Lecture 23: Shortest Paths

CS 2110
April 16, 2026




Today's Learning Outcomes

89. ldentify substructures in graphs such as neighborhoods, paths,
and cycles both visually and programmatically.

92. Visualize the state of a graph traversal at a given point of its
execution, describing each node as either undiscovered, discovered,
visited, and/or settled.

93. Describe Dijkstra's shortest path invariant and use it to establish
properties on the unvisited portions of a graph at a given pointin the
execution of Dijkstra's algorithm.

94. Implement Dijkstra's shortest path algorithm and analyze its
time/space complexities.
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Recall: Traversal Levels

The level of vertex v, -(,(v)) in a Jrquersal
S{'qr-l-.'n? at s 1S "‘16 \ewj{'lq of 1the
Shortest SOV f“'“’l-

BFS visits vectices in level order.
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CS 2110 Lecture 23: Shortest Paths April 16, 2026




2 Coding Demo: Level-Augmented BFS &
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Shortest Paths in Unweighted Graphs

For o vertex vV at level 1/ it Shortest
S AD quL, Wil jacluwde 42 ea’jes
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2 Coding Demo: BFSwith PathInfo &
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Reconstructing Shortest Paths

Complete the definition of this method to reconstruct the shortest path.
(" )

record (int level, String prev) { ... }

static List<String> reconstructPath(Map<String,Pathinfo> info, String srcLabel, String dstLabel) {
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Key ldeas of Unweighted Shortest Paths

1. Atany pointinthe algorithm, our discovered
map records the shortest (known) path distance
to every node that we’ve discovered.

undiscovered

ISTUOIJ

2. The nextvertex to be removed from the frontier
queue is always the unvisited vertex with the
lowest level.

3. Assoon as avertex is visited/settled, we are guaranteed that we have located the
shortest path to it from the source vertex, and this path contains only vertices that
were previously settled.
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Adapting to Weighted Graphs (no:;?%?e)
Some Similar ideas to BFS.

- track digcovered , frontier vectices

- viot Jerticey in d;bi""’ltg order from source

-~ ducin Vigit, wSe awf‘,oinj eJ,e} to discover

new vertites

Some modifications weeded.
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Dijkstra's Algorithm (High Level)
Tuitialize discovered & 7 souceel  feontier « fSoqrcej

While ( freakier i5  wet emrpty) |
v & frontier vertey Jith  wmia Kaoua disteace from S

for eachu Ow}joi"j 8{73 (")"‘l) {

iF V.Y mndiscoveredj JiScovel H’(Qnd Za(ld to 'Fw::‘-'ef{;
i " distante d(s,W) = d(s v)+ el °
with  bhesp Unovw , vV ed,eJ(xlle)
U iy discoveced byt ve've found a  shorie~
Pa{'h to it qquf& it be5+ Kaoiv d:stavce

/
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Dijkstra's Invariant

At twe start of eac wain loap ‘4ecration -

SCHleé -fron}ief‘ \Aﬂéc‘bwdel‘ed
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Properties of Dijkstra's Algorithm

Vertices are wisited /settled in ineressiag  ordec of
distance  (Just like BFS).

Beot Wuowv distance to wvertex only decresses as qiyor:lbnq

runy  (when Ve £:nd  beHer pa'l'lo)
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2 Coding Demo: Dijkstra's Algorithm &
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Dijkstra's Algorithm Walkthrough

discovered
vertex 8 a b c d t
distance
prev
frontier
>
>
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Dijkstra's Algorithm Complexity

- )
while(!frontier.isEmpty()) {

V v = frontier.remove();
for (WeightedEdge<V> edge : v.outgoingEdges()) {
V neighbor = edge.head();
double dist = discovered.get(v.label()).distance() + edge.weight();
if (discovered.containsKey(neighbor.label())) {
discovered.put(neighbor.label(), new Pathinfo(dist, v.label()));
frontier.add(neighbor, dist);
} else if (discovered.get(neighbor.label()).distance > dist) {
discovered.put(neighbor.label(), new Pathinfo(dist, v.label()));
frontier.updatePriority(neighbor, dist);

1}

.
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