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Programming Languages & Logics

Lecture 26
Advanced Types



Plan

We'll finish proving the soundness of a simple type system for A-calculus.

Then, we’ll extend our type system with features commonly found in real-world
languages: products, sums, and references.



Simply-Typed Lambda Calculus

Syntax
expressions ex=x|MT.e|lee|n|er+e ()
values vi=M:T.e|n|()
types To=int|unit| 7 —> 7

Dynamic Semantics

E:=[]|Ee|VE|E+e|v+E

e —é n=n;+n,
Ele] — E[€] (M:T.e)v— e{v/x} ni+n, —n




Simply-Typed Lambda Calculus

Static Semantics

———— T-INT —— T-UNIT
[ n:int [ ():unit
M=e;:int THe,:int
_ T-ADD
e +e,:int

Frx)=r Mx:rtke:r

——— T-VAR - T-ABS

MEx:7 NEXMr.e:m— 71

FrFey:r—7 They:r

T-APP
r l_ e, é6H :TI



Properties

Theorem (Type soundness)

Ift-e:Tande —* € and e’ /4 then €' is avalue andt €' : 7.
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Properties

Theorem (Type soundness)

Ift-e:Tande —* € and e’ /4 then €' is avalue andt €' : 7.

Lemma (Preservation)

If-e:7ande — €' thenl e’ :r.

Lemma (Progress)

Ifi= e: 7 then either e is a value or there exists an e’ such thate — €'



Extra Lemmas for Preservation

Lemma (Substitution)
Ifx:7'+e:Tandt v:7' thent e{v/x}:T.

Lemma (Context)
If- Ele]:Tand\ e: 7" and+ €' : 7' then E[e]: 7.




Extra Lemma for Progress

Lemma (Canonical Forms)

Ift=v:T, then
1. IfTisint, then vis a constant, i.e., some c.
2. IfTisT, — 7, thenvis an abstraction, i.e., \x : 1. e for some x and e.



Products (Pairs)

Syntax

en=---|(en,e) | #le| #2e
vi=---|(v1,v2)



Products (Pairs)

Syntax
en=---|(en,e) | #le| #2e
vi=---|(v1,v2)
Semantics
Eu=-o | (Ee) | (v.E) | #1E| #2E

#1 (v1,v2) = #2 (vi,vp) = v,



Product Types

1 X T



Product Types

1 X T

r|_e]_:7'1 rl_ez:Tz

I+ (el,ez):Tl X Ty



Product Types

1 X T

r|_e]_:7‘1 rl_ez:Tz

I+ (el,ez):Tl X Ty

rl_eZT]_ X Ty
TF#len

rl_eZT]_ X Ty
-#2en



Sums (Tagged Unions)

Syntax

enx=---|inl 4, e|inr, i, e|(casee; ofe, | e3)
vi=---|inl i, v|inr, ., v
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Sums (Tagged Unions)

Syntax
ex=---|inl e |inr ., e|(casee;ofe, | e3)
vi=---|inl i, v|inr, ., v

Semantics
E:=---|inlyyn E|inr, ., E| (case Eofe; | €3)

caseinl, ., vofe, | e3 — e, v

caseinr, ., vofe, | e3 — esv

10



Sum Types

""7’1+7'2
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Sum Types

Ti=- |71+ 7N

[+ (ShE}

Ninlbi, e+ 7

M+ (S}

M=inr ,en+mn
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Sum Types

Ti=- |71+ 7N

I+ (S
Ninlbi, e+ 7

[+ (S}
M=inr ,en+mn

lt+en+mn TFeym—7 ThHey:m =7

[ caseeofe; | ey:T
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Example

let f = Aa:int + (int — int).
case a of (\y:int.y + 1) | (A\g:int — int.g 35) in
leth = M\x:int.x+7in

f (m Fint+(int—int) h)
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References

Syntax

= |refelle|e :=e |/
= |
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References

