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How Qany loop iterations does omir binarySearch(a,7) run?

v
a: lO 1 2 3 4 5 6 7 8 9

1 static int binarySearch(int[] a, int v) { 3 (l\)
2 int 1 = 0; int r = a.length;

3 /* Loop inv: "al..l) < v, “alr..] >= v x/

4 while (L<r) { £L ™M 4
5 intm=1+ (r-1) / 2; o 0 5 =

6 if (alm]l <v) { 1l=m+ 1; ¢ 10 8

7 }yelse{ r=m }

s 3 6 8 7 5 (C)
9 return r;
10 } < 7




Binary Search Runtime Analysis
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i Y — In every iteration,
1 static int binarySearch(int[] a, int v) {
2 dint 1=0; int r=a.length; } O[I) Nyindow" [£ p) hrink s
3 /* Loop inv: “al..l) < v, “alr..] >= v x/ / .
4 while (L<r) { to £ half its old Size.
5 intm=1+ (r 1)/2'
6 if (alml <v) { 1= 0(r) ~Stop when r-£< ’
7 Yelse{ r=m }
8 } : ¥ itecations
9 t H . —
o, return r} O(I) N (2> >/ I
. = ( ation$ . .
Raatime O (# iteceti ) so 3 fewtions « ‘?jch)
=0(logN)
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Space Complexity

= the maximum amount of memory needed at any point in time during a

method's execution (beyond the memory used to store its parameters).
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Today's Learning Outcomes

10. Develop recursive methods in Java from their specifications.

27. Determine the number of recursive calls and the maximum depth
of the call stack of a recursive method and use these to compute its
time and space complexities.
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Recursive Methods

A method is recursive if it can be invoked from within its own definition.

Recursion offers another way, in addition to loops, to achieve conditional
repetition of code.

Loops, Recursion

LooP Vars Parameters L
Losp Body Method  Body rse;’:f:j-fs ‘::’:piicd e
Loop Tnvariant Metwod Specs ditectly

Loop (Huecd Base Casel(s)

When we write a recursive method, we're both its implementer and its client!
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Computing Factorials

The factorial of an integern= 0 is the

1 /xx Returns 'n! . Requires @ <= n <= 12" x/
product of all positive integers < n. 2 static int factorial(int n) {
3 int product = 1;
E)(_ LH < 123 L’ - 2(‘] 4 /* loop inv: Prodqd' = (i'\)\. */
l 5 for (int 1 = 1; i <= n; i++) {
- .7.3.Y4. , - 6 product x= 1ij;
b!=12-3.4Y-5-6=720 |5 |
8 return product;
|! =] 9 }

o'z (malf. ;dcnf}‘]'y)
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A Recursive Implementation

Base Case: O!=| (also 11=1) So
Soctorial (n)  should directly returv | Yor n &
o : )
Recursive Case: De\egs’re worf  to  fecafsive ca
AsK " How ¢99 c°l||'mj (:QC{'@’-“’“() on &  smaller
Q

]V\Pvd' \A(Jp CO’VI‘D'—;fQ i+ for & I“’jef 'MP‘T"?“

507 125405 cecarsive <ol
\/ﬁr‘—-/
U’
nl = (-0l -0

More  9en erallyj
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2 Coding Demo: Recursive factorial() &
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How many total call frames are created when we
evaluate factorial(4)?

4 Y

1 static int factorial(int n) { 1 (l\)
2 assert 0 <= n & n <= 12;

3 if (n <= 1) { return 1; }

4 int f = factorial(n - 1); 3 (ES)
5 return n x f;

6

6/ J 4 ©




Visualizing Recursion: factorial (4)

4 “

1 static int factorial(int n) {
2 assert 0 <= n & n <= 12;
3 if (n <= 1) { return 1; }
4 int f = factorial(n - 1);
5
6

Runtime Stack

return n x f;

by

ol ) N int Y
‘g’:ci’""'q Y 'F: ‘n_].
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Visualizing Recursion: factorial(4)

