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Abstract

Langevin diffusion is a commonly used tool for sampling from a given distribution. In this
work, we establish that when the target density p* is such that logp* is L smooth and m
strongly convex, discrete Langevin diffusion produces a distribution p with L (p||p*) < e
in O(g) steps, where d is the dimension of the sample space. We also study the convergence
rate when the strong-convexity assumption is absent. By considering the Langevin diffusion
as a gradient flow in the space of probability distributions, we obtain an elegant analysis that
applies to the stronger property of convergence in KL-divergence and gives a conceptually
simpler proof of the best-known convergence results in weaker metrics.

1. Introduction

Suppose that we would like to sample from a density

where C is the normalizing constant. We know U(z), but we do not know the normalizing
constant. This comes up, for example, in variational inference, when the normalization
constant is computationally intractable.

One way to sample from p* is to consider the Langevin diffusion:

Zo ~ Po
dzy = —VU (z,)dt + V/2dBy (1)

Where pg is some initial distribution and B; is Brownian motion (see Section 4). The
stationary distribution of the above SDE is p*.

The Langevin MCMC algorithm, given in two equivalent forms in (3) and (4), is an algorithm
based on discretizing (1).

Previous works have shown the convergence of (4) in both total variation distance ([3], [4])
and 2-Wasserstein distance ([5]). The approach in these papers relies on first showing the
convergence of (1), and then bounding the discretization error between (4) and (2).

In this paper, our main goal is to establish the convergence of p; in (4) in KL (p¢||p*). KL-
divergence is perhaps the most natural notion of distance between probability distributions
in this context, because of its close relationship to maximum likelihood estimation, its
interpretation as information gain in Bayesian statistics, and its central role in information



theory. Convergence in KL-divergence implies convergence in total variation and 2-Wasserstein
distance, thus we are able to obtain convergence rates in total variation and 2-Wasserstein
that are comparable to the results shown in ([3], [4], [5]).

2. Related Work

The first non-asymptotic analysis of the discrete Langevin diffusion (4) was due to Dalalyan
in |3]. This was soon followed by the work by Durmus and Moulines in [4], which improved
upon the results in [3]. Subsequently, Durmus and Moulines also established convergence of
(4) for the 2-Wasserstein distance in [5]. We remark that the proofs of Lemma 7, 11 and 13
are essentially taken from |[5].

In a slightly different direction from the goals of this paper, Bubeck et al |6] and Durmus et
al |9] studied variants of (4) which work when — log p* is not smooth. This is important, for
example, when we want to sample from the uniform distribution over some convex set, so
—log p* is the indicator function.

Very recently, Dalalyan et al [13]| proved the convergence of Langevin Monte Carlo when only
stochastic gradients are available.

Our work also borrows heavily from the theory established in the book of Ambrosio, Gigli
and Savare 1], which studies the underlying probability distribution p; induced by (1) as
a gradient flow in probability space. This allows us to view (4) as a deterministic convex
optimization procedure over the probability space, with KL-divergence as the objective. This
beautiful line of work relating SDEs with gradient flows in probability space was begun by
Jordan, Kinderlehrer and Otto [2|. We refer any interested reader to an excellent survey by
Santambrogio in [10].

Finally, we remark that the theory in [1| has some very interesting connections with the
study of normalization flows in [7] and [8]. For example, the tangent velocity of (2), given by
vy = Vlog p* — Vlog pt, can be thought of as a deterministic transformation that induces a
normalizing flow.

3. Our Contribution

In this section, we compare the results we obtain with those in [3|, [4] and |5].

Our main contribution is establishing the first nonasymptotic convergence Kullback-Leibler
divergence for (4) when U(x) is m strongly convex and L smooth. (see Theorem 1). As
a consequence, we also unify the proof of convergence in total variation and W as simple
corollaries to the convergence in K L.

The following table compares the number of iterations of (3) required to achieve € error in
each of the three quantities according to the analysis of various papers.



Table 1: Comparison of iteration complexity

TV Wy KL
3] [4] | O(3) - -
[5] 0(%) | O(%) -
this O(E%) O(E%) O(%l)
paper

In Section 7, we also state a convergence result for when U is not strongly convex. The
corollary for convergence in total variation has a better dependence on the dimension than
the corresponding result in [3|, but a worse dependence on e.

4. Definitions

We denote by #(R?%) the space of all probability distributions over R?. In the rest of this
paper, only distributions with densities wrt the Lebesgue measure will appear (see Lemma
16), both in the algorithm and in the analysis. With abuse of notation, we use the same
symbol (e.g. p) to denote both the probability distribution and its density wrt the Lebesgue
measure.

We let B; be the d-dimensional Brownian motion.

