Cs211
ASYMPTOTIC COMPLEXITY

DAVID |. SCHWARTZ
OVERVIEW

» code (number guessing example)

» approximate analysis to motivate math

* machine model

 analysis (space, time)

» machine architecture and time assumptions
» code analysis

e more assumptions

* Big-O notation

» examples

 extra material (theory, background, math)

1. Number Guessing Example

1.1 Code

inport java.util.Scanner;

public class Number Guess {
public static void main(String[] args) {

try {

int guess;

int count;

int LOWEI nteger. parselnt(args[0]);

int H GHlInteger.parselnt(args[1]);

if (LONW> H GH throw new Exception();

final int STOP=H GH LOM1;

int target=(int)(Mth.randon()*(H G+ LOM1))+(int)LOW

Scanner in = new Scanner(Systemin);

Systemout. print("\nGuess an integer: ");

guess = in.nextlnt();

count = 1;
while ( guess != target && guess >= LOW &&

guess <= HGH && count < STOP ) {

if (guess < target) Systemout.println("Too |ow");

else if (guess > target) Systemout.println("Too high!");
el se Systemexit(0);
Systemout. print("\nGuess an integer: ");

guess = in.nextInt();
count ++ ;

}
if (target == guess)

System out. println("\nCongratul ati ons!\n");
el se Systemout.println("Qut of bounds...quitting.");

} catch(Exception e) {
Systemout.println("Entered wong input...quitting.");
System exit(0);

}

} /1 main
} Il NG
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1.2 Solution Algorithms 1.4 More General
e Random: « Other examples:
- pick any number to get lucky! Range |Linear | Binary Selections
- worst-case time could be infinite 1 1 1 [1-1
e Linear: 1-10 10 5 5.7-.8-9-10
~ guess one number at a time 1-100 | 100 8 | 50.75-87-93-96-98-99-100
500 - 750 875 937 968 984,
- start from bottom and head to top 1-1000 | 1000 11 1992_. 996..998- 999_. 1000

- worst-case time could be size of range
* Binary:
- start at middle and check guess

- go up or down based on guess
(numbers are “pre-sorted!”)

- worst-case time?

1.3 Example: Guess between 1 and 100

* linear:
- 100 possible guesses
* binary?

assume 100 is the target

assume always round down for integer division
pattern: 50, 75-87- 93-96- 98- 99- 100

8 guesses in worst case

* Analysis:
Time for binary search grows very slowly in compari
to linear search algorithm for large ranges.

» Key ideas:
- Algorithms can cause radically different efficiéas
- Efficiency based on time to analyze input data.

- To measure, countbmparisons (k), which are
guesses in this problem.

1.5 Equations

» Express runtimd in terms of input range.
* Linear:
- runtime is proportional ta

- Sincek=n (humber of guesses=input data range):
T(n) = n




* Binary:
- set up experiment for some cases of
- assume target is always last number for worst:cas

D

data size guessing %gﬁf‘?
(n) pattern k)
1 1 1
2 1.2 2
4 2.3-4 3
8 4.6-7-8 4
16 8-12-14-15-16 5

- pattern fom andk: n = k-t

- 50,k = logon +1
rounding down:T(n) = logon +1
rounding upT(n) = [logyn |
» Understanding these equations:
- LHS: T(n) is the effort you will expend
- RHS: isk, the amount of guesses (the effort!)
» Contrast binary and linear approaches:
- Binary: logon (2 raised td& guesses yields; so you
need to pick a small, as powers grow quickly)
- Linear: n (perfornn comparisons)

- Compared to linear choosing, binary choosingkhas
growing less quickly as increases.

2. Algorithm Analysis
2.1 Algorithm

* steps to solve a problem

 supposed to be independent of implementation
 before programming, should decide on best algworith
* how to rate algorithms?