4 “

1 static int factorial(int n) {
2 assert 0 <= n & n <= 12;
3 if (n <= 1) { return 1; }
4 int f = factorial(n - 1);
5
6

Runtime Stack

return n x f;

‘ N.int 3
'Fqci'"‘"ql (3) 'F e
N int Y
{"lc*"r'ql (q) 'F ' ‘n_],
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Visualizing Recursion: factorial(4)

7~

Runtime Stack static int factorial(int n) {

1

2 assert 0 <= n & n <= 12;
3 if (n <= 1) { return 1; }
4 int f = factorial(n - 1);
5

6

N int 2 return n x f;
factorial (2) £ int | 6]} |
N.int 2
factorial (3) £ ot
N.int Y
{"lc*or'ql (q) 'F : \ﬂ']'
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Visualizing Recursion: factorial(4)

Runtime Stack 1 static int factorial(int n) {
N ink 1 2 assert 0 <= n & n <= 12;
-('o,c’roriql(l) £ int 3 if (n <= 1) { return 1; }
- 4 int f = factorial(n - 1);
( ) N ink 2 5 return n x f;
crigl2 .
‘F"C*" 'F . in.]- p6 } J
N.int 3
rial (3 .
'F’td'o ) 'F . ‘n_]_
‘ I(LI) N.int Y
ciq .
{"OC*O ‘F : \ﬂ']-
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Visualizing Recursion: factorial(4)

7~

Runtime Stack static int factorial(int n) {

1

2 assert 0 <= n & n <= 12;
3 if (n <= 1) { return 1; }
4 int f = factorial(n - 1);
5

6

( N int 2 return n x f;

oriqgl

factorial (2) gt [T W L8 )
N.int 2

'(.qci"’"qILB) 'F. ot
N.int Y

{',,d-prlql(q) 'F: \ﬂ']'
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Visualizing Recursion: factorial(4)

4 “

1 static int factorial(int n) {
2 assert 0 <= n & n <= 12;
3 if (n <= 1) { return 1; }
4 int f = factorial(n - 1);
5
6

Runtime Stack

return n x f;

‘ N.int 3
facdorial B)| o 4 = 42

N int Y
{"lc*"r'ql (q) 'F ' ‘n_],
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Visualizing Recursion: factorial (4)

4 “

1 static int factorial(int n) {
2 assert 0 <= n & n <= 12;
3 if (n <= 1) { return 1; }
4 int f = factorial(n - 1);
5
6

Runtime Stack

return n x f;

ol ) N int Y
‘gac’r""'q Ll 'F.. ‘n_]_ % Yy
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Visualizing Recursion: factorial (4)

s "

1 static int factorial(int n) {
2 assert 0 <= n & n <= 12;
3 if (n <= 1) { return 1; }
4 int f = factorial(n - 1);
5
6

Runtime Stack

return n x f;

by

returas 24
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Time Complexity of Recursive Code

We must account for the operations performed across all the recursive
calls (not just the outermost one).

To do this, we'll determine 2 things:

1. ‘)I\,O")- Recupfshlel,‘ worl done v eqch coll

(16 a Funchon of 1ihe )Oql‘qmafef.S) |

ol co/‘;"'[c a
X 00)) For foc ) - st G

Re(_wt‘s;ue qul 5*(‘46.}"'[8

v 1l )5
AJA Non-f&cunls.de V’Ofl( QVEr 9 cq :

Oln) for Ffactorial()
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Space Complexity of Recursive Code

Again, there are two things to consider:
1. Agd;tional spoece of obveets  construiied by
0]47 ¢A||$ [none ";\wr 'F%Z'lof'?)())

2. Lpace  takea up by call €romes

Jnria, the exe cuh:om

cal] feame) F’c}eﬂjf at any time

| ,
g cargive d CPH'

() * max f

For §actorial() . 0+ 00) xn = Oln)

The additional space from all stack frames often makes recursion less efficient than iteration.
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Recursion on Arrays

/** Returns the maximum value in "nums . Requires that "nums’ is non-empty. x/
static double maxValue(double[] nums) { ... }

Base (Lase. T¥ V)vnﬂl.s.le'\‘?fh 05 |) then Y4y, 0«;17

value is the  mex  Vilwe

Re(«—,r.s}\le Co\Sa'.
Recwrs;ve Cq“
max («mmsi \ | - J) o smaller acray

0] [ [ In-1] / —

- max (nws{oj max (nvws [ ] )
J
) 13 1]
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& Coding Demo: Recursive maxValue() (%
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What are the time and space complexities of our
recursive maxValue () implementation?

