CS410 Fall 99     Prelim 1 Solutions      October 15, 1999

There were 2 versions of the test, A and B, with some slight differences.

1. Suppose the keys 0,1,2,…,9 are assigned random priorities such that when sorted by priority in descending order we get the sequence 4,6,3,1,7,9,0,2,5,8 [ver. A] 4,6,0,1,7,9,3,2,5,8 [ver. B].  Draw the unique treap containing these elements.  The highest priority element should go at the root.
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Ver. A

    
2. Consider the following 2-3 tree.  Show what the tree would look like after inserting 8. 
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3. Show what the tree of problem 2 (the given one, not your answer) would look like after deleting 13. 
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4. Right now 2-3 trees allow the computation of successors and predecessors in O(log n) time.  Describe briefly how you would augment the data structure to allow these operations to be computed in constant time.


5. Show what binomial heap would result from (eagerly) merging the following two binomial heaps.
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6. Match the recurrences on the left with their solutions on the right.

Ver. A

(a) T(n) = 3T(n/2) + n


(i)   O(n)

(b) T(n) = 2T(n/3) + n


(ii)  O(n2)

(c) T(n) = T(n(1) + n


(iii)  O(nlog 3)

(d) T(n) = 2T(n/3) + 1


(iv)  O((n), where ( = (1+(5)/2

(e) T(n) = T(n(1) + T(n(2)

(v)   O(nlog32)

Ver. B

(a) T(n) = 3T(n/2) + n


(i)   O(n)

(b) T(n) = 2T(n/3) + n


(ii)  O(n2)

(c) T(n) = T(n(1) + n


(iii) O(nlog32)

(d) T(n) = 2T(n/3) + 1


(iv)  O((n), where ( = (1+(5)/2

(e) T(n) = T(n(1) + T(n(2)

(v)  O(nlog 3)

7. List the following functions in order of increasing asymptotic growth rate.  If two functions have the same asymptotic growth rate to within a constant factor, indicate so.

(a) nlog 3




(e) 2n log n
(b) n log n




(f) (n

(c) n log n / log log n


(g) nlog n
(d) (n, where ( = (1+(5)/2

(h) 3n

8. Suppose you were given the following binary search tree.  Say that you wanted to repeatedly rotate the node containing 8 with its parent until 8 became the root, using the rotate operation to maintain order. What would the tree look like afterward?
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9. Write the keys 10110, 01001, 10010, 01110, 01101 in their proper places in the following trie.  The numbers labeling the internal nodes refer to bit positions in the keys.  The leftmost bit position is 0.
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10. Describe a data structure that supports operations insert(x), delete(x), and search(x) for keys x drawn from an ordered set, and in addition the operation 

count(x)

return the number of keys less than x in the data structure.

All operations should take worst-case time O(log n).  You may use any of the data structures we have discussed in class without saying how they work, but describe in detail any modifications you need to do to achieve the desired time bounds, and describe in detail your implementation of count.


End of Exam
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Maintain the leaves in a doubly linked list.  Each leaf has a pointer to its successor and predecessor, so they can be accessed in O(1) time.  On insertion, the new element can be linked into the list in O(1) time, since either its new successor or its new predecessor is a sibling.





(n,   n log n / log log n,   n log n,   nlog 3,   nlog n,   (n,   3n,   2n log n





Use any balanced tree scheme for dictionaries such as 2-3 trees or red-black trees.  Augment the data structure with an extra field at each node containing the number of data elements in the subtree rooted at that node.  This extra field can be maintained with only a constant factor overhead: on an insert or delete, follow the path up to the root from the inserted or deleted leaf and add or subtract one at each node.  This takes only O(log n) extra time.  On a split or join in a 2-3 tree or a rotate in a red-black tree, the new counts of the affected nodes can be computed locally in O(1) time from the counts of their children.





Now insert(x) and delete(x) are performed as usual.  For count(x), search for x in the tree.  For every node on the path from the root down to x, add up all the count fields of any siblings to its left.  For red-black trees, also add one for the parent if the node is a right child.
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Ver. B
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Ver. A
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