Lifetime-Sensitive Modulo Scheduling

Richard A. Huff �

Department of Computer Science Cornell University Ithaca, NY 14853 (607) 254-8830 huff@cs.cornell.edu

Abstract

This paper shows how to software pipeline a loop for minimal register pressure withoutsacri�cing the loop’s minimum execution time. This novel bidirectional slack-scheduling method has been implemented in a FORTRAN compiler and tested on many scienti�c benchmarks. The empirical results�when measured against an absolute lower bound on execution time, and against a novel schedule-independent absolute lower bound on register pressure�indicate nearoptimal performance.

1 Introduction

Software pipelining increases a loop’s throughput by overlapping the loop’s iterations; that is, by initiating successive iterations before prior iterations complete. With suf�cient overlap, a functional unit can be saturated, at which point the loop initiates iterations at the maximum possible rate.

To �nd an overlapped schedule, a compiler must represent the complex resource constraints that can arise. Ef�ciently representing these constraints is especially dif�cult when adjacent iterationsdo notfollowa common schedule butinstead follow a pattern that repeats only after several iterations.

The problem is greatly simpli�ed by restricting the search to a common schedule that initiates successive iterations at a constant rate. This restriction leads to the modulo constraint: no resource may be used more than once at the same time modulo the initiation interval of II cycles. The resulting resource constraints are easily represented in a modulo resource table with II entries: each entry keeps track of the various machine resources that can be reserved during a cycle. The

�Part of this research was performed as an employee of Hewlett-Packard Laboratories. The work at Cornell was supported by NSF Presidential Young Investigator award CCR-8958543, by NSF grant CCR-9008526, and by ONR grant N00014-93-1-0103.

0 compiler’s primary task is to schedule the loop at a minimal II, thereby maximizing the loop’s throughput. The overall discipline is called modulo scheduling [17]; for a detailed introduction, consult [14].

Prior scheduling research has focussed on achieving minimal execution time, without regard for whether the heuristics unnecessarily in�ate register pressure. • E⊑⌉∇ ∫⟩\⌋⌉ ⊔⟨⌉ ∫⊔⊓⌈⟩⌉∫ ≀{ ⊔⟨⌉ ↕⊣⊔⌉ ∞∃′≃∫ ∪∞′⇔ ∞⊎̸⇔ ⇕≀∫⊔ √⌉≀√↕⌉ ⟨⊣⊑⌉ ⊣⌈⊑≀⌋⊣⊔⌉⌈ ⊓∫⟩\} ↕⟩∫⊔ ∫⌋⟨⌉⌈⊓↕⟩\}⇔ ⟩\ ⌉⟩⊔⟨⌉∇ ⊣ ⊔≀√↖⌈≀⊒\ ≀∇ ⌊≀⊔⊔≀⇕↖⊓√ {⊣∫⟨⟩≀\↙ C≀\∫⌉∐⊓⌉\⊔↕†⇔ ⇕≀∫⊔ ∫⌋⟨⌉⌈⊓↕⌉∇∫ ⌋≀\∫⟩⌈⌉∇ ⌉⊣⌋⟨ ⌋†⌋↕⌉ ⟩\ ⊔⊓∇\⇔ √⊣⌋‖⟩\} ⟩⊔ {⊓↕↕ ≀{ ≀√⌉∇⊣⊔⟩≀\∫ ⌊⌉{≀∇⌉ ⌋≀\∫⟩⌈⌉∇⟩\} ⊔⟨⌉ \⌉§⊔ ⌋†⌋↕⌉ ∪⇔ ∈△⇔ ∞∈⊎↙ • F≀∇ ∫≀{⊔⊒⊣∇⌉ √⟩√⌉↕⟩\⟩\} ↕≀≀√∫ ⊒⟩⊔⟨ ∇⌉⌋⊓∇∇⌉\⌋⌉∫⇔ ⊒⟨⌉∇⌉ ⊣ ⌋†⌋↕⌉↖⌊†↖⌋†⌋↕⌉ ⊣√√∇≀⊣⌋⟨ ⟩∫ ⟩\⟨⌉∇⌉\⊔↕† ⟩\⊣⌈⌉∐⊓⊣⊔⌉⇔ ⌋≀⇕↖ √⟩↕⌉∇∫ ⟨⊣⊑⌉ ⌋≀\∫⟩⌈⌉∇⌉⌈ ⌉⊣⌋⟨ ≀√⌉∇⊣⊔⟩≀\ ⟩\ ⊔⊓∇\⇔ ⊣↕⊒⊣†∫ √↕⊣⌋⟩\} ⊣\ ≀√⌉∇⊣⊔⟩≀\ ⊣∫ ⌉⊣∇↕† ⊣∫ √≀∫∫⟩⌊↕⌉ ⟩\ ⊔⟨⌉ √⊣∇⊔⟩⊣↕ ∫⌋⟨⌉⌈⊓↕⌉ ⌋≀\∫⊔∇⊓⌋⊔⌉⌈ ⊔⟨⊓∫ {⊣∇ ∪∃⇔ ⊎̸↙ A↕⊔⟨≀⊓}⟨ ⊔⟨⌉ ⊘∇∫⊔ ⊣√√∇≀⊣⌋⟨ ⌋⊣\ ⊣⊑≀⟩⌈ ⌉§⌋⌉∫∫⟩⊑⌉ √∇⌉∫∫⊓∇⌉ ⊣⊔ ∫≀⇕⌉ ⌋≀∫⊔ ⟩\ ⌉§⌉⌋⊓⊔⟩≀\ ⊔⟩⇕⌉ ∪∀⇔ ∋⊎⇔ \⌉⟩⊔⟨⌉∇ ⊣√√∇≀⊣⌋⟨ ∫⌋⟨⌉⌈⊓↕⌉∫ {≀∇ ⇕⟩\⟩⇕⊣↕ ∇⌉}⟩∫⊔⌉∇ √∇⌉∫∫⊓∇⌉↙ I\ }⌉\⌉∇⊣↕⇔ ⊓\⟩↖ ⌈⟩∇⌉⌋⊔⟩≀\⊣↕ ∫⊔∇⊣⊔⌉}⟩⌉∫ ⇐⊔≀√↖⌈≀⊒\ ≀∇ ⌊≀⊔⊔≀⇕↖⊓√⇒ ⊓\\⌉⌋⌉∫∫⊣∇⟩↕† ∫⊔∇⌉⊔⌋⟨ ≀√⌉∇⊣\⌈ ↕⟩{⌉⊔⟩⇕⌉∫∅ {≀∇ ⌉§⊣⇕√↕⌉⇔ ⌊† ∫⌋⟨⌉⌈⊓↕⟩\} ↕≀⊣⌈∫ ⊔≀≀ ⌉⊣∇↕† ≀∇ ∫⊔≀∇⌉∫ ⊔≀≀ ↕⊣⊔⌉↙ T⟨⟩∫ √⊣√⌉∇ √∇⌉∫⌉\⊔∫ ⊣ \≀⊑⌉↕ ⌊⟩⌈⟩∇⌉⌋⊔⟩≀\⊣↕ ∫⊔∇⊣⊔⌉}† ⊔⟨⊣⊔ ∫⟩↖ ⇕⊓↕⊔⊣\⌉≀⊓∫↕† ∫⌋⟨⌉⌈⊓↕⌉∫ ∫≀⇕⌉ ≀√⌉∇⊣⊔⟩≀\∫ ↕⊣⊔⌉ ⊣\⌈ ≀⊔⟨⌉∇ ≀√⌉∇↖ ⊣⊔⟩≀\∫ ⌉⊣∇↕†↙ T⟨⌉ ∇⌉∫⊓↕⊔⟩\} ∫↕⊣⌋‖↖∫⌋⟨⌉⌈⊓↕⟩\} {∇⊣⇕⌉⊒≀∇‖ ⇕≀⌈↖ ⊓↕≀ ∫⌋⟨⌉⌈⊓↕⌉∫ ⊣ ↕≀≀√ {≀∇ ⇕⟩\⟩⇕⊣↕ ∇⌉}⟩∫⊔⌉∇ √∇⌉∫∫⊓∇⌉∞⊒⟩⊔⟨ ⊣\ ⟩\↖ ⌋∇⌉⊣∫⌉⌈ ↕⟩‖⌉↕⟩⟨≀≀⌈ ≀{ ⊣⌋⟨⟩⌉⊑⟩\} ⊣ ⇕⟩\⟩⇕⊣↕ II↙ T⟨⟩∫ {∇⊣⇕⌉⊒≀∇‖ ⟨⊣∫ ⌊⌉⌉\ ⟩\⊔⌉}∇⊣⊔⌉⌈ ⟩\⊔≀ C†⌈∇≀⇕⌉≃∫ FORTRAN ⌋≀⇕√⟩↕⌉∇ ∪⊎̸ ⊣\⌈ ⊔⌉∫⊔⌉⌈ ≀\ ⊣↕↕ ⌉↕⟩}⟩⌊↕⌉ DO ↕≀≀√∫ ⟩\ ⊔⟨⌉ L⊣⊒∇⌉\⌋⌉ L⟩⊑⌉∇⇕≀∇⌉ L≀≀√∫⇔ ⊔⟨⌉ SPEC∀∃ FORTRAN ⌊⌉\⌋⟨⇕⊣∇‖∫⇔ ⊣\⌈ ⊔⟨⌉ P⌉∇{⌉⌋⊔ C↕⊓⌊ ⌋≀⌈⌉∫�⊣ ⊔≀⊔⊣↕ ≀{ ∞⇔▽∈▽ ↕≀≀√∫↙ T⟨⌉ ∫⌋⟨⌉⌈⊓↕⌉∇≃∫ √⌉∇{≀∇↖ ⇕⊣\⌋⌉ ≀\ ⊔⟨⌉∫⌉ ↕≀≀√∫�⊒⟨⌉\ ⇕⌉⊣∫⊓∇⌉⌈ ⊣}⊣⟩\∫⊔ ⊣\ ⊣⌊∫≀↕⊓⊔⌉ ↕≀⊒⌉∇ ⌊≀⊓\⌈ ≀\ II⇔ ⊣\⌈ ⊣}⊣⟩\∫⊔ ⊣ \≀⊑⌉↕ ∫⌋⟨⌉⌈⊓↕⌉↖⟩\⌈⌉√⌉\⌈⌉\⊔ ⊣⌊∫≀↕⊓⊔⌉ ↕≀⊒⌉∇ ⌊≀⊓\⌈ ≀\ ∇⌉}⟩∫⊔⌉∇ √∇⌉∫∫⊓∇⌉�⟩\⌈⟩⌋⊣⊔⌉∫ \⌉⊣∇↖ ≀√⊔⟩⇕⊣↕ √⌉∇{≀∇⇕⊣\⌋⌉↙ T⟨⌉ \⌉§⊔ ∫⌉⌋⊔⟩≀\ ⌈⌉∫⌋∇⟩⌊⌉∫ ⊔⟨⌉ ⌋≀⇕√⟩↕⌉∇≃∫ ⊔⊣∇}⌉⊔ ⇕⊣⌋⟨⟩\⌉↙ S⌉⌋⊔⟩≀\ ∋ ⌈⌉⊘\⌉∫ ⊔⟨⌉ ∫⌋⟨⌉⌈⊓↕⌉↖⟩\⌈⌉√⌉\⌈⌉\⊔ ↕≀⊒⌉∇ ⌊≀⊓\⌈∫ ∞A\ ⟩\⊘\⟩⊔⌉ ∫⊓√√↕† ≀{ ∇⌉}⟩∫⊔⌉∇∫ ⟩∫ ⊣∫∫⊓⇕⌉⌈⇔ ⟩\ ≀∇⌈⌉∇ ⊔≀ ⇕⌉⊣∫⊓∇⌉ ∇⌉}⟩∫⊔⌉∇ √∇⌉∫∫⊓∇⌉ ∇⊣⊔⟨⌉∇ ⊔⟨⊣\ ⊒⟨⊣⊔ ⌋⊣\ ⌊⌉ ⌈≀\⌉ ⊒⟨⌉\ ∫√⟩↕↕ ⌋≀⌈⌉ ⟩∫ ⊣↕↕≀⊒⌉⌈↙ B⌉∫⟩⌈⌉∫⇔ \≀ ≀\⌉ ⊣∫ †⌉⊔ ⟨⊣∫ ⊣ }≀≀⌈ ∫⊔∇⊣⊔⌉}† {≀∇ ∫√⟩↕↕⟩\} ∇⌉}⟩∫⊔⌉∇∫ ⟩\ ⊣ ∫≀{⊔⊒⊣∇⌉ √⟩√⌉↕⟩\⌉↙

P⟩√⌉↕⟩\⌉ N≀↙ O√⌉∇⊣⊔⟩≀\∫ L⊣⊔⌉\⌋† M⌉⇕≀∇† P≀∇⊔ ∈ ↕≀⊣⌈ ∞∋ ∫⊔≀∇⌉ ∞ A⌈⌈∇⌉∫∫ ALU ∈ ⊣⌈⌈∇ ⊣⌈⌈∝∫⊓⌊∝⇕⊓↕⊔ ∞ A⌈⌈⌉∇ ∞ ⟩\⊔ ⊣⌈⌈∝∫⊓⌊∝↕≀}⟩⌋⊣↕ ∞ ⊙≀⊣⊔ ⊣⌈⌈∝∫⊓⌊ ∞ M⊓↕⊔⟩√↕⟩⌉∇ ∞ ⟩\⊔∝⊙≀⊣⊔ ⇕⊓↕⊔⟩√↕† ∈ D⟩⊑⟩⌈⌉∇ ∞ ⟩\⊔∝⊙≀⊣⊔ ⌈⟩⊑∝⇕≀⌈ ∞ ⊙≀⊣⊔ ∫∐∇⊔ ∈∞ B∇⊣\⌋⟨ U\⟩⊔ ∞ ⌊∇⊔≀√ ∈ T⊣⌊↕⌉ ∞¬ F⊓\⌋⊔⟩≀\⊣↕ U\⟩⊔ L⊣⊔⌉\⌋⟩⌉∫ ≀\ II ⊣\⌈ ∇⌉}⟩∫⊔⌉∇ √∇⌉∫∫⊓∇⌉↙ S⌉⌋⊔⟩≀\ △ √∇⌉∫⌉\⊔∫ ⊔⟨⌉ ∫↕⊣⌋‖↖ ∫⌋⟨⌉⌈⊓↕⟩\} {∇⊣⇕⌉⊒≀∇‖↙ S⌉⌋⊔⟩≀\ ▽ √∇⌉∫⌉\⊔∫ ⊣ ⌊⟩⌈⟩∇⌉⌋⊔⟩≀\⊣↕ ∫⌋⟨⌉⌈⊓↕⟩\} ⟨⌉⊓∇⟩∫⊔⟩⌋ ⊔⟨⊣⊔ ⊣⌈⌈∫ ↕⟩{⌉⊔⟩⇕⌉ ∫⌉\∫⟩⊔⟩⊑⟩⊔† ⊔≀ ⊔⟨⌉ ∫↕⊣⌋‖↖ ∫⌋⟨⌉⌈⊓↕⟩\} {∇⊣⇕⌉⊒≀∇‖↙ T⟨⌉ ∫⌋⟨⌉⌈⊓↕⌉∇≃∫ ⌉§⌉⌋⊓⊔⟩≀\ ⊔⟩⇕⌉ ⟩∫ ⊣\⊣↕†‡⌉⌈ ⟩\ S⌉⌋⊔⟩≀\ ↙̸ P⌉∇{≀∇⇕⊣\⌋⌉ ⇕⌉⊣∫⊓∇⌉⇕⌉\⊔∫ ⊣∇⌉ ∫⟨≀⊒\ ⟩\ S⌉⌋⊔⟩≀\ ↙ F⟩\⊣↕↕†⇔ S⌉⌋⊔⟩≀\ ∀ ≀{{⌉∇∫ ∫≀⇕⌉ ⌋≀⇕√⊣∇⟩∫≀\∫ ⊒⟩⊔⟨ ∇⌉↕⊣⊔⌉⌈ ⊒≀∇‖↙

