Floating Point
Representation




Floating Point Numbers

® |nfinite supply of real numbers

® Requires infinite space to represent
certain numbers




Floating Point Numbers

® VWhat do we need to consider when
choosing our format!?

® Space: using space efficiently




Floating Point Numbers

® VWhat do we need to consider when
choosing our format!?

® Limits: want to represent very large
numbers, very small numbers
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Precision, Precisely

® [wo ways of looking at precision:

® | et x and y be two adjacent numbers in our
representation, with x >y




WWhat is a Floating Point
Number!

® Examples:7.423 x 103,5.213 x 102, etc

® Floating point because the decimal moves
around as exponent changes
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What is a Fixed Point
Number!?

® Compare to fixed point: constant number
of digits to left and right of decimal point
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Floating Point Systems

® [:Base or radix of system (usually either 2
or |0)

® p: precision of system (number of significant
igits available)
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Floating Point Systems

® Given B, p, [L,U], a floating point number is:
+(do + di/f + do/f? + ...+ dp.i/

mantissa




Example Floating Point
System

® letf=10,p=4L=-99,U=99. Then
numbers look like

4560 x 1093 -5.132 x 10-%¢




Example Numbers

® What are the largest and smallest numbers
in absolute value that we can represent in
this system!?




Example Numbers

® | ets write zero:

0.000 x 10° ...or 0.000 x 10/,
..or 0.000 x 10'°
0.000 x |0




Denormalization

® |n fact, we no longer have a unique
representation for many of our numbers

4.620 x 102




Normalized Numbers

® Usually best to require first digit in
representation be nonzero

® Requires a special format for zero, now
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Some Simple

Computations
e (1.456 x 10%) + (2.378 x 10°')

1.480 x 1003

-

:we los

5
b A s R e




Rounding Strategies

® Easiest method: chop off excess (a.k.a.
round to zero)

® More precise method: round to nearest

number. In case of a tie, round to hearest
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Some Simple

Computations
® (1.000 x 10%9) x (1.000 x 10°°)

Number not representable in our system
onent 120 too large)
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Some Simple

Computations
® (1.000 x 10%%) x (1.000 x 10-6%)

Number not representable in our system

(exponent -120 too small)
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Some Simple

omputations
® |.432 x 102-1.431 x 102

® Answer is 0.001 x 102=1.000 x 10!

® However, we have lost almost all precision




Catastrophic
Cancellation

In general, adding/subtracting two nearly-
similar quantities is unadvisable. Avoiding it

can be important for accuracy
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Some Simple

Computations
® 1.000 x 109 - 1.000 x 10% + 1.000 x 10"

® Answer depends on order of operations
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Unexpected Results

® Because of its peculiarities, some results in
floating point are unexpected

® Take D |/nas n— o
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Precision

® As before, epsilon of a floating point
number x is defined as the absolute
precision of x and the next number in the
floating point representation.
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|IEEE-754

® Defines four floating point types (with f=2)
but we're only interested in two of them

® Single precision: 32 bits of storage, with




|IEEE-754




IEE-754

® Single precision:
Largest value: ~3.4028234 x 1038
Smallest value: ~1.4012985 x 10-% (2-'4%)
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METRY:!

® Recall in f=2, our mantissa looks like
|.0101 101 (we normalize it so that the first
digit is always nonzero)
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Exponent

® Rather than have sign bit for exponent, or
represent it in 2s complement, we bias the
exponent by adding 127 (single) or 1023
(double) to the actual exponent

o ‘»f - ‘.‘ e e W, . ?)Hq_‘ Par g LR "‘r_‘rh s ‘;\z",:-;,~;_.v.‘,“' -;:\'-v-" Sk 7‘!‘.}"-;\ R L e ke s N.'-’_'_;/‘. ok P Q_\,-“(u'.‘ RN At LS -"7'4 o 4 S o '.:f‘f' w e LN \".'.,';4 -’ ;‘\"‘.‘_1\\ O fe 4% o MR (_"{»‘»' o _-,'.'t\"'.,.':"’ P 2 f o "-.J"-_;{‘;.»A A 2h ';’~
Ay B . et S T o e U P DR AR B TN I B P - L in i Bt et 2w " piad Comre’s fo g o i) g o\ 9\ 1 Pl e o b - g Lisd Kty 5 TN
N X o e o oy 4 sy _ s . SRR AR N i o e N BT ’ £yl ' . b | AU S ErT RS S i M %) »
B ey ML Y e fa] 6L ;".“:.’.?:,'.- = ~},1". DAk NPT SR “'Z,«_..i-'.% e Y [ N AN 9 .‘;‘-’o,”—,,. Y o W _b‘,‘f DAl I f’:ciu- 0™ Yol B R) R P T SR P e I Bl (o Gk bt v PR . oS P) [ TR U N o
WG v o N A % - g g r P o e S AVt | ¢ a W i y . ¢ 3 y
5 v o ~ n 5 . . - i\




Exponent

® VWhy do we bias the exponent!

® Makes comparisons between floating
pomt numbers easy: can do bitwise
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Example

® What is 29.34375 in single precision?




Zero

® Normalizing mantissa creates a problem for
storing 0. To get around this, we reserve
the smallest exponent (-127, which when
biased is 0) to represent denormalized
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Denormalized
Numbers

Thus, zero is the number consisting of all

zeros in exponent and mantissa fields (can
be signed)

Nonzero mantissa: denormalized numbers
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Special Numbers

® Similarly, the maximum exponent
(exponent field of all I’s) is reserved for
special numbers
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‘® If mantissa is all zero, th




Special Numbers

® |f xis a finite number




Overflow and
Underflow

® |f computation underflows, result is 0 of
appropriate sign

® |f computation overflows, result is o of
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Example of System with

Floating Point Error
® (Demo,also part of HW3)




