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What is the space complexity of this maxVal ()
implementation in terms of N=e - b?

static int maxVal(int[] nums, int b, int e) { ()(1) (l\)
if (e = b ==1) {
return nums[b];
¥ O(log N)
intm=b + (e - b)/2;
int Wax = maxVal(nums, b, m)
int rMax = maxVal(nums, m, e)
return Math.max(Wax, rMax);

i o(N) (C)
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implementation in terms of N=e - b?
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static int maxVal(int[] nums, int b, int e) {
if (e = b ==1) {
H doe

return nums[b]; each ¢ 0es

} O()) Noavlee~Fsve
int m=b + (e - b)/2; ork
int WMax = maxVal(nums, b, m);
int rMax = maxVal(nums, m, e);
return Math.max(Wax, rMax); o 0 (N)
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Today's Learning Outcomes

28. Compare and contrast the insertion sort, merge sort, and
quicksort algorithms, discussing aspects such as time/space
complexity and stability.

18. Identify the loop invariant of an iterative method involving an array
and visualize it using an array diagram.

24. Determine the asymptotic time and space complexity of a piece of
code involving one or more loops and/or method calls.

27. Determine the number of recursive calls and the maximum depth
of the call stack of a recursive method and use these to compute its
time and space complexities.
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The Importance of Sorting

Having sorted data can greatly improve code efficiency.
O(N) linear search V3. O(lojN) binary Sedrch

Sorting is an important subroutine for many other computations:
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Different Sorting Algorithms

Different sorting procedures trade off different desirable properties:

- Rvm}i"“’e (be.sf'cqje/ WOrs+- c"ﬁe/ €X{76c1c) c‘lSej ag’qp‘l')v;'}y)

- SPch complex ity

- Memory locality, quﬁ”el’l“\’:l;b

- Gtaylity

Being familiar with a varied toolbox of sorting algorithms will help you
choose the best for a particular scenario.
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Insertion Sort

Big Idea: Build up a sorted range by inserting entries into their sorted
positions one at a time.

0 a.length Y Z\I b|5 |3
Pre: a: ?
0 i a.length
Inv: a: sorted "unchanged"
—
0 a.length
Post: a: sorted
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Insertion Sort

Big Idea: Build up a sorted range by inserting entries into their sorted
positions one at a time.

0 a.length Y Z\I b|5 |3
° . ’?
Pre: a: : 2‘4\1653
9 i a.length
Inv: a: sorted "unchanged"
—>
0 a.length
Post: a: sorted
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Insertion Sort

Big Idea: Build up a sorted range by inserting entries into their sorted
positions one at a time.

0 a.length Y Z\I b|5 |3
Pre: a: ? 2“‘\‘653
9 i a.length [ Z\L] 6|53
Inv: a: sorted "unchanged"
—
0 a.length
Post: a: sorted
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Insertion Sort

Big Idea: Build up a sorted range by inserting entries into their sorted
positions one at a time.

0 a.length Y Z\I b|5 |3
Pre: a: ? 2“‘\‘653

9 i a.length [ Z\L] 6|53
Inv: a: sorted "unchanged"

2
— 112]4|6|S]3

0 a.length

Post: a: sorted
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Insertion Sort

Big Idea: Build up a sorted range by inserting entries into their sorted
positions one at a time.

0 a.length Y Z\I b|5 |3
Pre: a: ? 2“‘\‘653
9 . a.length [ Z\L] 6|53
Inv: a: sorted "unchanged"
2
— 112]4|6|S]3
9 a.length ) Z\q S 6 3
Post: a: sorted
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Insertion Sort

Big Idea: Build up a sorted range by inserting entries into their sorted
positions one at a time.

0 a.length Y 2\| b|5 |3
Pre: a: ? 2"‘\‘653
9 . a.length [ Z\L] 6|53

Inv: a: sorted "unchanged"

2
— 112]4|6|S]3
9 a.length ) Z\q S 6 3
Post: a: sorted

1 12]3{4|s|6
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Exercise: The insert() helper

Take some time to write the "loopy" insert() implementation.