∈ T⊣∇}⌉⊔ M⊣⌋⟨⟩\⌉ T⟨⌉ ⊔⊣∇}⌉⊔ ⇕⊣⌋⟨⟩\⌉ ⟩∫ ⊣ ⟨†√≀⊔⟨⌉⊔⟩⌋⊣↕ VLIW √∇≀⌋⌉∫∫≀∇ ∫⟩⇕⟩↕⊣∇ ⊔≀ C†⌈∇≀⇕⌉≃∫ C†⌈∇⊣ ▽ ∪∈′⇔ ∈⊎⇔ ⟩\⌋↕⊓⌈⟩\} ⊣∇⌋⟨⟩⊔⌉⌋⊔⊓∇⊣↕ ∫⊓√√≀∇⊔ {≀∇ ≀⊑⌉∇↕⊣√√⟩\} ↕≀≀√∫ ⊒⟩⊔⟨≀⊓⊔ ⊓∫⟩\} ⌋≀⌈⌉ ⌈⊓√↕⟩⌋⊣⊔⟩≀\ ∪▽⊎↙ N⌉⊑⌉∇⊔⟨⌉↕⌉∫∫⇔ ⊔⟨⌉ ∫⌋⟨⌉⌈⊓↕⟩\} ⊔⌉⌋⟨\⟩∐⊓⌉∫ ∫⟨≀⊒\ ⟩\ ⊔⟨⟩∫ √⊣√⌉∇ ⌋⊣\ ⌊⌉ ⌈⟩∇⌉⌋⊔↕† ⊣√√↕⟩⌉⌈ ⊔≀ ⌋≀\⊑⌉\⊔⟩≀\⊣↕ RISC ⇕⊣⌋⟨⟩\⌉∫ ∪∞△⇔ ∈∋⊎⇔ ⊣↕⌊⌉⟩⊔ ⊣⊔ ⊔⟨⌉ ⌉§√⌉\∫⌉ ≀{ ⌋≀⌈⌉ ⌉§√⊣\∫⟩≀\ ∪∞∃⊎↙ ∈↙∞ F⊓\⌋⊔⟩≀\⊣↕ U\⟩⊔∫ F⊓\⌋⊔⟩≀\⊣↕↖⊓\⟩⊔ ↕⊣⊔⌉\⌋⟩⌉∫ ⊣∇⌉ }⟩⊑⌉\ ⟩\ T⊣⌊↕⌉ ∞↙ T⟨⌉ ⌋≀⇕↖ √⟩↕⌉∇ ⊣∫∫⊓⇕⌉∫ ⊔⟨⌉ ∇⌉∫√≀\∫⟩⌊⟩↕⟩⊔† {≀∇ ⟨≀\≀∇⟩\} ⊔⟨⌉∫⌉ ↕⊣⊔⌉\↖ ⌋⟩⌉∫⇔ ∫⌋⟨⌉⌈⊓↕⟩\} \≀↖≀√∫ ⊒⟨⌉∇⌉⊑⌉∇ \⌉⌋⌉∫∫⊣∇†↙ A↕↕ {⊓\⌋⊔⟩≀\⊣↕ ⊓\⟩⊔∫ ⊣∇⌉ {⊓↕↕† √⟩√⌉↕⟩\⌉⌈∅ ⌉§⌋⌉√⊔ {≀∇ ⊔⟨⌉ ⌈⟩⊑⟩⌈⌉∇⇔ ⊒⟨⟩⌋⟨ ⟩∫ \≀⊔ √⟩√⌉↕⟩\⌉⌈ ⊣⊔ ⊣↕↕↙ T⟨⌉ ⌊∇⊔≀√ ⌋≀\⌈⟩⊔⟩≀\⊣↕ ⌊∇⊣\⌋⟨ ⌋≀\⊑⌉↖ \⟩⌉\⊔↕† ⌋≀⇕⌊⟩\⌉∫ ∫⌉⊑⌉∇⊣↕ ↕≀≀√↖⇕⊣\⊣}⌉⇕⌉\⊔ ⌈⊓⊔⟩⌉∫ ⟩\⊔≀ ≀\⌉ ⟩\∫⊔∇⊓⌋⊔⟩≀\ ∪▽⊎↙ T⟨⌉ ↕≀⊣⌈ ↕⊣⊔⌉\⌋† ≀{ ∞∋ ⌋†⌋↕⌉∫ ⊒⊣∫ ⌋⟨≀∫⌉\ ⊔≀ ∇⌉√∇⌉∫⌉\⊔ ⊔⟨⌉ ⌋≀∫⊔ ≀{ ⌊†√⊣∫∫⟩\} ⊣ ⊘∇∫⊔↖↕⌉⊑⌉↕ ⌋⊣⌋⟨⌉ ⊣\⌈ ⟨⟩⊔⊔⟩\} ⊣ ↕⊣∇}⌉ ≀{{↖ ⌋⟨⟩√ ∫⌉⌋≀\⌈↖↕⌉⊑⌉↕ ⌋⊣⌋⟨⌉�⊣ ∇⌉⊣∫≀\⊣⌊↕⌉ ⌋⟨≀⟩⌋⌉ {≀∇ ⊣ ⌋≀⇕√⟩↕⌉∇ ⊔⟨⊣⊔ ⌈≀⌉∫ \≀⊔ √⌉∇{≀∇⇕ ⊣\† ↕≀≀√↖⊔⟩↕⟩\} ⊔∇⊣\∫{≀∇⇕⊣⊔⟩≀\∫ ∪∈▽⊎↙ A ⇕⌉⇕≀∇† ↕⊣⊔⌉\⌋† ∇⌉}⟩∫⊔⌉∇ ∫√⌉⌋⟩⊘⌉∫ ⊔⟨⌉ ↕≀⊣⌈ ↕⊣⊔⌉\⌋† ⊔⟨⊣⊔ ⊔⟨⌉ ⌋≀⇕√⟩↕⌉∇ ⟨⊣∫ ⌋⟨≀∫⌉\ ⊔≀ ∫⌋⟨⌉⌈⊓↕⌉ {≀∇↙ T⟨⌉ ⟨⊣∇⌈⊒⊣∇⌉ ⟨≀\≀∇∫ ⊔⟨⟩∫ ↕≀⊣⌈ ↕⊣⊔⌉\⌋† ⌊† {∇⌉⌉‡⟩\} ⟩\∫⊔∇⊓⌋⊔⟩≀\ ⟩∫∫⊓⌉ ⊒⟨⌉\⌉⊑⌉∇ ⊣ ↕≀⊣⌈ ⌈≀⌉∫ \≀⊔ ⌋≀⇕√↕⌉⊔⌉ ⟩\ ⊔⟩⇕⌉↙ ∈↙∈ P∇⌉⌈⟩⌋⊣⊔⌉⌈ E§⌉⌋⊓⊔⟩≀\ E⊑⌉∇† ≀√⌉∇⊣⊔⟩≀\ ⟨⊣∫ ⊣ ∞↖⌊⟩⊔ √∇⌉⌈⟩⌋⊣⊔⌉ ⟩\√⊓⊔↙ I{ ⊔⟨⌉ √∇⌉⌈⟩⌋⊣⊔⌉ ⟩∫ {⊣↕∫⌉⇔ ⊔⟨⌉\ ⊔⟨⌉ ⟨⊣∇⌈⊒⊣∇⌉ ⊔∇⌉⊣⊔∫ ⊔⟨⌉ ≀√⌉∇⊣⊔⟩≀\ ⊣∫ ⊣ \≀↖≀√⇔ ⌉↕∫⌉ ⟩⊔ ⌉§⌉⌋⊓⊔⌉∫ ⊔⟨⌉ ≀√⌉∇⊣⊔⟩≀\ ⊣∫ ⊓∫⊓⊣↕↙ P∇⌉⌈⟩⌋⊣⊔⌉⌈ ⌉§⌉⌋⊓⊔⟩≀\ ≀{⊔⌉\ ⌉↕⟩⇕⟩\⊣⊔⌉∫ ⊔⟨⌉ \⌉⌉⌈ {≀∇ ⊣ ⌋≀\⌈⟩↖ ⊔⟩≀\⊣↕ ⌊∇⊣\⌋⟨⇔ ⊣∫ ≀√⌉∇⊣⊔⟩≀\∫ {∇≀⇕ ⌊≀⊔⟨ ∫⟩⌈⌉∫ ≀{ ⊔⟨⌉ ⌋≀\⌈⟩⊔⟩≀\⊣↕

∫⊓⌊∇≀⊓⊔⟩\⌉ ∫⊣⇕√↕⌉⇐\⇔ §⇔ †⇒ ∇⌉⊣↕⇑△ §⇐\⇒⇔ †⇐\⇒ ⌈≀ ∈ ⟩ℑ∋⇔\ §⇐⟩⇒ ℑ §⇐⟩↖∞⇒ ⇓ †⇐⟩↖∈⇒ †⇐⟩⇒ ℑ †⇐⟩↖∞⇒ ⇓ §⇐⟩↖∈⇒ ∈ ⌋≀\⊔⟩\⊓⌉ ∇⌉⊔⊓∇\ ⌉\⌈ F⟩}⊓∇⌉ ∞¬ A S⊣⇕√↕⌉ L≀≀√

⇕⊣† ⌊⌉ ⟩∫∫⊓⌉⌈�⊒⟩⊔⟨ ⊔⟨⌉ ⊓\⊒⊣\⊔⌉⌈ ∇⌉∫⊓↕⊔∫ ⌊⌉⟩\} ∫⊣{⌉↕† \≀↖ ≀√≃⌈↙ T⟨⟩∫ ≀√⊔⟩⇕⟩‡⊣⊔⟩≀\ }⌉\⌉∇⊣↕⟩‡⌉∫ ⊔≀ ⟩{↖⌋≀\⊑⌉∇∫⟩≀\ ∪∞⇔ ∞∋⊎⇔ ⊒⟨⟩⌋⟨ ⊔∇⊣\∫{≀∇⇕∫ ⊓\∫⊔∇⊓⌋⊔⊓∇⌉⌈ ⊣⌋†⌋↕⟩⌋ ⌋≀⌈⌉ ⟩\⊔≀ ⌊∇⊣\⌋⟨↖{∇⌉⌉ √∇⌉⌈⟩⌋⊣⊔⌉⌈ ⌋≀⌈⌉↙ S⟩\⌋⌉ ⇕≀⌈⊓↕≀ ∫⌋⟨⌉⌈⊓↕⟩\} ⟩∫ ⊣√√↕⟩⌋⊣⌊↕⌉ ≀\↕† ⊔≀ ↕≀≀√∫ ⊒⟩⊔⟨ ⌊∇⊣\⌋⟨↖{∇⌉⌉ ⌊≀⌈⟩⌉∫⇔ ⟩{↖⌋≀\⊑⌉∇∫⟩≀\ ⊣↕↕≀⊒∫ ⇕≀∇⌉ ↕≀≀√∫ ⊔≀ ⌊⌉ ⇕≀⌈⊓↕≀ ∫⌋⟨⌉⌈⊓↕⌉⌈↙ F⟩\⊣↕↕†⇔ √∇⌉⌈⟩⌋⊣⊔⌉⌈ ⌉§⌉⌋⊓⊔⟩≀\ }∇⌉⊣⊔↕† ∫⟩⇕√↕⟩⊘⌉∫ ⌋≀⌈⌉ }⌉\⌉∇⊣⊔⟩≀\ ⊣{⊔⌉∇ ⇕≀⌈⊓↕≀ ∫⌋⟨⌉⌈⊓↕⟩\} ⊣ ↕≀≀√∅ ∫⌉⌉ ∪∞∃⊎ {≀∇ ⌈⌉⊔⊣⟩↕∫↙ T≀ ⊣⌈⌈∇⌉∫∫ ⊔⟨⌉ √∇≀⌊↕⌉⇕ ≀{ ⇕≀⌈⊓↕≀ ∫⌋⟨⌉⌈⊓↕⟩\} ↕≀≀√∫↖⊒⟩⊔⟨↖ ⌊∇⊣\⌋⟨⌉∫ ≀\ ⇕⊣⌋⟨⟩\⌉∫ ⊒⟩⊔⟨≀⊓⊔ √∇⌉⌈⟩⌋⊣⊔⌉⌈ ⌉§⌉⌋⊓⊔⟩≀\⇔ ⊔⊒≀ ⌉§↖ ⊔⌉\∫⟩≀\∫ ⊔≀ ⇕≀⌈⊓↕≀ ∫⌋⟨⌉⌈⊓↕⟩\} ⟨⊣⊑⌉ ⌊⌉⌉\ ⌈⌉⊑⌉↕≀√⌉⌈∅ \⊣⇕⌉↕†⇔ ⟨⟩⌉∇⊣∇⌋⟨⟩⌋⊣↕ ∇⌉⌈⊓⌋⊔⟩≀\ ∪∃⊎⇔ ⊣\⌈ ⌉\⟨⊣\⌋⌉⌈ ⇕≀⌈⊓↕≀ ∫⌋⟨⌉⌈⊓↕↖ ⟩\} ∪∈∋⊎↙ I\ ⌉∫∫⌉\⌋⌉⇔ ⌉⊣⌋⟨ ⊣√√∇≀⊣⌋⟨ ∇⌉⌈⊓⌋⌉∫ ⊔⟨⌉ √∇≀⌊↕⌉⇕ ⊔≀ ∫⌋⟨⌉⌈⊓↕⟩\} ⌊∇⊣\⌋⟨↖{∇⌉⌉ ↕≀≀√ ⌊≀⌈⟩⌉∫⇔ ⊣⊔ ⊔⟨⌉ ⌋≀∫⊔ ≀{ ⌋≀⌈⌉ ⌉§√⊣\∫⟩≀\↙ ∈↙∋ R≀⊔⊣⊔⟩\} R⌉}⟩∫⊔⌉∇ F⟩↕⌉∫ W⟨⌉\ ⇕≀⌈⊓↕≀ ∫⌋⟨⌉⌈⊓↕⟩\} ⊣ ↕≀≀√⇔ ⟩⊔ ⟩∫ ∐⊓⟩⊔⌉ ⌋≀⇕⇕≀\ {≀∇ ⊣\ ≀√⌉∇⊣⊔⟩≀\≃∫ ∇⌉∫⊓↕⊔ ⊔≀ ⌊⌉ ↕⟩⊑⌉ {≀∇ ⇕≀∇⌉ ⊔⟨⊣\ II ⌋†⌋↕⌉∫⇔ ⊔⟨⊓∫ √∇⌉⊑⌉\⊔⟩\} ⊔⟨⌉ ≀√⌉∇⊣⊔⟩≀\ {∇≀⇕ ⊔⊣∇}⌉⊔⟩\} ⊔⟨⌉ ∫⊣⇕⌉ ∇⌉}⟩∫⊔⌉∇ ⟩\ ⊣⌈|⊣⌋⌉\⊔ ⟩⊔⌉∇⊣⊔⟩≀\∫↙ F≀∇ ⌉§⊣⇕√↕⌉⇔ ⌋≀\∫⟩⌈⌉∇ ⊔⟨⌉ ↕≀≀√ ∫⟨≀⊒\ ⟩\ F⟩}⊓∇⌉ ∞↙ E⊣⌋⟨ ⟩⊔⌉∇⊣⊔⟩≀\ }⌉\⌉∇⊣⊔⌉∫ ⊣ √⊣⟩∇ ≀{ ⊑⊣↕⊓⌉∫ ⇐x(i) and y(i)) that are used two iterations later. Datafiow analysis can

detect that the values may be passed from iteration to iteration within registers rather than main memory. Performing this load/store elimination [15, 6] leaves the resulting registers live for more than II cycles, as will be illustrated shortly.

The compiler must ensure that the successive outputs of an operation can be kept in distinct registers. In the absence of hardware support, the loop may be unrolled and the duplicate register speciffers renamed appropriately [9]. However, this modulo variable expansion technique can result in a large amount of code expansion [18].

A rotating register ffle can solve this problem without duplicating code. Consider saving the series of values generated by an operation in its own inffnite pushdown stack. Old values can be read out of anywhere in the stack, and new values can be pushed on top, but a value cannot be modiffed once it has been pushed onto the stack; that is, the stack enforces a dynamic single assignment discipline [15]. Since each value pushed onto the stack has the same lifetime, only a constant portion of the stack is live at any given moment. In par-

- œ x(i) x(i � 1) x(i � 2)

y(i) y(i � 1) y(i � 2)

Figure 2: Concatenating Shifters

ticular, once the software pipeline reaches its steady state, each stack acts like a ↑nite shifter that shifts its values once every II cycles. A rotating register ↑le can be thought of as a concatenation of these shifters�end to end�into a ↑nite circular queue, as illustrated in Figure 2.

The implementation of a rotating register ↑le is quite sim- ple. Consider a ↑le of 2^n registers▷ The illusion of rotation is created by adding ↼modulo 2 n ↽ each nbit register speciαer to a dedicated nbit iteration control pointer ↼ICP↽▷ The ICP is decremented every II cycles by the loopφs brtop condi tional branch instruction▷ Thus rotation is simply a stylized mechanism for indirectly addressing a register αle▷ As an illustration of rotation at work consider Figure 3 which shows a naive allocation of the values for x(i) and y(i) within a rotating ffle of six registers 2. (Other loop variants have been omitted for clarity.) The values generated by the ffrst iteration are shown in bold face. Lifetimes are outlined with ovals. When the ffgure says that x(i) has a lifetime of [0,5), it means that the ffrst iteration of the loop reserves a register for x(3) at cycle 0, and that this register may not be overwritten until its last use at cycle 5. At each cycle in the space-time diagram, the ICP points to the register directly above the solid bar. At cycle 0, the rotating register ffle contains the initial live-in values for each recurrence.

Unlike the Cydra 5, the target machine has only three register ffles, two of which rotate: the ICR ffle contains rotating predicates, used for iteration control and if-converted code; the RR ffle contains rotating addresses, ints, and fioats; and the GPR ffle contains loop-invariant addresses, ints, and fioats. In order to measure register pressure, the compiler assumes that each register ffle is inffnite.

3 Absolute Lower Bounds

3.1 Lower Bounds on II

A loop’s minimum II is bounded below by two factors: resource contention and recurrence circuits.

