Fermat's Little Theorem

CS 2800: Discrete Structures, Fall 2014

Sid Chaudhuri



Not to be confused with...

Arithmeticorum Lib: I1. 85

teruallo quadratgrum , & Canones iidem hic etiam locum habcbunt vt manife-

CQUASTIO VIIL

Tl elt,

rRorOsiTvM  quadracum

diuidere iuduosquadrams.
Imperatum fie ve 16, dividacur
in duos quadtatos. Ponarir
primus 1 Q. Oporter igitur 16
-1 Q. zquales efle quadr:w
Fingo qu:tlr'lrum 4 numeris
quotquot libuerit , cum defe-
{tu tot vnitatum quot conti-
net latus ipfius 16, elto & 2 N.
- 4. iple 1gitur quadrates cric
4 Q. +16.-18 N, hac xTqua-
buncar whnitacibus i - 1 Q\_
Communisadiiciatue vtnmquc
defedrus , & 3 fimilibus aufe-
raneur fimilia, fients Q. aqua-
les 16 N. & fit 1 ML ¥ Eritigi=
wir aleerquadracorum . aleer
verd . & veriulque fumma el
'.’.El!’cu 16, & vierque quadratus
elt.

ON cﬁn@ﬁu'@ ﬁ?&'){ul‘o?

dierev eig cfuaﬁwa.}mrol: -
mﬁ@;@w Mg Jﬁf}m i dVo 7e-
fqﬁa.,mvns..c. :g_wﬁ(@: ¢ mres e
Jundpews pias. Soiot deg pord-
dhee :s:i\s;mh me'mwr;.unz Towe
%ﬁrﬁui—wlm arAdosm ".I"n?ct.‘}a?-—
vnvbm :r: Soor M ame .\mbi To-
zﬂsmy,u. dowoy {Hr s Fas oAl
et fsw of B e d w' & aiime
aes o ngaf}o)vag tonty Qunapecwry
J“';aﬂa;[)\c:r\lﬁl;;i-;? T oo
,a.wru,n 5 )\mj.thuxmmc ,wa.;
m.lnl wnmﬁmn ,\a'\!u, Yord
SpAoiewr oo A‘w.m.u.m aegl € iony

. deslusicir. sy d Spibuse

5 mmﬂwr 12171 0 pr.. a"r";‘ f:mv;cr

arslu,nqmr ¢ d‘ip,uJ‘ wwrnmy.ﬁmr tﬁ@ d‘uomn&!m; miedor 0 u

dxosomiurla, i poradhg is.

QV &

VRSVs oporeat quadra-
Rtum 16. dividere in duos
quadratos, Ponatur rurlus pri=
mi laws 1+ N, aleerius verd
{l“ﬂfcu“(}ﬁﬂ numecrorum cumu
defeflu rtor vnitatum , quot
conflat latus dividendi. Eftoi-

xad ¢eli éngdaos 'ﬁ'!rd.}dub‘@-'
$TIO IX.
EETQ I m’NYTI;Pl;TI'Ird:—
Javor Jﬁﬁ?\ar es o 'ﬁFa)éu-
voig. w@;@w ;m)dr A v gfa:'rnu
'w&beg: §"crog, n gkf'ﬁwc; oy
Jhmn;\csyi w ocrwl‘n'g'l W dey-

s lili- s il Py SR L

Fermat's Last Theorem:
" has no integer solution for n > 2




Recap: Modular Arithmetic

e Definition: a=b (modm) if andonly if m|a—>b
* Consequences:

- a=b (mod m) Iff a mod m = b mod m

(congruence < Same vemadinder)

— If a=b (mod m) and ¢ = d (mod m), then

catc=b+d (modm)
* ac = bd (mod m)
(congruences can Sometimes be treadted like equations)
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Fermat's Little Theorem

e If p1s a prime number, and a Is any Integer, then

a” = a (modp)

 If a 1s not divisible by p, then

a’' =1 (modp)



Fermat's Little Theorem

e Examples:

- 21" =21 (mod 7)
.. but21°=1 (mod?7)

- 111" =1 (mod 13)

~57.885,161 _

~ 123,456,789 =1 (mod 2™ - 1)



Two proofs

e Combinatorial
— ... counting things
» Algebraic
— ... Induction
* We'll consider only non-negative a

— ... the result for non-negative a can be extended to

negative integers
(tvy it using what we know of congruences!)



Counting necklaces
e Due to Solomon W. Golomb, 1956

e Basic idea: a” suggests we see how to fill p
buckets, where each is filled with one of a objects

a objects

N—
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p buckets



Strings of beads

 Each way of filling the buckets gives a different
sequence of p objects (“beads”)

- a” such sequences

5= 99 ® 9@
5= ® ® ® @@
5- 9 ® ® @



Strings of beads

e Now string the beads together...