Let p* be the target distribution such that U(z) = —log p*(z)+C has L Lipschitz continuous
gradients and m strong convexity, i.e. for all x:

ml < V?U(z) < LI

For a given initial distribution pg, the Exact Langevin Diffusion is given by the following
stochastic differential equation (recall U(z) — log p*(x)):

To ~ Po
dzy = —VU (z,)dt + V/2dBy (2)
(This is identical to (1), restated here for ease of reference.) For a given initial distribution

Po, and for a given stepsize h, the Langevin MCMOC Algorithm is given by the following:

UONPO

u't =o' — b VU (u') + V2he' (3)
Where ¢ % N(0,1).
For a given initial distribution pg and stepsize h, the Discretized Langevin Diffusion is
given by the following SDE:
Zo ~ Po (4)
dxy = —VU(2,())dt + V2dBy
Let p; denote the distribution of x;



Where 7(t) = | £| - h (note that 7(t) is parametrized by h). It is easily verified that for any 4,
x, from (4) is equivalent to u’ in (3). Note that the difference between (2) and (4) is in the
drift term: one is VU(%;), the other is VU (x,())

For the rest of this paper, we will use p; to exclusively denote the distribution of x; in (4).

We assume without loss of generality that
argminU(z) =0
x
, and that
U0)=0

. (We can always shift the space to achieve this, and the minimizer of U is easy to find using,
say, gradient descent.)

For the rest of this paper, we will let

J p(z)log <;i(é))> dx, if p has density wrt

F(p) = Lebesgue measure

00 else

be the KL-divergence between p and p*. It is well known that F' is minimized by p*, and
F(p*) = 0.

Finally, given a vector field v : R? — R? and a distribution g € Z2(R?), we define the
L?(p)-norm of v as

lvllz2ge) = \/Eulllo@)13]

4.1 Background on Wasserstein distance and curves in Z(R%)

Given two distributions p,v € Z2(R%), let I'(, V) be the set of all joint distributions over
the product space R¢ x R? whose marginals equal p and v respectively. (T is the set of all
couplings)

The Wasserstein distance is defined as

Wa(p,v) = \/V inf /(Hx‘ —yl3)dv(z,y)

el (p,v)

Let (X1, #(X1)) and (X2, B(X2)) be two measurable spaces, g be a measure, and r : X1 —
X5 be a measurable map. The push-forward measure of p through r is defined as

rum(B) = p(r~'(B)) VB e A(Xa)

Intuitively, for any f, K., [f(z)] = EL[f(r(z))].



It is a well known result that for any two distributions g and v which have density wrt
the Lebesgue measure, the optimal coupling is induced by a map 75, : R? — R?, ie.
W3 (p,v) = [(lz = yll3)dy*(z,y) for

v = (Id, TOpt)#N

Where Id is the identity map, and T, satisfies Tppupt = v, so by definition, v* € I'(p, v).
We call T,,; the optimal transport map, and 7,,; — Id the optimal displacement map.

Given two points v and 7 in Z(R%), a curve p, : [0,1] = Z(R?) is a constant-speed-
geodesic between v and 7 if py = v, p; = 7 and Wa(p,, ) = (t — s)Wa(v, ) for
all 0 < s <t < 1. If vJ is the optimal displacement map between v and =, then the
constant-speed-geodesic p, is nicely characterized by

g = (14 + 1) v (5)
Given a curve p, : RT — 2(R%), we define its metric derivative as
W
] 2 timsup V2 P 1) 0
s—t ’3 - t’

. Intuitively, this is the speed of the curve in 2-Wasserstein distance. We say that a curve p,
is absolutely continuous if f: |py|? < oo for all a,b € R.

Given a curve g, : Rt — 2(R?) and a sequence of velocity fields v; : RT — (R? — R%), we
say that p, and v; satisfy the continuity equation at ¢ if

@Ht(x) + V- () - ve(x)) = 0 (7)

(We assume that p, has density wrt Lebesgue measure for all t)

Remark 1 If pu, is a constant-speed-geodesic between v and 7, then v] satisfies (7) att =0,
by the characterization in (5).

We say that v is tangent to g, at t if the continuity equation holds and [lv; + wl|2(,,,) <
Ve 12 for all w such that V - (p, - w) = 0. Intuitively, v; is tangent to p, if it minimizes
L2(py) t t
[vt]|2(,) among all velocity fields v that satisfy the continuity equation.

5. Preliminary Lemmas

This section presents some basic results needed for our main theorem.

5.1 Calculus over Z(R%)

In this section, we present some crucial Lemmas which allow us to study the evolution of
F(u,) along a curve p, : RT — 2(R?). These results are all immediate consequences of
results proven in [1].



Lemma 1 For any p € Z(RY), let ‘;—Z(u) :RY = R be the first variation of F' at p defined
as (%(u)) (z) £ log ( p(z) ) + 1. Let the subdifferential of F' at p be given by

d p* ()

. For any curve p, : Rt — 2(RY), and for any vy that satisfies the continuity equation for
Wy (see equation (7)), the following holds:

Based on Lemma 1, we define (for any p € 22(R%)) the operator
Du(v) £ By [(wp(2),v(z))] : (R? = RY) — R (8)

D, (v) is linear in v.

Lemma 2 Let p, be an absolutely continuous curve in 2 (R?) with tangent velocity field v;.
Let |p}] be the metric derivative of .

