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 To model real-time behaviors:
 Timed transition system; timed automata
 ,ܮܶܫܯ,ܮܶܯ ,ܮܶܲܶ ܮܥܧ –- extensions of ܮܶܮ
 ,ܮܶܥܶ ఓܶ, ఔܮ -- extensions of ܮܶܥ, calculus-ߤ

 Our achievements: 
 Adequacy of ܶܮܯ (Timed Modal Logic)
 Undecidability of satisfiability problem for ܶܮܯ
 Strong-complete axiomatization

Motivation
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Timed Transition System (TTS) 
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Timed Transition System (TTS) 


 non-empty set of states:ܯ
 Σ:non-empty set of actions
 ܯ:ߠ ൈ Σ ⟶ 2ெ

labeled transition function
 ⊕:	Թஹ଴	 ൈ ܯ ⇀ ܯ

delay transition function
 0⊕݉ ൌ ݉;
 ݀ ⊕ ݀ᇱ ⊕݉ ≅ ݀ ൅ ݀ᇱ ⊕݉
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Timed Bisimulation

 ܴ ⊆ ܯ ൈܯ s.t. whenever ݉ଵ,݉ଶ ∈ ܴ:

 If ݉ଵ
௔
→݉ଵ′, then ∃݉ଶ′ ∈ ܯ s.t. ݉ଶ

௔
→݉ଶ′, 

and	 ݉ଵ′,݉ଶ′ ∈ ܴ;

 If ݀ ⊕݉ଵ defined, then d⊕݉ଶ defined, 
and	 ݀ ⊕݉ଵ, ݀ ⊕݉ଶ ∈ ܴ.
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Timed Bisimulation
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 Syntax

where: r ∈ ℚஹ଴, ⊴∈ ൑,൒ , x ∈ ࣥ

 Semantics:


where ݅:ࣥ → Թஹ଴

Timed Modal Logic (TML)
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 Syntax

where: r ∈ ℚஹ଴, ⊴∈ ൑,൒ , ݔ ∈ ࣥ

 Semantics:


Timed Modal Logic (TML)
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
 ଴

Timed Modal Logic (TML)
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 Syntax

 Semantics:
 ,݉,ܯ ݅ ⊨ 				߶		iff	

for	any	݀ ∈ Թஹ଴	ݏ. ᇱ݉.ݐ ൌ ,ᇱ݉,ܯ,݉⨁݀ ݅ ൅ ݀ ⊨ ߶

Timed Modal Logic (TML)
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 Syntax

 Semantics:
 					߶ ൌ ൓ሺ				 ൓߶ ሻ
 ,݉,ܯ ݅ ⊨ 				߶		iff	
there	exists	݀ ∈ Թஹ଴	ݏ. ᇱ݉.ݐ ൌ ݀⨁݉	and	ܯ,݉ᇱ, ݅ ൅ ݀ ⊨ ߶

Timed Modal Logic (TML)
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
 ଴

Timed Modal Logic (TML)
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 Syntax

 Semantics:
 ,݉,ܯ ݅ ⊨ .ݔ∀ ߶		iff	

for	any	ݐ ∈ Թஹ଴,ܯ,݉, ݅ሾݔ ↦ ሿݐ ⊨ ߶

Timed Modal Logic (TML)
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 Syntax

 Semantics:
 .ݔ∃ ߶ ൌ ൓ሺ∀ݔ.൓߶ሻ
 ,݉,ܯ ݅ ⊨ .ݔ∃ ߶		iff	

there	exists	ݐ ∈ Թஹ଴	s.t.	ܯ,݉, ݅ሾݔ ↦ ሿݐ ⊨ ߶

Timed Modal Logic (TML)
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
 ଴

Timed Modal Logic (TML)
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 Theorem
 The satisfiability question for TML is Σଵଵ-hard, 

hence undecidable.
 Proof: encode a non-deterministic 2-counter machine

Undecidability
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 Theorem

 The satisfiability question for TML is Σଵଵ-hard, 
hence undecidable.

