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Review

We’ve developed a type system for the A-calculus and
mathematical tools for proving its type soundness.

We also know how to extend the A-calculus with new language
features.

Today, we’ll extend our type system with features commonly
found in real-world languages: products, sums, references, and
exceptions.



Products (Pairs)

Syntax

(e1,e)) | #le | #2e

(v1,v2)



Products (Pairs)

Syntax
en=---|(en, )| #le|#2e
vi=---| (v, v2)
Semantics
Ev=---|(Ee)|(v.E) | #1E|#2E

#1(v1,v2) = s #2 (v, v,) = vy



Product Types

T1 X T



Product Types

T1 X T

r|_eli7'1 rl_ezi’Tz

= (el,ez)ITl X Ty



Product Types

T1 X T

r|_eli7'1 rl_ezi’Tz

I+ (el,ez):Tl X Ty

rl_eZT]_ X Ty
M- #le:n

rl_eZT]_ X Ty
-#2en



Sums (Tagged Unions)

Syntax

ex=---|inly,elinr, ., e|(casee; ofe, | e3)
Vi=---|inlyyn V] inr, Vv



Sums (Tagged Unions)

Syntax

e .=

V.=

Semantics

E::

|inlyy, e|inr, ., e| (casee; of e, | e3)
’ | inln+T2 v | inrn+Tz v

|inlyyr, E|inr,r, E| (case Eof e, | €3)

caseinl, .., vofe, | es — e v

caseinr, .., vofe, | e3 —» e3v

(6]



Sum Types

Ti=- |1+



Sum Types

Ti=|T+n

lFe:n

(e ianl—H'z €T+ 7

[ €.

=inr ,en+mn



Sum Types

Ti=|T+n

NFe:n
(e ianﬁ-Tz €T+ 7

M+ €.
=inr ,en+mn

lFenm+7mn ThFermm—>717 They:m —T1

[+ caseeofe; |e:7



Example

let f= Aa:int + (int — int).case a of (\y.y + 1) | (A\g.g 35)in
leth = \x:int.x+7in

f ( in rintJr(intaint) h)



References

Syntax

ex=---|refe|le|e =6, | ¢
V;;:...|£



References

Syntax
ex=---|refe|lele :=e |/
vi=--- |/
Semantics
E:=---|refE|E|E:=e|Vv:=E
¢ & dom(o) oll)=v
(o,refv) — (o[l — V], 0) (o, W) — (0o, V)

(0,0 :=V) = (o[l — V],V)



Reference Types

To=--| Tref



Reference Types

To=--| Tref

M~e:T
- refe:7ref



Reference Types

To=--| Tref

M~e:T
- refe:7ref

[+ e:Tref
M=le:r



Reference Types

To=--| Tref

[Fe:T
- refe:7ref

[+ e:Tref
M=le:r

le:tref ThHey:T

e ==e:T



Question

Is this type system sound?
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Question

Is this type system sound?

Well... what is the type of a location ¢?
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Question

Is this type system sound?

Well... what is the type of a location ¢? (Oops!)
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Store Typings

Let ¥ range over partial functions from locations to types.
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Store Typings

Let ¥ range over partial functions from locations to types.

NNXke:r
Xt refe:7ref
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Store Typings

Let ¥ range over partial functions from locations to types.

NNXke:r
Xt refe:7ref
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Store Typings
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Store Typings

Let ¥ range over partial functions from locations to types.

NNXke:r
Xt refe:7ref

MY+ e:rref
MXk-le:r

NXte:tref Xk e:7
NYFe =e:T

Y(0)=r
X FC:7ref

11



Reference Types Metatheory

Definition

Store o is well-typed with respect to typing context I' and store
typing X, written ', X I o, if dom(o) = dom(X) and for all

¢ € dom(c)wehavel | X I o(f):X().

12



Reference Types Metatheory

Definition

Store o is well-typed with respect to typing context I' and store
typing X, written ', X I o, if dom(o) = dom(X) and for all

¢ € dom(c)wehavel | X I o(f):X().

Theorem (Type soundness)

If- X Fe:rand-, L+ oand (e ,a) —* (€',0') then either e’ isa
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Reference Types Metatheory

Definition

Store o is well-typed with respect to typing context I' and store
typing X, written ', X I o, if dom(o) = dom(X) and for all
¢ € dom(o)wehavel, X F o(¢):X(¥).

Theorem (Type soundness)

If- X Fe:rand-, L+ oand (e ,a) —* (€',0') then either e’ isa
value, or there exists e” and o” such that (', 0") — (e”,d").

Lemma (Preservation)

IfT, X+ e:Tandl, X+ oand (e, o) — (€, 0’) then there exists
someY' D ¥ suchthatl, X' Fée':7andl X'+ o'
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Landin’s Knot

Using references, we (re)gain the ability define recursive
functions!

let r = ref \x:int. 0 in
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Landin’s Knot
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Landin’s Knot

Using references, we (re)gain the ability define recursive
functions!

let r = ref \x:int. 0 in
let f= (M\x:int.ifx = O0thenlelsex x (Ir) (x — 1)) in
leta=(r:=f)in



Landin’s Knot

Using references, we (re)gain the ability define recursive
functions!

let r = ref \x:int. 0 in

let f= (M\x:int.ifx = O0thenlelsex x (Ir) (x — 1)) in
leta=(r:=f)in

f5



Fixed Points

Syntax

e =---|fixe
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Fixed Points

Syntax

e =---|fixe

Semantics

E:=-..|fixE

fix \x:7.e — e{(fix \x:7.e)/x}
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Fixed Points

Syntax

e =---|fixe

Semantics

E:=-..|fixE

fix \x:7.e — e{(fix \x:7.e)/x}

The typing rule for fix is on the homework...
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