More on initial value solvers:

Here we focus on special properties of second order differential equation that describes mechanical motions. We discussed how to optimize local error using numerical integrators (e.g. the Runge-Kutta procedures), now we wish to use some special properties of mechanical equations of motion..

A common model of protein dynamics is to use Newton’s equations of motion:
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is a diagonal mass matrix. 
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 is the coordinate vector and 
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 is the potential energy. It is useful to have independent indicators that the solution we construct is correct. For example, the energy -- 
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 must be a conserved (a constant as a function of time). The conservation of energy is a direct result of the Newton’s equations of motion
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For potential energy that does not depend explicitly on time we have:
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If we integrate numerically the equations of motion, it is desirable that the energy is indeed conserved as a function of time. This is a well-established test on the quality of the simulation. In general it is useful to use prior knowledge or understanding about the equations of motion, either to test the results or during the build-up of the integration scheme. Previously we were concerned with general properties and accuracy of differential equations. Designing general algorithm is great, but sometimes for a specific family of differential equations that are widely used it is good to have some special tricks.

Here is a useful “trick” when solving the Newton’s equation. It is possible to solve the Newton’s equation by transforming them to first order differential equations with initial values (these are the so called Hamilton’s equation). We have
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where P is the momentum vector. These are first order differential equation, which with initial values for 
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 are uniquely determined. 

The solution is uniquely and exactly determined if we solve the equations exactly. However, if we solve them approximately, what are the chances that we will pick an alternative (wrong) solution? Formally, paths of deterministic first order differential equations never cross. 

· Why?

But in practice, small errors may induce shift from one trajectory to the other (wrong solution). This is more likely to happen if the trajectories of the true solution and the alternative solution are close to each other. A nice property of classical mechanics (or the property of the Newton’s equation) is that each trajectory has its own fixed volume and therefore trajectories cannot get very close to each other (which is the spot in which they are more likely to cross). The infinitesimal volume of the trajectory is denoted by 
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And in classical mechanics it never changes as the trajectory progress in time (or if we examine the volume of other independent trajectories). The conservation of volume in the space of 
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 (called also phase space) is a very useful property for numerical algorithms since it reduces the chance for trajectory crossing by numerical errors. It is therefore desirable to maintain this property in an algorithm that we use to solve the equations of motions.

First thing to try is to check if a common algorithm conserves that property. Consider the Euler algorithm variant for the equations of motions:
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Does it conserve the phase space volume (a class of algorithms that conserve the volume are called symplectic)?

We can think on the propagation in time as a transformation from a point to a new point (from 
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). For the volume around the points to be conserved the Jacobian of the transformation must be 1. The condition from calculus is 
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The Jacobian is defined as
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and finally we have 
[image: image18.wmf](

)

222

1

i

JtMdUdX

=+D

 which is not one as we wanted. The deviation is not great (it is accurate to the order of 
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, but is sufficient to cause instabilities during the integration. It is desirable to have an algorithm for which the volume will be conserved exactly.

Consider now the widely used and (exceptionally simple) algorithm of Verlet. It is correct only up to 
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, but is showing remarkable stability which for a long time was considered pure magic


[image: image21.wmf](

)

(

)

(

)

(

)

2

1

11

2

2

iiii

iiii

XXPMttMdUdX

PPtdUdXdUdX

+

++

=+D-D

=-D×+


The algorithm looks very much like a Taylor expansion up to a second order, with a slight twist for the momentum. We repeat the same test that we did before for the conservation of the volume element and compute the Jacobian, we have
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Collecting terms and substituting to the expression for the Jacobian
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and finally… a miracle! 
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Hence the Verlet algorithm conserves the volume in phase space, exactly regardless of the step size. This is the prime reason for the great success of this integration procedure for Newton’s equations of motion.
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