 The set of TML-validities is not RE 

Undecidability
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Adequacy of TML 
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 Adequacy of modal logics:

 ݉ ∼ ݉ᇱ	iff		for	any	߶,
݉,ܯ ⊨ ߶ ⇔ ᇱ݉,ܯ ⊨ ߶



Adequacy of TML 
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 ݅ ݔ ൌ ߨ െ 3,	for	any	߶:
,݉,ܯ ݅ ⊨ ߶		iff		ܯᇱ,݉ᇱ, ݅ ⊨ ߶

 ݅′ ݔ ൌ 0, 
߰ ൌ				 ሺݔ ൌ 2 ∧ ܽ ١ሻ	
,݉,ܯ ݅ᇱ ⊨ ߰	
,ᇱ,݉ᇱܯ ݅′ ⊭ ߰



Adequacy of TML
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 Changing the interpretations

where ݂ି ሺݔሻ ൑ ݀ ൑ ା݂ሺݔሻ

 ௙ష
௙శ

 ఙ
௙ష

௙శ




Adequacy of TML 
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 Lemma: 
 ,݉,ܯ ݅ ⊨ ߶ ⟹ ,݉,ܯ ሺ݅ ൅ ሻߜ ∘ ଵିߪ ⊨ ߶ ൅ఙ

௙ష
௙శൗ

 Corollary: 
 ,݉,ܯ ݅ ⊨ ߶ ⟺ ,݉,ܯ ݅ ൅ ݂ ⊨ ߶ ൅ ݂
 ,݉,ܯ ݅ ⊨ ߶ ⟺ ,݉,ܯ ݅ ൅ ߜ ⊨ ߶



Adequacy of TML 
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 Theorem:

 ݉ ∼ ݉ᇱ	iff		for	any	݅	and	߶,
,݉,ܯ ݅ ⊨ ߶ ⇔ ,ᇱ݉,ܯ ݅ ⊨ ߶



Axiomatization for TML
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 Axioms and Rules

 ⊢ ሕ	ሺ߶ → ߰ሻ → ሺሕ	߶ → ሕ	߰ሻ
 If ⊢ ϕ, then ⊢ ሕ	߶

where ሕ ∈ ሼሾܽሿ, 				 , .ݔ∀ ሽ



Axiomatization for TML
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 Axioms and Rules

 ⊢ ݔ ⊴ ݎ → ܽ ݔ ⊴ ݎ



Axiomatization for TML
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 Axioms and Rules
 ⊢ 				߶ → ߶
 ⊢ 				߶ → 								߶
 ⊢ 				߶ → 				 ݎ ൑ ݔ ൑ ݏ → ߶ , ݎ ൑ ݏ



Axiomatization for TML
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 Axioms and Rules

 ⊢ 					 ݔ ൌ ݎ ∧ ߶ →			 ሺݔ ൌ ݎ → ߶ሻ		



Axiomatization for TML
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 Axioms and Rules

 ⊢ 					 ݔ ൑ ݎ ∧ 				߶ → 				 ሺݔ ൒ ݎ → ߶ሻ		



Axiomatization for TML
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 Axioms

 ⊢ 	ݔ ⊴ ݎ ∧ ݕ ⊴ ݏ →				 ሺݔ ⊴ ݎ ൅ ݐ → ݕ ⊴ ݏ ൅ ሻݐ



Axiomatization for TML
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 Infinitary Rules

 ሼݔ ⊴ ݎ ∣ ݎ ⊳ ሽݏ ⊢ ݔ ⊴ ݏ
 ݔ ൒ ݎ ݎ ∈ ℚஹ଴ ⊢٣



Axiomatization for TML
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 Infinitary Rules

 ሼݔ ⊴ ݎ ∣ ݎ ⊳ ሽݏ ⊢ ݔ ⊴ ݏ
 ݔ ൒ ݎ ݎ ∈ ℚஹ଴ ⊢٣

 ߶ ൅ ௫↦௥
௫↦௦ൗ ݎ ൑ ݏ ⊢ .ݔ∀ ߶

 ሼ					 ݔ ൑ ݏ → ߶ ∣ ݏ ∈ ℚஹ଴ሽ ⊢ 				߶



Axiomatization for TML
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 Infinitary Rules