Consider resource contention. If each iteration of the loop requires N units of a resource ↼e▷g▷ integer adders↽ and the machine can supply at most R units of the resource per cycle then II must be at least ⌈N/R⌉↙ T⟨⌉∇⌉{≀∇⌉ ⊔⟨⌉ ∇⌉∫≀⊓∇⌋⌉ ∈A\ ≀√⊔⟩⇕⊣↕ ⊣↕↕≀⌋⊣⊔⟩≀\ ⊒≀⊓↕⌈ ⊓∫⌉ ≀\↕† {≀⊓∇ ∇≀⊔⊣⊔⟩\} ∇⌉}⟩∫⊔⌉∇∫↙

⊒⟩⊔⟨ ⊔⟨⌉ ⇕⊣§⟩⇕⊓⇕ ∫⊓⌋⟨ ∇⊣⊔⟩≀ ⌈⌉⊔⌉∇⇕⟩\⌉∫ ⊣ ↕≀⊒⌉∇ ⌊≀⊓\⌈ ≀\ II�⌋⊣↕↕ ⟩⊔ R⌉∫MII↙ C≀\∫⟩⌈⌉∇ ∇⌉⌋⊓∇∇⌉\⌋⌉ ⌋⟩∇⌋⊓⟩⊔∫↙ A ∇⌉⌋⊓∇∇⌉\⌋⌉ ⌋⟩∇⌋⊓⟩⊔ {∇≀⇕ ⊣\ ≀√⌉∇⊣⊔⟩≀\ ⊔≀ ⊣\ ⟩\∫⊔⊣\⌋⌉ ≀{ ⟩⊔∫⌉↕{ O⇕⌉}⊣ ⇐Ω) iterations later, must have a total latency L of no more than the Ω × II ⌋†⌋↕⌉∫ ⊔⟨⊣⊔ ∫⌉√⊣∇⊣⊔⌉ ⊔⟨⌉ ⊔⊒≀ ≀√⌉∇⊣⊔⟩≀\∫↙ H⌉\⌋⌉ ⊣ {⌉⊣∫⟩⌊↕⌉ ∫⌋⟨⌉⌈⊓↕⌉ ⇕⊓∫⊔ ⟨⊣⊑⌉ II ≥ ⌈L/Ω⌉↙ T⟨⌉∇⌉{≀∇⌉ ⊔⟨⌉ ⌉↕⌉⇕⌉\⊔⊣∇† ∇⌉⌋⊓∇∇⌉\⌋⌉ ⌋⟩∇⌋⊓⟩⊔ ⊒⟩⊔⟨ ⊔⟨⌉ ⇕⊣§⟩⇕⊓⇕ ∫⊓⌋⟨ ∇⊣⊔⟩≀ ⌈⌉⊔⌉∇⇕⟩\⌉∫ ⊣ ↕≀⊒⌉∇ ⌊≀⊓\⌈ ≀\ II�⌋⊣↕↕ ⟩⊔ R⌉⌋MII↙ T≀ ⌉\⊣⌊↕⌉ ⊔⟨⌉ ∫⌋⟨⌉⌈⊓↕⌉∇ ⊔≀ ⌋≀⇕√⊓⊔⌉ ⊔⟨⌉ Ω for a recur- rence circuit, the dependence analyzer labels each depen- dence arc with its omega (ω↽ which is the minimum number of iterations that must separate the operations of the depen dence▷ The compilerφs frontend performs important code optimizations such as load◁store elimination when a depen denceφs ω is the exact number of iterations spanned by the dependence3▷ Nevertheless even conservative lower bounds on ω can lessen scheduling constraints signiαcantly▷ Although a graph can contain exponentially many ele mentary recurrence circuits most loop bodies have very few▷ So the compiler computes RecMII by simply scan ning each circuit ♭21♯▷ In any case RecMII can be computed in O(V × E × ↕≀} V ) time by indirectly ffnding a circuit

with the minimum cost-to-time ratio, where a dependence arc is viewed as having a Ψcost˚ of −↕⊣⊔⌉\⌋†⇔ ⊣\⌈ ⊣ ⊖⊔⟩⇕⌉⪰ ≀{ ω ♭11♯▷ If R is the minimum costtotime ratio then RecMII = ⌈−R⌉↙ T⟨⌉ R⌉∫MII ⊣\⌈ R⌉⌋MII ↕≀⊒⌉∇ ⌊≀⊓\⌈∫ ⊣∇⌉ ⌈⌉⊘\⌉⌈ ⊓∫⟩\} ⊔⟨⌉ ⌋⌉⟩↕⟩\} {⊓\⌋⊔⟩≀\ ⌊⌉⌋⊣⊓∫⌉ ⟩⊔ ⌈≀⌉∫ \≀⊔ ⇕⊣‖⌉ ∫⌉\∫⌉ ⊔≀ ⊔⊣↕‖ ⊣⌊≀⊓⊔ ⊣ \≀\↖⟩\⊔⌉}∇⊣↕ II↙ H≀⊒⌉⊑⌉∇⇔ ⟩{ ⊣ ⌋≀⇕√⟩↕⌉∇ √⌉∇{≀∇⇕∫ ↕≀≀√ ⊓\∇≀↕↕⟩\}⇔ ⊔⟨⌉\ ⟩⊔ ⌋⊣\ ⊔⊣‖⌉ ⊣⌈⊑⊣\⊔⊣}⌉ ≀{ {∇⊣⌋⊔⟩≀\⊣↕ ↕≀⊒⌉∇ ⌊≀⊓\⌈∫↙ F≀∇ ⟩\∫⊔⊣\⌋⌉⇔ ⟩{ ⊣ ↕≀≀√ ⟨⊣⌈ ⊣\ ⌉§⊣⌋⊔ ⇕⟩\⟩⇕⊓⇕ II ≀{ ∋/2 then the compiler could unroll the loop once and attempt to schedule for an II of 3▷ Unfortunately the current compiler does not perform any such loop transformations▷ In practice almost all loops can achieve their absolute lower bound of MII = max(ResMII, RecMII). But for some loops, the minimum feasible II is more than MII.

3.2 Lower Bounds on Register Pressure

First a few miscellaneous details: • S≀⇕⌉ ⇕⊣⌋⟨⟩\⌉∫ \⌉⌉⌈ ⊔⊒≀ ∇⌉}⟩∫⊔⌉∇∫ ⊔≀ ⟨≀↕⌈ ⊣ △̸↖⌊⟩⊔ ∫⌋⊣↕⊣∇∅ ≀⊔⟨⌉∇ ⇕⊣⌋⟨⟩\⌉∫ \⌉⌉⌈ ≀\↕† ≀\⌉↙ T≀ \≀∇⇕⊣↕⟩‡⌉ ⊔⟨⌉ ∇⌉∫⊓↕⊔∫ ⟩\ ⊔⟨⟩∫ √⊣√⌉∇⇔ ⊣↕↕ √∇≀}∇⊣⇕∫ ⊒⌉∇⌉ ⌋≀⇕√⟩↕⌉⌈ ∫≀ ⊔⟨⊣⊔ ⊣ ∫⌋⊣↕⊣∇ ⊓∫⌉⌈ ≀\↕† ≀\⌉ ∇⌉}⟩∫⊔⌉∇↙ • T⟨⟩∫ √⊣√⌉∇ ⌋≀\⌋⌉\⊔∇⊣⊔⌉∫ ≀\ ∇⌉}⟩∫⊔⌉∇ √∇⌉∫∫⊓∇⌉ ⊣∇⟩∫⟩\} {∇≀⇕ ↕≀≀√ ⊑⊣∇⟩⊣\⊔∫↙ S≀ ⊖∇⌉}⟩∫⊔⌉∇∫⪰ ⊒⟩↕↕ ⟨⌉\⌋⌉{≀∇⊔⟨ ∇⌉{⌉∇ ∫≀↕⌉↕† ⊔≀ ⊔⟨⌉ RR ⊘↕⌉↙ • O√⌉∇⊣⊔⟩≀\∫ ⊔⟨⊣⊔ ⌉§⌉⌋⊓⊔⌉ ⊓\⌈⌉∇ ⇕⊓⊔⊓⊣↕↕† ⌉§⌋↕⊓∫⟩⊑⌉ √∇⌉⌈⟩↖ ⌋⊣⊔⌉∫ ⇕⊣† ⊓∫⌉ ⊔⟨⌉ ∫⊣⇕⌉ ⌈⌉∫⊔⟩\⊣⊔⟩≀\ ∇⌉}⟩∫⊔⌉∇ ⊒⟩⊔⟨≀⊓⊔ ⟩\⊔⌉∇↖ {⌉∇⟩\} ⊒⟩⊔⟨ ⌉⊣⌋⟨ ≀⊔⟨⌉∇↙ U\{≀∇⊔⊓\⊣⊔⌉↕†⇔ ⊔⟨⌉ ⌋≀⇕√⟩↕⌉∇ ⌈≀⌉∫ ∋T⟨⌉ ↕⟩⊔⌉∇⊣⊔⊓∇⌉ ≀\ ⊑⌉⌋⊔≀∇⟩‡⟩\} ⊣\⌈ √⊣∇⊣↕↕⌉↕⟩‡⟩\} ⌋≀⇕√⟩↕⌉∇∫ ⊒≀⊓↕⌈ ⌋⊣↕↕ ⊣\ ⌉§⊣⌋⊔ ω the dependenceφs distance▷

0 1 2 3 4 5 6 7 8 9 Time in Cycles (II = 2)

Physical Storage Cells

0

1

2

3

4

5

`ȷ́ı^{y(1)}´
` ıȷ

y(2) y(2) y(2)

´` ıȷ
y(3) y(3) y(3)
  ´` ıȷ
    ´` ıȷ
      ´` ıȷ

y(4) y(4) y(4)

y(5) y(5) y(5)

y(6) y(6) y(6)´

         `^{y(7)}

´` ıȷ_{x(1) x(1)}
´` ıȷ

x(2) x(2) x(2) x(2)´

` ıȷ
x(3) x(3) x(3) x(3) x(3)
  ´` ıȷ
    ´` ıȷ

x(4) x(4) x(4) x(4) x(4)

x(5) x(5) x(5) x(5) x(5)

´`_{x(6) x(6) x(6) x(6)}
  ´`_{x(7) x(7)} Lifetimes_{x(i) cycles [0,5)y(i) cycles [1,4)}

Allocation

x(i − ∈) ICP + 5 x(i − ∞) ICP + 4 x(i) ICP + 3 y(i − ∈) ICP + 2 y(i − ∞) ICP + 1 y(i) ICP + 0

Figure 3: A Naive Allocation for the Sample Loop

Overlapping Lifetimes y1 y2 y3 y1 y2 y3 x0 x1 x2 x3 x4 x0 x1 x2 x3 x4 x0 x1 x2 x3 x4 Time Modulo II. 0 1 2 3 . . . LiveVector = ⟨△, 4⟩ F⟩}⊓∇⌉ △¬ C≀⇕√⊓⊔⟩\} ⊔⟨⌉ S⊣⇕√↕⌉ L⟩⊑⌉V⌉⌋⊔≀∇ \≀⊔ √⌉∇{≀∇⇕ ⊔⟨⌉ ∇⌉∐⊓⟩∫⟩⊔⌉ ⊣\⊣↕†∫⟩∫↙ T⟨⌉∇⌉{≀∇⌉ ⊔⟨⌉ ⌋≀⇕√⟩↕⌉∇ ⊣↕↕≀⌋⊣⊔⌉∫ ∇⌉}⟩∫⊔⌉∇∫⇔ ⊣\⌈ ⌋≀⇕√⊓⊔⌉∫ ↕≀⊒⌉∇ ⌊≀⊓\⌈∫⇔ ⊣∫ ⟩{ ⊣↕↕ √∇⌉⌈⟩⌋⊣⊔⌉∫ ⇕⊣† ⌊⌉ ⊔∇⊓⌉↙ O\⌋⌉ ⊣ ↕≀≀√ ⟨⊣∫ ⌊⌉⌉\ ∫⌋⟨⌉⌈⊓↕⌉⌈⇔ ⊣\ ⊣⌊∫≀↕⊓⊔⌉ ↕≀⊒⌉∇ ⌊≀⊓\⌈ ≀\ ⊔⟨⌉ ∫⌋⟨⌉⌈⊓↕⌉≃∫ ∇⌉}⟩∫⊔⌉∇ √∇⌉∫∫⊓∇⌉ ⌋⊣\ ⌊⌉ {≀⊓\⌈ ⌊† ⌋≀⇕√⊓⊔⟩\} ⊔⟨⌉ ⇕⊣§⟩⇕⊓⇕ \⊓⇕⌊⌉∇ ≀{ ⊑⊣↕⊓⌉∫ ⊔⟨⊣⊔ ⊣∇⌉ ↕⟩⊑⌉ ⊣⊔ ⊣\† ⌋†⌋↕⌉ ≀{ ⊔⟨⌉ ∫⌋⟨⌉⌈⊓↕⌉↙ F⟩}⊓∇⌉ △ ⟩↕↕⊓∫⊔∇⊣⊔⌉∫ ⊔⟨⟩∫ ⌋≀⇕√⊓⊔⊣⊔⟩≀\ {≀∇ ⊔⟨⌉ ∫⊣⇕√↕⌉ ↕≀≀√ ≀{ F⟩}⊓∇⌉ ∞↙ ⇐V⊣↕⊓⌉∫ {≀∇ ⊣⌈⌈∇⌉∫∫ ⊣∇⟩⊔⟨⇕⌉⊔⟩⌋ ⟨⊣⊑⌉ ⌊⌉⌉\ ≀⇕⟩⊔⊔⌉⌈ {≀∇ ⌋↕⊣∇⟩⊔†↙⇒ T⟨⌉ ↕⟩{⌉⊔⟩⇕⌉∫ }⌉\⌉∇⊣⊔⌉⌈ ⌊† ≀\⌉ ⟩⊔⌉∇⊣⊔⟩≀\ ⊣∇⌉ ∫⟨≀⊒\ ⟩\ ⌊≀↕⌈ {⊣⌋⌉↙ S⟩\⌋⌉ II = 2, lifetimes from adjacent iterations overlap each other as shown in the diagram. Summing the number of live values in each of the II columns gives a loop’s LiveVector. Due to the modulo constraint, a faster algorithm is possible: simply wrap the lifetimes generated by the ffrst iteration around a vector of length II. In any case, the LiveVector’s maximum, MaxLive, is the desired lower bound.

Allocating registers for a modulo-scheduled loop is beyond the scope of this paper. For an extensive discussion of the problem, including heuristic solutions and empirical results, consult [18]. One of the most remarkable results reported in that paper is the ability of their allocation strategies to almost always achieve the MaxLive lower bound on a schedule’s register pressure 4. Due to that result, this paper approximates a schedule’s register pressure with its MaxLive lower bound.

Three observations lead to a novel schedule-independent lower bound on a loop’s ffnal register pressure:

1. MaxLive is usually very close to the LiveVector’s average, AvgLive, especially when a long schedule is wrapped around a small II 5.

2. AvgLive can be expressed as the total length of all lifetimes divided by II.

3. Given a ffxed II, a schedule-independent lower bound on the length of a value’s lifetime, MinLT, can be calculated. (Section 5.1 shows how.)

Therefore MinAvg = ⌈ ∑ v MinLT(v)/II⌉ ⟩∫ ⊣ ⊓∫⌉{⊓↕ ↕≀⊒⌉∇ ⌊≀⊓\⌈↙ I\ √⊣∇⊔⟩⌋⊓↕⊣∇⇔ M⊣§L⟩⊑⌉ ↖ M⟩\A⊑} √∇≀⊑⟩⌈⌉∫ ⊣\ ⊣⌊∫≀↖ ↕⊓⊔⌉ ⇕⌉⊣∫⊓∇⌉ ≀{ ⟨≀⊒ ⊒⌉↕↕ ⊔⟨⌉ ∫⌋⟨⌉⌈⊓↕⌉∇ ⇕⟩\⟩⇕⟩‡⌉∫ ∇⌉}⟩∫⊔⌉∇ √∇⌉∫∫⊓∇⌉↙ △I\ √⊣∇⊔⟩⌋⊓↕⊣∇⇔ ⊔⟨⌉ ⊒⊣\⌈∫↖≀\↕† ∫⊔∇⊣⊔⌉}† ⊓∫⟩\}⌉\⌈↖⊘⊔ ⊒⟩⊔⟨ ⊣⌈|⊣⌋⌉\⌋†≀∇⌈⌉∇↖ ⟩\} \⌉⊑⌉∇ \⌉⌉⌈⌉⌈ ⇕≀∇⌉ ⊔⟨⊣\ M⊣§L⟩⊑⌉+1 registers, and the blades-allocation strategy using best-↑t with adjacency and start-time orderings never needed more than MaxLive + 5 registers. The paper did not explicitly state these facts. Instead, I had the privilege of directly examining the paper’s raw data.

5Over 97% of the time, MaxLive is no more than AvgLive + 5.

4 Slack Scheduling

Slack scheduling focuses on each operation’s scheduling freedom�or slack, which is precisely de↑ned in the next subsection, after a little motivation.

To schedule straight-line code, (instead of a loop), a listscheduling compiler can simply consider each cycle in turn, packing it full of operations before considering the next cycle. After all, an operation that cannot ↑t in the current cycle can always ↑nd room in a later cycle.