7

static void insertionSort(int[] a) {
/* Loop Inv: al..i) sorted, ali..] unchanged. x/
for (int i = 0; i < a.length; i++) {
insert(a,i);
¥
¥

/**% Inserts "al[i]  into its sorted position in

* "al..1)", so "al..i]  becomes sorted. Requires
* "0 <= 1 < a.length’ and "al..i) is sorted. x/
static void insert(int[] a, int i) { ... }

\

a:[1124]|5]|3

CS 2110
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fe] [1] [2] [3] [4]

insert(a,4)

el [1] [2] [3] [4]
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insert() Array Diagrams

Pre:

Inv:

Post:

CS 2110

0 i a.length
a: sorted Vv ?
0 j i a.length
a: sorted |[v [sorted,>v ?
P
) i a.length
a: sorted ?
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Jo

& Coding Demo: Insertion Sort
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Insertion Sort (Worst-Case) Complexity

static void insertionSort(int[] a) { | O(N> 'JU“‘:O n5) €ach

for (int i = 0; i < a.length; i++) { .
ins;rt(;,i)- "o e 3 does QN+ complexity of
+ i‘lsgrf() ork

1
2
3
4
SoNA—
5 } N
6 E 0G) :
7 static void insert(int[] a, int i) { e
8  int j = i;
9 while (j > 0 & alj - 1] > alj]) { 0(;) iterations O i)
10 swap(a, j -1, j3); i—; ‘
L eacw dogs O(1) work

12}

" v

boty meztvals use OLN) space, 5pace co/\qlalcx;+7=‘0(\)l
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If ais already sorted, what is the runtime of insertionSort(a)
interms of N =a.length?

( 1 static void insertionSort(int[] a) { ]
2 for (int 1 = 0; i < a.length; i++) {
3 insert(a,i); O(N) 0(1) (A)
4 }
5| }
- O(log N) (B)
7 static void insert(int[] a, int i) {
8 int j = i;
9 while (j > 0 && alj - 1] > al[jl) { O(\) O(N) @
10 swap(a, j - 1, j); j—; immediately
L b l[se for sorted 2
12| ) i O(N%) (D)




Adaptivity and Stability

A sorting algorithm is adaptive if it performs fewer operations when the
input starts closer to sorted.

- Jasertion Gort ;¢ an adgptive Sorting q)gor:}\,m.

A sorting algorithm is stable if it preserves the relative order of equivalent
elements.

- Useful uhen Sori'iﬂj Ipy m\.,H-;Ple atir bute s (AZ)

"Iwge(-{-.'oﬂ Sol‘i 1 5 6 talle bfcd‘ose it Nevel 5wqp3
eqn4l elements i isert() wmethod.
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Merge Sort

Big Idea: If we have two smaller sorted arrays, it's fairly easy to
combine them into a single larger sorted array.

3147 2|3

S

&

\We Only need Yo loou

at one eatry From

£

pacy Smll Array to
F:ll ove cq'}fy Oe
e b:j ‘lf""y-

Duerall fantime is
o(2).
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The merge() Invariant

Pre:

CS 2110

a.

begin

mid

sorted

end 0

work:

sorted
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copy
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The merge() Invariant

begin mid end 0
Pre: a: sorted work: sorted
/merge
begin end )
Post: 3;: sorted work: merged
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The merge() Invariant

begin mid end 0
Pre: a: sorted work: sorted
begin end )
Post: 3;: sorted work: merged
begin k mid j end %) i
sorted sorted
: : sorted merged .
Inv: a: ged | S alk-1] work: | merged > alk-1]
— — —
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2 Coding Demo: The merge() Method £
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Merge Sort

( A

static void mergeSort(int[] a) { v Aiu;c\t 0 1d 6041#0‘”
mergeSortRecursive(a, 0, a.length); o,lﬁori*’h/")

¥

/** Recursively sorts “al[begin..end)  using the merge sort algorithm. x/

static void mergeSortRecursive(int[] a, int begin, int end) {

i“:(e"]d“bea;"l <= |) 2 f‘e'l"ﬂfﬂjg // bqse case
int mid= Bey:q + (ed -bca:a) /2/
NQ’?Q Lort Recursive (ql !.eJ.‘n, Wh'd):/ // Sort left Lyl f

r\.\er7e Lort Recucsive (ql MEJJ QIIJ):/ // Sort (‘-'J\w'l' Lyl f
merge (a begin, mid ead); ) mecye
by
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Visualizing Merge Sort
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Visualizing Merge Sort
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mid

3|74

2

&

JE
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Visualizing Merge Sort
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Visualizing Merge Sort
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mid
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Visualizing Merge Sort

3| 7|4l 1 [2]6[3]s
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Visualizing Merge Sort

3| 7|4l 1 [2]6[3]s
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Visualizing Merge Sort

3| 7|4l 1 [2]6[3]s

31714l
3(7 Ull
3 71 (Y I
Vi i
317 I |y
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Visualizing Merge Sort

3| 7|4l 1 [2]6[3]s

317 I |y

¥ mergely ¢
V131417
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Visualizing Merge Sort

3| 7|4l 1 [2]6[3]s

317 Yl 216 31|S
ch3esor+
S Vi e 1 ol B i 21 | Recursive (3,4,8)
3|7 BE 216 315
Y memel) ¢ Y menely ¢
1131417 21315]|6
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Visualizing Merge Sort

CS 2110

mid
3| 7|4l 1 [2]6[3]s
317 il 216 315
3 7| |u | 2 6| |3
Vi Y 1 L1
3|7 BE 216 315
Y memel) ¢ Y menely ¢
L13]uf7 2|3(5|6
\NG’SCL)Z
1 [2]3[3[4]s]e]7
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What is the recursive depth of mergeSort () interms
of N=a.length?