Then
vell L2,y = l1at]

Lemma 3 For any p € P(RY), let |D,« £ SUP|jo||4.,,, <1 Dy (v), then

1Dyl = \/ / Hv (5w @)

Furthermore, for any absolutely continuous curve p, : RT — P2(R?) with tangent velocity vy,
we have

2

p(z)dr
2

< p(,)

S ()| < 1D ol 2,

As a Corollary of Lemma 2 and Lemma 3, we have the following result:

Corollary 4 Let p, be an absolutely continuous curve with tangent velocity field ve. Then

d
P (1) < 1Dyl - ]

5.2 Exact and Discrete Gradient Flow for F(p)

In this section, we will study the curve p; : RY — 2(RY) defined in (4). Unless otherwise
specified, we will assume that pg is an arbitrary distribution.

Let z; be as defined in (4).



For any given ¢ and for all s, we define a stochastic process y as
Yl = g for s <t
dyt = VU (y!)ds + V2d B, for s >t 9)
let ! denote the distribution for g’

From s =t onwards, this is the exact Langevin diffusion with p; as the initial distribution
(compare with expression (2)).
Finally, for each ¢, we define a sequence 2! by

fq:xs for s <t

dzt = (—VU(zi(t)) + VU(2L))ds, for s > ¢ (10)

let g’ denote the distribution for 2/

z

2! represents the discretization error of ps through the divergence between q, and p (formally
stated in Lemma 5). Note that zi(t) = xtT(t) because 7(t) < t.

Remark 2 The the B in (4) and (9) are the same. Thus, xs (from (4)), y (from (9)) and
2L (from (10)) define a coupling between the the curves ps, @l and gt.

Our proof strategy is as follows:

1. In Lemma 5, we demonstrate that the divergence between p, (discretized Langevin)
and q}, (exact Langevin) can be represented as a curve gt.

2. In Lemma 6, we demonstrate that the "decrease in F'(p;) due to exact Langevin" given
by %F(qg) _, is sufficiently negative.

S=—
3. In Lemma 7, we show that the "discretization error" given by %(F(ps) - F(q!))]
is small.

s=t

4. Added together, they imply that %F (ps)‘sz . is sufficiently negative.

Lemma 5 For all z € R? and t € RT

d o d d ,
dsgs(x) ot - (d ps( ) dSqS(x)) ot
Lemma 6 For all s,t € R
d

ds

< (222h/Bp,, [12113] +2LvRd) - [ Dy I

F(q}) = —[|Dq |12
Lemma 7 For allt € RT

I (F(pe) - F(d)

ds

6. Strong Convexity Result

In this section, we study the consequence of assuming m strong convexity and L smoothness

of U(x).



6.1 Theorem statement and discussion

Theorem 1 Let z; and p; be as defined in (4) with pg = N(0, %)

If
me
h= 16dL>2
and
2 dlog 4L
k=162, T8 me
m €

Then KL (prnllp™) < €

The above theorem immediately allows us to obtain the convergence rate of pg, in both total
variation and 2-Wasserstein distance.

Corollary 8 Using the choice of k and h in Theorem 1, we get

1. dry (Prn, P*) < Ve

2. Wo(pn, p*) < (/%

The first item follows from Pinsker’s inequality. The second item follows from (12), where
we take pg to be p* and py to be pgp, and noting that Dy« = 0. To achieve § accuracy in
Total Variation or Wy, we apply Theorem 1 with € = 62 and € = md? respectively.

Remark 3 The log term in Theorem 1 is not crucial. One can run (3) a few times, each
time aiming to only halve the objective F(p;) — F(p*) (thus the stepsize starts out large and
is also halved each subsequent run). The proof is quite simple and will be omitted.

6.2 Proof of Theorem 1

We now state the Lemmas needed to prove Theorem 1. We first establish a notion of strong
convexity of F'(u) with respect to Wy metric.

Lemma 9 Iflogp*(z) is m strongly convez, then
m
Fpy) < (1= 1)F(po) +tF (1) = (1 = W5 (1, 1) (11)

for all pg, g € P(RY) and t € [0,1], let g, : [0,1] = P(RY) be the constant-speed geodesic
between o and py. (recall from (5) that If Uﬁé 15 the optimal displacement map from pg to

pas then py = (Id +t - vp)) ptg-)
Equivalently,
m
F(p1) > F(pg) + Dy (vjad) + EWQQ(NOJH) (12)

We call this the m-strong-geodesic-convezity of F' wrt the Wy distance.



The above Lemma is essentially implied by well known results on strong-geodesic-convexity,
see for example [1].

Next, we use the m strong geodesic convexity of F' to upper bound F(u)— F(p*) by 5 [|Dy||?
(for any p € 2(R%)). This is analogous to how f(z) — f(z*) < 2|V f(x)||3 for standard
m-strongly-convex functions in R¢.