 ሼܥ ݔ ⊴ ݎ ∣ ݎ ⊳ ሽݏ ⊢ ݔሾܥ ⊴ ሿݏ
 ሼܥ ݔ ൒ ݎ ∣ ݎ ∈ ℚஹ଴ሽ ⊢ ሾ٣ሿܥ

 ሼܥ ߶ ൅ ௫↦௥
௫↦௦ൗ ∣ ݎ ൑ ሽݏ ⊢ .ݔ∀ሾܥ ߶ሿ

 ሼܥ 				 ݔ ൑ ݏ → ߶ ∣ ݏ ∈ ℚஹ଴ሽ ⊢ ߶ሿ				ሾܥ
where	ܥ is	context:	e.g.,

ߝ ܺ , ܽ ܺ, .ݔ∀ 				ܺ, .ݔ∀ ܽ 				 ܾ ܿ ܺ	

 Kozen, Larsen, Mardare, Panangaden (LICS 2013)



Axiomatization for TML
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 Infinitary Rules

 ሼܥ ݔ ⊴ ݎ ∣ ݎ ⊳ ሽݏ ⊢ ݔሾܥ ⊴ ሿݏ
 ሼܥ ݔ ൒ ݎ ∣ ݎ ∈ ℚஹ଴ሽ ⊢ ሾ٣ሿܥ

 ሼܥ ߶ ൅ ௫↦௥
௫↦௦ൗ ∣ ݎ ൑ ሽݏ ⊢ .ݔ∀ሾܥ ߶ሿ

 ሼܥ 				 ݔ ൑ ݏ → ߶ ∣ ݏ ∈ ℚஹ଴ሽ ⊢ ߶ሿ				ሾܥ

 Non-compactness 

 Φ ൌ ݔ ൒ ݎ ݎ ൏ ݏ ∪ ሼݔ ൏ ሽݏ



Axiomatization for TML
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 Soundness: 

 Φ ⊢ ߶ ⟹ Φ ⊨ ߶

 Completeness:

 Weak-completeness
 ⊨ ߶ ⟹	⊢ ߶

 Strong-completeness
 Φ ⊨ ߶ ⟹ Φ ⊢ ߶



Axiomatization of TML 
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 ߰ ൌ				 ሺݔ ൌ 2 ∧ ܽ ١ሻ	

 ݅ ݔ ൌ ߨ െ 3,  
,݉,ܯ ݅ ⊭ ߰	

 ݅′ ݔ ൌ 0,
,݉,ܯ ݅ᇱ ⊨ ߰	



Axiomatization for TML

MFPS, June 12, 2014

 Lemma

 For any maximal consistent
set Λ ∈ Ω, there is only one
݅ s.t. ࣣ Λ ൌ ݅.



Axiomatization for TML
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 Lemma 
 For any ߶ ∈ Λଵ,

߶ ൅ఙ
௙ష

௙శൗ ∈ Λଶ
where ݂ି ൑ ݅ଶ െ ݅ଵ ൑ ା݂



Axiomatization for TML
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 Lemma 

 :ߛ 	ࣣ → Ω

 For any Λ ∈ Ω, there exists
ߛ s.t. ߛ ࣣ Λ ൌ Λ.



Axiomatization for TML
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 Canonical model

 Γ ൌ ሺΓ, ሻ⨁,ߠ

 Γ ൌ ሼߛ ∣ functionሽ	coherent	a	is	ߛ

 :ߠ ߛ
௔
,݅	any	for	if				ᇱߛ→ ܽ ߶ ∈ ߛ ݅ ⇒ ߶ ∈ ᇱሺ݅ሻߛ

 ᇱߛ ൌ ,݅	any	for	if		ߛ⨁݀ 			߶ ∈ ߛ ݅ ⇒ ߶ ∈ ሺ݅′ߛ ൅ ݀ሻ



Axiomatization for TML
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 Truth Lemma



 Strong completeness





Conclusion  and Future work
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 Conclusion
 Adequacy of ܶܮܯ
 Undecidability of satisfiability problem for ܶܮܯ
 Strong-complete axiomatization

 Future work
 Stone duality extend to this setting?
 Extension of Boolean Algebra which represents 

TML



Timed Modal Logic
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 Thanks!


