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ransition G

raph of 8-Puzzle
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nodes

edges: connection betw
een 

tw
o nodes

G
raph: set of N

odes and E
dges betw

een nodes

>

G
raph: a very general data structure

E
 =

 {(A
,B

), (B
,C

),(C
,B

),.....}

V
 =

 {A
,B

,C
,D

,E
,F,G

,H
,I,J}

E
dge (A

,B
): 

A
 is source of edge

B
 is destination of edge

G
raphs can represent state transitions, road m

aps, m
azes ........

In som
e graphs, edges m

ay have additional inform
ation.

- puzzle graph: edges annotated w
ith N

/S/E
/W

A

B
C

D
E

F
G

H

I
J

V
: set of nodes 

E
: set of edges (pairs of nodes)

In som
e graphs, certain nodes m

ay be special

- puzzle graph: initial and final (sorted) nodes are special

G
raph in exam

ple is a D
IR

E
C

T
E

D
 graph

      analogy: 1-w
ay street vs 2-w

ay street
U

ndirected graph: no arrow
s on edges?

# �  ��� � 
��� 
�� �

A

B
C

D
E

F
G

H

I
J

E
 =

 {(A
,B

), (B
,C

),(C
,B

),.....}

V
 =

 {A
,B

,C
,D

,E
,F,G

,H
,I,J}

!@AB
CDEF DGH
IJ KHED KL
GDBH
IDEF DGM
NHGDGHA O
PD QG KHED K
R DF S

HAB
CDEF DGH
ITJ ODUR TV WX VR TV YXZX

!@AB
CEDF ODDH IJ KHED KLKA [
\D OH
IHAB
CDEF DGH
IKHED K

!]K CDEF DGH
IJ KHED KL
GDBH
IDEF DGM
NHGDEDGB QK
JB QH KQG KHED K
R DF S

QK CDEF DGH
ITJ ODUR WV TX VR ^V TXZX

!]K CEDF ODDH IJ KHED KLKA [
\D OH
IQK CDEF DGH
IKHED K

!YDF ODDH IJ KHED KQK
J KA KE QO
DPBDEF OJ_ NLKA [
\D OH
IDEF DG

JBBJP NDEBH KQKB
NJBF OJ_ N

!`Ea J KPD KPb LKHED KQGGJ QEBH
\DJEa JPD KBBH KHED [QIR [V KX QGJ K

DEF D QKB
NDF OJ_ N

]KBA QB QcD db V MDPJ KF DB IOH [[BH K
\b B O
JcD OG QKF H KDDEF D S

e

!fJB NLJGDg AD KPDH IDEF DG QKM
NQP NEDGB QK
JB QH KKHEDH IJ KDEF D QK

GDg AD KPD QGGHA O
PD KHEDH IKD hB
DEF D QKGDg AD KPD

ihJ [_ dDG LR QXR `V WX VR WV TX VR TV YXR QQXR jV ]X VR ]V kX

!lHA O
PDH IJ_ JB NLGHA O
PDH ImOGB
DEF DH K
_ JB N

YDGB QKJB QH KH
I_ JB NLEDGB QKJB QH KH
IdJGB
DEF DH K
_ JB N

!nDJP NJ\ QdQBb LKHED KQGGJ QEBH
\D ODJP NJ\ dD IOH [
KHED [QIB ND OD QG

J_ JB NIOH [[BH KS

!oND OD [
Jb \D [
J Kb _ JB NG IOH [H KD KHEDBH
J KHB
ND OS

ihJ [_ dD LR iV ^X J KE
R iV WX VR WV TX VR TV YX VR YV pX VR pV ^X

!l Q[
_ dD_ JB NLJ_ JB NQKM
NQP NDcD Ob KHED QGB
NDGHA O
PDJ KE

EDGB QKJB QH KH
IJB [HGBBMH
DEF DGH KB
ND_ JB N

ihJ [_ dD LR KHB
JG Q[
_ dD_ JB NXR TV WX VR WV TX VR TV YX

!Tb P dD LJG Q[
_ dD_ JB NM
NHGDGHA O
PDJ KEEDGB QK
JB QH KKHEDGJ ODB ND

GJ [D SihJ [_ dD LR QXR TV WX VR WV TXR QQXR YV pX VR pV kX VR kV YX

q



Path problem
s

A

B
C

D
E

F
G

H

I
J

X

Y

Z

For puzzle problem
, answ

er is no!