2.2 How to analyze an algorithm?

 running time

« memory needed/used

« correctness of output/results
« clarity for a human

« robustness/generality

2.3 Exact analysis

 exact analysis is too detailed
- hardware (CPU, memory,...)
- software (OS, lang, compiler,...)
« focus ontime andspace for measurement
- time: how many steps required?
- space: how much memory needed?
« we tend to focus on time, since memory is cheap

3. Machine Model
3.1 Stack Machine

» memory for stack, static, registers, heap, proggagas:
- space: how much of the memory is needed

- time: how quickly can the values be stored and
retrieved in/from the memory

* JVM:

- Java code is compiled tyte code and stored in
program area

- interpreter acts on each instruction one at a time
- instructions store and retrieve values from memory

3.2 Space Analysis of Machine Model

* Run CS212’s SaM to see the stack grow and shrink
* best and worst case: try not to run out of stgece!

4. Time Analysis of Machine Model
Actions that we will count as constant

« time required to fetch an operand

« time required to store a result

« time required to perform an arithmetic/logic opi&na
« time required to call a method

« time requited to return from a method

« time required to pass arg to method

« time required to calculate the address for amalgx

* time time to create an object (does not includklf)

4.2 Examples

ey =y + 1, 2fetch+op+store

ey = a[i]; 3fetch+array+store
4.3 Average running time

 kind of complicated (need to look up)
 probability of getting certain inputs

4.4 Best case

» assume best possible ordering of data or input
* not too useful




4.5 Worst case

» assume worse possible ordering of data or input
« this is what we focus on!
» example) number guessing for [1, 100]

- best case #: 1 guess!

- average case #: maybe 4?

- worst case #:
8 for binary
100 for linear

- so, worst-case analysis helps to determine clafice
binary search more useful!

5.

Machine Architecture

5.1 Processor clock

» coordinates memory ops by generating time referenc
« clock generates signal callebck cycle ortick

5.2 Clock speed

* how fast instructions execute

» measured asock frequency: how many ticks per secon
(MHz or GHz)

* how many instructions executed per tick?
- depends on CPU, instruction set, instruction type
- one instruction takes one tick, maybe more
- architectures: CISC (PCs), RISC (Macs, Suns)

5.3 Clock period

e T = 1/frequency (unit of time/tick)
« measured nano (or smaller) seconds
* e.g.) 2.4 GHz Gateway? E-6000 has
- clock speed2.4><10_9 tick/s
- clock period:4.17><10_10 (sftick) (or just 0.417 ns)
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5.4 Algorithm time and clock period

 Time for instruction to happen is proportionallto

- T for clock period

- so0, action =T, wherek > 0,k is integer
 Simplifications:
express actions in terms of
let T=1 since we express all actions in termd of
let eachk =1

- so, we assume each operation takes the same amo

of time (1 cycle or operation)

» Examples:
ALU: 1 op
- Assign: 1 op

store value on LHS; ops on RHS counted separate
- Loop:
( (loop iterations)*( # of ops/iteration) ) ops
Selection:
(worst-case of condition or any sub-statement) ops
Method:
(number of ops inside a method) ops

5.5 Algorithm Examples

unt

o Summation:1+ 2+ ... +n = M%l)

» Three approaches to compute the sum:

public class test {
public static int n = 5;

public static void main(String[] args) {

Systemout.println("Test 1: "+test1());
Systemout.println("Test 2: "+test2());
Systemout.println("Test 3: "+test3());

}

public static int test1() {
return n*(n+l)/2;

}

public static int test2() {
int sum= 0;

for (int i=1; i<=n; i++)
sum += i;
return sum

}

public static int test3() {
int sum= 0;

for (int i=1; i<=n; i++)
for (int j=1; j<=i; j++)
sum += 1;
return sum

}

}
« All output is identical.
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5.6 Time Analysis of Examples

| code (1) | time analysis |
sum = n*(n+l)/2; 8
total: 7
| code (2) | time analysis |
sum = 0; 2
for(int i=1, 2
i <= n 3n
i ++) 4n
sum = sum + i; 4n
total: 11n+ 4
| code (3) | time analysis |
sum = 0; 2
for(int i=1, 2
i <=n; 3n
i ++) 4n
for(int j=1, 2n
jo<=i; 3*sum(i,i=1.n)
j ++) 3*sum(i,i=1.n)
sum = sum+ 1; 4*sum(i,i=1.n)

total: 5n° + 13n + 4

5.7 Analysis Of The Analysis
» approaches:

- Tyn) =8
- Tyn) = 11r21+4
- T4(n) = 5n"+13n+38

« asnincreases, approach #1 runs a lot faster!
5.8 Intuitive Approach

* pick the dominant or most important operation

 count the dominant operation, which is usually a
comparison inside a loop

« don’t worry about lower order terms, since we worr
about case of large

« don’t worry about constants in front of leadinge
5.9 Recurrence Relations

« another way to set up algorithms in term§ of

« If searching 1 item, then time g1)

