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Which of the following cannot be the visitation order of a

BFS of the following graph starting from source vertex s ?

s,b,e,a,c,d,f (A)

s,e,b,f,d,c,a (B)

S,b,e,c,g,\'a,f @

s,e,b,d,f,a,c (D)
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Today's Learning Outcomes

89. ldentify substructures in graphs such as neighborhoods, paths,
and cycles both visually and programmatically.

92. Visualize the state of a graph traversal at a given point of its
execution, describing each node as either undiscovered, discovered,
visited, and/or settled.

93. Describe Dijkstra's shortest path invariant and use it to establish
properties on the unvisited portions of a graph at a given pointin the
execution of Dijkstra's algorithm.

94. Implement Dijkstra's shortest path algorithm and analyze its
time/space complexities.
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Recall: Traversal Levels

The \evel of vertex vV, L), in a dtraversal
S-l'qr-l-.'ng at s 1S "‘16 \em3%h of 1the

Shorlest S vV fm‘h. 0
BFS visits vertices 1n level order. 3
Thiak in FMSeS: 2 <

ot level |

. Viswing  sowrce (]euel 0) diScevers all vertices

7. u:y;};«v vertices at |cucl \ J:Jzouu; veri:ces a.+ level 2
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Suppose (u, v) is an edge in a directed graph. What is
the strongest statement we can make about the
traversal levels of u and v, (u) and £(v)?

IM-.JMe Poi'\" When u Vg4

Viyited. (v) =4(uw) +1 (A)
~If V uadiscoveed it N
be 1 level L(u)+) t(v) = f(u) +1 (B)

- Tf v discovered it wa; 2(v) < P(W) + 1 @

lipeled esslier 5o wnill be ¢2

level ¢ £(u)+] t(w) = £(w) (D)



2 Coding Demo: Level-Augmented BFS &
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Shortest Paths in Unweighted Graphs

For o vertex vV at level -Q/ it Shortest
S AD qut, Wil jaclude 42 ea’jes

[ 2 l") 1
S\)L{“‘")Uz ...-—7“1"___>\/
at level at leyg] 4ot )evel af leve) at leve)
o ! 2 4-1 £ .
— ~ ——— _ shortest path teee

shortest gSavy, path

To recover all ghorlest paths from s, enoagl to  eep tesy
oF last edge iato each veh‘e.x, vhich I8 q, -'4:0’».‘:7 edye Feom
?(gu:ow.s level.

For BFQ} the 34‘73 Puqt discovered +be vertex Vo rks,
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2 Coding Demo: BFSwith PathInfo &
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Reconstructing Shortest Paths

Complete the definition of this method to reconstruct the shortest path.
(" )

record (int level, String prev) { ... }

static List<String> reconstructPath(Map<String,Pathinfo> info, String srcLabel, String dstLabel) {
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Reconstructing Shortest Paths

-

record Pathinfo(int level, String prev) { ... }

static List<String> reconstructPath(Map<String,Pathinfo> info, String srcLabel, String dstLabel) {

List<String> path = new LinkedList<>(); .

path.add(dstLabel); Joop iV

while (!path.getFirst().equals(srcLabel)) {
path.addFirst(info.get(path.getFirst()).prev());

} 'mco"""’ e‘ae to qulu 7¢an‘l‘5"()
return path;

path i5 4 shorlest paty  from
qulo.gci First() to dsf wvertex
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Key ldeas of Unweighted Shortest Paths

1. Atany pointinthe algorithm, our discovered
map records the shortest (known) path distance
to every node that we’ve discovered.

undiscovered

ISTUOIJ

2. The nextvertex to be removed from the frontier
queue is always the unvisited vertex with the
lowest level.

3. Assoon as avertex is visited/settled, we are guaranteed that we have located the
shortest path to it from the source vertex, and this path contains only vertices that
were previously settled.
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Adapting to Weighted Graphs (r.o:;?;m“)
Some Similar ideas to BFS.

- Yrack  digcovered , Frontier Vectices
— fecord divltace from s rather thea

leve |

- viot Jerticey in d;bi""’ltg order from source

Vigit, vse °2u4tgoing eJyeﬁ to discover

- dq(‘:‘ﬂ
istamce § i1 discoveced Mgp

new vertites a1d \1Iodqie d

Some modifications veeded.

ey coabain  Mole edges  Han lorger paths

~ shor}t patus e er

~ discovery order May be dJ. ffecead thaa dis}ance
- Ve May locate 9 Pﬂf"l lafer 1 the frquersq | JLat €5
shorier thaa oy earlier FH(’J need q 'y to ~1,03‘”‘C
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Dijkstra's Algorithm (High Level)
Tuitialize discovered & 7 souceel  feontier « fSoqrcej

While ( freakier i5  wet emrpty) |
v & frontier vertey Jith  wmia Kaoua disteace from S

for eachu Ow}joi"j 8{73 (")"‘l) {

iF V.Y mndiscoveredj JiScovel H’(Qnd Za(ld to 'Fw::‘-'ef{;
i " distante d(s,W) = d(s v)+ el °
with  bhesp Unovw , vV ed,eJ(xlle)
U iy discoveced byt ve've found a  shorie~
Pa{'h to it qquf& it be5+ Kaoiv d:stavce

/
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Dijkstra's Invariant

At twe start  of eschk  wWain loo
- have loceted  shoriest ,94“" to 9l
X shartesy Kaow? path Yo closest
the true sLortest PA'H').

Proot sMetch.

SVPFO“ Ywere ere
anotwer (yet Y Knovia)
Shorier pafh. L} vould
need to ccoss Hwrougl
some otuer froatier
Vertex V.

;+e(°"'a'0ﬂ §
settled

frontiecr

frontier

verte x

vertices

v¥ s

undiscovered
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Properties of Dijkstra's Algorithm

Vertices are wvisited /settled in Neceasing  ordec of

distance (Just like BFS).

Why? shortest  path to any uasettled wvectex Vo wust
i) -)’browj\,, frontier, 50 Y WS digkiace P
any cettles verrex

Beot Uuoun distance 1o vertex oll|~/
(w‘oen Je £:nd beHer Pa-l'lq)

decresses as quo/:}m

N
\qu)'\r) of g,\.,or:)e;.} 1enj‘\'\1 of sbLorilest lemjih of
Pt\-‘r\ﬂ to clotest £ Pc\t\, to wasettled é s\ortect Kno4
frontier Vertex Jertex N Paw o V
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Which data structure should we use to model the
frontier in Dijkstra's algorithm?

Queue (A)
Stack (B)
Priority Queue (C)

Dynamic Priority Queue @



2 Coding Demo: Dijkstra's Algorithm &
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Dijkstra's Algorithm Walkthrough

discovered

IS
o~

vertex S a b C

distance| O Ll 715 6112
prev avl) S C S C b

frontier
>
shartest ‘oqf\-. Ycee 7\1% //( A« ,8/’
‘FFOM 5 Y The lecdyre aofes have o4

aniMation oF thig &Xﬂ"ﬂplé-
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