M
any interesting problem

s can be phrased as path problem
s in graphs.

1  2  3
4  5  6
8  7  0

Sam
 L

oyd: cannot reach sorted state from

(1) Is there a w
ay to reach the sorted state, starting from

 any scram
bled

      position of tiles?

R
eachability problem

:
Is there a path from

 every node to the node representing sorted position?

r

Path problem
s

A

B
C

D
E

F
G

H

I
J

X

Y

Z

M
inim

al path problem
s:

Find the shortest path from
 node A

 to node F.
Find the shortest path from

 every node to F.

L
ength of a path: num

ber of edges in path

For puzzle problem
, this corresponds to path w

ith few
est m

oves.

T
his is m

ore appropriate for path problem
s in graphs representing m

aps.
L

ength of path =
 sum

 of lengths of distances on path.
Som

etim
es, edges have distances.	s

Path problem
s

A

B
C

D
E

F
G

H

I
J

X

Y

Z

C
ycle: Path that starts and ends at sam

e node.

T
ravelling salesm

an’s problem
:

Find the sm
allest length cycle that passes through all nodes.

N
o one know

s if there is an efficient algorithm
 for this problem

.

  (N
P/N

P-com
plete problem

s)

E
asy to com

e up w
ith slow

 algorithm
s for this problem

.
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L
et us try to execute a few

 steps of the algorithm
 for this problem

.

Scram
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State
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: configuration in Frontier set
   and V

isited set
: configuration only in V

isited set

A
lgorithm

 for Solving Puzzle

N
ote: w

e are not keeping track of m
oves that brought us to a given configuration

: som
e possible initial steps
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H
euristic: pick configuration w

ith greatest num
ber of correctly placed tiles
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B
readth-first search: explore nodes generation by generation

G
eneration 0:   {A

} 

G
eneration 1: {B

,H
}

G
eneration 2: {C

,I}

G
eneration 3: {D

,J}

G
eneration 4: {G

}

G
eneration 5: {F}

A
,B

,H
,C

,I,D
,J,G

,F

A
,H

,B
,I,C

,D
,J,G

,F

A
,B

,C
,D

,G
,J,I,H

,F
not B

FS

B
readth-first Search (given start node): gerontocracy

G
eneration i =

 set of all nodes n such that shortest path from
 start to n

has i edges

B
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D
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F
G

H

I
J

A

B
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D
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G
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1
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3
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2
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B
readth-first search

0

11

21

2

2

0,1,2...: these are generation num
bers for configurations

Sequence structure returns configuration from
 oldest live generation.
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Q
ueue: First-in-first-out Sequence Structure

Q
ueues are sim

pler to im
plem

ent than priority queues.
Q

ueues are faster than priority queues.

=
>

 W
e w

ill design special structures for queues rather than reuse priority queues.

[A
]

head

Sequence structure: queue    [q w
 e r t y] tail
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<
<

interface>
>

SearchStructure

<
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interface>
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SequenceStructure

SSA
sSortedA

rray

Q
A

sA
rray

StackA
sA

rray

PQ
A

sSortedA
rray

SortedA
rray

B
ridge C

lasses
A

bstractions

C
oncrete

Im
plem

entation

B
ridge classes: decoupling abstractions from

 im
plem

entations
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put

get

head

size =
 3

0
1

4

head
tail

tail

1
5

head
tail

2
4

size =
 4

size =
 2

head:slot for item
 that arrived earliest

tail: em
pty slot for enqueue

size: num
ber of elem

ents in Q
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head
tail0

3
put

get

size =
 3

size =
 4

W
rap-around: array is a ring buffer!

3

tail0 1
tail

headhead4

E
xercise: can you com

pute size from
 values of head and tail?

C
heck: does your expression w

ork for em
pty Q

? full Q
?
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 2
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Sm
all detail about PQ

 Insertion

binary search sets cursor to this position

3
3

5
7

6
5

5

3
3

5
5

7
6

3
3

5
5

7
6

PQPQPQ

m
ove cursor to leftm

ost index containing elem
ent equal to

elem
ent to be inserted

shift all elem
ents to right of cursor one position to the right

and insert

>s

<
<

interface>
>

SearchStructure

<
<

interface>
>

SequenceStructure

SSA
sSortedA

rray

Q
A

sA
rray

StackA
sA

rray

PQ
A

sSortedA
rray

SortedA
rray

C
ritique of our im

plem
entation

Q
uestion: C

an w
e define a suitable abstraction of SortedA

rray that can be used by 
B

ridge classes like SSA
sSortedA

rray?

