CS4220 Assignment 1 Due: 2/5/13 (Tuesday) at 11pm

You must work either on your own or with one partner. You may discuss background issues and general solution
strategies with others, but the solutions you submit must be the work of just you (and your partner). If you work with
a partner, you and your partner must first register as a group in CMS and then submit your work as a group. Each
problem is worth 5 points. One point may be deducted for poor style.

Topics: Elementary matrix operations in MATLAB. Some connections between geometry and linear algebra.
The singular value decomposition.

1 Elliptical Point Clouds

In this problem you are to implement a function that generates a cloud of points that sit inside a given tilted
ellipse. First, we cover the background math. We define the ellipse £(a, b) as the set of points (x, y) that satisfy
(z/a)? + (y/b)? = 1. We assume that a > b and thus a is the major semiaxis and b is the minor semiaxis. A
point (u,v) is inside or on £(a, b) if

Vwt 2+ + V(u—f)?+0* < a/2 (1)
where f = va? — b2.

Rotation plus translation in the plane is a 2-by-2 matrix-vector product followed by a vector add:

_ [ cos(¢) —sin(@) ][ w zo
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The point (u,v) is rotated about the origin counterclockwise by ¢ degrees. The x and y components are then
adjusted by the xy-translation parameters zy and yg.

Let E(a, b, ¢, o, yo) be the ellipse obtained by rotating and translating each point on &(a, b) with rotation
angle ¢ (degrees) and xy-translation parameters g and yo. Note that if (u,v) is inside &(a, b) then (a,?) is
inside &(a, b, ¢, xo, yo) where @ and ¥ are specified by (2). You are now set to complete the following function
so that it performs as specified:

S

function [x,y] = Cloud(a,b,phi,x0,y0,N)
% a,b,phi,x0,y0 are scalars with 0<b<=a and -180<=phi<=180.
% N is a positive integer with N>=100.
% x and y are column N-vectors that specify a cloud of uniformly distributed
% random points that are inside or on E(a,b,phi,x0,y0).

Hints. We can generate m uniformly distributed points inside the rectangle with vertices (a,b), (—a,b),
(—a,—b), and (a, —b) as follows:

x = a*(-1+rand(m,1));
y = b*(-1+rand(m,1));

Since the area of the rectangle is 4ab and the area of £(a, b) is wab, we expect that approximately m(7/4) points
will be inside E(a, b). (Why?) If we set m = ceil(4N/m), then for large m we can expect that approximately
N of the points will be inside £(a,b). To allow for statistical variation, set m = ceil(5N/7). With extremely
high probability, there will be at least N “inside” points. Use equation (1) and the MATLAB find function to
determine the indices associated with the inside points. By selecting any N of them you have then produced a
size-N &(a,b) cloud. To complete the implementation of Cloud, simply apply (2) to each of the points inside
E(a,b). You will then have the required size-N cloud inside £(a, b, ¢, xo, yo).

Your solution should be completely vectorized for full credit. (It is possible to have a loop-free implemen-
tation.) Finally, remember that phi is in degrees so you will have to convert to radians before using cos and
sin. A test script ShowCloud is available on the course website. Sample output:



a= 4.0,b= 2.0, phi=30.0,x0= 2.0,y0 = 1.0, N=1000

Submit your implementation of Cloud to CMS.

2 Gangnam-Style SVD

Download the script ShowGangnam and the file Gangnam. jpg from the course website. The script shows how to
read a jpeg file into the MATLAB workspace and perform computations that relate to it. Study the script and

the insights provided by the comments.
Having the SVD of the Gangnam matrix enables us to generate low-rank approximations of the image.
Recall that if A =UXV7T is the SVD of A and r < rank(A), then

A, = UG L2, L)V, )T = i o UG RV (L E)T
k=1

is the closest rank-r matrix to A. Write a script GangnamSVD that displays the following image:

This is a 2-by-3 gluing of six images. Let A be the Gangnam matrix as defined in ShowGangnam. In the top row
of the solution image we have the images based on As, A1¢ and Asy while the bottom row images are based on
Ay, Asp, and Ajp. Submit GangnamSVD to CMS. (Note. Ignore error messages that indicate that an image is

too large to display. )



3 A Point on an Ellipse
An important consequence of the SVD of A € R"*" is that
on < | Az < oy (3)

where o, and o7 are the smallest and largest singular values and « € IR" has unit 2-norm. To see why this is
the case, let us assume that n = 2 and that A has the SVD
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A = Uxv = [U1|UQ][ 0 oy

] [v1 |U2]T = UluwlT + Uquv2T.

Here, u; and us are the first and second columns of U and v; and vy are the first and second columns of V.
Because these two matrices are orthogonal, we have ul u; = 6;; and vlv; = §;; . Note that if ¢ + s = 1 and

T = cvy + Sv2, (4)
then
[z? = 2Tz = (cv1 + sv2)T(cvr + sv2) = Aol vr 4 csvl vy + csvd vy + 20l = P 455 = 1

S0 z is a unit vector. Let us see what A does to this vector:

Ar = UXVT(cvy +sv2) = US(cVT v +sVTw) = US (c[ L ] +s[ 0 ]) = UE[ z ]
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a U[ 0 o2 ] [ § ] B U[ §02 ] B [UI|U2][ 509 ] = oty So2U.
It follows that
H Ax Hg = 020'% +520'§. (5)

To make this as large as possible set ¢ = 1 and s = 0 for then || Az ||, = o1. This corresponds to setting x = v;
in (4). To make (5) as small as possible, set ¢ =0 and s = 1 in (4) for then || Az ||, = o2. This corresponds to
setting © = ve. Thus we have shown that (3) holds in the n = 2 case.

As a way of making sure that you understand these matrix-vector manipulations associated with the SVD,
implement the following function so that it performs as specified:

function x = EllipsePoint(A,lambda)
% A is a 2x2 matrix and lambda satisfies O<=lambda<=1.
% x is a 2-vector with unit 2-norm length with the property that
% norm(A*x) = lambda*sl + (1-lambda)*s2
% where sl and s2 are the largest and smallest singular values of A.

Thus, EllipsePoint finds a unit vector so that || Az ||, takes on a prescribed value defined by A. If A = 0,
then z will minimize || Az ||,. If A = 1, then z will maximize || Az ||,. Another way to think about what
EllipsePoint does is to recall that

{yly=Az, |[z]y=1}

is an ellipse. As you walk around the ellipse, your distance to the origin is never smaller than oy and never
larger than o7. At least once in your journey your distance to the origin must equal Aoy 4+ (1 — A)og, a value
that is in between the two singular values.

Submit your implementation of E11ipsePoint to CMS.