{ '
1 static void mergeSort(int[] a) { 0(1 A
2 mergeSortRecursive(a, 0, a.length); ( ) ( )
3|}
4 2
5 static void mergeSortRecursive(int[] a, int begin, int end) { 0(10g N) fg)
6 if (end - begin <= 1) { :
7 return; // base case
8 ¥
9 int mid = begin + (end - begin) / 2; O(N) (C)
10 mergeSortRecursive(a, begin, mid);
11 mergeSortRecursive(a, mid, end);
12 merge(a, begin, mid, end);
21, O(NlogN) (D)
\, WV




Merge Sort Runtime Analysis

3|7]4[1]2]6]3]5 0(124N) OlN) Hotal #
3[7[4] 2]6[3]5 (Centsive call - frames
depth ,
317 411 216 315 Noa- (e cal5ive Uork 11 each call
dominate d by mergel)
3 7 4 1 2 6 3 5 I;ae:arr > le,,'j{-l,
\/ N/ N /N /ot) 5
N wer9e
3|7 1(4 216 3|5 [ wru a,fjfl«,;s level
\ nerge0) / \ meree0 /S wergel) O(NlogN)
1131417 23156 o ot fuis level fuatime
\ merge() / ’
O(N) merge.()
11213345617 work  af  tuis level
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Merge Sort Space Complexity

/Vlerge Soct  has 0“03'\’) recarsve dep“‘)

The Space  Complexity of each call s dominoted by

merge()/ whic  allocales a2 O(N)  Wock arfay,

most owe Merycl) hWappeas at aq time
suired  wosk arcay

sy wd cqn rCufse o€
(fuat is passed as aTgsment to cecursive  cany)

T\ﬁs 3‘14 rqaiceﬁ 5‘,)4 ce 50"‘7,0)()(;"'7,
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Merge Sort: Other Considerations

Merge sort is stable (since we prioritize copying from work in merge()).
Merge sort is not adaptive.

O(N log N) is the best possible worst-case asymptotic runtime for a
swap( )-based sorting algorithm, so merge sort has the optimal runtime.

Merge sort is the default stable sort in many languages (including Java).

Merge sort parallelizes well, and itis good for really large datasets since
only small ranges of data are accessed at a time.
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Motivating Quicksort:

At which index will 17 be when the following
array is sorted?

17

6

2

25

13

8

31

24

14

62

3

51

[0]

[1]

[2]

[3]

[4]

[5]

[6]

[7]

[8]

[©]

[10]

[11]




Quicksort

Big ldea: After we partition an array about some pivot value, we're left
with two smaller sorting problems that we handle recursively.

0 i a.length
a. <pivot pivot > pivot
— _/ \ /
AV V—
cecursively ‘1\4251‘501‘{' cecursively ch:cléSorl'

Computing the partition using a loop invariant problem (see Discussion 3).

For now: pivot = leftmost entry of range
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&2, Coding Demo: quicksort() &
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Quicksort Complexity Analysis

Each call is dominated by the partition(), which requires
O(length) time and O(1) space.

How many calls are made? Worsf-case. pivot is  Smallest
Ideally. Pi\lo"’ i median or ltfgest element
2 ) g |

OllogN) % \ BNy r—%—‘j
3

epth {l:E% = e gb
- i
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Quicksort: Other Considerations

Quicksortis not adaptive and not stable.

Choosing the pivotin a more sophisticated way leads to good
performance.

Quicksort has an expected (typical) O(N log N) runtime, often
outperforming merge sort in practice.

Quicksortis the default unstable sort in many languages (including Java).

CS 2110 Lecture 7: Sorting Algorithms September 15, 2026



Sorting Summary

Agoritnm | WehCeseTime | Epectedtine |sestometine | Soace, | saber | adapve

Insertion Sort O(N?) O(N?) O(N) o(1) Yes Yes
Merge Sort O(NlogN) O(NlogN) O(NlogN) O(N) Yes No
Quicksort O(N?) O(NlogN) O(NlogN) O(log N)* No No

No obvious "best" choice, it's all about the trade-offs!
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