B
inary search code repeated

B
ridge classes m

anipulated SortedA
rray

directly, so they have to be in sam
e package

as SortedA
rray.

T
his leads to the idea of C

ollections. See later.
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<
<

interface>
>

SearchStructure

<
<

interface>
>

SequenceStructure

SSA
sL

ist

Q
A

sL
ist

StackA
sL

ist

PQ
A

sL
ist

L
istC

ell

Im
plem

entation using L
ists
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L
inked L

ists

A
rray

a

24
l

-7
87

78
99

24    -7     87      78      99

-7
87

78
99

l
24

23

l
-7

87
78

99

Inserting a new
 Integer (say 23) at head of list

D
eleting the Integer at the head of the list

head of the list.
In general, w

e m
ay w

ant to insert and delete from
 places other than the

L
ist

L
istC

ell
L

ist is a sequence of cells in w
hich each cell contains

(i) an Integer (m
ore generally, som

e object)

(ii) a reference to another cell (or null).
new

 classes

>?
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24
l

l =
 new

 L
istC

ell(24,null);

24
p

-7
87

p =
 new

 L
istC

ell(24,new
 L

istC
ell(-7,new

 L
istC

ell(87,null)));

A
nother w

ay:

p =
 new

 L
istC

ell(24, new
 L

istC
ell(-7,null));

p.getN
ext().setN

ext(new
 L

istC
ell(87,null));

24
l

-7
l =

 new
 L

istC
ell(24, new

 L
istC

ell(-7,null));

A
nother w

ay:

p =
 new

 L
istC

ell(87,null);
p =

 new
 L

istC
ell(-7,p);

p =
 new

 L
istC

ell(24,p);

M
ake sure you understand all this code.

>r

l.setD
atum

(0);

l
-7

87
78

99
0

W
hy? N

ote that p.getN
ext().getN

ext() gives you a reference to the cell containing 87. 
T

his statem
ent has the effect of splicing out the cell containing -7. 

l.setN
ext(null);

l
0

p.setN
ext(p.getN

ext().getN
ext());

-7
87

78
99

p
24 24

-7
87

78
99

p

24
l

-7
87

78
99
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L
istC

ell updated =
 p.getN

ext();
updated.setN

ext(updated.getN
ext().getN

ext());

H
ow

 do w
e delete the cell containing 87?

24
-7

87
78

99
p

updated

H
ow

 do w
e delete last cell of any list?

N
eed to w

rite a loop that w
alks over list.

W
hen it gets to second to last elem

ent of list,
it sets its N

ext field to null.
H

ow
 do w

e w
rite this code?

See class deleteL
ast.? 	
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dequeue

5
4

5
-7

3

5
4

5
-7

Q
A
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last
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last
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89 3

enqueue 89

first

first

first

Q
A

sL
ist

Q
A

sL
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?>

K
eep PQ

 item
s in decreasing order of priority

E
ntries w

ith sam
e priority are in FIFO

 order.

(opposite order from
 PQ

A
sSortedA

rray) (w
hy?)

D
esigning data structures for PriorityQ

’s

4
2

data

4
1

put: w
alk dow

n list and insert into "right place"

get: extract from
 head of list
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class dL
C

ell{

protected O
bject datum

;
protected dL

C
ell forw

ard;
protected dL

C
ell backw

ard;
.......
}

//the usual getter and setter m
ethods
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- there is a distinguished node called the root
- root has no incom

ing edges
- all other nodes have one incom

ing edge
- there is a path from

 root to every node

R
oot is parent of N

ode A
.

N
ode A

 is child of R
oot.

N
ode B

 is child of N
ode A

.
R

oot and A
 are ancestors

of B
.

right subtree 
of root 

left subtree
of root

root node
of tree 

M
yT

ree

internal node of tree

6

7

2
4

1

9

A

B

R
ooted tree:graph in w

hich 

D
epth of a node =

 length of sim
ple path from

 root to that node

depth(A
) =

 1     depth(B
) =

 2

H
eight of a node =

 length of longest sim
ple path from

 node to a leaf
         height(A

) =
 1  height(B

) =
 0

H
eight of tree =

 H
eight of root   (in our exam

ple, 3)

7
leaf node

A
 and B

 are descendants of 
R

oot.

e 1
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ree
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7