To software pipeline a loop, a scheduler must handle cyclic data dependencies, which arise from the loop’s non-trivial recurrence circuits. A trivial recurrence circuit, which is a dependence arc from an operation to itself, imposes no scheduling constraints, as the compiler previously ensured that II ≥ R⌉⌋MII↙ H⌉\⌋⌉{≀∇⊔⟨⇔ ⊖∇⌉⌋⊓∇∇⌉\⌋⌉ ⌋⟩∇⌋⊓⟩⊔⪰ ⟩⇕√↕⟩⌋↖ ⟩⊔↕† ∫⟩}\⟩⊘⌉∫ ⊖\≀\↖⊔∇⟩⊑⟩⊣↕⪰⇔ ⊓\↕⌉∫∫ ⌉§√↕⟩⌋⟩⊔↕† ∫⊔⊣⊔⌉⌈ ≀⊔⟨⌉∇⊒⟩∫⌉↙ A∫ ⇕⌉\⊔⟩≀\⌉⌈ ⟩\ S⌉⌋⊔⟩≀\ ∋↙∞⇔ ⊣ ∫⌋⟨⌉⌈⊓↕⌉∇ ⇕⊓∫⊔ \≀⊔ ∫⊔∇⌉⊔⌋⟨ ⊣ ∇⌉⌋⊓∇∇⌉\⌋⌉ ⌋⟩∇⌋⊓⟩⊔≃∫ ↕⌉\}⊔⟨ ⌊⌉†≀\⌈ Ω × II ⌋†⌋↕⌉∫↙ I\ ⊣⌈⌈⟩⊔⟩≀\⇔ √↕⊣⌋⟩\} ⊣\ ≀√⌉∇⊣⊔⟩≀\ ⊣⊔ ⊣ ⌋†⌋↕⌉ t commits resources for cycles t+k ×II⇔ {≀∇ ⊣↕↕ ‖↙ S≀ ⊣\ ≀√⌉∇⊣⊔⟩≀\ ⊔⟨⊣⊔ ⌋⊣\\≀⊔ ⊘⊔ ⟩\ ≀\⌉ ⌋†⌋↕⌉ ⇕⟩}⟨⊔ \≀⊔ ⊘⊔ ⟩\ ⊣\† ↕⊣⊔⌉∇ ⌋†⌋↕⌉∫↙ T⟨⌉∇⌉{≀∇⌉ ⊣ ↕⟩∫⊔↖∫⌋⟨⌉⌈⊓↕⟩\} ⌋≀⇕√⟩↕⌉∇ ⟩∫ \≀⊔ ↕⟩‖⌉↕† ⊔≀ ⊘\⌈ ⊣ {⌉⊣∫⟩⌊↕⌉ ∫⌋⟨⌉⌈⊓↕⌉ ⊣⊔ MII ⊒⟨⌉\ ∇⌉⌋⊓∇∇⌉\⌋⌉ ⌋⟩∇⌋⊓⟩⊔∫ ⊣∇⌉ √∇⌉∫⌉\⊔↙ S↕⊣⌋‖ ∫⌋⟨⌉⌈⊓↕⟩\} ∫≀↕⊑⌉∫ ⊔⟨⟩∫ √∇≀⌊↕⌉⇕ ⌊† ⟩\⊔⌉}∇⊣⊔⟩\} ∇⌉↖ ⌋⊓∇∇⌉\⌋⌉ ⌋≀\∫⊔∇⊣⟩\⊔∫ ⊣\⌈ ⌋∇⟩⊔⟩⌋⊣↕↖√⊣⊔⟨ ⌋≀\∫⟩⌈⌉∇⊣⊔⟩≀\∫ ⟩\⊔≀ ⊣\ ≀√⌉∇⊣⊔⟩≀\↖⌈∇⟩⊑⌉\ {∇⊣⇕⌉⊒≀∇‖ ⊒⟩⊔⟨ ↕⟩⇕⟩⊔⌉⌈ ⌊⊣⌋‖⊔∇⊣⌋‖⟩\}↙ △↙∞ C≀⇕√⊓⊔⟩\} E∫⊔⊣∇⊔ ⊣\⌈ L∫⊔⊣∇⊔ B≀⊓\⌈∫ W⟨⌉\ ⊣\ ≀√⌉∇⊣⊔⟩≀\ ⟩∫ √↕⊣⌋⌉⌈ ⟩\⊔≀ ⊣ √⊣∇⊔⟩⊣↕ ∫⌋⟨⌉⌈⊓↕⌉⇔ ⟩⊔ ⊒⟩↕↕ ⟩\ }⌉\⌉∇⊣↕ ⟨⊣⊑⌉ ⊣\ ⌉⊣∇↕⟩⌉∫⊔ ∫⊔⊣∇⊔ ⊔⟩⇕⌉ ⇐E∫⊔⊣∇⊔⇒ ⊣\⌈ ⊣ ↕⊣⊔⌉∫⊔ ∫⊔⊣∇⊔ ⊔⟩⇕⌉ ⇐L∫⊔⊣∇⊔⇒⇔ ⌈⊓⌉ ⊔≀ √∇⌉⌈⌉⌋⌉∫∫≀∇∫ ⊣\⌈ ∫⊓⌋⌋⌉∫∫≀∇∫ ⊔⟨⊣⊔ ⟨⊣⊑⌉ ⊣↕∇⌉⊣⌈† ⌊⌉⌉\ √↕⊣⌋⌉⌈↙ F≀∇ ≀√⌉∇⊣⊔⟩≀\∫ ≀\ ∇⌉⌋⊓∇∇⌉\⌋⌉ ⌋⟩∇⌋⊓⟩⊔∫⇔ ⊔⟨⌉∫⌉ ⌋≀\∫⊔∇⊣⟩\⊔∫ ⌋⊣\\≀⊔ ⌊⌉ ⊣⊑≀⟩⌈⌉⌈↙ T⟨⌉ ⌈⟩{{⌉∇⌉\⌋⌉ ⌊⌉⊔⊒⌉⌉\ ⊔⟨⌉∫⌉ ⌊≀⊓\⌈∫ ⟩∫ ⊔⟨⌉ ≀√⌉∇⊣⊔⟩≀\≃∫ S↕⊣⌋‖↙ T≀ ⌉\∫⊓∇⌉ ⊔⟨⊣⊔ E∫⊔⊣∇⊔ ⊣\⌈ L∫⊔⊣∇⊔ ⊣∇⌉ ⊒⌉↕↕ ⌈⌉⊘\⌉⌈ {≀∇ ⊣↕↕ ≀√⌉∇⊣⊔⟩≀\∫⇔ ⊔⟨⌉ ⌋≀⇕√⟩↕⌉∇ ⊣⌈⌈∫ ⊔⊒≀ √∫⌉⊓⌈≀↖≀√⌉∇⊣⊔⟩≀\∫ ⊔≀ ⊔⟨⌉ ↕≀≀√ ⌊≀⌈†¬ S⊔⊣∇⊔ ⊣\⌈ S⊔≀√↙ S⊔⊣∇⊔ ⟩∫ ⊣ √∇⌉⌈⌉⌋⌉∫∫≀∇ ≀{ ⌉⊣⌋⟨ ≀√⌉∇⊣⊔⟩≀\∅ S⊔≀√ ⟩∫ ⊣ ∫⊓⌋⌋⌉∫∫≀∇ ≀{ ⌉⊣⌋⟨ ≀√⌉∇⊣⊔⟩≀\↙ S⊔⊣∇⊔ ⟩∫ ⊘§⌉⌈ ⊣⊔ ⌋†⌋↕⌉ ′∅ S⊔≀√ ⟩∫ ∫⌋⟨⌉⌈⊓↕⌉⌈ |⊓∫⊔ ↕⟩‖⌉ ⊣\† ≀⊔⟨⌉∇ ≀√⌉∇⊣⊔⟩≀\↙ T⟨⌉ ∫⌋⟨⌉⌈⊓↕⌉∇ ⇕⊣⟩\⊔⊣⟩\∫ E∫⊔⊣∇⊔ ⊣\⌈ L∫⊔⊣∇⊔ ⌊≀⊓\⌈∫ ⊒⟩⊔⟨ ⊔⟨⌉ ⊣⟩⌈ ≀{ ⊣ ⇕⟩\⟩⇕⊓⇕ ⌈⟩∫⊔⊣\⌋⌉ ∇⌉↕⊣⊔⟩≀\↙ F≀∇ ⌉⊣⌋⟨ √⊣⟩∇ ≀{ ≀√⌉∇⊣⊔⟩≀\∫ x and y MinDist(x, y) is the minimum number of cycles

(possibly negative) by which x must precede y in any feasible schedule or −∞ ⟩{ ⊔⟨⌉∇⌉ ⟩∫ \≀ √⊣⊔⟨ ⟩\ ⊔⟨⌉ ⌈⌉√⌉\⌈⌉\⌋† }∇⊣√⟨ {∇≀⇕ x to y▷ Computing MinDist is an allpairs longestpaths problem▷ Simply assign each dependence arc a cost of latency − ω × II↙ S⟩\⌋⌉ II ≥ R⌉⌋MII⇔ ⊣↕↕ ⌋†⌋↕⌉∫ ⟨⊣⊑⌉ \≀\↖√≀∫⟩⊔⟩⊑⌉ ⌋≀∫⊔∫↙ H⌉\⌋⌉ ⊔⟨⌉ √∇≀⌊↕⌉⇕ ⌋⊣\ ⌊⌉ ∇⌉⌈⊓⌋⌉⌈ ⊔≀ ⊣ {⊣∫⊔ ⊣↕↕↖√⊣⟩∇∫ ∫⟨≀∇⊔⌉∫⊔↖ √⊣⊔⟨∫ ⌋⊣↕⌋⊓↕⊣⊔⟩≀\ ⌊† \⌉}⊣⊔⟩\} ⌉⊣⌋⟨ ⊣∇⌋≃∫ ⊒⌉⟩}⟨⊔↙ F⟩\⊣↕↕†⇔ ∫⌉⊔ M⟩\D⟩∫⊔(x, x) = 0 for each operation x▷ Although MinDist must be recomputed for each attempted II the overhead is reasonable since most loops achieve MII▷ Given the MinDist relation the scheduler initializes Estart(x) = MinDist(Start, x), and Lstart(x) = Lstart(Stop) − M⟩\D⟩∫⊔(x, Stop), where Lstart(Stop) is judiciously set to equal or exceed Estart(Stop). When an operation y is placed at a time t the scheduler updates the bounds to. Estart(x) = max ( ⟩√∐√(x), t + MinDist(y, x) ) / ∐{^ ⨁√∐√(x) = min ( ⨁√∐√(x), t − M⟩\D⟩∫⊔(x, y) ) / / { ⨂√~√∐]}{\⟨√]~{ ⨆√∐⌉~}√⌋ ⨂{^~ ∐ ^}⌉√]⌈~√ ^∐{ ^}⌉√~ ^}[ ⟩√∐√ ∐{^ ⨁√∐√ ^}{^√/ ] ^∐{ ∐^^ ^√]]^∐⌈\√∐[ ^}{√]^~√∐]}{√ ^ ^}{√}⌈\ ⌈]{~ ⨁√∐√(Stop). If a loop has no resource contention

(ResMII = 1), then it can always be scheduled to meet its critical path. Otherwise the scheduler sets Lstart(Stop) = ⌈E∫⊔⊣∇⊔(Stop)/ II⌉ × II↙ T⟨⟩∫ √∇≀⊑⟩∫⟩≀\ ≀{ ⌉§⊔∇⊣ ∫↕⊣⌋‖ ↕⌉∫∫⌉\∫ ⊔⟨⌉ ≀⊑⌉∇⊣↕↕ ⊣⇕≀⊓\⊔ ≀{ ⌊⊣⌋‖⊔∇⊣⌋‖⟩\} ⊣\⌈ ⟩⇕√∇≀⊑⌉∫ ⊔⟨⌉ ⊘\⊣↕ ∫⌋⟨⌉⌈⊓↕⌉↙ O\⌋⌉ ∫⌉⊔⇔ L∫⊔⊣∇⊔(Stop) is reset only when Estart(Stop) is pushed out

beyond either Lstart(Stop) or Stop’s current placement in the schedule.

The scheduler places operations one by one until either a feasible schedule is found or the heuristics give up. The central loop comprises the following 6 steps:

1. Choose a good operation to place into the current partial schedule. (Section 4.3)

2. Search for a good issue cycle within the operation’s Estart and Lstart bounds. (Section 5.2)

3. If no confiict-free issue cycle exists, then create room for the operation by ejecting one or more operations from the schedule. (Section 4.4)

4. Place the operation, and update the modulo resource table.

5. Update the Estart and Lstart bounds for all unplaced operations to refiect the new partial schedule. (Section 4.1)

6. If operations are ejected too many times, then remove all operations from the schedule, increment II, and start all over again.

In practice, almost all loops succeed at MII. Even so, in Step 6 the compiler increments II by max ( ⌊′.04 × II⌋, 1 ) / √∐[~√ [∐{ ^ / ]{ }√^~√ } ∐}]^ √√~{^]{~ ∐{ ~^~√√]~ ∐⌉}{ }~ ]⌉~ ^}⌉√]⌈]{~ ⌈∐√~~ ^}⌉√⌈~ ⌈}}√√/ ∮{^√~⌉~{]{~ ∮∮ ^ ⌈}~√~^ [~ }∐⌈ ∮∮ ^ ∐ [~ ~√~{√~ }~ ⌋ ⌉}√~ ]⌉~ √√~{ ]{ [~ √^[~^⌈~√/

/ [}}√]{~ ∐ ⨆}}^ ⨂√~√∐]}{ } ∑⌈∐^~ ⋃⌈∐^⌋ √^[~^⌈]{~ ]√ ^[∐√∐^~√]~^ ^ ]√ ∐~⌉√ } ∐⌈∐√ ^[}}√~ ∐{ }√~√∐]}{ ][ [~ ⌉]{]⌉⌉ {⌉^~√ }~ ]√√~ √⌈}√ ∐∐]⌈∐^⌈~ } ]/ { ]√√~ √⌈} ~}√ ∐{ }√~√∐]}{ ]√ ∐ ^}{|]^\~√~~ √}~{]∐⌈ √⌈∐^~⌉~{ }~ [~ }√~√∐]}{ ]{} [~ ^√√~{ √∐√]∐⌈ √^[~^⌈~/ ⋂[~ {⌉^~√ }~ ]√√~ √⌈}√ ~}√ ∐{ }√~√∐]}{ ^∐{ ^~ ∐√√√}]⌉∐~^ ^ ]√ √⌈∐^⌋/ []^[ ]√ ∐{ √√~√ ^}{^ }{ [~ {⌉^~√ }~ ]√√~ ^^⌈~√ ∐∐]⌈∐^⌈~ } ]/ ⟩∐^[ ]√√~ ^^⌈~ ⌉∐ [}⌈^ ⌉⌈]√⌈~ ]√√~ √⌈}√ ~}√ [~ }√~√∐]}{ ~}√ ]{√∐{^~/ [~ [√}[~]^∐⌈ ∐√~~ ⌉∐^[]{~ ^∐{ ]√√~ } ∐^^√~√√\∐^^ }√~√∐]}{√ √~√ ^^⌈~/ ⊎{~}√{∐~⌈/ [~ ^}⌉√]⌈~√ ∐√√]~{√ }√~√∐]}{√ } ~{^]}{∐⌈ {]√ ^~~}√~ √^[~^⌈]{~ ^}⌉⌉~{^~√/ [~√~^ √~√√]^]{~ ∐{ }√~√∐]}{ } }{~ ]√√~ √⌈} √~√ ^^⌈~/ ∮~ ∐ ⌈}}√ [∐√ {} √~√}√^~ ^}{~{]}{ {∫~√⨁∮∮ = 1), then an operation has precisely as many issue cycles as its slack predicts. Otherwise the scheduler tries to estimate resource contention by dividing a critical operation’s slack value in half. An operation is critical if it uses a critical resource. A resource is critical if one iteration uses the resource for at least 0.90 × II ⌋†⌋↕⌉∫↙ C∇⟩⊔⟩⌋⊣↕ ≀√⌉∇⊣⊔⟩≀\∫ ⊣∇⌉ ⇕⊣∇‖⌉⌈ |⊓∫⊔ ⌊⌉{≀∇⌉ ⊣⊔⊔⌉⇕√⊔⟩\} ⌉⊣⌋⟨ \⌉⊒ ⊑⊣↕⊓⌉ ≀{ II↙ F⊓∇⊔⟨⌉∇⇕≀∇⌉⇔ ⌈⟩⊑⟩∫⟩≀\∫ ⊣\⌈ ∫∐⊓⊣∇⌉ ∇≀≀⊔∫ ⊔⌉\⌈ ⊔≀ ⟨⊣⊑⌉ ⊑⌉∇† {⌉⊒ ⟩∫∫⊓⌉ ∫↕≀⊔∫⇔ ⌈⊓⌉ ⊔≀ ⊔⟨⌉ ⌋≀⇕√↕⌉§ \≀\↖√⟩√⌉↕⟩\⌉⌈ ∇⌉∫≀⊓∇⌋⌉ √⊣⊔⊔⌉∇\∫ ⊔⟨⌉† ⌉⇕√↕≀†↙ T⟨⌉ ⌋≀⇕√⟩↕⌉∇ √∇⟩⇕⟩⊔⟩⊑⌉↕† ⊔⊣‖⌉∫ ⊔⟨⟩∫ ⟩\⊔≀ ⊣⌋⌋≀⊓\⊔ ⌊† ⟨⊣↕⊑⟩\} ⊣\ ≀√⌉∇⊣⊔⟩≀\≃∫ ∫↕⊣⌋‖ ⊑⊣↕⊓⌉ ⇐†⌉⊔ ⊣}⊣⟩\⇒ ⟩{ ⟩⊔ ⊓∫⌉∫ ⊔⟨⌉ ⌈⟩⊑⟩⌈⌉∇↙ T⟨⌉ ⊘\⊣↕ ∫↕⊣⌋‖ ⊑⊣↕⊓⌉ ⟩∫ ⊔⟨⌉ ≀√⌉∇⊣⊔⟩≀\≃∫ ⌈†\⊣⇕⟩⌋ √∇⟩≀∇⟩⊔†↙ A⊔ ⌉⊣⌋⟨ ⟩⊔⌉∇⊣⊔⟩≀\ ≀{ ⟩⊔∫ ⌋⌉\⊔∇⊣↕ ↕≀≀√⇔ ⊔⟨⌉ ∫⌋⟨⌉⌈⊓↕⌉∇ ⌋⟨≀≀∫⌉∫ ⊣\ ≀√⌉∇⊣⊔⟩≀\ ⊒⟩⊔⟨ ⇕⟩\⟩⇕⊓⇕ ⌈†\⊣⇕⟩⌋ √∇⟩≀∇⟩⊔†⇔ ⊒⟨⟩⌋⟨ ⌈⌉⊔⌉∇↖ ⇕⟩\⌉∫ ⊣ ⊓\⟩∐⊓⌉ ≀√⌉∇⊣⊔⟩≀\ △∀↗ ≀{ ⊔⟨⌉ ⊔⟩⇕⌉↙ T⟩⌉∫ ⊣∇⌉ ⌊∇≀‖⌉\ ⌊† ⌋⟨≀≀∫⟩\} ⊔⟨⌉ ≀√⌉∇⊣⊔⟩≀\ ⊒⟩⊔⟨ ⊔⟨⌉ ∫⇕⊣↕↕⌉∫⊔ L∫⊔⊣∇⊔⇔ ⊣∫ ⊔⟨⟩∫ ⊔≀√↖⌈≀⊒\ ⌊⟩⊣∫ ⟩\⊔⌉∇⊣⌋⊔∫ ⊒⌉↕↕ ⊒⟩⊔⟨ ⊔⟨⌉ ∫⌋⟨⌉⌈⊓↕⌉∇≃∫ ⌊⊣⌋‖⊔∇⊣⌋‖↖ ⟩\} √≀↕⟩⌋†↙ I\ √∇⊣⌋⊔⟩⌋⌉⇔ ⊔⟨⟩∫ ⌈†\⊣⇕⟩⌋ √∇⟩≀∇⟩⊔† ∫⌋⟨⌉⇕⌉ ⌋↕⌉⊣\↕† ⟩\⊔⌉}∇⊣⊔⌉∫ ∇⌉⌋⊓∇∇⌉\⌋⌉ ⌋≀\∫⊔∇⊣⟩\⊔∫ ⊣\⌈ ⌋∇⟩⊔⟩⌋⊣↕↖√⊣⊔⟨ ⌋≀\∫⟩⌈⌉∇⊣↖ ⊔⟩≀\∫↙ S⌉⌋⊔⟩≀\ ∀ }⟩⊑⌉∫ ⊣\ ⟩\⊔⊓⟩⊔⟩⊑⌉ ⌉§√↕⊣\⊣⊔⟩≀\ {≀∇ ⊔⟨⟩∫ ⌉⇕√⟩∇↖ ⟩⌋⊣↕ ∇⌉∫⊓↕⊔↙ △↙△ L⟩⇕⟩⊔⌉⌈ B⊣⌋‖⊔∇⊣⌋‖⟩\} E|⌉⌋⊔⟩\} ≀√⌉∇⊣⊔⟩≀\∫ ≀⊓⊔ ≀{ ⊔⟨⌉ ∫⌋⟨⌉⌈⊓↕⌉ ⟩∫ ⊣ {≀∇⇕ ≀{ ⌊⊣⌋‖↖ ⊔∇⊣⌋‖⟩\}⇔ ⊒⟨⟩⌋⟨ ⇕⊓∫⊔ ⌊⌉ ⌋≀\⊔∇≀↕↕⌉⌈↙ T≀ ⊔⟨⊣⊔ ⌉\⌈⇔ ⊒⟨⌉\ ⊔⟨⌉ ∫⌋⟨⌉⌈⊓↕⌉∇ ⌋⊣\\≀⊔ √↕⊣⌋⌉ ⊣\ ≀√⌉∇⊣⊔⟩≀\ x due to a lack of conβictfree issue slots it forces the operation into cycle max ( ⟩√∐√(x), 1 + last placement of x ) ^ ~⌊~^]{~ ∐⌈⌈}√\ ~√∐]}{√ [∐ ^}{|]^ ][ ]√ √~√}√^~ {~~^√/ ⋂[]√ [~√]√]^ ∐}]^√ ⌈]~⌈}^⌋ ^ ~}√^]{~ x into successively later cycles▷ If operation x is forced into a cycle beyond Lstart(x), then other operations may confiict with x due to dependency con straints▷ These operations need not be immediate successors of x as MinDist reβects the transitive closure of the succes sor relation▷ Nevertheless ejecting all of these operations� rather than just the immediate successors�tends to reduce the overall amount of backtracking and improve the αnal 7With one exception. The loopφs brtop conditional branch cannot be ejected as its placement determines the scheduleφs II▷ Hence an operation must search successive cycles to avoid conβicts with brtop▷ schedule▷ Ejecting an operation may loosen the Lstart bounds of an cestors and the Estart bounds of descendants▷ The scheduler recursively marks these bounds as invalid pruning its depth αrst search whenever it encounters a placed operation▷ If p operations are placed and u operations are unplaced then the bounds for all unplaced operations can be recomputed in O(p × u) time. In practice, only a couple operations get