Lemma 10 Under our assumption that —log p*(x) is m strongly convex, we have that for
all p € P (R,

1
Flp) = F(p") < 5~ |Dal?

Now, recall p; from (4). We use strong convexity to obtain a bound on Ep, [||z||3] for all ¢.
This will be important for bounding the discretization error in conjunction with Lemma 7

Lemma 11 Let p; be as defined in (4). If po is such that Ep, [Hx”%] < %, and h < % in
the definition of (4), then for all t € R,

4d

Ep,||lz]* <

Finally, we put everything together to prove Theorem 1.
Proof of Theorem 1

We first note that h =

7 <

=

By Lemma 11, for all ¢, Ep, [||z(3] < %. Combined with Lemma 7, we get that for all

teRt
s(m NI ) Do
t

Suppose that F(p;) — F(p*) > ¢, and let

__me <imin m je me
~ 16dL2 ~ 16 L2\ d’ L2d
o, [d
< |4L*hy/— + 2LV hd
+ m

1 1
< Ve Dyl < 51Dp 2

—F(ps) — F(qZ)

s=

then V¢

d

“oF(p,) - Fld)

sS=

Where the last inequality is because Lemma 10 and the assumption that F(p;) — F(p*) > €
together imply that | Dp, [« > v2me.



So combining Lemma 6 and Lemma 5, we have

d d d
—F = —F(qt —F(ps) — F(d!
ﬁ(m) I m&ﬁﬁnm(p) (%hﬁ
1
< —||Dp, |17 + QIIDptlli
1
Z—EHDWHE
< —m(F(p) — F(p*)) (13)

Where the last line once again follows from Lemma 10.
To handle the case when F'(p;) — F(p*) < ¢, we use the following argument:
1. We can conclude that F(p;) — F(p*) > ¢ implies & F(p;) < 0.

2. By the results of Lemma 16 and Lemma 17, for all ¢, [p}| is finite and ||Dp, || is finite,
S0 %F(pt) is finite and F'(p¢) is continuous in ¢.

3. Thus, if F(p;) < € for some t < kh, then F(ps) < € for all s >t as F/(p;) > € implies
%F(pt) < 0 and F(p;) is continuous in t. Thus F(pgp) — F(p*) < e.

Thus, we need only consider the case that F'(p;) > € for all t < kh. This means that (13)
holds for all ¢ < kh.

By Gronwall’s inequality, we get
F(pgn) — F(p*) < (F(po) — F(p*)) exp(—mkh)

We thus need to pick

Using the fact that po = N (0, %) Using L-smoothness and m-strong convexity, we can show
that

. L d 2m
~logp*(2) < Sl + S log(=1)
, and
m d 2m
1 = ——||z|2 — = log(—
ogpo(e) = — a3 — S log(=")

. We thus get that F(pg) — F(p*) = KL (po||p*) < %, S0

L? dlog 4&

m?2 €

k=16

10



7. Weak convexity result

In this section, we study the case when log p* is not m strongly convex (but still convex and
L smooth). Let 7r;, be the stationary distribution of (4) with stepsize h.

We will assume that we can choose an initial distribution pg which satisfies

Wa(po,p*) = C1 (14)

\ Borllzll3 = Co (15)

. Let I/ be the largest stepsize such that

and

Wa(mp,p*) <C1 VA <K (16)

7.1 Theorem statement and discussion

Theorem 2 Let Cy, Cy and h' be defined as in the beginning of this section.

Let x; and py be as defined in (4) with po satisfying (14). If

h= 1 min € e B
48 C1(Cy + Cy)L?” C3dL?’

= i min ¢ 3 4
48 C.Cy L%’ ClzdLZ’

and

_ 207 207 log(F) — F(p°))

k
eh h

Then KL (prnllp*) < €

Once again, applying Pinsker’s inequality, we get that the above choice of k and t yields
dry (r*, p*) < \/e. Without strong convexity, we cannot get a bound on W from bounding
F(r*) — F(p*) like we did in corollary 8.

In [3], a proof in the non-strongly-convex case was obtained by running Langevin MCMC on
e O 12
P Xp - eXp(_ngHQ)

log p* is thus strongly convex with m = %, and dpy (p*, p*) < d. By the results of [3], or |4],
or Theorem 1, we need

-

k=0(5) (17)

iterations to get dry (prn, p*) < 6.



On the other hand, if we assume log(F(po) — F(p*)) < 1 and h’ > 55 min
the results of Theorem 2 implies that

€ 62
C1C2L?’ C3dL?

he — mml Ll €
120 Cy’ dCy
To get drv (prn, P*) < 6, we need

2,13
k= LG maX{Cg, dcl}

54 52

Even if we ignore C7 and Cs, our result is not strictly better than (17) as we have a worse
dependence on d. However, we do have a better dependence on d.

The proof of Theorem 2 is quite similar to that of Theorem 1, so we defer it to the appendix.
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8. Supplementary Materials

Proof of Lemma 1 The proof is directly from results in [1]. See Theorem 10.4.9, with
Fluly) = KL (ullv), with p = p, v = p*, 0 = £, F(p) = plogp, Lp(o) = o, and
Wy = %(J) = Vlog %. The expression for %F (pt) comes from expression 10.1.16 (section
E of chapter 10.1.2, page 233). See also expressions 10.4.67 and 10.4.68.

(One can also refer to Theorem 10.4.13 and Theorem 10.4.17 for proofs of w,, for the KL-
divergence functional in more general settings.) By Lemma 16, wp, is well defined for all ¢. B

Proof of Lemma 2 Theorem 8.3.1 of [1].

