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Which of the following cannot be the visitation order of a
BFS of the following graph starting from source vertex s ?

s,b,e,a,c,d,f (A)

s,e,b, f,d,c,a (B)

S,b,e,c,c?,\'a,f @

s,e,b,d, f,a,c (D)
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Today's Learning Outcomes

89. Identify substructures in graphs such as neighborhoods, paths,
and cycles both visually and programmatically.

92. Visualize the state of a graph traversal at a given point of its
execution, describing each node as either undiscovered, discovered,
visited, and/or settled.

93. Describe Dijkstra's shortest path invariant and use it to establish
properties on the unvisited portions of a graph at a given pointin the
execution of Dijkstra's algorithm.

94. Implement Dijkstra's shortest path algorithm and analyze its
time/space complexities.
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Recall: Traversal Levels

The \evel of vertex V} -Q(V)) in a Jrquersal
Starting at s s tye leagth of the
Shorlest SV ?aﬂn. 0

BFS visits vectices in level order.
TLink in FhﬂSeSt

|, visiting sowrce (1evel 0) Jiscovers all vertices at leve | 1

2. visibing vertices ot level | discouers vertices at level 2
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Suppose (u, v) is an edge in a directed graph. What is
the strongest statement we can make about the
traversal levels of u and v, £(u) and £(v)?

Ims;’me Poh" Wlen U \igs
Viyited.

~If V uadiscovered it sl
be i1 level L(u)+)

f(v) =f(u) +1 (A)
t(v) = f(u) +1 (B)
- Lf v discovered it wng tw<tw+1  (C)

lqbe|eé eal'“er y S O -Na” be ¢

level £ f(aw)+] £(v) = £(u) (D)



2 Coding Demo: Level-Augmented BFS &
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Shortest Paths in Unweighted Graphs

For o vertex VvV at level .Q/ it
S AS> Y qu.(, WNill jacluwde 2 e,a‘jes

: 2 4 £
S —s U, —>Uz ---—>U, —vy
at level  af feyq) ot )evel at level at level
o | 2 4-1 £ .
~— \/—\ __ shortest Fa-ﬂ, -l'ree"

shortest Ssavy, path

To recover all ghorlest paths from s, enoagl tp  eep tesey
oF last e,Jge iato each veri‘ex/ which WIS q, n’ocoﬂ)a‘?} ed"e Feom,
F[Q\HOVJ level.

For BF5J the C"ye that discovered e VErtex  Vorkg,
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2 Coding Demo: BFSwith PathInfo &
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Reconstructing Shortest Paths

Complete the definition of this method to reconstruct the shortest path.
( )

record (int level, String prev) { ... }

static List<String> reconstructPath(Map<String,PathIinfo> info, String srcLabel, String dstLabel) {
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Reconstructing Shortest Paths

-

record PathIinfo(int level, String prev) { ... }

static List<String> reconstructPath(Map<String,Pathinfo> info, String srcLabel, String dstLabel) {

List<String> path = new LinkedList<>(); v path B8 9 shorlesk  path from

path.add(dstLabel); /lmp path. get First() to dsf wvertex
while (!path.getFirst().equals(srcLabel)) {

path.addFirst(info.get(path.getFirst()).prev());
} mcaming elae to  path, get First()

return path;
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Key ldeas of Unweighted Shortest Paths

1. Atany pointinthe algorithm, our discovered
map records the shortest (known) path distance
to every node that we’ve discovered.

undiscovered

IoTUOI}

2. The next vertex to be removed from the frontier
queue is always the unvisited vertex with the
lowest level.

3. As soon as avertexis visited/settled, we are guaranteed that we have located the
shortest path to it from the source vertex, and this path contains only vertices that

were previously settled.
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non-ne dnue)

Adapting to Weighted Graphs ( ueigm

Some Similar ideas ‘Yo BFS.