 Else, if searching  sorted items, then tim&@{s hefk
the middle item) +T(n/2) to search half the data.

¢ So,
T =1
Tn)=1+T(n/2),n>1

« Function defined in terms of itsefkecurrence Relation
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5.10Solving The Recurrence Relation
» Base caser(1) = 1 s true (also works using )
e GuessT(n)=1+T(n/2),n>1
e ASsSumeT(k) = 1+ T(k/2),k<n

* Note thatT(k) = 1+T(k/2) (time to search is time for
middle element + rest of data)

» Substitute hypothesis faik/2) Tk) = 1+ (1+loga(k/2))

(use strong induction)

* Some mathT(k) = logy4 + log,(k/2)
» Things work out:T(k) = 1+ logok
» So, original assumption was correct.

6. Asymptotic Complexity

» Also growth notation, asymptotic notation, Big Q,

» The gist: describe algorithm efficiency in ternigtee
general, large case.

6.1 How to compare algorithms?

« find eachT(n) function

e problem:

- they're not really that exact because of limitation
assumptions (e.g., are all processors createdlg@

- we need worst-case scenarios!

« solution:
- need a measure that is accurate in the extreme
- one measureasymptotic upper bound

15
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6.2 Big-O Notation
* Definition:
O(g(n)) = {f(n)|(c, ng) such that & f(n) < cg(n), n = ny}
* O(g(n)) provides an asymptotic upper bound
* not the tightest upper bound, though
» f(n) O O(g(n)) means thatis function that belongs to a
set of bounding function®(g(n))

» books usually sayf(n) = O(g(n))

T

7
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6.3 Witness Pair

* the idea is that for a large data set, an algoritiecomes
dominated by the input

» g boundd given a certain value affor all n past a certain
n calledn,

* need to find a value afandn, so thatf(n) <cg(n) is

satisfied
* bothc andn, must be greater or equal to zero

6.4 Why asymptotic?
» We focus on highest-order term, which is the asytep
that the runtime approaches

- For example, 2+10 takes more time thart1, but
they have the same asymptotic complexity!

- For smalln, difference is important
- For bign (worst case), difference is negligible
» For worst-case, drop the constants and lower terms

Tyn) =8 - Ty(N)OO()

To(n) = 11n+4 - T,(n) O O(n)

T4n) = 5n°+13n+8 ~ T4(n) 0 O(n?)
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6.5 Why complexity?

» Because we talk about the amount of work that rbest
done (how many steps must be performed.) Usuailyig
in terms of number of comparisons or number of syap
for a searching or sorting algorithm.

» Amount of work required = complexity of the protvie
6.6 Why complexity classes?

* Class: classification of sets of bounding functions

» Why is this important?
1. It allows us to compare two algorithms that edlve
same problem and decide which one is more efficient
2. It allows us to estimate approximately how l@nmgight
take to run a program on a specific input.

Example: If | have an O(3 ) algorithm, and | giveuit
input with 300 items, it will take about 27,000,08t@ps!
If I know how many such steps my computer can do pe
second, | can figure out how long I'll have to wiait the
program to finish.

* Note that it's important to know what is being reeged.
Number of comparisons? Swaps? Additions? DidAde
(ouch! Divide is expensive!)
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7. Complexity Classes

Limits

« Given two non-decreasing functions of positiveegers f
and g, denote

= i m
L(f, 9 nIlin00 o)

* L(f,g) is a constant that's either O, positive, or iitén

« We are interested in knowing whether or hgtows faster
or slower thag.

e The limit determines the eventual relationshimas
increases.

