ynx) mod
p

If any two of these coincide it

means J jak in 40
.. --

,
p-13 sit.

j . (y - x) = k . (y - x) (odp)

=ey is divisible by p.
both factors stictly

between and p.

=) contradiction . Ip prime

Juner Product flashing
.

X = I d > 0

93 =



ef.
If a

= (a)
, ---,#v = (N---

, (d)

let (a
,
x)= ai (nod

h()=

hab : /+ 93.

& [h/ b)
space complexity of representing
he 94 : O(d) space to

stone dol values in o
lassume p is small enough
that its binary representation
fits in OH memory)

time complexity of evaluating
hab : O(d)

& mult and I add in #p.



9 is Zuniversa by a variant

of the argument already presented.

Consider ***
WLOG assume X

, +Y ,

For
any

fixed list of coefficients

az, --- and we have p ways

to chose a
,

and b.

By varying
b can make h(

take any
value in #p

.

By varying a can make hlyl-th
take any value in #
h(y) - h(x) = (a, jj-*)

[-iii)+ &29(:-xi)

ranges over
constant as

all of # am, . ,ad ,,
asa, varies. are fixed.



Straming algorithm for distinct elements

(2,5) - PAC algorithm :

for all input sequences/streams
with probability =1-8

the algorithm's answer is correct

within a relative error.

Flajokt-Martin algorithm for

distinct elements....

[imprecise version 2 = 5)
S

Suppose elements have b-bit idenities

so that (potential elements3[[23].

Let
p

be a prime =2!

Sample h = has 9 uniformly
at randem

.

intidize Z = p-1for i =1
, . y

:

observe Ev ;
from data stream

compute h(Xi)
undert z = min Eh()

,.
-

,heri)] .



After observing The stream :

output +1
h(xy) h(x2)h(xz)

↓ ↓ ↓

ad Lau ↑

If there area distinct values

among E
...... An then you

expect [hk . -- hkn)} to be

& distinct numbers spread uniformly
in the interval [0

, p]
.

If they were exactly evenly spaced

thenI would be att
(Maybe d)

(? )

So ought to be a good

estimate of d or d+ 1

alysis.

I him to
prove

Pr(t6d)



(Pr(z)t
So then P) =E 60)*.
i

.e
.,

the algorithm is (9= 5
,

S= 13)-PA)

ofC. Gd

=z
Each individual hash value h(xi)
is unif distrib over 50.- , p-1

=> Pr)hki) < 6):
There are of distinct identifiers in

the stream

=>E( identifiers that hash to < ga)
= (d) .dT .

(linearity of expectation

↑ # an idention hashing to>)
(Marker's inequality)



opB) .
Assume WLOG that

X, --N are the O

distinct elements in the

stream
.

Random variables
1 h(i) = k

Eck = 20 aw

=i
Event (: <-1

Se k=
> --1EY = 0.

Vi E(Xin]
=> E(Yk] = 6 (in offe



FT) For a Bernoulli der-valued

random variable X

var(x) = #[] · (A-E(X])-

[E(X]-

Var(Xik) -> /Xik]

[Var(Xik) = #/[Xi1]i

~ I
Y(r)Partiedena Var (Ym)

ema. If X
, , .

. -,In are

Pairwise independent and

y = X ,
+

- - +Xn

Var(Y) = Var(i)



Var(y1 = E(y]- (e(ys)
E(y]= (i)-

(e])=(x] E(X]] -

yXX

E(y]=[xixi] ·

Var(Y) =E(kXj]- E(xi] - #(x)
~

= O when

XisX; independent

=(x]-(2)

= Var(i)