Syntax
ex=---|refe|le|e =6, | ¢
V;;:...|£
Semantics
Ei=---|refE|IE|E:=e|v:=E
¢ & dom(o) o(l)=v

(o,refv) — (o[l — V], () (o, W) — (0o, V) (0,0 :=V) = (o[l — v],V)



Reference Types

Tou=--| Tref
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Reference Types

Tou=--| Tref

Me:r
[+ refe:7ref
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Reference Types

Tou=--| Tref

Me:r
[+ refe:7ref

[+ e:7ref
=le:T
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Reference Types

Tou=--| Tref

Me:r
[+ refe:7ref

[+ e:7ref
=le:T

le;:tref ThEey:T

e =67

14



Question

Is this type system sound?

15



Question
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Well... what is the type of a location ¢?
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Question

Is this type system sound?

Well... what is the type of a location ¢? (Oops!)
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Store Typings

Let ¥ range over partial functions from locations to types.
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Xk e:rref
XFle:r
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Store Typings

Let ¥ range over partial functions from locations to types.

NXte:r
X Frefe:7ref

Xk e:rref
XFle:r

YXFep:tref NXbFey:r
YXFe =e:7

Y(0)=r
FrSrE /:7ref
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Reference Types Metatheory

Definition
Store o is well-typed with respect to typing context [ and store typing X, written
X Fo,ifdom(c) = dom(X)andforall ¢ € dom(c) we havel, X F o(¢):X(¢).
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Reference Types Metatheory

Definition
Store o is well-typed with respect to typing context [ and store typing X, written
X Fo,ifdom(c) = dom(X)andforall ¢ € dom(c) we havel, X F o(¢):X(¢).

Theorem (Type soundness)

If- X Fe:rtand- X+ oand (e ,a) —* (€,0')and (¢',d’) />, then €’ is a value.

Lemma (Preservation)

Ifr, 2 Fe:randT, X F oand(e,a) — (€', 0’) then there exists some L' O ¥
suchthatT, X' € :7andT, X' F o'
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Landin’s Knot

Using references, we (re)gain the ability define recursive functions!

let r = ref \x:int. 0 in
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Landin’s Knot

Using references, we (re)gain the ability define recursive functions!

let r = ref Ax:int. 0 in

let f= (\x:int.ifx =0thenlelsex x (Ir) (x — 1)) in
leta=(r:=f)in

f5

18



Fixed Points

Syntax

en=---|fixe
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Fixed Points

Syntax

Semantics

en=---|fixe

E:=---|fixE

fix \:7.e — e{(fix \x:7.€)/x}
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Fixed Points

Syntax

en=---|fixe

Semantics

E:=---|fixE

fix \:7.e — e{(fix \x:7.€)/x}

The typing rule for fix is left as an exercise... »



Exceptions

Syntax

e:=---|error | try e withe



Exceptions

Syntax

Semantics

/
ey — €]

.-+ | error | try e with e

try e; withe, — try ) with e,

E[error] — error
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Exceptions

Syntax

Semantics

/
ey — €]

.-+ | error | try e with e

try e; withe, — try ) with e,

E[error] — error

try error withe — e
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Exceptions

Syntax
e ::=---| error | try e with e
Semantics
e, — e}
try e; withe, — try e} withe, E[error] — error try error withe — e

tryvwithe — v
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Exception Types

We don’t need to add any new types...

[+ error: T

Me:T Mey:T

[+ trye, withe,: 7
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Exception Metatheory

Lemma (Progress)

Ift= e: T then either
e eisavalueor
e ciserroror
e there exists € such thate — €.
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Exception Metatheory

Lemma (Progress)

Ift= e: T then either
e eisavalueor
e ciserroror
e there exists € such thate — €.

Theorem (Soundness)

Ift-e:T7and e —* €’ and €' 4 then either
e eisavalueor
® ejserror
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