ejected at a time, hence few of the bounds need to be recomputed. So the update takes only linear time on average.

5 Lifetime Sensitivity

Prior scheduling algorithms have always placed an operation as early as possible within the partial schedule constructed thus far. This unidirectional strategy unnecessarily stretches operand lifetimes; for example, by scheduling loads too early. In general, unidirectional approaches are a legacy from an over-reliance on the methods and intuition underlying list scheduling.

In contrast, slack scheduling can accommodate a novel bidirectional approach that attempts to place an operation either as early as possible or as late as possible, depending on a sophisticated heuristic. The heuristic’s primary goal is to minimize each value’s lifetime, in the hope that this will minimize the overall peak register pressure.

5.1 Computing MinLT

The compiler eases the scheduler’s task by putting the loop body into static single assignment (SSA) form [4], thereby giving each value a unique deffning operation and a precise set of fiow dependencies. In that setting, a value’s lifetime is merely the length of its longest fiow dependence in the ffnal schedule.

A novel schedule-independent lower bound, MinLT, on the length of a lifetime can be calculated with the aid of the MinDist relation. Suppose a value v has a deαning operation d and a set S of βow dependencies▷ For each βow dependence f ∈ S let u denote the corresponding operation that uses v▷ Then MinLT(v) = max_f 2_S ( ω × II + MinDist(d, u) ) / ⋂[]√ ⌈}~√ ^}{^ √⌈∐√ ∐ ⌋~ √}⌈~ ]{ [~ ~}⌈⌈}]{~ ^]^]√~^]}{∐⌈ [~√]√]^/ / [}}√]{~ ∐ ⨆}}^ ∮√√~ ^⌈~ ⋂} ⟩{^ ∐{ ]√√~ ^^⌈~ ~}√ ∐{ }√~√∐]}{/ [~ √^[~^⌈~√ ⌈]{~∐√⌈ √^∐{√ ^~~~{ [~ }√~√∐]}{⌉√ ⟩√∐√ ∐{^ ⨁√∐√ ^}{^√ [~ √^∐{{]{~ √}√√ ∐√ √}}{ ∐√ ∐{ ∐∐]⌈∐^⌈~ ]√√~ ^^⌈~ ]√ ~}{^/ ⟨~ } [~ ⌉}^⌈} ^}{√√∐]{/ ∐ ⌉}√ ∮∮ ^}{√~^]~ ^^⌈~√ {~~^ } ^~ √^∐{{~^/ ⌋ }~ [~ ]⌉~/ [~ }√~√∐]}{ [∐√ {} √⌈∐^⌋/ ⨂[~√]√~ [~ ⌋~ ^~^]√]}{ ]√ [~[~√ } √^∐{ ~√}⌉ ⟩√∐√ } ⨁√∐√/ }√ ~√}⌉ ⨁√∐√ } ⟩√∐√/ ⟩⌉√]√]^∐⌈⌈/ [~ ~}⌈⌈}]{~ [~√]√]^√ ~{^ } ~∐}√ ∐{ ~∐√⌈ √⌈∐^~⌉~{ ]^~ ∐√ }~~{ ∐√ ∐ ⌈∐~ √⌈∐^~⌉~{/

⋁[~{ ^~^]^]{~ [~[~√ } ~∐}√ √⌈∐^]{~ [~ }√~√∐]}{ ~∐√⌈ }√ ⌈∐~/ [~ √^[~^⌈~√ ^}{√]^~√√ }{⌈ |} ^~√~{^~{^]~√ [}√~ ⌈~{~[√ ^∐{ ^~ √√~^[~^/ ⋂[√ [~ ~}⌈⌈}]{~ ∐√~ ]~{}√~^ • ↕≀≀√ ⟩\⊑⊣∇⟩⊣\⊔∫⇔ ⊒⟨⟩⌋⟨ ⊣∇⌉ ∫⊔≀∇⌉⌈ ⟩\ ⊔⟨⌉ GPR ⊘↕⌉↙ • ⌈⊓√↕⟩⌋⊣⊔⌉ ⟩\√⊓⊔∫⇔ ⟩\ ≀∇⌈⌉∇ ⊔≀ \≀⊔ ⌋≀⊓\⊔ ⊣ ↕⟩{⌉⊔⟩⇕⌉ ⊔⊒⟩⌋⌉↙ • ∫⌉↕{↖∇⌉⌋⊓∇∇⌉\⌋⌉∫⇔ ⊣∫ ⊔⟨⌉⟩∇ ↕⌉\}⊔⟨∫ ⊣∇⌉ ⊘§⌉⌈↙ H⌉\⌋⌉{≀∇⊔⟨⇔ ⊖⟩\√⊓⊔∫⪰ ⊣\⌈ ⊖≀⊓⊔√⊓⊔∫⪰ ∇⌉{⌉∇ ⊔≀ ∫⊔∇⌉⊔⌋⟨⊣⌊↕⌉ ⊙≀⊒ ⌈⌉√⌉\⌈⌉\⌋⟩⌉∫↙ I{ ⊣\ ≀√⌉∇⊣⊔⟩≀\ ⟨⊣∫ \⌉⟩⊔⟨⌉∇ ⟩\√⊓⊔∫ \≀∇ ≀⊓⊔√⊓⊔∫⇔ ⇐{≀∇ ⌉§⊣⇕√↕⌉⇔ ⊣\ ⊣⌋⌋⊓⇕⊓↕⊣⊔≀∇ ⊔⟨⊣⊔ ⟩∫ \≀⊔ ∇⌉{⌉∇⌉\⌋⌉⌈ ⊓\⊔⟩↕ ⊔⟨⌉ ↕≀≀√ ⌉§⟩⊔∫⇒⇔ ⊔⟨⌉\ ⟩⊔ ∫⟨≀⊓↕⌈ ⌊⌉ √↕⊣⌋⌉⌈ ⌉⊣∇↕† ⟩\ ⊔⟨⌉ ∫⌋⟨⌉⌈⊓↕⌉ ⊔≀ ⇕⟩\⟩⇕⟩‡⌉ ⊔⟨⌉ ≀⊑⌉∇⊣↕↕ ∫⌋⟨⌉⌈⊓↕⌉ ↕⌉\}⊔⟨↙ O⊔⟨⌉∇⊒⟩∫⌉⇔ ⊔⟨⌉ ∫⌋⟨⌉⌈⊓↕⌉∇ ⊔∇⟩⌉∫ ⊔≀ ⌉∫⊔⟩⇕⊣⊔⌉�}⟩⊑⌉\ ⊔⟨⌉ ⌋⊓∇∇⌉\⊔ √⊣∇⊔⟩⊣↕ ∫⌋⟨⌉⌈⊓↕⌉�⟨≀⊒ ⇕⊣\† ≀{ ⊔⟨⌉ ≀√⌉∇⊣⊔⟩≀\≃∫ ⟩\√⊓⊔∫ ⊣\⌈ ≀⊓⊔√⊓⊔∫ ⊣∇⌉ ∫⊔∇⌉⊔⌋⟨⊣⌊↕⌉ S⟩\⌋⌉ ⊔⟨⌉ ↕≀≀√ ⌊≀⌈† ⟩∫ ⟩\ SSA {≀∇⇕⇔ √↕⊣⌋⟩\} ⊔⟨⌉ ≀√⌉∇↖ ⊣⊔⟩≀\ ⌉⊣∇↕† ⊒⟩↕↕ ∫⊔∇⌉⊔⌋⟨ ⟩⊔∫ ≀⊓⊔√⊓⊔∫↙ B⊓⊔ √↕⊣⌋⟩\} ⊔⟨⌉ ≀√↖ ⌉∇⊣⊔⟩≀\ ↕⊣⊔⌉ ⇕⟩}⟨⊔ \≀⊔ ∫⊔∇⌉⊔⌋⟨ ⊣\ ⟩\√⊓⊔⇔ ∫⟩\⌋⌉ ∫≀⇕⌉ ≀⊔⟨⌉∇ ≀√⌉∇⊣⊔⟩≀\ ⇕⊣† ∫⊔∇⌉⊔⌋⟨ ⊔⟨⌉ ⟩\√⊓⊔ {⊣∇⊔⟨⌉∇ ⊔⟨⊣\ ⊔⟨⟩∫ ≀√⌉∇⊣⊔⟩≀\ ⌋≀⊓↕⌈↙ I\ √⊣∇⊔⟩⌋⊓↕⊣∇⇔ ∫⊓√√≀∫⌉ ⊔⟨⊣⊔ ⊣\ ≀√⌉∇⊣⊔⟩≀\ d deαnes a value v that is used ω iterations later by an operation u▷ If Estart(d) + MinLT(v) ≥ ω × II + Lstart(u), then operation u cannot stretch vφs lifetime▷ Empirically the operation has more stretchable inputs than outputs 30ϱ of the time and fewer stretchable inputs than outputs 4ϱ of the time with ties occurring the remaining 20ϱ of the time▷ In the αrst case the operation should be placed early in the schedule, in the second case it should be placed late▷ In case of a time the operationφs placement cannot affect the αnal register pressure but it might affect the likelihood of αnding a feasible schedule▷ To minimize backtracking the scheduler attempts to place the operation near whichever group of operations is less likely to be ejected. the operationφs immediate predecessors or successors▷ The scheduler predicts that whichever group has a larger fraction of operations placed is less likely to be ejected▷ In case of a tie the scheduler places an operation early if and only if no predecessor or successor has yet been placed▷

6 Compilation Time The bidirectional slackscheduling framework has been inte grated into Cydromeφs FORTRAN77 compiler▷ The compiler is capable of modulo scheduling arbitrary DO loops with un structured bodies so long as the loop bodies are acyclic have no assigned or computed gotos and make no procedure calls▷ Even loops with early exits can be modulo scheduled ♭22♯ al though that experimental feature was not employed for these experiments▷ Nevertheless the compiler does not attempt to modulo schedule loops with less than 5 iterations or more than 30 basic blocks before ifconversion or which have ResMII > 500 as the beneαts would be minimal▷ The scheduler has been tested on all eligible DO loops in the Lawrence Livermore Loops the SPEC89 FORTRAN

Metric Min 50ϱ 90ϱ Max ϑ Basic Blocks 1 1 1 15 ϑ Operations 2 11 48 556 ϑ Critical Ops at MII 0 2 16 323 ϑ Ops on Recurrences 0 0 8 198 ϑ Div◁Mod◁Sqrt Ops 0 0 1 11 RecMII 1 1 17 206 ResMII 1 3 19 323 MII 1 3 31 323 MinAvg at MII 1 13 28 57 ϑ GPRs 1 2 8 65 Table 2. Measurements from all 1525 Loops benchmarks and the Perfect Club codes�a total of 1525 loops▷ Table 2 characterizes the complexity of these loops▷ Scheduling the loops consumed 3▷96 minutes of the com pilation time on an HP 9000/730 workstation▷ For 889 of the loops totaling 7278 operations no backtracking was re quired▷ For the other 636 loops the scheduler placed 23603 operations in 306860 iterations of its central loop ↼see Sec tion 4▷2↽▷ Step 3 had to be invoked 157694 times thereby ejecting 282130 operations▷ Step 6 was invoked a mere 139 times▷ Overall backtracking consumed 65ϱ of the sched ulerφs execution time▷ In contrast computing RecMII took only 6ϱ of the time and computing MinDist took 10ϱ▷ Cydromeφs scheduler took 6.5× ↕≀\}⌉∇ ⊔≀ ∫⌋⟨⌉⌈⊓↕⌉ ⊔⟨⌉ ↕≀≀√∫⇔ √∇⟩⇕⊣∇⟩↕† ⌊⌉⌋⊣⊓∫⌉ ⟩⊔ ⌊⊣⌋‖⊔∇⊣⌋‖⌉⌈ ∋.7× ⊣∫ ⇕⊓⌋⟨↙

