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You should justify/prove all your answers.

Problem 1

Suppose you have a drawer with 10 red socks and 10 blue socks and you pick some socks
without looking at them.

(a) How many should you pick to be sure of having at least 2 of the same color?
(b) How many should you pick to be sure of having at least 2 blue socks?
Justify your answers.

Problem 2

How many positive integers strictly less than 2102 are divisible by 2,3 or 5?

Problem 3

Suppose we have a collection of subsets of {1, 2, . . . , n} such that each pair of subsets has at
least one element in common. What is the maximum possible size of the collection?

Problem 4

Show that if n is a positive integer, than
(
2n
2

)
= 2

(
n
2

)
+ n2

(a) using a combinatorial argument (show both sides count the same thing)
(b) by algebraic manipulation

Problem 5

Count the number of paths that go from the bottom left corner to the top right corner of
the n × k grid where each step of the path moves to the right or up. The figure shows a
4× 10 grid with such a path highlighted.

Homework 3 - Due Wednesday October 10th

Prove all of your answers. If you work with others put their names
clearly at the top of the assignment. Everyone must turn in their

own independently written solutions

1. Give a combinatorial proof of the following binomial coefficient identity:

n
∑

k=0

k

(

n

k

)

= n2n−1

2. Count the shortest paths from the bottom left corner to the top right
corner of the n×k grid. (The figure shows a 4×10 grid with a shortest
path in question highlighted.)
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3. Suppose you receive equal amounts of spam e-mail and non-spam e-
mail. Further suppose the probability that a spam e-mail contains the
word “free” is 1

3
and the probability that a non-spam e-mail contains

the word “free” is 1

30
. You receive an e-mail that contains the word

“free” what is the probability that the e-mail is spam?

4. Give an example of events X1, X2, and X3 such that the events are
pairwise independent but not independent as a triple.

5. Suppose a permutation of [5] is choosen equally likely at random.
What is the expected number of entries in the permutation that are
greater than all preceeding entries? For example, in the permutation
3, 5, 2, 4, 1, the numbers 3 and 5 are greater than all preceeding entries.

6. Suppose you roll a fair 6 sided die 100 times. Let X be the number of
times two consecutive rolls result in the same number. (a) What is the
E[X]? (b) What is the V (X)?
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