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Motivation

= To model real-time behaviors:

= Timed transition system; timed automata
= MTL,MITL, TPTL, ECL — extensions of LTL
= TCTL,T,, L, -- extensions of CTL, u-calculus

= Our achievements:

= Adequacy of TML (Timed Modal Logic)
= Undecidability of satisfiability problem for TML
= Strong-complete axiomatization
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= M =(M,%06,8)
= M:non-empty set of states
= ¥:non-empty set of actions
= 9:M x¥ — 2M
labeled transition function
= P: Ryg XM~ M
delay transition function

= 0P m=m;

s dP(dPm)=d+d)Dm
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= RS M X M s.t. whenever (m{,m,) € R:

a a
= If my >m,’, then Im,’ € M s.t. m, > m,/,
and (m,’,m,") € R;

* |If d @ m, defined, then d @ m, defined,
and (d @ m,d @ m,) €R.
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= Syntax
L pu=Ll|x2r|¢dp->¢||alp|Wo|Vx.¢

where: r € Qsg, e {<,=2}xeX

= Semantics:
" M,m,i E ¢
where i: KX = R,
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= Syntax
L pu=Ll|x2r|¢dp->¢||alp|V¥Wd|Vx.¢

where: r € Qs¢, e {s, =2} x ek

= Semantics:

s Mm,iExr iff i(x)2r
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" i(x) =2
" M,my, i Ex =2
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= Syntax
L pu=Ll|x2r|dp->¢||alp|Wo|Vx.¢

= Semantics:

" M,m,i W ¢ iff
foranyd € Ryps.t.m' =d®m M, m’,i +d E ¢
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= Syntax
L pu=Ll|x2r|dp->¢||alp|Wo|Vx.¢

= Semantics:

" AP = (W(=9))
= M,m,i = d¢ iff
there existsd € Ryp s.t.m' =d®&mand M,m',i +d E ¢
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" i(x) =2
" M,mg,i EW(x <4 - FA(a)T)
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= Syntax
L pu=Ll|x2r|d->¢||lalp|Wd|Vx. ¢
= Semantics:

" M,m,i EVx.¢ iff
forany t € Ryo, M, m,i[x » t] E ¢
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= Syntax
L pu=Ll|x2r|d->¢||lalp|Wd|Vx. ¢
= Semantics:
" Jx.¢p = =(Vx. =)
" M,m,i & 3Jx.¢ iff
there existst € Rygs.t. M,m,i[x » t] E ¢
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" i(x) =2
* M,mgy, i EVX.(x =0->Ww(x <2 - 3a)T))
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= Theorem

= The satisfiability question for TML is %1-hard,
hence undecidable.

= Proof: encode a non-deterministic 2-counter machine

increment of c - 1 >
| |
) 1 I
| | | |
bf(} b!] : :b;’z : :bf3
(') j c c ¢ 4dd j c c cc g d3' g
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= Theorem

= The satisfiability question for TML is %1-hard,
hence undecidable.

= The set of TML-validities is not RE
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= Adequacy of modal logics:

= m ~m'iff for any ¢,
Mmedpeo Mm Ed
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= i(x) =m — 3, for any ¢:
M,m,i= ¢ iff M',m',i = ¢

= {"(x) =0,
Y= =2A{a)T)
M,m,i’ Ey
M',m',i" ¥y

EMD»
'
EMND EXD
END END [ ."I EXI
i z
3 2 A ,
— T
END EMND { ------- l EXD
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= Changing the interpretations

x>r x2r+ f(x)

f"f _rtd
i(x) +d

¥
or
)
i(x)

where f_(x) <d < f.(x)
"+ f_/f+

- ¢+0'f_/f+
‘gt f
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= [emma:
s MmiEd=>Mm(i+8) oo Ed+,7/,

= Corollary:
s MmiEpSMmi+feEp+Sf
s Mmiepe=SMm,i+dEP
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= Theorem:

= m ~m'iff foranyiand ¢,
MmiE¢de Mm,ikEd
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= Axioms and Rules

" FO(@-yY) > (@O —->0OY)
" If ¢, then -0 ¢
where O € {[a], ¥, Vx.}
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= Axioms and Rules

" FxSQr-ofal(x2r)

i(x)=r

(x)=r
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Axioms and Rules

" FW¢ o

" EWp o> WW

" FWp->W(r<x=<s-¢)r=<s

¢ ¢ ¢
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= Axioms and Rules

" F A (x=rAp) >W(x=1r-¢)
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= Axioms and Rules

" FAXSTAWY) > W(x =T > @)
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AXIoms

" Fx SrAy2s->Wx2r+t->yIs+it)
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= [nfinitary Rules

" xDr|restkFxds
= {x>r|reQs} L
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= [nfinitary Rules

" {x2r|lros}kFx3s
s {x>2r|r€Qs} kL

. {¢+[xHr]/[xHS]|rgs}|—Vx.¢
" {(W(x<s->¢)Is€Qy}+-Wo
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= [nfinitary Rules

= {C[xQr]lres}Clx2s]
" {Clx=7]17€Qy}+ C[L]
o {C:qb+[x'_’r]/[x,_>5]] |7 < s} + C[Vx. ¢]

" {Clwx <s = @) 15 €Qxo} F C[W]

where C is context: e.g.,
e[X], [alX,Vx. WX, Vx.|a] W[b][c]X

s Kozen, Larsen, Mardare, Panangaden (LICS 2013)
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* Infinitary Rules

= {C[xQr]lres}Clx2s]
" {Clx =7]17reQu} + C[L]

= {C :qb + [x'_’r]/[x,_)s]] | r < s} C[Vx. ]
= {[C[W(x <s->¢P)]|s€Qs}t C[WP]

= Non-compactness

s d={x>r|lr<s}u{x<s}
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= Soundness:
" QP =>DEP
= Completeness:

= Weak-completeness
e =F0¢

= Strong-completeness
P EP=>DF
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Yy =FA(x=2A{a)T)

" i(x)=m—3,
M, m,i £y
- l’(X) =0, mEr:DEMn
M,m,i’|=1/) END  END [I END  END
I S I
| | m
T 2 i,
| by -
T
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= Lemma

= For any maximal consistent
set A € Q, there is only one T

i s.t. I(A) = i. / | \
AEER
/

L/

\Ej

\\//
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= Lemma
= For any ¢ € A4,

¢+O'f_/f+€A2 /'\\

where f_ <i, —i; < f4 / \
/ Al AZ \

/
%
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= Lemma

.y:jﬁﬂ [9)
] T

= For any A € Q, there exists / \
y s.t.y(I() = A. —
/ TR \
| /
As

~_ |
KL
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= Canonical model

 '=(T,0,8)
= [' = {y | y is a coherent function}

i H:yiy’ if for any i, [a]¢p € y(i) = ¢ € y'(i)
= y' =d@y ifforany i,W ¢ € y(i) > ¢p €y'(i + d)
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= Truth Lemma
"Ly, i B¢ iff ¢ €y(i)

= Strong completeness

O EPp=>DF
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= Conclusion

= Adequacy of TML

= Undecidability of satisfiability problem for TML
= Strong-complete axiomatization

= Future work

= Stone duality extend to this setting?

= Extension of Boolean Algebra which represents
TML
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= Thanks!
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