P⌉∇{≀∇⇕⊣\⌋⌉ T⟨⌉ ∫⌋⟨⌉⌈⊓↕⌉∇ ⊣⌋⟨⟩⌉⊑⌉⌈ ≀√⊔⟩⇕⊣↕ ⌉§⌉⌋⊓⊔⟩≀\ ⊔⟩⇕⌉ (II = MII) for 96% of the loops. Overall, the loops would execute in 1.01× ⊔⟨⌉⟩∇ ⇕⟩\⟩⇕⊓⇕ ⊔⟩⇕⌉⇔ ⊒⟨⟩⌋⟨ ∇⌉√∇⌉∫⌉\⊔∫ ⊣ ∞.11× ∫√⌉⌉⌈⊓√ ≀⊑⌉∇ C†⌈∇≀⇕⌉≃∫ ∫⌋⟨⌉⌈⊓↕⌉∇↙ T⊣⌊↕⌉∫ ∋ ⊣\⌈ △ ⌋⟨⊣∇⊣⌋↖ ⊔⌉∇⟩‡⌉ ⊔⟨⟩∫ √⌉∇{≀∇⇕⊣\⌋⌉∀↙ T⟨⌉ ⊘\⊣↕ ⊘}⊓∇⌉∫ ⌋≀⇕√⊣∇⌉ ⊔⟨⌉ ∇⌉}⟩∫⊔⌉∇ √∇⌉∫∫⊓∇⌉ }⌉\⌉∇⊣⊔⌉⌈ ⌊† ⊔⟨⌉ ⌊⟩⌈⟩∇⌉⌋⊔⟩≀\⊣↕ ∫↕⊣⌋‖ ∫⌋⟨⌉⌈⊓↕⌉∇ ⇐⌈⌉\≀⊔⌉⌈ ⊖N⌉⊒ S⌋⟨⌉⌈↖ ⊓↕⌉∇⪰⇒ ⊣\⌈ C†⌈∇≀⇕⌉≃∫ ∫⌋⟨⌉⌈⊓↕⌉∇ ⇐⌈⌉\≀⊔⌉⌈ ⊖O↕⌈ S⌋⟨⌉⌈⊓↕⌉∇⪰⇒↙ • F⟩}⊓∇⌉ ▽ }∇⊣√⟨∫ ⊔⟨⌉ M⊣§L⟩⊑⌉ − M⟩\A⊑} ⇕⌉⊔∇⟩⌋↙ N≀⊔⟩⌋⌉ ⟨≀⊒ ⌋↕≀∫⌉ M⊣§L⟩⊑⌉ ⌋⊣\ }⌉⊔ ⊔≀ M⟩\A⊑}¬ ∘ △↗̸ ≀{ ⊔⟨⌉ ↕≀≀√∫ ⊣⌋⟨⟩⌉⊑⌉ ≀√⊔⟩⇕⊣↕⟩⊔†↙ ∘ ∃∋↗ ≀{ ⊔⟨⌉ ↕≀≀√∫ ⊣∇⌉ ⊒⟩⊔⟨⟩\ ∞′ RR∫ ≀{ ⟩⌈⌉⊣↕↙ • F⟩}⊓∇⌉ ̸∫⟨≀⊒∫ ⊔⟨⌉ ≀⊑⌉∇⊣↕↕ √∇⌉∫∫⊓∇⌉ {≀∇ ⊔⟨⌉ RR ⊘↕⌉↙ N≀↖ ⊔⟩⌋⌉ ⊔⟨⊣⊔ ⇕≀⌈⊓↕≀ ∫⌋⟨⌉⌈⊓↕⟩\} ⌈≀⌉∫ \≀⊔ ∇⌉∐⊓⟩∇⌉ ⌉§⌋⌉∫∫⟩⊑⌉↕† ⇕⊣\† ∇≀⊔⊣⊔⟩\} ∇⌉}⟩∫⊔⌉∇∫¬ ∘ ∃∈↗ ≀{ ⊔⟨⌉ ↕≀≀√∫ ⊓∫⌉ \≀ ⇕≀∇⌉ ⊔⟨⊣\ ∋∈ RR∫↙ ∘ O\↕† ▽ ↕≀≀√∫ ⊓∫⌉ ⇕≀∇⌉ ⊔⟨⊣\ △̸ RR∫↙ ∀C†⌈∇≀⇕⌉≃∫ ∫⌋⟨⌉⌈⊓↕⌉∇ {⊣⟩↕⌉⌈ ⊔≀ √⟩√⌉↕⟩\⌉ ∞△ ≀{ ⊔⟨⌉ ↕≀≀√∫↙ E⊣⌋⟨ {⊣⟩↕⊓∇⌉ ⟩∫ ∇⌉√∇⌉∫⌉\⊔⌉⌈ ⟩\ T⊣⌊↕⌉ △ ⌊† ⊔⟨⌉ ↕⊣∫⊔ II ⊔⟨⊣⊔ ⊒⊣∫ ⊣⊔⊔⌉⇕√⊔⌉⌈↙

L≀≀√ C↕⊣∫∫ O√⊔ A↕↕ ↗ II MII R⊣⊔⟩≀ H⊣∫ C≀\⌈⟩⊔⟩≀\⊣↕ ▽ ̸▽∃ ∃▽ ∞⇔△▽′ ∞⇔△△ ∞↙′′ H⊣∫ R⌉⌋⊓∇∇⌉\⌋⌉ ∋′▽ ∋△△ ∀∃ ⇔∀∋ ⇔▽ ∞↙′∞ H⊣∫ B≀⊔⟨ △∋ ▽△ ∀′ ∞⇎△ ∞⇔▽∀▽ ∞↙′▽ H⊣∫ N⌉⟩⊔⟨⌉∇ ∞⇔′▽∃ ∞⇔′∀̸ ∃∃ ⇎▽∋′ ⇎▽′∞ ∞↙′′ A↕↕ L≀≀√∫ ∞⇔△∌ ∞⇔▽∈▽ ∃ ̸∞⇔▽∞ ∞⇔∋′∀ ∞↙′∞

F≀∇ ⊔⟨⌉ ∉ L≀≀√∫ ⊒⟩⊔⟨ II > MII Metric Min 50ϱ 90ϱ Max II 5 21 64 248 MII 4 19 62 206 II − MII ∞ ∞ ̸△∈ II/MII 1▷02 1▷06 1▷25 1▷55 Table 3. Slack Scheduling Performance Loop Class Opt All ϱ II MII Ratio Has Conditional 47 59 80 1515 1447 1▷05 Has Recurrence 272 344 78 8896 7775 1▷14 Has Both 32 54 59 2403 1585 1▷52 Has Neither 1042 1068 98 6579 6501 1▷01 All Loops 1393 1525 91 19393 17308 1▷12

For the 132 Loops with II > MII Metric Min 50ϱ 90ϱ Max II 3 29 104 618 MII 2 20 68 323 II − MII ∞ ∈ △▽ △∞∈ II/MII 1▷02 1▷11 3▷22 4▷5 Table 4. Cydromeφs Scheduling Performance

• F⟩}⊓∇⌉ ⌈⟩∫√↕⊣†∫ ⊔⟨⌉ \⊓⇕⌊⌉∇ ≀{ ↕≀≀√ ⟩\⊑⊣∇⟩⊣\⊔∫ ‖⌉√⊔ ⟩\ ⊔⟨⌉ GPR ⊘↕⌉↙ I⊔ ⟩∫ √≀∫∫⟩⌊↕⌉ ⊔≀ ⊔∇⊣⌈⌉ ≀{{ GPR∫ {≀∇ RR∫ ⊓\⌈⌉∇ ⌋⌉∇⊔⊣⟩\ ⌋⟩∇⌋⊓⇕∫⊔⊣\⌋⌉∫⇔ ∫≀ ⊔⟨⌉⟩∇ ⌋≀⇕⌊⟩\⌉⌈ √∇⌉∫∫⊓∇⌉ ⟩∫ ⊣↕∫≀ ≀{ ⟩\⊔⌉∇⌉∫⊔↙ ∘ ∃↗ ≀{ ⊔⟨⌉ ↕≀≀√∫ ⊓∫⌉ \≀ ⇕≀∇⌉ ⊔⟨⊣\ ∞ ̸GPR∫↙ ∘ O\↕† ∋ ↕≀≀√∫ ⊓∫⌉ ⇕≀∇⌉ ⊔⟨⊣\ ∋∈ GPR∫↙ ∘ ∀∈↗ ≀{ ⊔⟨⌉ ↕≀≀√∫ ‖⌉⌉√ RR∫ + GPRs ≤ ∋∈↙ ∘ O\↕† ∞ ̸↕≀≀√∫ ⟨⊣⊑⌉ RR∫ + GPRs > 64▷ • F⟩}⊓∇⌉ ∀ ∫⟨≀⊒∫ ⊒⟨† ICR √∇⌉∫∫⊓∇⌉ ⟩∫ ≀{ \≀ ∇⌉⊣↕ ⌋≀\⌋⌉∇\¬ ≀\↕† ≀\⌉ ↕≀≀√ ⊓∫⌉∫ ⇕≀∇⌉ ⊔⟨⊣\ ∋∈ ICR √∇⌉⌈⟩⌋⊣⊔⌉∫↙ ⇐T⟨⌉ ∫⌋⟨⌉⌈⊓↕⌉∇∫ }⌉\⌉∇⊣⊔⌉ ⊑⌉∇† ∫⟩⇕⟩↕⊣∇ ICR √∇⌉∫∫⊓∇⌉↙⇒ T⟨⟩∫ √⌉∇{≀∇⇕⊣\⌋⌉ ⟩∫ ⌈⊓⌉ ⊔≀ ⊔⟨⌉ ⌊⟩⌈⟩∇⌉⌋⊔⟩≀\⊣↕ ⟨⌉⊓∇⟩∫⊔⟩⌋∫ ≀{ S⌉⌋↖ ⊔⟩≀\ ▽↙∈∅ ⊒⟩⊔⟨≀⊓⊔ ⊔⟨⌉⇕⇔ ⊔⟨⌉ ∫↕⊣⌋‖ ∫⌋⟨⌉⌈⊓↕⌉∇ }⌉\⌉∇⊣⊔⌉∫ \⌉⊣∇↕† ⊔⟨⌉ ∫⊣⇕⌉ ∇⌉}⟩∫⊔⌉∇ √∇⌉∫∫⊓∇⌉ ⊣∫ C†⌈∇≀⇕⌉≃∫ ∫⌋⟨⌉⌈⊓↕⌉∇↙ I\ ∫⊓⇕⇕⊣∇†⇔ ⊔⟨⌉∫⌉ ⇕⌉⊣∫⊓∇⌉⇕⌉\⊔∫ ∫⟨≀⊒ ⊔⟨⊣⊔ ⊔⟨⌉ ⊣⌊∫≀↕⊓⊔⌉ ↕≀⊒⌉∇ ⌊≀⊓\⌈∫ ≀\ II ⊣\⌈ ∇⌉}⟩∫⊔⌉∇ √∇⌉∫∫⊓∇⌉ ⌋⊣\ ⊓∫⊓⊣↕↕† ⌊⌉ ⊣⌋⟨⟩⌉⊑⌉⌈ ⌊† ⊔⟨⌉ ⌊⟩⌈⟩∇⌉⌋⊔⟩≀\⊣↕ ∫↕⊣⌋‖↖∫⌋⟨⌉⌈⊓↕⟩\} {∇⊣⇕⌉⊒≀∇‖↙ I\ ⊣⌈⌈⟩⊔⟩≀\⇔ ⊔⟨⌉ ∫⌋⟨⌉⌈⊓↕⌉∇ ⊣√√⌉⊣∇∫ ∐⊓⟩⊔⌉ ∇≀⌊⊓∫⊔⇔ ⊣∫ ≀⊔⟨⌉∇ ⌉§↖ √⌉∇⟩⇕⌉\⊔∫ ⊒⟩⊔⟨ ⌈⟩{{⌉∇⌉\⊔ ↕⊣⊔⌉\⌋⟩⌉∫ {≀∇ ⊔⟨⌉ {⊓\⌋⊔⟩≀\⊣↕ ⊓\⟩⊔∫ }⟩⊑⌉ ⊑⌉∇† ∫⟩⇕⟩↕⊣∇ √⌉∇{≀∇⇕⊣\⌋⌉ ∇⌉∫⊓↕⊔∫ ⊣\⌈ ⌋≀⇕√⟩↕⊣⊔⟩≀\ ⊔⟩⇕⌉∫↙

∀ R⌉↕⊣⊔⌉⌈ W≀∇‖ B† ⊓∫⟩\} ⊣ ⌈†\⊣⇕⟩⌋ √∇⟩≀∇⟩⊔† ∫⌋⟨⌉⇕⌉⇔ ∫↕⊣⌋‖ ∫⌋⟨⌉⌈⊓↕⟩\} √∇≀⊑⟩⌈⌉∫ ⊣ \≀⊑⌉↕ ⟩\⊔⌉}∇⊣⊔⟩≀\ ≀{ ∇⌉⌋⊓∇∇⌉\⌋⌉ ⌋≀\∫⊔∇⊣⟩\⊔∫ ⊣\⌈ ⌋∇⟩⊔⟩⌋⊣↕↖√⊣⊔⟨ ⌋≀\∫⟩⌈⌉∇⊣⊔⟩≀\∫↙ T⟨⌉ ⟩\⊔⊓⟩⊔⟩≀\ ⊓\⌈⌉∇↕†⟩\} ⊔⟨⟩∫ ⟩\↖ ⊔⌉}∇⊣⊔⟩≀\ ⟩∫ ⊔⟨⊣⊔ ⊔⟨⌉ ≀√⌉∇⊣⊔⟩≀\∫ ≀\ ⊣ ∇⌉⌋⊓∇∇⌉\⌋⌉ ⌋⟩∇⌋⊓⟩⊔ ⌋⊣\ ⟨⊣⊑⌉ ⊣ ↕≀⊔ ≀{ ∫↕⊣⌋‖ ⊓\⊔⟩↕ ≀\⌉ ≀{ ⊔⟨⌉⇕ }⌉⊔∫ √↕⊣⌋⌉⌈⇔ ⊣⊔ ⊒⟨⟩⌋⟨ √≀⟩\⊔ ⊔⟨⌉ ∫↕⊣⌋‖ ⌋⊣\ ∫⟨⊣∇√↕† ⌋≀\⊑⌉∇}⌉ \⌉⊣∇↕† ⊔≀ ‡⌉∇≀↙ I\ ∫≀⇕⌉ ∫⌉\∫⌉⇔ ⊔⟨⌉ ∇⌉⌋⊓∇∇⌉\⌋⌉ }⌉⊔∫ ⊘§⌉⌈ ⊣⊔ ⊔⟨⟩∫ √≀⟩\⊔⇔ ⊣∫ ⊔⟨⌉ ≀⊔⟨⌉∇ ≀√⌉∇⊣⊔⟩≀\∫ \≀⊒ ⟨⊣⊑⌉ ⊣\ ⊣\⌋⟨≀∇ ⊣∇≀⊓\⌈ ⊒⟨⟩⌋⟨ ⊔⟨⌉† ⇕⊓∫⊔ ⌊⌉ √↕⊣⌋⌉⌈↙ T⟨⌉ ⌈†\⊣⇕⟩⌋↖√∇⟩≀∇⟩⊔† ∫⌋⟨⌉⇕⌉ ⌋⊣\ ⌈⌉⊔⌉⌋⊔ ⊔⟨⟩∫ ⊔∇⊣\∫⟩↖ ⊔⟩≀\ ⌊⌉⌋⊣⊓∫⌉ ⊔⟨⌉ ∫⌋⟨⌉⌈⊓↕⌉∇ ⇕⊣⟩\⊔⊣⟩\∫ √∇⌉⌋⟩∫⌉ E∫⊔⊣∇⊔ ⊣\⌈ L∫⊔⊣∇⊔