- track  digcovered , Frontier NVectices

— cecotd disltace from s rotver  thea level

- vigt Jverticey in dfb*‘Mtg Orde_’ from source

Vigit, wse 2utgoing e,J,e} to discover

- N
d"'" %Fd,,’e d;s}once.s i1 c!cStodercd qu?

new vertites aa4d

Some modifications veeded:

Mdy conka;n Mole cdgcs Hgv lovjel‘ )OQ“o.S

~ shor} patus er

~ discovery order May be d. ffecea} than dis}ance
- ve My locate a  path lafer i1 tue Fraversql  that ¢S
ghorier thwan a4 earlier path, need q iy to WoAafc
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Dijkstra's Invariant

At twe stert of eacv wain g,
~ have loceted shoriest ,OQ“« to 9l

}ve $rue Slno"}‘ st PA.HL

Proot sMetch.

Suppose there ore

qaotwer (yet (4 Knova)
bhorler path. T uould
need to ccoss Fwough
some otuer froatier
vertex V.
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itecation -
settled verctices
X gwortest Kaown path Yo closest frontiee vertex v

¥ s

-ffoa}ief‘ MﬂAa‘}Louel‘Cd
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Dijkstra's Algorithm (High Level)
Tuit: alize discovered & 7 souceel  feontier <« {soqrcej

While ( froatier 5 wot empty) |
Vv & frontier vertey Jith i Kaoun distaace ‘F('oM S

Lor each Ow}jof"j ere (V)"")i

TRV T wnd:scovered , discovel ;!—(and q’("" to “7‘”:"'3;
1 Unoun distaate d(s,w) = d(sv)+eight <
v best ’ g " edge (v,
U s discoveced byt ve've found a  shotler
Pa{'h to ."l'/ qqu{& it be5+ Kao v d:stace

3
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Properties of Dijkstra's Algorithm

Vertices are wvisited /settled in  inecessing  ordec of

distance  (Just like BFS).

»J‘o77. shortest P‘H"a to A uvasettled wvectex vV muot
pis %/N;\q frontier, 50 N heS digkiace
any settlesd vertex

Beot WUvoun distance }o wvertex only
(vhen e £:nd  beHer paoth)

decresses as qua/:lb'\q

(ing
\ngir‘q of  vhortest ]enj’r\v of slLorlest le«f-jih of
atu  to clotest £ PM\, to wuasettled é sLortest Kno?
Lrontier vertex vyertex N Pqil«r to V
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Which data structure should we use to model the
frontier in Dijkstra's algorithm?

Queue (A)
Stack (B)
Priority Queue (C)

Dynamic Priority Queue @
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2 Coding Demo: Dijkstra's Algorithm &
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Dijkstra's Algorithm Walkthrough

discovered

=
o~

vertex S a b s

distance| O L-l 7 5 6 l2
prev faalll S | C|S|C | b

frontier

shorfest paty tree ;\/b’/,zxzi

£rom S
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Which is the tightest bound on the space complexity
of Dijkstra's algorithm?
dibco Jered MaP 44 d 'FIO/HHGP D)’ﬂ‘l/"l?c PQwewe

0(1) (A)
o(IV)) (B)
o(IV] + |E]) (C)

O(lVllog|V]) (D)
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Dijkstra's Algorithm Complexity

( . ~N
while(!frontier.isEmpty()) { O (WW1) itecations

V v = frontier.remove(); O (|.3\vl) - 0(1v])
for (WeightedEdge<V> edge : v.outgoingEdges()) { 0 (1E]) total ifgrationg (|°““s'f:rl:{-;;:)r
V neighbor = edge.head(); 0(1)- 0 (1E) oo
double dist = discovered.get(v.label()).distance() + edge.weight(); [0 (1)« O(IE)
if (!discovered.containsKey(neighbor.label())) { 0 (). 0 (1E))
discovered.put(neighbor.label(), new Pathinfo(dist, v.label())); lo(1)- O (Ivl)
frontier.add(neighbor, dist); 0 |aJ|vl) .0(Iv )
} else if (discovered.get(neighbor.label()).distance > dist) { 0(1): O{IE)
discovered.put(neighbor.label(), new Pathinfo(dist, v.label())); a {13 - O (1EI)

frontier.updatePriority(neighbor, dist); O ( |oJ|V|,) -0 ( IEI) [
O()E\ lo IV[)
J J

) —

1

U
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