CS211
Computersand Programming

L ecture 2: Induction
Summer 2005



Announcements

Assignment 1 isup (really). Get started on it!

Office hours and Consulting hours are now (mostly) listed
on the website. Consulting isin Upson 328. The door
should be open during consulting hours.

Read/Review Chapter 7 of Welss. It has many great
examples that won't be covered in lecture. Don’'t worry if
you don’t understand the running time analysis yet.

Java Boot Camp is *tonight* 7-10pm in Upson B7

CMS: We will be added studentsto CM S soon.



Overview

e Recursion

— aprogramming strategy that solves a problem by
reducing it to ssimpler or smaller instance(s) of the same
problem

e |Induction

— amathematical strategy for proving statements about
natural numbers 0,1,2,... (or more generally, about
inductively defined objects)

 Induction and recursion are very closdly related



Defining Functions

 |tisoften useful to write agiven function in
different ways

— Let S:int® int bethe function where S(n) is
the sum of the integersfrom Oto n. E.g.,

S0)=0 S(3) = 0+1+2+3 =6
— Definition: iterative form
e 5(N) =0+1+ ...+ n
— Another characterization: closed form
e S(nN) = n(n+1)/2



Sum of Sguares

 Hereisamore complex example.

— Let SQ:int® int be the function that gives the sum of
the squares of integersfromOton. E.g.,

SQ0)=0 SQ(3)=0°+12+22+3F¢=14
o Definition: SQ(n) =04+ 1%+ ... +n?
* |sthere an equivalent closed-form expression?



Closed-form expression for SQ(n)

Sum of integers between 0 through n was n(n+1)/2

which isaquadratic in n.
Inspired guess. perhaps sum of sguares of integers @
between O through nisacubicinn.

So conjecture: SQ(n) = an3+bn?+cn+d where

a,b,c,d are unknown coefficients.

How can we find the values of the four

unknowns?

— Use any 4 values of n to generate 4 linear equations,
and solve



Finding coefficients

SQ(n) = 0%+1%+...+n?= an®*+bn*+cn+d

e Use n=0,1,2,3
e SQO)= 0=a0 +b0O+cO+d
e Q)= 1=al +bl+cl+o
e SQ(2)= 5=a8 +b4d+c2+cC
e Q) =14=a2/7+Db9+c3+0
o Solvethese 4 equations to get
a=13,b=%c¢c=16,d=0




e Thissuggests
SQ(N) =02+ 12+ ... + n?
=n33 +n?4/2 +nl6
=n(n+1)(2n+1)/6
e Question: How do we know this closed-form
solution istrue for al values of n?
— Remember, we only used n = 0,1,2,3 to determine these

co-efficients. We do not know that the closed-form
expression isvalid for other values of n.



e One approach:
— Try afew other values of n to seeif they work.
— Tryn=5. SQ(n) = 0+1+4+9+16+25 =55
— Closed-form expression: 5:6-11/6 = 55
— Works!
— Try some more values...

* Problem: we can never prove validity of closed-
form solution for all values of n thisway since
there are an infinite number of values of n.



To solve this problem, let us express SQ(n) in another way.

SQ() = -
SQ(n- 1)
Thisleads to the following recursive definition of SQ:
SQ(0) =0

SQ(N) =SQ(n-1) +n% n>0

To get afedl for this definition, let us ook at

SQ(4) = SQ(3) + 42= SQ2) + 3+ 42= SQ(I) + 20+ T+ 47
:SQ(O) + 124+ 224+ 32+ 42=0+ 12+ 22+ 32+ 42



Notation for recursive functions

Base case
/

SQ(0) =0
SQ(n) =3Q(n- 1) +nr% n>0

AN

Recursive case



Can we show that these two functions are equal ?

SQ,(0)=0
SQ.(n) =SQ,(n-1) +n?, n>0

(r=recursive)

SQ.(n) = n(n+1)(2n+1)/6 (c=closed-form)




(' Dominoes

* Assume equally spaced dominoes, and assume that spacing
between dominoes is less than domino length.