Proof of Lemma 3 By definition of D, (v) in (8) and Lemma 1 and Cauchy Schwarz. W

Proof of Lemma 5 In this proof, we treat t as a fixed but arbitrary number, and prove the
Lemma for all t € R*. We will use zs, 3%, 2, ps, @ and g’ as defined in (4), (9) and (10).

First, consider the case when ¢t = 7(t). By definition, x; = y} = 2{, and p; = q! = g!. By
Fokker Planck,

d
d—ps(x) =—VU(z¢) + tr(Vzpt)
S s=t
= —VU(y}) + tr(V*q})
_ d t
- %qs(gj) ot

On the other hand
d2t|,_, = =VU(2k ) + VU(2f) = =VU(21) + VU (21) = 0

Thus %gg}szt = 0 So Lemma 5 holds.
In the remainder of this proof, we assume that t # 7(t).

For a given © € R??, we let I1;(©) denote the projection of © onto its first d coordinates,
and II5(©) denote the projection of © onto its last d coordinates. With abuse of notation,
for P € 2(R%), we let I1;(P) and II(P) denote the corresponding marginal densities.

We will consider three stochastic processes: O, AL, U over R?? for s € [7(t), 7(t) + h).

14



First, we introduce the stochastic process ©; for s € [7(t), 7(t) + h)

I
Or) = [—VU (ﬂfT(w)]

Hz(@s)} gt [ﬂdBt

O, = [ ) 5 ] for s € [7(), 7(t) + h)

We let P denote the density for ©4. Intuitively, Py is the joint density between xs and
~VU(2.()). One can verify that I1;(0;) = x5 and II; (P;) = ps. By Fokker-Planck, we have

VO € R
d 15(0)
&P =-v-(re- 7))
Zd: ” P.(©) (18)
+ bt
i=1 007

Next, for any given ¢, we introduce the stochastic process A% for s € [7(t), 7(t) + h).

Al = 0, for s <t

S —VU(Hl(Aé))] ds + [ﬂng] for s >t

t_
g - [7O0

Let QY denote the density for AL. One can verify that II;(AL) =
Fokker-Planck, we have YO e R4

yt and I1;(Q%) = ¢ . By

S

d _ o (ota . |-VUIL(O))
%Qs(@) ot v <Qt(e) |: O :|>
+25@% (19)
Finally, define
\Iﬂ; = 0O, for s <t
o, = [T+ VUL
+ [ﬂng} for s >t

Let GL denote the density for U%. One can verify that II;(¥%) = 2! and II; (G!) = g’. By
Fokker-Planck, we have YO e R4

d t
7:Cs(©)

= v gty [O)+YUIREN)

s=t

15



By definition, ©; = Al = U! almost surely, and P; = Q! = G!. Taking the difference between
(18), (19) thus gives

d

——P,(0) - Qi(©)

u I1;(0) + VU (Hl(@))]>

Stz—V-(Pt(G)-{ 0

_ d t

s=t

Finally, marginalizing out the last d coordinates on both sides, and recalling that IT; (Ps) = ps,
1, (Q!) = g% and I1; (GY) = g, we prove the Lemma. [ ]

Proof of Lemma 6 The fact that q’ is the steepest descent follows from the fact that
Fokker-Planck equation for Langevin diffusion yields, for all z € R?

d i

25 4(@) =V - (qy(2) Vlog p()) + tr(V2ql(z))

=9+ (atto) (Vi 2 ) )

By definition of (7), we get that

_ Uleg P@)
o= VI8 o) .

satisfies the continuity equation for q. By Lemma 1,

t
wqt = V log <qi>
) p

Thus p
£F(QZ) = Dt (vs) = —Eqt [[lwqe [13] = —[IDge I3

The last equality follows from the first statement of Lemma 3.

Proof of Lemma 7 Consider 2z and g’ as defined in (10). By Lemma 5, %gg —t =
(%pS — d%q’;)‘szt. The first variation of F', defined by

is linear (see Chapter 7.2 of [11]). (In the above, A : R — R is an arbitrary 0-mean
perturbation). In addition, because p; = q! = g, we have g—fj(pt) = g—i(qi) = g—i(gg), we
get that

d

d d
F t
ds (85)

o <d8F(ps) - dsF(qg)>
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We will upper bound |g¥ HS: .» then apply Corollary 4.

8||s:t

1
— l - t t
651(1) . Wo (gt—l-eu g;)

<lim 1, /E [He(VU(:ct) — VU(%W)Hﬂ

i
= [E[IV0@) - VU]

<\E (2221 — a0 3]

:L\/]E [H(t — () VU (2,4)) + V2(By — BT(t>)II%]
<2L(t — 7(t)\/E [|VU (:0)I3] + 2Lv/(E — 7(0))d
<2L(t — 7(t))\/ L?E [[|@r 3] + 2L/ (¢ — 7())d

Where the first line is by definition of metric derivative, second line is by the coupling between
g/ and gf,.) induced by the joint distribution (zf,z},.) and the fact that Zi(t) = x¢. The

fourth line is by Lipschitz-gradient of U(x), fifth line is by definition of x, sixth line is by
variance of B; — By, seventh line is once again by Lipschitz-gradient of U(x).