Eacy of O[N) recacsive callsy wsed O(N) space ~-d dd OCN) woark

Time Complexity: O(N) Space Complexity: O(N) (A)
Time Complexity: O(N) Space Complexity: O(N?) (B)
Time Complexity: O(N?) Space Complexity: O(N) (C)

Time Complexity: O(N?) Space Complexity: O(N?)



Array Views

Constructing a new, smaller array to pass into a recursive call is expensive!

Instead, we'd like to use only one array (passing an alias reference) and "tell"
the recursive call to "only look at certain entries".

50|\4+200'. Use Oldd;'}.'On»l r\qc‘l'hocJ quqﬂ’lefcrs ')'o
define smaller view of same acray

max Value Recurgive ( dou ble (] 'MMé/ gk \ac‘iﬂ)) Z ?
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& Coding Demo: maxValue(), Take2 e
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What are the time and space complexities of our new
maxValue() implementation?
ch\, O'F O(N_) rCCnt's?\’C CQIIS ché O(}) 5?0(@ -.nd J:C‘ 0(‘) \—-Jork

Time Complexity: O(N) Space Complexity: O(N)
Time Complexity: O(N) Space Complexity: O(N?) (B)
Time Complexity: O(N?) Space Complexity: O(N) (C)

Time Complexity: O(N?) Space Complexity: O(N?) (D)



Another Recursive Method on Arrays

/*k Returns true if there is a subset of entries from

* 1s equal to "total', otherwise returns "false . */
static boolean canMakeChange(int total, int[] coins) {

“coins’ whose sum

.}

Bx. caa /quKcC\'lee (3OJ NN ERR 25) = true

¢ an Make Change (28, [1[5]5]10]|25] ) = false

X Think about base cases + lecursive callg X
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Designing the Recursion

/*x Returns true if there is a subset of entries from "coins  whose sum
* 1s equal to total', otherwise returns "false . x/
static boolean canMakeChange(int total, int[] coins) { ... }

"¢ impler " F‘°"le"” = fewer coins

Base Case: ;{ (,ing 15 e""PJ"// retvrn C+o1’01|==0)

‘FO" (—‘:rs‘} Coin
false
Can /v\qucc\qque('Z‘lJ 1S |5]10 25)

qse g[f'j" CO;/‘
/ or

C aa /qub(cC‘oMje(?)OJ 1 [S]5]10 22]) —) caa /V(qKCC"M/;je(BOJ ¢|5 5110 25)
donlt wie 4rve

Recursive Cases: Ex('ofe o Sscenarios
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2 Coding Demo: canMakeChange() &
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Visualizing the Call Structure

coins: 1 5 10

otal= 27 1) < 002" cols

(7,coins,3) (-3,coins,3) (2,coins,3) (-8,coins,3) (6,coins,3) (-4,coins,3) (1,coins,3) (-9,coins,3)

N/ N/ N/ N\

(7,coins,2) (2,coins,2) (6,coins,2) (1,coins,2)

N\ N S e

(7,coins,1) "nc]'ﬂ‘;‘ (6,coins,1) 7 call§

coin (7,coins,0) [ call
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Time and Space Complexity

Eqcy, execyfion of CQ"MQKCCMMJC Rgu-.rszue(,) Joes O(I)

exf:oqc«nhq |

00N % # culls = D(2M) hime

/\

time complesity =

space complexhly = D) x recacs:ive < O(N)
JCPfH
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