2

M
yT

ree

6

7

2

6
(i) G

eneral T
ree

(ii) B
inary tree: every node has at m

ost tw
o children

(iii) N
ot a tree

(iv) Special case of binary tree:list-like tree!
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L

T
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protected T
reeC

ell parent;
....//getter and setter m

ethods

}
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ushy tree: full binary tree of height 3
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0
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0
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0
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0
1

� �
� ��� ���� ���� ��
� �� ��  �
��� t� 
½eq

Â ��
���� t
� ���� ��
� ���� ��� ��� ����
� ���� �
� �
��� ���
� ��� �� %

1

2
3

4
6

7
5

a1

a2
a3

a4
a7

a6

a1
a2

a3
a4

a6
a7

1
2

3
4

5
6

7
0

"row
-m

ajor" scan of nodes into array

For any node i,  object in left child of i is in array location 2
i

object in right child of i is in array location 2
i

+
 1

E
xam

ple: children of node 2 are in array locations 4 and 5.

size of array
h+

1
2
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eap of Priority Q
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"D
on of the living dead"
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iovanni"

"Joe Schm
oe"

H
eapifying after rem

oving root elem
ent
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16
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"D
on Pingali"

laFam
ilia

 "D
on Juan"

"D
on of the living dead"

"D
on D

eL
ouise"
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88
"D

on Perignon"

2

12
"D

on G
iovanni"

"Joe Schm
oe"

29

22
43

"D
on Pingali"

 "D
on Juan"

"D
on D

eL
ouise""D

on of the living dead"

16

24
"R

ed D
on"

- stick new
 elem

ent into a new
 leaf node anyw

here in tree
- result is not necessarily a heap
- com

pare parent of new
 leaf and new

 leaf and exchange if necessary

(in our exam
ple, w

e w
ould exchange "R

ed D
on" and "D

on of the living dead"
  since "R

ed D
on" is m

ore ruthless)

- if no exchange w
as needed, w

e are done : w
e have a heap

- otherw
ise, let p be the parent of the leaf node. W

e now
 have to com

pare 
   p and parent(p) to see if heap condition is violated.

- if so, exchange, etc.
- this process has to term

inate at the root of the tree at the w
orst.

U
riah

88
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2
3

4
5

6
7

9
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10
11
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13

14
15

- "com
plete binary tree": if node n is occupied, all nodes num

bered 
      less than n are also occupied

- if w
e can m

aintain a heap as a com
plete binary tree, tree w

ill be 
    short and bushy. C

an w
e design put and get to "com

plete binary tree"
    property is m

aintained after operation?

- Put: insert new
 elem

ent into "first" em
pty node (in exam

ple, node 13), rather
    than into any random

 new
 leaf node as before, and heapify up the path from

    this new
 node to root.

U
riah

Problem
: how

 do w
e know

 w
here in tree to create the new

 node (node 13 
in exam

ple)? E
asy: keep track of size of heap (in exam

ple, size is 12). 
Put w

ill m
ake size =

 13, and 13 is 1101, so path to new
 leaf is R

L
R

.

em
pty node

filled node

\ ^

_ B<
?C B M@< =? >< A@< K@
=><@
=>PJ
? KC LB<B< MBB `>BPP

1

2
3

4
5

6
7

9
8

10
11

12
13

14
15

U
riah

em
pty node

filled node

- get algorithm
 that ensures com

plete tree-ness:

- extract elem
ent from

 root of tree and return it
- in old algorithm

 for get, w
e w

ould prom
ote m

ax of nodes 2 and 3
    to root, and keep going recursively dow

n the tree. H
ow

ever, this
    m

ay create a "hole" in som
e position like 8 or 9 ultim

ately, and w
e

     lose com
plete tree-ness

- clever w
ay to fill root: prom

ote elem
ent from

 "last" filled node 
    (in our exam

ple, node 12) to root
- this m

ay violate heap property, so heapify by com
paring new

 root elem
ent

   w
ith elem

ents in 2 and 3, and exchanging root w
ith largest of its children etc.

(intuitively, if new
 root elem

ent is a loser, he sinks dow
n the tree till 

  he needs to sink no m
ore)
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22
7

12

11
4

3
4

7
2

14

8
(3)

(4)

U
riah

7

12

11
4

3
4

7
2

(2)

(1)

14

22

8

(1)   extract root
(2)    prom

ote "last" elem
ent into root

(3)  exchange 8 and 22

(4) exchange 8 and 14

final heap: com
plete tree once again
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