Thus, we upper bound |g¥|| _, by 2L*(t — 7(t))4/E [||lz-)I3] +2L+/(t — 7(t))d. Applying
Corollary 4, and using the fact that for all ¢, ¢t — 7(¢t) < h, we get

d()

e
( [Hm 18] + 2LVAd ) Dyl
g(n%/ (v ] + 2Lv/Ad ) Dp-

The last line is because g! = p; by definition.

Proof of Lemma 9 By Theorem 9.4.11 and Proposition 9.3.2 of [1]|, m-strong-convexity of
log p* implies geodesic convexity. Expression (11) then follows from the definition of geodesic
convexity in definition 9.1.1 of [1].

Rearrranging terms, dividing by ¢ and taking limit as t — 0, we get

F(py) — F(po)
¢

= F(pg) + Dy, (Uuo) + W2 (10, 121)

. m
F(py) > F(pg) + %g% + *WQQ(MOv )

17



The last equality follows by Lemma 1 and by the remark immediately following (7).

We remark that the proof of (12) is completely analogous to the proof of first-order charac-
terization of strongly convex functions over R

Proof of Lemma 10 We consider (12), and use two facts
1. For any p € Z(R%), D, (v) is linear in v. (see (8))

2. For any u,v € Z2(R?), Wi (u,v) = EHHUZ(.%')”%, by definition of Wy and vy; as the
optimal displacement map.

We apply Lemma 10 with gy = p* and py = p. Let vE* be the optimal displacement map

from p to p*, so (12) gives
* p* m 2 *
F(p) = F(p") = =Dulvp ) — 5 Wa(m,p)
* m *
= —Dulvp ) = S Eullvi ()3

Let v* £ arg MaX||| <1 —D,(v), s0 Dy (v*) = —||Dyll« by linearity. We know that the

maximizer of

m .
arg max —D,(v) — EE“HUE (z)|3=c-v*

for some real number c. Taking derivatives wrt ¢ gives ¢ = L[| Dy,||.. Thus we get

% m
F(p) = F(p") < 5| Dyll:

Proof of Lemma 11 We prove this by induction on k. First, by definition of pg = N(0, %),
we get that

Ep, [|2]3] = — < — vt <O0h

Next, we assume that for some k, and for all ¢ < kh, Ep, [||z[j3] < %.

For the inductive step, we consider ¢ € (kh, (k + 1)h]
From (4),

Ty = Tpp — (t — kh)VU(l’kh) + \/i(Bt - Bkh)

By smoothness and strong convexity and the assumption that arg min, U(z) = 0, we get
that for all z and for all ¢

l(z = (t = kh)VU(2)) = 0]z < (1 — mi)||z — Ol

18



(note that h < 1 implies that ¢t — kh < 1.) So for all ¢
Eop, [12[13
—E —(t - V2(B; — B3
=Enpy |z — (8 = kh)VU(2) + V2(B: = Bin)ll3
=Eunpyllz = (t = kh)VU (@)[I3 + E|[V2(B: — Bw) 3
<(1 = mt)Egnpy, |23 + 2dt
=Eopyn 3 + (2dt — MtBonpyy, |13)

By inductive hypothesis, we have E,p, [|z|3 < %d for all t < kh
d d
If Brpy |2]5 > 37, then Eoep,[|2]3 < Erpy, [l2]3 < 57
If Eonpn 213 < 22, then Epp,|[#]3 < 2¢ 4 2¢ < 44 (by ¢ — kh < + and by L > m).

Thus if pgy is such that Ep,, [|z]|3 < %, then it must be that Ep,|z[? < % for all
t € (kh, (k + 1)h], thus proving the inductive step. [ |

8.1 Proof of Theorem 2
First, we present a Lemma for upper bounding F(u) — F(p*) for u € Z2(R?) in the absence
of strong convexity. The following Lemma plays an analogous role to Lemma 10.

Lemma 12 Let F be convex in Wa, then for all p € P(R?),
F(p) = F(p*) < | Dpull«Wa(p, p*)

Proof of Lemma 12 Similar to the proof of Lemma 10, we consider (12), but with m = 0,

(and once again vE* denotes the optimal displacement map from p to p*):

F(p) — F(p*) < —=Dp(vh)
< 1Dulls - I10B 1 22
< HDMH* : WQ(Ha P*)

Where first inequality is from (12), second line is by definition of ||D,||«, third line is by

A

defintion of Wasserstein distance and the fact that ’UE* is the optimal transport map.

Next, we establish that for a fixed stepsize h, Wa(p¢, 7)) is nonincreasing, using a synchronous
coupling technique taken from |5].

Lemma 13 Let p; be defined as in the statement of Theorem (2). Let h be a fized stepsize
satisfying h < min{%, h'}. Then for all k,

Wa(pkh, n) < Wa(po, h)

19



Proof of Lemma 13

First, we demonstrate that (4) is contractive in Wa.

We will prove this by induction.

Base case: trivially true.

Inductive Hypothesis: Wa(pgn, 7r) < Wa(po, 7p,) for some k.

Inductive Step: Let T be the optimal transport map from pgp to wp. We will demonstrate
a coupling between p(;1), and 7, with cost less than Wo(Pkh, 7r). The Lemma then follows
from induction.