⌊≀⊓\⌈∫ {≀∇ ⊣↕↕ ≀√⌉∇⊣⊔⟩≀\∫ ⊣⊔ ⊣↕↕ ⊔⟩⇕⌉∫↙ E⊑⌉\ ⟩\ ⊔⟨⌉ ⊣⌊∫⌉\⌋⌉ ≀{ ∇⌉⌋⊓∇∇⌉\⌋⌉ ⌋⟩∇⌋⊓⟩⊔∫⇔ ⊔⟨⌉ ⌈†\⊣⇕⟩⌋↖√∇⟩≀∇⟩⊔† ∫⌋⟨⌉⇕⌉ ⟩∫ ⊣\ ⟩⇕↖ √≀∇⊔⊣\⊔ ∇⌉⊘\⌉⇕⌉\⊔ ⊔≀ ⊔⟨⌉ ⌋∇⟩⊔⟩⌋⊣↕↖√⊣⊔⟨ ⇕⌉⊔⟨≀⌈ ∪∞′⊎↙ C†⌈∇≀⇕⌉≃∫ ∫⌋⟨⌉⌈⊓↕⌉∇ ⟨⊣∫ ⊣ ∫⟩⇕⟩↕⊣∇ ⌊⊣⌋‖⊔∇⊣⌋‖⟩\} ≀√⌉∇⊣⊔⟩≀\↖ ⌈∇⟩⊑⌉\ {∇⊣⇕⌉⊒≀∇‖⇔ ⊒⟩⊔⟨ ⊑⌉∇† ⌈⟩{{⌉∇⌉\⊔ ⟨⌉⊓∇⟩∫⊔⟩⌋∫ ∪⊎̸↙ I\ √⊣∇↖ ⊔⟩⌋⊓↕⊣∇⇔ ⟩⊔ ⌈≀⌉∫ \≀⊔ ⌉⇕√↕≀† ⊣ ⌈†\⊣⇕⟩⌋ √∇⟩≀∇⟩⊔† ∫⌋⟨⌉⇕⌉∅ ⟩\↖ ∫⊔⌉⊣⌈⇔ ⟩⊔ ∇⌉↕⟩⌉∫ ≀\ ⊣ ∫⊔⊣⊔⟩⌋ √∇⟩≀∇⟩⊔† ⊔⟨⊣⊔ {⊣⊑≀∇∫ ⊔⟨≀∫⌉ ≀√⌉∇⊣⊔⟩≀\∫ ⊒⟨≀∫⌉ ⟩\⟩⊔⟩⊣↕ ∫↕⊣⌋‖ ⟩∫ ⇕⟩\⟩⇕⊣↕↙ T⟨⊓∫ ⊔⟨⌉ ∫⌋⟨⌉⌈⊓↕⌉∇ ⌋⊣\\≀⊔ ⌈⌉↖ ⊔⌉⌋⊔ ⊒⟨⌉\ ⊣ ∇⌉⌋⊓∇∇⌉\⌋⌉ ⌋⟩∇⌋⊓⟩⊔ ⌊⌉⌋≀⇕⌉∫ ⊘§⌉⌈↙ T≀ ⌊⌉ ∫⊣{⌉⇔ ⊔⟨⌉ ∫⌋⟨⌉⌈⊓↕⌉∇ √↕⊣⌋⌉∫ ⊣↕↕ ≀√⌉∇⊣⊔⟩≀\∫ ⊔⟨⊣⊔ ⊣∇⌉ ≀\ ∇⌉⌋⊓∇∇⌉\⌋⌉ ⌋⟩∇⌋⊓⟩⊔∫⇔ ⌊⌉{≀∇⌉ √↕⊣⌋⟩\} ⊣\† ≀⊔⟨⌉∇ ≀√⌉∇⊣⊔⟩≀\∫↙ I\ ≀∇⌈⌉∇ ⊔≀ ⌈⟩∫√⌉\∫⌉ ⊒⟩⊔⟨ ⌊⊣⌋‖⊔∇⊣⌋‖⟩\} ⊣↕⊔≀}⌉⊔⟨⌉∇⇔ ⊔⟨⌉ W⊣∇√ ⌋≀⇕√⟩↕⌉∇ ∫√⌉⌋⟩⊣↕↖⌋⊣∫⌉∫ ∇⌉⌋⊓∇∇⌉\⌋⌉ ⌋⟩∇⌋⊓⟩⊔∫ ⊒⟩⊔⟨⟩\ ⊣ ↕⟩∫⊔↖ ∫⌋⟨⌉⌈⊓↕⟩\} {∇⊣⇕⌉⊒≀∇‖ ∪∃⊎↙ I\ ⌉∫∫⌉\⌋⌉⇔ ⊔⟨⌉ ⌋≀⇕√⟩↕⌉∇ ⊘§⌉∫ ⊔⟨⌉ ∇⌉↕⊣⊔⟩⊑⌉ ⊔⟩⇕⟩\} ≀{ ⊔⟨⌉ ≀√⌉∇⊣⊔⟩≀\∫ ≀\ ⊣ ∇⌉⌋⊓∇∇⌉\⌋⌉ ⌋⟩∇⌋⊓⟩⊔ ⌊⌉{≀∇⌉ ∫⌋⟨⌉⌈⊓↕⟩\} ⊔⟨⌉ ≀⊑⌉∇⊣↕↕ ↕≀≀√ ⌊≀⌈†↙ B† ⊔⟨⊓∫ ∇⌉⌈⊓⌋⟩\} ⌉⊣⌋⟨ ∇⌉⌋⊓∇∇⌉\⌋⌉ ⌋⟩∇⌋⊓⟩⊔ ⊔≀ ⊣ ⌋≀⇕√↕⌉§ √∫⌉⊓⌈≀↖≀√⌉∇⊣⊔⟩≀\⇔ ≀\↕† ⊣⌋†⌋↕⟩⌋ ⌈⌉√⌉\⌈⌉\⌋⟩⌉∫ ∇⌉⇕⊣⟩\⇔ ⊒⟨⟩⌋⟨ ⊣∇⌉ ⌉⊣∫⟩↕† ⌈⌉⊣↕⊔ ⊒⟩⊔⟨↙ H≀⊒⌉⊑⌉∇⇔ \⌉⟩⊔⟨⌉∇ ≀{ ⊔⟨⌉ ⊔⊒≀ √∇⟩≀∇ ⊣√√∇≀⊣⌋⟨⌉∫ ⟩∫ ⊔≀⊔⊣↕↕† ∫⊣⊔⟩∫{⊣⌋⊔≀∇† ⌊⌉⌋⊣⊓∫⌉ ⊔⟨⌉ ⌉⊣∇↕† √↕⊣⌋⌉⇕⌉\⊔ ≀{ ⊣↕↕ ≀√⌉∇⊣⊔⟩≀\∫ {∇≀⇕ ⊣ ∇⌉⌋⊓∇∇⌉\⌋⌉ ⌋⟩∇⌋⊓⟩⊔ ⌋⊣\ ⌊⌉ ⊣\ ⊓\\⌉⌋⌉∫∫⊣∇† ⌋≀\∫⊔∇⊣⟩\⊔ ≀\ ⊔⟨⌉ ∫⌋⟨⌉⌈⊓↕⌉∇∅ ⊣{⊔⌉∇ ⊣↕↕⇔ ⊔⟨⌉ ⇕⟩\⟩⇕⊓⇕ ∫⌋⟨⌉⌈⊓↕⌉ ↕⌉\}⊔⟨ ≀{ ⊣ ∇⌉⌋⊓∇∇⌉\⌋⌉ ⌋⟩∇⌋⊓⟩⊔ \⌉⌉⌈ \≀⊔ ⌊⌉ ⊣\†⊒⟨⌉∇⌉ \⌉⊣∇ ⟩⊔∫ ↕⟩⇕⟩⊔ ≀{ Ω × II ⌋†⌋↕⌉∫↙ T⟨⌉ ⌉⇕√⟩∇⟩⌋⊣↕ ∇⌉∫⊓↕⊔∫ ⟩\ ∪∃⊎ ⊣\⌈ S⌉⌋⊔⟩≀\ ∫⊓√√≀∇⊔ ⊔⟨⟩∫ ⟩\⊔⊓⟩⊔⟩≀\↙ T⟨⌉ ⟨⊣∇⌈⊒⊣∇⌉ ⊔⟩⇕⟩\} ⌋≀\∫⊔∇⊣⟩\⊔∫ ⊔⟨⊣⊔ ⊣∇⟩∫⌉ ⊒⟨⌉\ ↕≀⌋⊣↕↕† ⌋≀⇕√⊣⌋⊔⟩\} ⇕⟩⌋∇≀⌋≀⌈⌉ ⊣∇⌉ ∫⟩⇕⟩↕⊣∇ ⊔≀ ∇⌉⌋⊓∇∇⌉\⌋⌉ ⌋≀\∫⊔∇⊣⟩\⊔∫↙ P∇⟩≀∇ ⊒≀∇‖ ⟩\ ⊔⟨⟩∫ ⊣∇⌉⊣ ∇⌉{⌉∇∫ ⊔≀ ⊣\ ≀√⌉∇⊣⊔⟩≀\≃∫ E∫⊔⊣∇⊔ ⊣\⌈ L∫⊔⊣∇⊔ ⌊≀⊓\⌈∫ ⊣∫ ⟩⊔∫ ⊣⌊∫≀↕⊓⊔⌉ ⊔⟩⇕⟩\}⇔ ⊒⟨⟩↕⌉ ⊔⟨⌉ M⟩\D⟩∫⊔ ∇⌉↖ ↕⊣⊔⟩≀\ ⌉\⌋≀⌈⌉∫ ⊔⟨⌉ ≀√⌉∇⊣⊔⟩≀\∫≃ ⌉§⊔⌉\⌈⌉⌈ ⊔⟩⇕⟩\}∫ ∪∈△⊎↙ T⟨⌉ ∫↕⊣⌋‖ ∫⌋⟨⌉⌈⊓↕⟩\} {∇⊣⇕⌉⊒≀∇‖ ⟨⊣\⌈↕⌉∫ ⊔⟨⌉∫⌉ ⊔⟩⇕⟩\} ⌋≀\∫⊔∇⊣⟩\⊔∫ ⇕≀∇⌉ \⊣⊔⊓∇⊣↕↕† ⊔⟨⊣\ √∇⟩≀∇ ⇕⌉⊔⟨≀⌈∫↙ P∇⟩≀∇ ⌉{{≀∇⊔∫ ⊣⊔ ↕⟩{⌉⊔⟩⇕⌉↖∫⌉\∫⟩⊔⟩⊑⌉ ∫⌋⟨⌉⌈⊓↕⟩\} ⟨⊣⊑⌉ ⌊⌉⌉\ ⟩\ ⊔⟨⌉ ⌋≀\⊔⌉§⊔ ≀{ ∫⊔∇⊣⟩}⟨⊔↖↕⟩\⌉ ⌋≀⌈⌉ {≀∇ ⌋≀\⊑⌉\⊔⟩≀\⊣↕ RISC √∇≀↖ ⌋⌉∫∫≀∇∫ ∪∀⇔ ∋⊎↙ T⟨⟩∫ ⊒≀∇‖ ⟨⊣∫ ⊣⌈⊑≀⌋⊣⊔⌉⌈ I\⊔⌉}∇⊣⊔⌉⌈ P∇⌉√⊣∫∫ S⌋⟨⌉⌈⊓↕⟩\} ⇐IPS⇒ ⊒⟩⊔⟨⟩\ ⊣ ↕⟩∫⊔↖∫⌋⟨⌉⌈⊓↕⟩\} {∇⊣⇕⌉⊒≀∇‖↙ IPS

∫⊒⟩⊔⌋⟨⌉∫ ⌊⌉⊔⊒⌉⌉\ ⊣ ⟨⌉⊓∇⟩∫⊔⟩⌋ {≀∇ ⊣⊑≀⟩⌈⟩\} √⟩√⌉↕⟩\⌉ ⟩\⊔⌉∇↕≀⌋‖ ⊣\⌈ ⊣ ⟨⌉⊓∇⟩∫⊔⟩⌋ {≀∇ ∇⌉⌈⊓⌋⟩\} ∇⌉}⟩∫⊔⌉∇ √∇⌉∫∫⊓∇⌉⇔ ⌊⊣∫⌉⌈ ≀\ ⟨≀⊒ ⌋↕≀∫⌉ ⊔⟨⌉ √⊣∇⊔⟩⊣↕ ∫⌋⟨⌉⌈⊓↕⌉ ⟩∫ ⊔≀ ⊣ ∇⌉}⟩∫⊔⌉∇ √∇⌉∫∫⊓∇⌉ ↕⟩⇕⟩⊔↙ Y⌉⊔ ⊔⟨⌉ ⟨⌉⊓∇⟩∫⊔⟩⌋ {≀∇ ⊣⊑≀⟩⌈⟩\} ⟩\⊔⌉∇↕≀⌋‖ ⌈≀⌉∫ \≀⊔ ⊣⊔⊔⌉⇕√⊔ ⊔≀ ⊔⊣‖⌉ ∇⌉}⟩∫⊔⌉∇ √∇⌉∫∫⊓∇⌉ ⟩\⊔≀ ⊣⌋⌋≀⊓\⊔�⟩⊔ ⌋⊣\ ∫∐⊓⊣\⌈⌉∇ ∇⌉}⟩∫⊔⌉∇∫ |⊓∫⊔ ⊣∫ {∇⌉⌉↕† ⊣∫ √∇⌉⊑⟩≀⊓∫ ∫⌋⟨⌉⌈⊓↕⌉∇∫↙ I\ ⌋≀\⊔∇⊣∫⊔⇔ ⊔⟨⌉ ⌊⟩⌈⟩∇⌉⌋↖ ⊔⟩≀\⊣↕ ∫↕⊣⌋‖↖∫⌋⟨⌉⌈⊓↕⟩\} {∇⊣⇕⌉⊒≀∇‖⇔ ⊒⟨⟩⌋⟨ ⌋⊣\ ⌊⌉ ⊣√√↕⟩⌉⌈ ⊔≀ ∫⊔∇⊣⟩}⟨⊔↖↕⟩\⌉ ⌋≀⌈⌉ ⊣∫ ⊒⌉↕↕ ⊣∫ ↕≀≀√∫⇔ ⊣⊔⊔⌉⇕√⊔∫ ⊔≀ ⟩\⊔⌉}∇⊣⊔⌉ ↕⟩{⌉⊔⟩⇕⌉ ∫⌉\∫⟩⊔⟩⊑⟩⊔† ⟩\⊔≀ ⊔⟨⌉ √↕⊣⌋⌉⇕⌉\⊔ ≀{ ⌉⊣⌋⟨ ≀√⌉∇⊣⊔⟩≀\↙ F⊓↖ ⊔⊓∇⌉ ⌉§√⌉∇⟩⇕⌉\⊔⊣⊔⟩≀\ ⇕⊣† ⊣∫∫⌉∫∫ ⟨≀⊒ ⊒⌉↕↕ ∫↕⊣⌋‖↖∫⌋⟨⌉⌈⊓↕⟩\} ⊒≀⊓↕⌈ ⊒≀∇‖ ⟩\ ⊔⟨⌉ ⌋≀\⊔⌉§⊔ ⊒⟨⌉∇⌉ IPS ⟨⊣∫ ⌊⌉⌉\ ∫⊔⊓⌈⟩⌉⌈↙

∃ A⌋‖\≀⊒↕⌉⌈}⇕⌉\⊔∫ M† ⊣⌈⊑⟩∫≀∇⇔ K⌉∫⟨⊣⊑ P⟩\}⊣↕⟩⇔ {≀∇ ⟨⟩∫ √⊣⊔⟩⌉\⌋⌉↙ B≀⌊ R⊣⊓⇔ M⟩‖⌉ S⌋⟨↕⊣\∫‖⌉∇⇔ ⊣\⌈ V⟩\≀⌈ K⊣⊔⟨⊣⟩↕⇔ {≀∇ }⟩⊑⟩\} ⇕⌉¬ ⊣\ ⟩\⊔⌉∇⌉∫⊔⟩\} √∇≀⌊↖ ↕⌉⇕⇔ C†⌈∇≀⇕⌉≃∫ ∫≀⊓∇⌋⌉ ⌋≀⌈⌉⇔ ⊣\⌈ ⇕⊣\† ⌈⟩∫⌋⊓∫∫⟩≀\∫ ⌈⊓∇⟩\} ⇕† ∫⊔⊣† ⊣⊔ HP L⊣⌊∫↙ M⊣†⊣\ M≀⊓⌈}⟩↕↕⇔ {≀∇ √∇≀≀{∇⌉⊣⌈⟩\} ⊣\ ⌉⊣∇↕† ⌈∇⊣{⊔ ≀{ ⊔⟨⟩∫ √⊣√⌉∇↙ P⊣⊓↕ S⊔≀⌈}⟨⟩↕↕⇔ W⌉⟩ L⟩⇔ M⊣∇‖ C⟨⊣∇\⌉†⇔ ⊣\⌈ ⊣\≀\†⇕≀⊓∫ ∇⌉{⌉∇⌉⌉∫⇔ {≀∇ ⊔⟨⌉⟩∇ ⌋≀⇕⇕⌉\⊔∫↙

R⌉{⌉∇⌉\⌋⌉∫ ∪∞⊎ J↙ R↙ A↕↕⌉\⇔ K↙ K⌉\\⌉⌈†⇔ C↙ P≀∇⊔⌉∇⊘⌉↕⌈⇔ ⊣\⌈ J↙ W⊣∇∇⌉\↙ C≀\↖ ⊑⌉∇∫⟩≀\ ≀{ ⌋≀\⊔∇≀↕ ⌈⌉√⌉\⌈⌉\⌋⌉ ⊔≀ ⌈⊣⊔⊣ ⌈⌉√⌉\⌈⌉\⌋⌉↙ I\ P∇≀↖ ⌋⌉⌉⌈⟩\}∫ ≀{ ⊔⟨⌉ T⌉\⊔⟨ A\\⊓⊣↕ ACM S†⇕√≀∫⟩⊓⇕ ≀\ P∇⟩\⌋⟩√↕⌉∫ ≀{ P∇≀}∇⊣⇕⇕⟩\} L⊣\}⊓⊣}⌉∫⇔ √⊣}⌉∫ ∞∘∞∀∃⇔ J⊣\↙ ∞∃∀∋↙ ∪∈⊎ G↙ R↙ B⌉⌋‖⇔ D↙ W↙ L↙ Y⌉\⇔ ⊣\⌈ T↙ L↙ A\⌈⌉∇∫≀\↙ T⟨⌉ C†⌈∇⊣↖▽ ⇕⟩\⟩↖∫⊓√⌉∇⌋≀⇕√⊓⊔⌉∇¬ A∇⌋⟨⟩⊔⌉⌋⊔⊓∇⌉ ⊣\⌈ ⟩⇕√↕⌉⇕⌉\⊔⊣⊔⟩≀\↙ J≀⊓∇↖ \⊣↕ ≀{ S⊓√⌉∇⌋≀⇕√⊓⊔⟩\}⇔ ⇐∞∝∈⇒⇔ J⊣\↙ ∞∃∃∋↙ ∪∋⊎ D↙ G↙ B∇⊣⌈↕⌉⌉⇔ S↙ J↙ E}}⌉∇∫⇔ ⊣\⌈ R↙ R↙ H⌉\∇†↙ I\⊔⌉}∇⊣⊔⟩\} ∇⌉}⟩∫⊔⌉∇ ⊣↕↕≀⌋⊣⊔⟩≀\ ⊣\⌈ ⟩\∫⊔∇⊓⌋⊔⟩≀\ ∫⌋⟨⌉⌈⊓↕⟩\} {≀∇ RISC∫↙ I\ P∇≀⌋⌉⌉⌈⟩\}∫≀{ ⊔⟨⌉ F≀⊓∇⊔⟨ I\⊔⌉∇\⊣⊔⟩≀\⊣↕ C≀\{⌉∇⌉\⌋⌉≀\ A∇⌋⟨⟩↖ ⊔⌉⌋⊔⊓∇⊣↕ S⊓√√≀∇⊔ {≀∇ P∇≀}∇⊣⇕⇕⟩\} L⊣\}⊓⊣}⌉∫ ⊣\⌈ O√⌉∇⊣⊔⟩\} S†∫⊔⌉⇕∫⇔ √⊣}⌉∫ ∞∈∈∘∞∋∞⇔ A√∇↙ ∞∃∃∞↙ ∪△⊎ R↙ C†⊔∇≀\⇔ J↙ F⌉∇∇⊣\⊔⌉⇔ B↙ K↙ R≀∫⌉\⇔ M↙ N↙ W⌉}⇕⊣\⇔ ⊣\⌈ F↙ K↙ Z⊣⌈⌉⌋‖↙ A\ ⌉{⊘⌋⟩⌉\⊔ ⇕⌉⊔⟨≀⌈ ≀{ ⌋≀⇕√⊓⊔⟩\} ∫⊔⊣⊔⟩⌋ ∫⟩\}↕⌉ ⊣∫∫⟩}\⇕⌉\⊔{≀∇⇕↙ I\ P∇≀⌋⌉⌉⌈⟩\}∫≀{ ⊔⟨⌉ S⟩§⊔⌉⌉\⊔⟨ A\\⊓⊣↕ ACM S†⇕√≀∫⟩⊓⇕ ≀\ P∇⟩\⌋⟩√↕⌉∫ ≀{ P∇≀}∇⊣⇕⇕⟩\} L⊣\}⊓⊣}⌉∫⇔ √⊣}⌉∫ ∈▽∘∋▽⇔ J⊣\↙ ∞∃∀∃↙ ∪▽⊎ J↙ C↙ D⌉⟨\⌉∇⊔⇔ P↙ Y↙↖T↙ H∫⊓⇔ ⊣\⌈ J↙ P↙ B∇⊣⊔⊔↙ O⊑⌉∇↕⊣√√⌉⌈ ↕≀≀√ ∫⊓√√≀∇⊔ ⟩\ ⊔⟨⌉ C†⌈∇⊣ ▽↙ I\ P∇≀⌋⌉⌉⌈⟩\}∫ ≀{ ⊔⟨⌉ T⟨⟩∇⌈ I\⊔⌉∇\⊣↖ ⊔⟩≀\⊣↕ C≀\{⌉∇⌉\⌋⌉ ≀\ A∇⌋⟨⟩⊔⌉⌋⊔⊓∇⊣↕ S⊓√√≀∇⊔ {≀∇ P∇≀}∇⊣⇕⇕⟩\} L⊣\}⊓⊣}⌉∫ ⊣\⌈ O√⌉∇⊣⊔⟩\} S†∫⊔⌉⇕∫⇔ √⊣}⌉∫ ∈∘̸∋∀⇔ A√∇↙ ∞∃∀∃↙ ∪⊎̸ J↙ C↙ D⌉⟨\⌉∇⊔ ⊣\⌈ R↙ A↙ T≀⊒↕⌉↙ C≀⇕√⟩↕⟩\} {≀∇ ⊔⟨⌉ C†⌈∇⊣ ▽↙ J≀⊓∇\⊣↕ ≀{ S⊓√⌉∇⌋≀⇕√⊓⊔⟩\}⇔ ⇐∞∝∈⇒⇔ J⊣\↙ ∞∃∃∋↙ ∪⊎ P↙ B↙ G⟩⌊⌊≀\∫ ⊣\⌈ S↙ S↙ M⊓⌋⟨\⟩⌋‖↙ E{⊘⌋⟩⌉\⊔ ⟩\∫⊔∇⊓⌋⊔⟩≀\ ∫⌋⟨⌉⌈⊓↕⟩\} {≀∇ ⊣ √⟩√⌉↕⟩\⌉⌈ ⊣∇⌋⟨⟩⊔⌉⌋⊔⊓∇⌉↙ I\ P∇≀⌋⌉⌉⌈⟩\}∫ ≀{ ⊔⟨⌉ ACM SIGPLAN ≃∀ ̸S†⇕√≀∫⟩⊓⇕ ≀\ C≀⇕√⟩↕⌉∇ C≀\∫⊔∇⊓⌋⊔⟩≀\⇔ √⊣}⌉∫ ∞∞∘∞⇎ ∞∃∀↙̸ ∪∀⊎ J↙ R↙ G≀≀⌈⇕⊣\ ⊣\⌈ W↙↖C↙ H∫⊓↙ C≀⌈⌉ ∫⌋⟨⌉⌈⊓↕⟩\} ⊣\⌈ ∇⌉}⟩∫⊔⌉∇ ⊣↕↕≀⌋⊣⊔⟩≀\ ⟩\ ↕⊣∇}⌉ ⌊⊣∫⟩⌋ ⌊↕≀⌋‖∫↙ I\ P∇≀⌋⌉⌉⌈⟩\}∫ ≀{ ⊔⟨⌉ ∞∃∀∀ I\⊔⌉∇\⊣⊔⟩≀\⊣↕ C≀\{⌉∇⌉\⌋⌉≀\ S⊓√⌉∇⌋≀⇕√⊓⊔⟩\}⇔ √⊣}⌉∫△△∈∘△▽∈⇔ J⊓\⌉ ∞∃∀∀↙ ∪∃⊎ M↙ S↙ L⊣⇕↙ A S†∫⊔≀↕⟩⌋ A∇∇⊣† O√⊔⟩⇕⟩‡⟩\} C≀⇕√⟩↕⌉∇↙ K↕⊓⊒⌉∇ A⌋⊣⌈⌉⇕⟩⌋ P⊓⌊↕⟩∫⟨⌉∇∫⇔ ∞∃∀∃↙

