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Announcements



Questions for This Week

e How can we quantify natural concepts like “center” and
“variability™?

e Why do many of the empirical distributions that we
generate come out bell shaped?

e How is sample size related to the accuracy of an
estimate?



Standard Deviation (Review)



How Far from the Average?

e Standard deviation (SD) measures roughly how far the
data are from their average

e SD =root mean square of deviations from average
5 4 3 2 1

e SD has the same units as the data



Why Use the SD?

There are two main reasons.

e The first reason:
No matter what the shape of the distribution,
the bulk of the data are in the range “average + a few SDs”

e The second reason:
Coming up later in this lecture ...



How Big are Most of the Values?

No matter what the shape of the distribution,
the bulk of the data are in the range “average + a few SDs”

Chebyshev’s Inequality
No matter what the shape of the distribution,
the proportion of values in the range “average = k SDs” is

at least 1 - 1/k?



Chebyshev’s Bounds

Range
average + 2 SDs
average + 3 SDs
average + 4 SDs

average + 5 SDs

Proportion
atleast1-1/4 (75%)
atleast1-1/9 (88.888...%)
at least 1 - 1/16 (93.75%)
at least 1 - 1/25 (96%)

No matter what the distribution looks like



Standard Units



Standard Units

e How many SDs above average?
e z =(value - mean)/SD
o Negative z: value below average
o Positive z.  value above average
o z=0: value equal to average
o Note z=1 implies SD = value-mean
e When values are in standard units: average = 0, SD = 1
e Chebyshev: At least 96% of the values of z are between
->and 5



Discussion Question

Age in Years |Age in Standard Units
Find whole numbers 27 -0.0392546
that are close to: 33 0.992496
28 0.132704
23 -0.727088
(a)the average age 25 -0.383171
33 0.992496
23 -0.727088
(a)the SD of the ages 25 20.383171
30 0.476621
27 -0.0392546

... (1164 rows omitted)



The SD and the Histogram

e Usually, it's not easy to estimate the SD by looking at a
histogram.

e But if the histogram has a bell shape, then you can.



The SD and Bell-Shaped Curves

If a histogram is “bell-shaped” then
e the average is at the center
e the range of the data is about + 3 SDs

e 95% of the data is about + 2 SDs

(Demo)



The Normal (Gaussian) Distribution
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The Standard Normal Curve

A very beautiful formula that we won’t use at all -- but you
can use it to amazing and impress your friends:

1
P(z) = e 2%, —00 <7< 00



Bell Curve

0.45 The Standard Normal Curve
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z 00 01 02 .03 .05 06 .07 .08 09
0| 5000 .5040 .5080 .5120 L5199 5239 5279 5319 5359
A .5398 5438 5478  .5517 .5596 .5636 .5675 .5714 5753
2| .5793 .5832 .5871 .5910 5987 .6026 .6064 6103  .6141
31 6179 6217  .6255  .6293 6368 6406 .6443 6480  .6517
4 | 6554 6591 6628  .6664 6736 6772 .6808  .6844 6879
5| 6915 .6950 .6985 7019 7088  .7123 7157 7190 .7224
.6 | 7257  .7291 .7324 7357 .7422 .7454 7486 7517 .7549
.7 | 7580 7611 7642 7673 7734 7764 7794 7823 7852
.8 | .7881 7910 7939 7967 .8023 8051 .8078 .BI106 .8133
9| .8159 .8186 .8212 = .8238 8289 8315 .8340 .8365 .8389
1.0 | .8413  .8438  .8461  .8485 .8531 .8554 .8577 .8599 .8621
1.1 8643 8665 .8B686 .8708 8749 8770 .8790  .8810 .8830
1.2 | .8849 8869  .B8B8  .B907 8944 8962 8980 .8997 .90I5
1.3 | 9032 9049 .9066 .9082 9115 9131 .9147 9162 9177
1.4 | 9192 9207 .9222 .9236 9265 L9279 9292 9306 .9319
1.5 | 9332 .9345 .9357 .9370 9394 9406 9418 .9429 .944]
1.6 | 9452 9463 .9474 9484 L9505 9515 9525 .9535 .9545
1.7 | 9554 9564 9573 9582 9599 9608 9616 .9625 9633
1.8 | .9641 9649 9656 .9664 9678 9686 9693 9699  .9706
1.9 | 9713 9719 9726 .9732 9744 9750 9756 9761 .9767
20 | 9772 9778 9783 .9788 9798 9803 9808 .98i2 9817
2.1 9821 9826  .9830 .9834 9842 9846 9850 9854  .9857
2.2 | .9861 9864  .98B68  .9871 9878 9881 9884 9887 9890
23 | 9893 9896 .9898 .9901 9906 9909 9911 .9913 9916
24 | 9918 9920 .9922 9925 9929 9931 9932 9934 9936
2.5 | 9938 .9940 .9941 .9943 9946 9948 9949 9951 9952
2.6 | 9953 9955 9956 .9957 9960 9961 9962 9963 .9964
2.7 | 9965 9966 .9967 .9968 9970 9971 9972 9973 9974
2.8 | 9974 9975 .9976 9977 L9978 9979 9979 .9980 9981
2.9 | .9981 9982 .9982 9983 9984 9985 9985 9986 .9986
3.0 | 9987 9987 .9987 9988 9989 9989 9989  .9990 .99%0
3.1 9990 9991 9991 L9991 L9992 9992 9992 9993 .9993
3.2 | 9993 9993 .9994 9994 19994 9994 9995 9995 9995
3.3 | 9995 9995 .9995 .9996 9996 9996 9996 .9996 9997
34 | 9997 9997 9997 .9997 9997 9997 9997 9997 9998
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z

stats.norm.cdf(1)
= .8413

1-stats.norm.cdf(1)
= .1587

(Demo)



How Big are Most of the Values?

No matter what the shape of the distribution (Chebyshev),
the bulk of the data are in the range “average + 5 SDs”

If a histogram is bell-shaped (normal), then
e Almost all of the data are in the range
“‘average = 3 SDs”



Chebyshev’s Bounds

Range

Proportion

average + 2 SDs

atleast1-1/4 (75%)

average = 3 SDs

atleast1-1/9 (88.888...%)

average £ 4 SDs

at least 1 - 1/16 (93.75%)

average £ 5 SDs

at least 1 - 1/25 (96%)

No matter what the distribution looks like




Bounds and Normal Approximations

Percent in Range

All Distributions

Normal Distribution

average + 1 SD [atleast 0% about 68%
average + 2 SDs |at least 75% about 95%
average + 3 SDs |at least 88.888...% | about 99.73%




A “Central” Area

0.45 Average + 2SDs: 95% of the area
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Standard Units (Demo)



Probabilities and Standard Units

e How does one calculate Prob( VALUE < ##)?
e Define Z = (VALUE - mean)/SD

Calculate:
Pr { VALUE < ## }

= Pr { (VALUE — mean)/SD < (## — mean)/SD }
= Pr{Z < (## - mean)/SD }

e \When values are in standard units:
Average(Z) =0, SD(Z) =1



Central Limit Theorem



Central Limit Theorem!

If the sample is

e large, and
e drawn at random with replacement,

Then, regardless of the distribution of the population,

the probability distribution of the sample sum
(or of the sample average) is roughly bell-shaped

(Demo)



American Roulette

Rouge ou Noir — A bet that the number will be
a chosen color

Win $1 for 18 red
Lose $1 for 20 non-red

average per_bet = 1*(18/38) + (-1)*(20/38)
= -.05263