 How would you argue that all dominoes would fall?

e Dumb argument:
— Domino O falls because we push it over.
— Domino 0 hits domino 1, therefore domino 1 falls.
— Domino 1 hits domino 2, therefore domino 2 falls.
— Domino 2 hits domino 3, therefore domino 3 falls.

* |sthere amore compact argument we can make?



Better argument

Argument:
— Domino O falls because we push it over (base case).
— Assume that domino k falls over (inductive hypothess).

— Because domino k’s length is larger than inter-domino spacing, it
will knock over domino k+1 (inductive step).

— Because we could have picked any domino to be the ki one, we
conclude that all dominoes will fall over (conclusion).

Thisis an inductive argument.

Thisiscaled weak induction. Thereis aso strong
Induction (later).

Not only isit more compact, but it works for an infinite
number of dominoes!



Weak Induction over integers

 We want to prove that some property P(n) holds
for al integersn > 0.

 |nductive argument:
— Base case P(0): Show that property P istruefor O.
— Inductive step: P(k) implies P(k+1): Assume that P(k)
Istrue for an unspecified integer k (thisisthe inductive

nypothesis). Under this assumption, show that P(k+1)
IStrue.

— Because we could have picked any k, we can conclude
that P(n) holdsfor all integersn > 0.



SQ.(n) = SQ.(n) for all n?
Define P(n) as SQ.(n)= SQ.(n)

Prove P(0).

Assume P(k) for unspecified k, and

:/_-_-_-7'

.........

prove P(k+1) under this assumption.



SQ(0) =0

SQ.(n) = n(n+1)(2n+1)/6

SQ(n) =SQ,(n-1) +n%, n>0

Let P(n) be the proposition that SQ,(n) = SQ.(n).
Proof by induction:

P(0): SQ/(0) = 0=3Q0)
P(k) => P(k+1): Assume SQ,(k) = SQ.(k), prove that SQ,(k+1) = SQ.(k+1)

SQu(k+1) = SQ,(k) + (k+1) (definition of SQ,)
= SQ.(k) + (k+1) (inductive hypothesis)
= k(k+1)(2k+1)/6 + (k+1)2 (definition of SQ,)
= (k+1)(k+2)(2k+3)/6 (algebra)
= SQ.(k+1) (definition of SQ,)

Therefore SQ,(n) = SQ(n) for al n.




Another example
Prove that O+1+...+n = n(n+1)/2

e Basisn=0:
— 0=0
 Inductive step:

— Assume 1+2+...+k = k(k+1)/2 for an unspecified k. Thisisthe
Inductive hypothesis.

— Under this assumption, show that 1+2+...+(k+1) = (k+1)(k+2)/2.
— 0+1+...+k+(k+t)=(0+1+... +k) + (k+1)

= k(k+1)/2 + (k+1)

= (k+1)(k+2)/2
— Therefore, if result istrue for k, it istrue for k+1.

e Conclusion: the result holds for all n.



Note on base case

e Sometimes we are interested in showing some proposition
Istrue for integers=Db

e [ntuition: we knock over domino b, and dominoes in front
get knocked over. Not interested in 0,1,...,(b- 1)

e Ingeneral, base case in induction does not have to be 0.

 |If base case is some integer b, induction provesthe
proposition for n=Db, b+1, b+2, ...

e Doesnot say anything about n=0,1,...,b- 1



Weak 1nduction: nonzero base case

e Sometimes we want to prove that some
property P holdsfor all integersn>Db

* |nductive argument:
— P(b): show that property Pistruefor b

— P(k) => P(k+1): show that if property Pistrue for
K, then it istrue for k+1

* \We can conclude that P(n) holdsforal n>b

 Wedon't care about n < b (and in fact, P(n)
may not be true for n < b!)




Weak 1nduction: nonzero base case

o Example: You can make any amount of postage
above 8¢ with some combination of 3¢ and 5¢
stamps.

e Bagis: truefor8¢: 8=3+5

 |nduction step: suppose true for k.

— If used a 5¢ stamp to makek, replace it by two 3¢ stamps.
Get k+1.

