SOLUTIONS HW#6

1. () A linear deterministic bounded automatonisa9-upleM =(Q, S, G, é 4 d, s, t, 1),
where:

- Qisafinite set of states

- Sisafinite set (input alphabet)

- Gisafinite set (tape aphabet) containing S

- éisthe left endmarker

- Uisthe right endmarker

- d isthe trangition function

- sisthe start state

- tisthe accept state

- risthergect state

We restrict d to satisfy:
for al pl Q thereexistsqgl Q such that d(p, & = (g, & R)
for all pl Q thereexistsql Q such that d(p, 0) = (g, O L)
once the machine enters the accept state, it never leavesit; smilarly for rgject state.

(b) The machine M can write on n tape cells and on each cell it can write one of m
symbols while being in one of k states. Moreover, the head canbe pointing at any one of
n symbols. The number of configurations it can have is the number of states times the
length of the available tape times the number of symbols available to the power of the
length of the tape: states* length* symbol g9,

Therefore there can be at most km"n configurations.

(c) Because of this being finite, an LBA running on a Universal Turing Machine
(UTM) is decidable. If the LBA accepts, the UTM accepts. | f the LBA regects, the UTM
rejects. However, the UTM counts the steps that the LBA is taking, and if the LBA takes
more steps than what is the total number of possible configurations, then it has to be
looping, and the UTM rgjects, thus halting.

(d) Let My, My,..., Mj,... beanenumeration of all LBA'sand let wi, Wa,..., W .
be an enumeration of all stringsin S*. Consider the matrix A such that [A]ij=1 if LBA
M; accepts the word w and [A];; = 0 if LBA M; does not accept the word w. Now
construct the language L in the following way (this is the diagonalization argument). The
word wj; isin the language L iff the LBA M; does not accept w.

Claim: The language L is not accepted by any LBA.

Proof of Claim: Thisis the stardard diagonalization argument. Suppose not and let L be
accepted by LBA M;. Then consider the action of M; on the word w_ If wil L, then by
construction of L, the machine M; rejects w. On the other hand, if wi L, then by
congtruction of L, the machine M; accepts w.. In either case we reach a contradiction!



Claim: The language L is recursive.

Proof of Claim: Given any string w the recursive TM for L finds out theindex i of w in
the enumeration of all strings and generates the description of the i-th LBA M. Then it
runs M on w and accepts iff M rgjects. Since M halts on all inputs the TM a so halts and
decides al inputs.

2. We want to reduce the halting problem to the state entry problem. Suppose we have
an agorithm (Turing Machine R) that solves the state-entry problem. We will construct
an agorithm that solves the halting problem.

Suppose we have an algorithm TM R that acceptsif M entersin state g, and
rgjectsif M does not enter in state g. We want to design an algorithm S that acceptsif M
haltson w and rejects if does not halt on w. If we can solve R, then we can solve S.

For this we will modify the input machine M to have only one halting state q; to
do this, from any halting state we add transitions to g. We get that M haltsif and only if
M’ halts on state g.

So the agorithm for the halting problem is the following:

1. construct machine M’ with state q the only halting state

2. run the Turing Machine R (algorithm for state-entry problem) with inputs: M’,
g, w

3. If Rregects, regject

4. If R accepts, smulate M’ on w until it halts

5. If M’ has accepted, accept
If M’ has rejected, reject

From this we get that since the halting problem is undecidable, it must be that the
state-entry problem is also undecidable.

3. We remember that in the book it is proved that the “totality problem” (accepts any
string — page 235) is undecidable. For the equivalence problem we prove that the totality
problem isreducible to it. That is, if an algorithm can solve the equivalence problem, it
can be used to solve the totality problem. Since no algorithm can solve the totality
problem, the equivalence problem must also be unsolvable.

The reduction is as follows: for any Turing Machine M, we can construct a Turing
Machine M’ that takes any input w, runs M on that input, and outputs “yes’ if M halts on
w. We can also construct aTM M’ that takes any input and simply outputs “yes’. If an
algorithm can tell us whether M’ and M"’ are equivalent, it can also tell us whether M’
halts on al inputs, which would be a solution to the totality problem.

So we proved that also this problem is undecidable.



4. Follow the outline on pages 124-126. The proof is amost exactly the same.

Suppose we start with the string xol GY, in which only the first n symbols x =
X1X2.. Xn are not the blank symbol. We are not allowed to overwrite X. We have the start
configuration (s, éxo, 0), so from the definition of the one-step - for Turing machines
and from the fact that we cannot change X, we get exactly like in the proof at page 124
that when the algorithm crosses the boundary of x from right to left, it doesit in some
state g and every time it crosses the boundary from left to right it will come out of x in
some state p, because its future action is completely determined by its current
configuration. So p depends only on g and X, so we can define an operator Tx(q)=p, where
T QE{ }® QE{"},with - and”~ given by: “the first time the head crosses the boundary
of x, will do it in some state Tx(- ). The machine may never emerge from X, so in this case
we call it Ty(-)="".

If Tx(- )=", M must be an infinite loop, so never accepts or rgects. If not, in the
future it might move back to x from theright in state g. In that case we will either have
Tx(@)=" or we define Tx(q)=p.

Note that there are only finitely many possible tables for T, so thereis only a
finite amount of information about x that can be passed across the boundary. So if Ty=Ty
and M accepts xz, then it will also accept yz, because al the movements in the first n
symbols are determined by T, which is the same in both cases.

In order to accept xz the machine should enter at some point in the accept state. So
this should also happen for yz

Using Myhill-Nerode theorem and the fact that we only can have a finite number
of equivalence classes we get that these machines accept only regular sets.

5. Suppose L isr.e. Then there is a Turing machine M such that M recognizes L. Let

xI L. The witness y will be an accepting run of the TM M on the input x. Note that this
can be described finitely: if M accepts x in n steps then we only need to consider the first
ntape cells. Note that given arun of the TM M, one can construct a recursive function to
check that the run is consistent with the description of the TM, and that the run is an
accepting run of M on the input x. The recursive procedure to do this will check the
following. Suppose we use some standard encoding of M. The recursive procedure
checks that initially the machine M isinitsinitia state, and the input tape contains the
string x followed by blanks. Then we check that for every two consecutive configurations
a and b, we canreach b from a in one step using the transition relation for M. Finally
check that the TM M isin an accepting state in the last configuration.

Conversely, suppose A = {x | $ y R(x,y)} for somerecursive procedure R. A TM
recognizing L works as follows. On input x, the TM enumerates all possible stringsy. For
eachy it runsthe TM for R on the input (X, y). If R accepts, the TM accepts the string x. If
R rgjects, then the TM generates the next string in the enumeration for y. If thereisa



string y such that (x, y)I R, we finally generate that y and accept. On the other hand, if
there is no such y, the TM rejects x by looping.