@@ @ @@
— @@ @ @@
@@ @ @@



Strings of beads

e ... and join the ends to form “necklaces”




A necklace rotated...

e ... Is the same necklace

— Different strings can produce the same necklace when
the ends are joined




Two types of necklaces

» Containing beads of a single color




Two types of necklaces

» Containing beads of a single color

* Only one possible string

- G @@



Two types of necklaces

* Containing beads of different colors

e Many possible strings

-GG @
-GGG @
G- G- @



Lemma

e If pi1s a prime number and N is a necklace with at
least two colors, every rotation of N corresponds
to a different string

— ... L.e. there are exactly p different strings that form the
same necklace N



Proof of Lemma

 First, note that each string corresponds to

— a rotation of the necklace, and then...

— ... cutting 1t at a fixed point

O,

- & & @@ - -®



Proof of Lemma

 No more than p strings can give the same
necklace

— There are only p (say clockwise) rotations of the
necklace (that align the beads) before we loop back to
the original orientation

N—_ _
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Proof of Lemma

 Now we'll show that no less than p strings give the
same necklace

» Consider clockwise rotations by 1/p of a full circle

e Let £ be the minimum number of such rotations
before the original configuration is repeated

— Clearly, k<p (p rotations bring us back to the start)
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Proof of Claim

e Clam: k| p
e Proof:

- letp=qgk+r, with0<r<k (division 3lgovithw)

— ¢ Iterations, each of k rotations, restores the original
configuration (by definition of k)

- So do p rotations (full circle)
— ... therefore so do r rotations
— But r <k and we said £ was the minimum “period™!

— ... which 1s a contradiction, unless =0



Proof of Lemma

e Since k| p and k<p and p is prime, we must have
either
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Proof of Lemma

e Since k| p and k<p and p is prime, we must have
either

- k=1 (impossible if necklace has at least two colors)
or
— k:p

e This proves the lemma
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What we have so far

e Necklaces with one color

— a such strings (one for each color), therefore a such
necklaces

* Necklaces with multiple colors
— Each corresponds to p different strings

— a” — a strings of multiple colors, therefore
(@a”—a)/p such necklaces

= P | a’—a (can't have hal§ a3 necklace)

> a’=a (modp)  geD
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Another proof (algebraic)

e For a given prime p, we'll do induction on a

* Base case: Clear that 0” = 0 (mod p)

* Inductive hypothesis: a” = a (mod p)
 Consider (a+1)”

e By the Binomial Theorem,

p
1

p
2

(a+1)P=a’+|P|a” '+ P |a"*+|Pla" " +.. .+

3



Another proof (algebraic)

e For a given prime p, we'll do induction on a

* Base case: Clear that 0” = 0 (mod p)

* Inductive hypothesis: a” = a (mod p)
 Consider (a+1)”

e By the Binomial Theorem,

p
p—1

p
3

p
1

p
2

-1 —2 —3
(a+1)P=a’+|P|a’ +|P |a” “+| P |a’ " +..+ a+1

— All RHS terms except last & perhaps first are divisible by p



Another proof (algebraic)

e For a given prime p, we'll do induction on a

* Base case: Clear that 0” = 0 (mod p)

* Inductive hypothesis: a” = a (mod p)

° COnSider (a + 1) P Binowidl coefficient ( Ii ) S
P/ K(P- K, which 1s 3dlways an

. By the Binomial Theorem, wteger. 7is prime, so it isn't canceled

out b\j terwsS n +he denowinator

p
p—1

p
3

p
1

p
2

-1 —2 —3
(a+1)P=a’+|P|a’ +|P |a” “+| P |a’ " +..+ a+1

— All RHS terms except last & perhaps first are divisible by p
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 Therefore (a+1)” = a”+1 (mod p)
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Another proof (algebraic)

 Therefore (a+1)” = a”+1 (mod p)
e But by the inductive hypothesis, a” = a (mod p)

=aqg’+1 =a+1 (mod p) (Properties of congruence)
e Therefore (a+1)” = a+1 (modp)
(congruence iS transitive - provel!)

e Hence proved by induction



	Slide 1
	Slide 2
	Slide 3
	Slide 4
	Slide 5
	Slide 6
	Slide 7
	Slide 8
	Slide 9
	Slide 10
	Slide 11
	Slide 12
	Slide 13
	Slide 14
	Slide 15
	Slide 16
	Slide 17
	Slide 18
	Slide 19
	Slide 20
	Slide 21
	Slide 22
	Slide 23
	Slide 24
	Slide 25
	Slide 26
	Slide 27
	Slide 28
	Slide 29
	Slide 30
	Slide 31
	Slide 32
	Slide 33
	Slide 34
	Slide 35
	Slide 36
	Slide 37
	Slide 38
	Slide 39
	Slide 40
	Slide 41
	Slide 42
	Slide 43
	Slide 44
	Slide 45
	Slide 46
	Slide 47
	Slide 48
	Slide 49
	Slide 50
	Slide 51
	Slide 52
	Slide 53
	Slide 54
	Slide 55
	Slide 56