« If the limit reaches a constant or zegds growing faster
thanf and thus gives an upper bound.to
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7.2 Varieties of complexity classes

* Note: See math review near end. For examplg}
be read as “the set of all such that holds.”

* GivenM = set of all positive monotonically increasing
function of positive integers. A functidix) is monotonic
increasing ifa < b impliesf(a) < f(b).

o(g(m) = {f(n) DM|L(f(n), gm) =0} (little o)

O(g(m) = {f(n) OM|0< L(f(n), g() <} (big O)

o(gn) = {f(n) OM|0<L(f(n), g(n) <=} (big Theta)

Q(g(n) = {f(n) O M[0<L(f(n), g(n) <=} (big Omega)

w(g(m) = {f(n) OM]|L(f(n), g(n)) = =} (little omega)

» We focus ono(g(n)) (the set of functiong) that boun
f(n) asymptotically.

» Think of o(g(n)) as set of all functiongn)
M that grow faster. (The limit afn)/g(n)
constant).)

that belong tc
becomes 0 or

ng.1

Examples
Example 1
* Prove thatf;(n) = 1Eln2+4?7n+22 isO(ns) .

Letf,(n) = cn® forc>0 andn=n,=0 .

Find witness pai(c, n;)

e Letc = 1.So,£‘n2+4—7n+223 n’
2 2
* Thus,n; = 8.6 .
» Given a bounding functioon® = n° , before= 8.6

f,(n) exceeds” .

But aftern, ,n3 is higher and thus an upper bound.
Note: you could actually make tighter bounds is gaid
f,(n) = oM.

In general, for polynomials, with highest tenm |
f(n) = O(mn) .
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8.2 Example 2

Problem: Giverf,(n) = Og(n) f,(n) = O(g(n))
h(n) = f,(n) +f,(n) , iS h(n) = O(g(n)) ? Justify formally using
witness pairgc, n)

Answer: Yes

Proof: Using givens and witness pajts n,)

, and

atgny)
- fy(n)<ci9(n),n>n,
- fy(n)<c,g(n),n>n,
Usec, = ¢, +¢c, andth, = maxn,n,) for witness pair
(cgng) -

Add f,(n) andfy(n) :

- fy(n) +f5(n) < (¢ + 65) (M)
= fy(n) +f5(n) < (c9)(9(n))
The above relation is true for alb ng

So, thereisavalue of ard sugh = O(g(n) hold

[2)

8.3

Example 3

Problem: Why do not specify logarithm bases fgr ©i
analysis? Show thadgyn = O(logzn)

LetL = logyn andB = log,b .

So,n =b" ando = 2° .

So,n = bt = (28" = 28 |

S0, log,n = BL = Blogyn .

So, logyn = (é)logzn forn=1 .
Choose witness patr= 1/8  amg = 1
S0, logyn < clogsn .

Thus, logyn = O(log,n) .
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9. Math Review
9.1 Powers

. Xaxb - x(a+b)

o X3/xP = x&D)

. (Xa)b - Xab
o (xy)® =X
9.2 Logarithms

 Definition:
- Let b’ =v andbz1 and=z0

- Then,p = logyv , wherg is the logarithm of to
baseb .

* Terms:
- common log: base 10 (social scientists) (log[10])
- natural log: base (engineers) (In)
- binary log: base 2 (computer scientists) (lodgdr

e Laws:
- logp(bY) =y
- plogx = x
- logp(uv) = logp(u) +logy(V)
- logp(u/v) = logy(u) —logp(v)
- logy(uY) = vlogy(u)

logg
- logy(x) = % = (Iogy(x)) (Iog(x))

« Integral Binary Logarithm
- floor(log,n) for integem

- number of time® can be divided by 2 before
reaching 1

9.3 Sets

« collection of unique items
- example)S = {a, c, b, 1}
* membership:
- example)lOS (lisirp)
+ special notation{ x|y}
- a set of items such that property holds

- example)S = {x|1<x<4, xOintegers}
(Sis the set of integers between 1 and 4, inclusive
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