Since xpp ~ Prn (see (4)), the optimal coupling between pyp and 7, is given by the pair of
random variables (zgp, T'(xgp)). For t € [kh, (k + 1)h],

Tty = Tk — BVU (zn) + V2(B(t1yn — Bin))

. Consider the coupling v between pg, and 7, defined by the following pair of random
variables

(ﬂckh — hVU (xn) + V2(Ber1yn — Brn),
T(win) = hVU(T(2n)) + V2Bl — Bin) )
(Note that 7rj, is stationary under the discrete Langevin diffusion with stepsize h, so v does
have the right marginals).
To demonstrate contraction in Ws:
W3 (P(k+1)h> )
<E [H (Ikh — hVU (zkn) + V2(Bgeryn — Bkh))

_ (T(:ckh) — hVU(T (z11)) + V2(Bryryn — Bkh)) Hz]

—E [|(2kn — AVU (@) — (T(wrn) = BVU (T () 3]

<E[|zrn — T(xxn)|3 — 20{VU (z3n) — VU (T (xxn)), tn — T (kn))
+ W2(|VU (zn) — VU(T (zkn)) 3]

<E [[lekn — T(zxn)13]

=W3 (Prn, T8)

where the last equality follows by optimality of 7', and the last inequality follows because
L-smoothness of U(z) implies

—2h(VU (zkn) — VU (T (2kn)), Ten — T (zkn))
<_ %HVU(JWL) — VU(T (z1p)) |3
< — B2||VU (zan) — VU (T (z))|12
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This completes the inductive step. |

Corollary 14 Let p; be as defined in (2). Then for all t,

Wa(pe, p*) < 4C

Proof of Corollary 14 First, if ¢ = 7(¢), then by Lemma 13 and (16) and triangle inequality,
we get our conclusion.

So assume that ¢ # 7(t). Using identical arguments as in Lemma 13, and noting the
assumption on A’ in (16) and the fact that h < h’, we can show that

Wy (pt7 Wtf‘r(t)) < WQ(pT(t)7 Trth(t)) (22)
By triangle inequality and the assumption in (16), we have

(pt;P")

(Pt; Ti—r(r)) + Wa(mi—r), P¥)
Wa(Pr@)s Ti—r(r) + Walmi—r(1), P*)
Wa(Prt), ) + Wa(mh, P¥)

+ Wa(mh, p*) + Walm_r (1), P*)
<4C

Wo
Wa

IN I/\ IN

Where the first inequality is by triangle inequality, the second inequality is by (22), third
inequality is by triangle inequality, fourth inequality is by assumption (16) and the fact that
t—7(t) <h<H.

Next, we use Lemma 13, to bound E [||zx||3] for all &:

Lemma 15 Let h, x; and p;y be as defined in the statement of Theorem 2. Then for all k

E [|lzxnll3] < 4(CF +C3)

Proof of Lemma 15

Let vy(z,y) be the optimal coupling between pg;, and 7y,. Let +/(z, y) be the optimal coupling
between 75, and p*. Then
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Epy, [[2113] = By [|l2]3]
=E, [l -y +yl3]
< 2B, [z — yl3] + 2B, [|lyll3]
= 2Wa(prns wh) + 2, [[ly3]
= 2Wa(prhs wn) + 2B [[|2]3]
= 2Ws(pkn, ™h) + 2B [z — y + y|3]
< 2Wa(prn, 7n) + 4B [[lz — yll5] + 4By [[lyll3]
( )

< 2Wo(pin, 1) + AWa(mh, p*) + 4Ep- [||2]3]

By definition of Cy at the start of Section 7, we have

Ep* [

(3] < 3
By Lemma 13, we have
Wa(Prn, mh) < Wa(po, mn) < C1
By definition of A" at the start of Section 7, and h in Theorem 2 (which ensures h < h'), we

have
Wa(my, p*) < Cy

Proof of Theorem 2 First, we bound the discretization error (for an arbitrary ¢). By

Lemma 7:
< (21%\/Bp. , o=y I3 + 2LvEd) - | Dp .
< (202, |70 I3 + 2LEd) - | Dy .

Given the choice of

h = i min ¢ e 4
48 C1(Cy + Co) L2 L2C2d’

, we can ensure that

<L2h1 [E|2qm3 + 2L\/@> gi (Lzh\/18(012 +C2)+ 2Lx/@>

€

<
—8C,
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where the first inequality comes from Lemma 15.

Assume that F'(ps) — F(p*) > e. By Lemma 12 and Corollary 14, we have

F(ps) - F p*)
Do, I+ 27—
WQ(pS7 P )
€
>
~ Wa(ps, p*)
€
> 23
—4C, ( )
This implies that
d 1
—F(ps) — F(q! < =Dy, |I?
3 F 0~ Flal) <Dy
The rate of decrease of F(p;) thus satisfies
SF(p) ~ F(p) = SF(d) ~ Fo")| -+ 5(Fp) ~ Flal)
dt Pt bp)= dt q; p o, dt Ps q; -

1
= ||Dprz + §HDPsz

1 2
< — 51Dy, I
1

<- @(F(pt) ~ F(p"))?