∪∞′⊎ D↙ L⊣\⌈∫‖≀⊑⇔ S↙ D⊣⊑⟩⌈∫≀\⇔ B↙ S⟨∇⟩⊑⌉∇⇔ ⊣\⌈ P↙ W↙ M⊣↕↕⌉⊔↙ L≀⌋⊣↕ ⇕⟩⌋∇≀⌋≀⌈⌉ ⌋≀⇕√⊣⌋⊔⟩≀\ ⊔⌉⌋⟨\⟩∐⊓⌉∫↙ ACM C≀⇕√⊓⊔⟩\} S⊓∇⊑⌉†∫⇔ √⊣}⌉∫ ∈∞̸∘∈∃△⇔ S⌉√⊔↙ ∞∃∀′↙ ∪∞∞⊎ E↙ L↙ L⊣⊒↕⌉∇↙ C≀⇕⌊⟩\⊣⊔≀∇⟩⊣↕ O√⊔⟩⇕⟩‡⊣⊔⟩≀\¬ N⌉⊔⊒≀∇‖∫ ⊣\⌈ M⊣⊔∇≀⟩⌈∫↙ S⊣⊓\⌈⌉∇∫ C≀↕↕⌉}⌉ P⊓⌊↕⟩∫⟨⟩\}⇔ ∞∃↙̸ ∪∞∈⊎ P↙ G↙ L≀⊒\⌉†⇔ S↙ M↙ F∇⌉⊓⌈⌉\⌊⌉∇}⌉∇⇔ T↙ J↙ K⊣∇‡⌉∫⇔ W↙ D↙ L⟩⌋⟨⊔↖ ⌉\∫⊔⌉⟩\⇔ R↙ P↙ N⟩§⇔ J↙ S↙ O≃D≀\\⌉↕↕⇔ ⊣\⌈ J↙ C↙ R⊓⊔⊔⌉\⌊⌉∇}↙ T⟨⌉ M⊓↕⊔⟩⊙≀⊒ ⊔∇⊣⌋⌉ ∫⌋⟨⌉⌈⊓↕⟩\} ⌋≀⇕√⟩↕⌉∇↙ J≀⊓∇\⊣↕ ≀{ S⊓√⌉∇⌋≀⇕↖ √⊓⊔⟩\}⇔ ⇐∞∝∈⇒⇔ J⊣\↙ ∞∃∃∋↙ ∪∞∋⊎ J↙ C↙ H↙ P⊣∇‖ ⊣\⌈ M↙ S↙ S⌋⟨↕⊣\∫‖⌉∇↙ O\ √∇⌉⌈⟩⌋⊣⊔⌉⌈ ⌉§⌉⌋⊓⊔⟩≀\↙ T⌉⌋⟨\⟩⌋⊣↕ R⌉√≀∇⊔ HPL↖∃∞↖▽∀⇔ H⌉⊒↕⌉⊔⊔↖P⊣⌋‖⊣∇⌈ L⊣⌊≀∇⊣⊔≀∇⟩⌉∫⇔ M⊣† ∞∃∃∞↙ ∪∞△⊎ S↙ R⊣⇕⊣‖∇⟩∫⟨\⊣\↙ S≀{⊔⊒⊣∇⌉ √⟩√⌉↕⟩\⟩\} ⟩\ PA↖RISC ⌋≀⇕√⟩↕⌉∇∫↙ H⌉⊒↕⌉⊔⊔↖P⊣⌋‖⊣∇⌈ J≀⊓∇\⊣↕⇔ √⊣}⌉∫ ∋∃∘△▽⇔ J⊓\⌉ ∞∃∃∈↙ ∪∞▽⊎ B↙ R↙ R⊣⊓↙ D⊣⊔⊣ ⊙≀⊒ ⊣\⌈ ⌈⌉√⌉\⌈⌉\⌋⌉ ⊣\⊣↕†∫⟩∫ {≀∇ ⟩\∫⊔∇⊓⌋↖ ⊔⟩≀\ ↕⌉⊑⌉↕ √⊣∇⊣↕↕⌉↕⟩∫⇕↙ I\ F≀⊓∇⊔⟨ W≀∇‖∫⟨≀√ ≀\ L⊣\}⊓⊣}⌉∫ ⊣\⌈ C≀⇕√⟩↕⌉∇∫ {≀∇ P⊣∇⊣↕↕⌉↕ C≀⇕√⊓⊔⟩\}⇔ √⊣}⌉∫ ∈∋∘̸∈▽′⇔ A⊓}↙ ∞∃∃∞↙ ∪∞⊎̸ B↙ R↙ R⊣⊓ ⊣\⌈ J↙ A↙ F⟩∫⟨⌉∇↙ I\∫⊔∇⊓⌋⊔⟩≀\↖↕⌉⊑⌉↕ √⊣∇⊣↕↕⌉↕ √∇≀⌋⌉∫∫↖ ⟩\}¬ H⟩∫⊔≀∇†⇔ ≀⊑⌉∇⊑⟩⌉⊒ ⊣\⌈ √⌉∇∫√⌉⌋⊔⟩⊑⌉↙ J≀⊓∇\⊣↕ ≀{ S⊓√⌉∇⌋≀⇕↖ √⊓⊔⟩\}⇔ ⇐∞∝∈⇒⇔ J⊣\↙ ∞∃∃∋↙ ∪∞⊎ B↙ R↙ R⊣⊓ ⊣\⌈ C↙ D↙ G↕⊣⌉∫⌉∇↙ S≀⇕⌉ ∫⌋⟨⌉⌈⊓↕⟩\} ⊔⌉⌋⟨\⟩∐⊓⌉∫ ⊣\⌈ ⊣\ ⌉⊣∫⟩↕† ∫⌋⟨⌉⌈⊓↕⊣⌊↕⌉ ⟨≀∇⟩‡≀\⊔⊣↕ ⊣∇⌋⟨⟩⊔⌉⌋⊔⊓∇⌉ {≀∇ ⟨⟩}⟨ √⌉∇↖ {≀∇⇕⊣\⌋⌉ ∫⌋⟩⌉\⊔⟩⊘⌋ ⌋≀⇕√⊓⊔⟩\}↙ I\ P∇≀⌋⌉⌉⌈⟩\}∫ ≀{ ⊔⟨⌉ ∞△⊔⟨ A\\⊓⊣↕ M⟩⌋∇≀√∇≀}∇⊣⇕⇕⟩\} W≀∇‖∫⟨≀√⇔ √⊣}⌉∫ ∞∀∋∘∞∃⇔ O⌋⊔↙ ∞∃∀∞↙ ∪∞∀⊎ B↙ R↙ R⊣⊓⇔ M↙ L⌉⌉⇔ P↙ T⟩∇⊓⇕⊣↕⊣⟩⇔ ⊣\⌈ M↙ S↙ S⌋⟨↕⊣\∫‖⌉∇↙ R⌉}⟩∫⊔⌉∇ ⊣↕↕≀⌋⊣⊔⟩≀\ {≀∇ ∫≀{⊔⊒⊣∇⌉ √⟩√⌉↕⟩\⌉⌈ ↕≀≀√∫↙ I\ P∇≀⌋⌉⌉⌈⟩\}∫ ≀{ ⊔⟨⌉ ACM SIGPLAN ≃∃∈ C≀\{⌉∇⌉\⌋⌉ ≀\ P∇≀}∇⊣⇕⇕⟩\} L⊣\}⊓⊣}⌉ D⌉∫⟩}\ ⊣\⌈ I⇕√↕⌉⇕⌉\⊔⊣⊔⟩≀\⇔ √⊣}⌉∫ ∈∀∋∘∈∃∃⇔ J⊓\⌉ ∞∃∃∈↙ ∪∞∃⊎ B↙ R↙ R⊣⊓⇔ M↙ S↙ S⌋⟨↕⊣\∫‖⌉∇⇔ ⊣\⌈ P↙ T⟩∇⊓⇕⊣↕⊣⟩↙ C≀⌈⌉ }⌉\⌉∇⊣⊔⟩≀\ ∫⌋⟨⌉⇕⊣∫ {≀∇ ⇕≀⌈⊓↕≀ ∫⌋⟨⌉⌈⊓↕⌉⌈ ↕≀≀√∫↙ I\ P∇≀⌋⌉⌉⌈⟩\}∫ ≀{ ⊔⟨⌉ ∈▽⊔⟨ A\\⊓⊣↕ I\⊔⌉∇\⊣⊔⟩≀\⊣↕ S†⇕√≀∫⟩⊓⇕ ≀\ M⟩⌋∇≀⊣∇⌋⟨⟩⊔⌉⌋⊔⊓∇⌉⇔ √⊣}⌉∫ ∞▽∀∘∞∄⇔ D⌉⌋↙ ∞∃∃∈↙ ∪∈′⊎ B↙ R↙ R⊣⊓⇔ D↙ W↙ L↙ Y⌉\⇔ W↙ Y⌉\⇔ ⊣\⌈ R↙ A↙ T≀⊒↕⌉↙ T⟨⌉ C†⌈∇⊣ ▽ ⌈⌉√⊣∇⊔⇕⌉\⊔⊣↕ ∫⊓√⌉∇⌋≀⇕√⊓⊔⌉∇¬ D⌉∫⟩}\ √⟨⟩↕≀∫≀√⟨⟩⌉∫⇔ ⌈⌉⌋⟩∫⟩≀\∫⇔ ⊣\⌈ ⊔∇⊣⌈⌉↖≀{{∫↙ IEEE C≀⇕√⊓⊔⌉∇⇔ √⊣}⌉∫ ∞∈∘∋▽⇔ J⊣\↙ ∞∃∀∃↙ ∪∈∞⊎ J↙ C↙ T⟩⌉∇\⊣\↙ A\ ⌉{⊘⌋⟩⌉\⊔ ∫⌉⊣∇⌋⟨ ⊣↕}≀∇⟩⊔⟨⇕ ⊔≀ ⊘\⌈ ⊔⟨⌉ ⌉↕⌉⇕⌉\↖ ⊔⊣∇† ⌋⟩∇⌋⊓⟩⊔∫ ≀{ ⊣ }∇⊣√⟨↙ C≀⇕⇕⊓\⟩⌋⊣⊔⟩≀\∫ ≀{ ⊔⟨⌉ ACM⇔ √⊣}⌉∫ ∈∈∘∈⇎ D⌉⌋↙ ∞∃′↙ ∪∈∈⊎ P↙ T⟩∇⊓⇕⊣↕⊣⟩⇔ M↙ L⌉⌉⇔ ⊣\⌈ M↙ S↙ S⌋⟨↕⊣\∫‖⌉∇↙ P⊣∇⊣↕↕⌉↕⟩‡⊣⊔⟩≀\ ≀{ ↕≀≀√∫ ⊒⟩⊔⟨ ⌉§⟩⊔∫ ≀\ √⟩√⌉↕⟩\⌉⌈ ⊣∇⌋⟨⟩⊔⌉⌋⊔⊓∇⌉∫↙ I\ IEEE P∇≀⌋⌉⌉⌈↖ ⟩\}∫ ≀{ S⊓√⌉∇⌋≀⇕√⊓⊔⟩\} ≃∃′⇔ √⊣}⌉∫ ∈′′∘∈∞∈⇔ N≀⊑↙ ∞∃∃′↙ ∪∈∋⊎ N↙ J↙ W⊣∇⊔⌉∇⇔ J↙ W↙ B≀⌋‖⟨⊣⊓∫⇔ G↙ E↙ H⊣⊣⌊⇔ ⊣\⌈ K↙ S⊓⌊∇⊣⇕⊣↖ \⟩⊣\↙ E\⟨⊣\⌋⌉⌈ ⇕≀⌈⊓↕≀ ∫⌋⟨⌉⌈⊓↕⟩\} {≀∇ ↕≀≀√∫ ⊒⟩⊔⟨ ⌋≀\⌈⟩⊔⟩≀\⊣↕ ⌊∇⊣\⌋⟨⌉∫↙ I\ P∇≀⌋⌉⌉⌈⟩\}∫ ≀{ ⊔⟨⌉ ∈▽⊔⟨ A\\⊓⊣↕ I\⊔⌉∇\⊣⊔⟩≀\⊣↕ S†⇕√≀∫⟩⊓⇕ ≀\ M⟩⌋∇≀⊣∇⌋⟨⟩⊔⌉⌋⊔⊓∇⌉⇔ √⊣}⌉∫ ∞′∘∞∃⇔ D⌉⌋↙ ∞∃∃∈↙ ∪∈△⊎ P↙ W⟩|⊣†⊣ ⊣\⌈ V↙ H↙ A↕↕⊣\↙ I\⌋∇⌉⇕⌉\⊔⊣↕ {≀∇⌉∫⟩}⟨⊔⌉⌈ ↕≀⌋⊣↕ ⌋≀⇕↖ √⊣⌋⊔⟩≀\↙ I\ P∇≀⌋⌉⌉⌈⟩\}∫ ≀{ ⊔⟨⌉ ∈∈\⌈ A\\⊓⊣↕ I\⊔⌉∇\⊣⊔⟩≀\⊣↕ S†⇕√≀∫⟩⊓⇕ ≀\ M⟩⌋∇≀⊣∇⌋⟨⟩⊔⌉⌋⊔⊓∇⌉⇔ √⊣}⌉∫ ∞∌∘∞∞⇔ A⊓}↙ ∞∃∀∃↙ ∪∈▽⊎ M↙ E↙ W≀↕{ ⊣\⌈ M↙ S↙ L⊣⇕↙ A ⌈⊣⊔⊣ ↕≀⌋⊣↕⟩⊔† ≀√⊔⟩⇕⟩‡⟩\} ⊣↕↖ }≀∇⟩⊔⟨⇕↙ I\ P∇≀⌋⌉⌉⌈⟩\}∫ ≀{ ⊔⟨⌉ ACM SIGPLAN ≃∃∞ C≀\{⌉∇↖ ⌉\⌋⌉ ≀\ P∇≀}∇⊣⇕⇕⟩\} L⊣\}⊓⊣}⌉ D⌉∫⟩}\ ⊣\⌈ I⇕√↕⌉⇕⌉\⊔⊣⊔⟩≀\⇔ √⊣}⌉∫ ∋′∘△△⇔ J⊓\⌉ ∞∃∃∞↙