— If did not use a5¢ stamp to make k, must have used at |east
three 3¢ stamps. Replace three 3¢ stamps by two 5¢
stamps. Get k+1.



More on 1nduction

 |n some problems, it may be tricky to
determine how to set up the induction:

— What are the dominoes?

o Thisisparticularly true in geometric
problems that can be attacked using
Induction.



A Tiling Problem

< 8 >
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* A chessboard has one sgquare cut out of it. Canthe

remaining board be tiled using tiles of the shape shown in
the picture (rotation allowed)?

 Not obvious that we can use induction!



|dea

Consider boardsof size2"x 2" forn=1,2,...
Basis: show that tiling is possible for 2 x 2 board.

Inductive step: assuming 2¢x 2<board can be tiled,
show that 2k*1 x 2k+1 poard can be tiled.

Conclude that any 2" x 2" board can betiled, n =
1,2,...

Chessboard (8 x 8) Isaspecial case of this
argument. We have proved the 8 x 8 special case
by solving a more general problem!



Basis

in i

2 X 2 board

 The 2 x 2 board can be tiled regardless of which
one of the four pieces has been omitted



4 X 4 case

Divide the 4 x 4 board into four 2 x 2 sub-boards.
One of the four sub-boards has the missing piece.

By the induction hypothesis, that sub-board can be tiled
sinceitisa?2 x 2 board with amissing piece.

Tile the center squares of the three remaining sub-boards
as shown.

Thisleaves 3 2 x 2 boards with a missing piece, which can
be tiled by the induction hypothesis.



2+l x 20+l case

e Divide board into four sub-boards and tile the
center squares of the three compl ete sub-boards.

e Theremaining portions of the sub-boards can be
tiled by the assumption about 2" x 2" boards.



When induction falls

e Sometimes an inductive proof strategy for some
proposition may fail.

* Thisdoes not necessarily mean that the
proposition iswrong.
— It may just mean that the inductive strategy you are

trying fails.

* A different induction hypothesis (or a different

proof strategy altogether) may succeed.



Tiling example (cont.)

Let ustry adifferent inductive strategy which will
fail.

Proposition: any n x n board with one missing
sguare can be tiled.

Problem: a3 x 3 board with one missing sguare
has 8 remaining squares, but our tile has 3 squares.
Tiling Isimpossible.

Therefore, any attempt to give an inductive proof
IS proposition must fail.

This does not say anything about the 8x8 case.




Strong Induction

We want to prove that some property P holds for
al n.
Weak induction:

— P(0): show that property Pistruefor O

— P(K) => P(k+1): show that if property Pistruefor k, it
Istrue for k+1

— Conclude that P(n) holdsfor all n.

Strong induction:
— P(0): show that property Pistruefor O

— P(0) and P(1) and ... and P(k) => P(k+1): show that if
F 1S ktrue for numbers less than or equal to k, it istrue
or K+1

— Conclude that P(n) holdsfor all n.
Both proof techniques are equally powerful.



Strong Induction Example

Prove that every integer greater than 1 can be
written as a product of prime numbers

Base Case: 2 Is prime
Inductive Step: Assume all number less than or

equal to k can be written as a product of primes.
Consider k+1.

— Case 1: k+1isprime, and we're done.

— Case 2: k+1isnot prime. Then k+1 = x*y for x,y>1.
Certainly x and y are both less than k+1. So each can be
written as a product of primes (by the strong induction
hypothesis), so multiplying both sets of primes together
gives arepresentation of k+1 as a product of primes.

So we conclude, by induction, that all integers
greater than 1 are a product of primes.



...that looked like Recursion

e Examining that proof, we see that what we
really did was take a number, factor it, and
then factor each of those numbers into
primes.

o |nfact, that’s pretty much how most people
prime factor a number. The inductive proof
suggested a recursive algorithm.

o What Isthe relationship between recursion
and induction?



Conclusion

 |Induction isapowerful proof technique

* Recursion isapowerful programming
technique

 Induction and recursion are closely related.
We can use induction to prove correctness
and complexity results about recursive
programs. Examples next time!