We now study two regimes. The first regime is when F(p;) — F(p*) > 1, %F(pt) — F(p*) <

_ﬁ(F(Pt) — F(p*)), which implies

F(py) — F(p") < (F(po) — F(p")) exp(—5=3)

27
We thus achieve F(p;) — F(p*) <1in

t > 2CF log(F (po) — F(p"))
In the second regime, F(p;) — F(p*) < 1. By noting that f; = 1 is the solution to

t
. . . c?
%ft = —fZ, and letting f; = ﬁ(F(Pt) — F(p*)), we get F(p:) — F(p*) < 271

2
F(p:) — F(p*) <€, weset t = % Overall, we just need to set

. To achieve

2C%

t> — + 2012 log(F(po) — F(p"))

This, combined with the choice of h earlier, proves the theorem.

23



8.2 Some regularity results

In this subsection, we provide some regularity results needed in various parts of the paper.

Lemma 16 Let wy be as defined in Lemma 1. Let py be as defined in 4. For allt, wp, is
well defined, and Ep, [||wp,|3] is finite.

Proof of Lemma 16 First, we establish the following statement: For any ¢, there exists a
6 € R with p;, () being the distribution of N(y,d) and p € 2(R%) such that

1. For all 2 € RY, py(z) = Ey~p [N(S,y(x)]
2. Ep [Hm”%] is finite.

Ift = 7(t), then let p = (Id(-) —=hVU(-))#Pr@)—1 and let § = 2h. Otherwise, if ¢ # 7(t), then
let p= (Id(:) — (t = 7(t))VU(-))#Pr@) and 6 = 2(t — 7(t)). Where we used the definition of
push-forward distribution from (4). 1. now can be easily verified.

To see 2, let t' = 7(¢t) — 1 in case 1 and let ¢’ = 7(¢) in case 2.
Ep [||z13]
=Ep,, [z — hVU (2)]3]
<2Ep,, [l|z]l3] + 2h°Ep,, [IVU (2)|3]

<2y, [ll2l3] + 2h*L?Ep,, [|lI3]

4
<(2+ 2h2L2)—d
m

Where the last inequality follows by Lemma 11.

Since g, () for all z,y, Ep [p,(;’y(ac)] is differentiable for all z. This proves the first part of
the Lemma.

Next, a nice property of Gaussians is that

Hs,
Vapts,(z) = —Ty(ﬂﬂ -y)

Thus,

Vlog p(x)
1
:gv logEy~p [Mé,y(iﬂ)]

1 1
=S T B (0= P o)

1
:gEywuf [yl —z

Where pf denotes the conditional distribution of y given x, when y ~ p and = ~ ps,,.
Hs 8,y
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Thus

Exwpt(x) [”v log pt(x)H%]
1
< Bty [Py [I915] + 2113
2
0

2
Eyp [HyHg} + SEszt [HxH%]

Where the first inequality is by Jensen’s inequality and Young’s inequality and the preceding
result, the second inequality is by definition of conditional distribution, the third inequality is
by the fact that § > 0 (by definition at the start of the proof), the fact that E,p, [[|z]/3] < 22
(by Lemma 11), and by the fact that Ey~p [[|y[|3] < co (see item 2. at the start of the proof)

Finally, we have that

[wp,lI72(py)
=Ep, [|lwp, (2)]13]
=Ep, [|[VIogpi(z) — Viog p*(x)]|3]
<2Ep, [||Vlogpi(2)|3] + 2Ep, [[|Vlog p*(z)||3]
<00

Where the last inequality uses the fact that |[Vlegplz)||ls = ||[VU(z)|]2 < L||z|s and
Ep, [llz]3] < 5 u

Lemma 17 Let p; be as defined in (4). Then |p}| is finite for all t, where |p}| is the metric
derivative of pt, as defined in (6).

Proof of Lemma 17 We define the random variable £ to be distributed as N(0,1).
For all t, let x; be as defined in (4). One can verify that the random variable y; =
Trpy — V(= 7)) U(2r4)) + 1/2(t — 7(t))€ has the same distribution as z;. Thus y and
Yi+e define a coupling between p; and pi4.. We thus have
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Let h 2t —7(t)
pi|

1
= hm *W2(Pt, Ptic)

< lim ~/E [y — yerell3]

e—0 €

1
:lg%g EszT(t)“GVU (V2(h+e€) — ffﬂ

1
=1lim =y [Eanp,, [[€VU(2)] ]+E[|| V2(h+e€) - ff\l}

1
<lim ~\/Eqep_, [|€VU(2)]|3]

e—0 €

+ 6\/1@ [H(m— \/ﬁ)ﬁ\\%}
~fEany [IFT@IB] + = E eI

Where the last inequality follows by Taylor expansion of v/2h + 2e. We can bound the first

term by a finite number using |VU (z)||3 < L?||z||3, then applying Lemma 11. The second
term is finite for h # 0.

For the case h = 0, we know that wp, satisfies the continuity equation for p; at ¢, and so
Iptl = [lwp, [l £2(p,) < 00, by Lemma 2 and Lemma 16.
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