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áB�%º]ñHøYò%ø$ôQñ þ,»$ð�»$ð½¼ R+��tufhO�R
M ↓

f §{O>Q�R�t~R8�"i r Ojfml
g|n�R8³�i�Rqg r R¤nqOm�"tqOjfhg<��§utel
p
M

O�Rqtu�
p�fhg��"O�Ren��^¾ug;OhQ<fon^nqfhOjiN�"Ocfml
g;��R¤�"¢6n�l{n��"b+OhQN�"O

M
¥.oO¤�yWzO¦§su|4t4{}� ¼ R���tufhO�R

M ↓ v
f §���R

���"g�O¿O�l�nqOm�"O�R�O>QN�"O
v
fon�O>Q�R�O�RqtupÀ�"O��1Q<f r Q�OhQ<fon�t~R8�"i r Ocfml
g�n�R8³�i�Rqg r R�O�Rqtup�fhg��"O�Ren�� ¼ R

��tufhO�R
M →∗ M ′ f § M t~R8�"i r Ren�O�l

M ′ fhgTn�l
p�RPg�i<p{�qRqt�l�§znqO�R�d�n��
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� {
λ→

su{"z�{ m {r��t4y q+o
¤�¤rt4{�°Qo
¥ � s§¥ � ��oEz�©Ot4¤ m {�s§yj°.¦ut�¦§o � s§qª�«su�¯{"q+o
yj° � �wz-�¯s§oO¥KzO¦
q'zª°Kz l su¦§su��s§t+{²zO¤rt�¥.oO��©
t+¤ m s§yj°.¤rt4{�{rsu©OtO¡ � tD©
t+¤r�¯v³t4¦§t+{�{+�Q�­t~tZ½5v.s l s¹�«o
¥.t�tZ½.zªyW°.¦utOç

Û�9_�?���1
>� þ_»$ð�»uþÂÁ O�Rqtup
Ip→p ≡ λx : p → p. x

�qd%d�¢£fmR8��O�l��"g�b�O�Rqtup
M

teRqOji<tqgkn

M
��Ã�l
t�RG�:�"p�d�¢oR�Ä

Ip→p (λx : p. x) → λx : p. x
��¥,Q<i:n

Ip→p

fon r l
p�d�ikOm�"Ojfml
g��"¢h¢£bB�"g
fj�<Rqg�OjfhOcbª§uikg r Ojfml
g��

x«v.tdtZ½³zOyW°³¦§t�{�v³o/��{
v.o%��¦µzªy l2� z_��t4¤ryW{VzO¤rtSsu¥��¯t4¤r°.¤�tD�¯t � zO{�q4oOyW° � �wzª��s§o
¥Kzª¦6® � ¥.qZ´
�¯suo
¥.{+�)oO¤­°.¤ro � ¤�zOyW{]± �¯v.t
¤�t+{ � ¦¹��oO®Pz~°.¤ro � ¤¯zªy

M
o
¥"zª¥izO¤ �
� yjt4¥��

N
su{¶��v.t
©ªzO¦ � t«�¯o

��v.suqwv
M N

¤�t � � q4t+{4¡ � ¥³q4t�o � ¤²¦µzOy l2� zSq'zO¦uq � ¦us l t4q+o
yjt�yWoO¤�t�q+o
yW°³¦§s§q4zª�¯t � ����t�{rvKzO¦u¦
{�t+t~yjo
¤rt�s§¥��¯t+¤�t+{r�¯su¥ � tD½³zOyj°.¦§t+{4¡ ¼ o
¤«¥.o%���.�­tS°³¤�o)q4t4t � ��oa��v.t�� m °2t�{ m {��¯t4yÝoO®

λ→
¡

x«v.taOjbed�fhg<�T´ui?���"p�Rqg�Ohn�oO®
λ→

zO¤rt�oª®d�¯v³t�®Yo
¤ry
Γ ` M : φ

�G¤�t'z � zO{iÅesu¥Ã��v.t
q4oO¥@��tD½)�

Γ
�@�¯v.t��¯t+¤�y

M
s§{�oO®¢� m °Qt

φ
Æw¡ � ¥

λ→
�@q4o
¥���tD½)�¯{«zª¤�tV{�t+��{�oO®6°KzOsu¤�{

(x, φ)
�@��v.t+¤�t

x ∈ V ar
zª¥ �

φ
s§{<zG� m °2tª¡]x«v.t��<l
p{�"fhgjoO®Qz�q4o
¥���tD½)�

Γ
� � t+¥.oO�¯t �al@m

dom(Γ)
�
s§{H�¯v.t�{�t+�

{x | (x, φ) ∈ Γ}
¡ x«v.t�tG�"g<�<RGoO®Nzdq+o
¥��¯tD½)�

Γ
� � t4¥.oª�¯t �"l�m

rg(Γ)
�)s§{¶�¯v.t
q4o
¤r¤�t4{r°2oO¥ � s§¥ �

� � £ q4oO¥@��tD½)�
{φ | (x, φ) ∈ Γ}

¡�x«v.t�¥.oO�wz-�¯s§oO¥
Γ, x : φ

{r�¯zO¥ � {�®Yo
¤
Γ ∪ {(x, φ)}

�³��v.t4¤rt

x /∈ dom(Γ)
¡�x«v.t�� m °³s§¥ � { m {r��t4y¿®Yo
¦u¦§o%��{4¡

Γ, x : φ ` x : φ
Γ `M : ⊥

Γ ` magic(M) : φ

Γ, x : φ `M : ψ

Γ ` λx : φ. M : φ→ ψ
x /∈ dom(Γ)

Γ `M : φ→ ψ Γ ` N : φ

Γ `M N : ψ

Γ `M : φ

Γ ` inl(M) : φ ∨ ψ

Γ `M : ψ

Γ ` inr(M) : φ ∨ ψ

Γ `M : φ ∨ ψ Γ, x : φ ` N : ϑ Γ, x : ψ ` O : ϑ

Γ ` case(M,x : φ. N, x : ψ. O) : ϑ

Γ `M : φ Γ ` N : ψ

Γ ` 〈M,N〉 : φ ∧ ψ

Γ `M : φ ∧ ψ

Γ ` fst(M) : φ

Γ `M : φ ∧ ψ

Γ ` snd(M) : ψ

ØF�k����� þ_»$ð�»�) ¾>§
Γ `M : φ Å OhQ�Rqg FV (M) ⊆ dom(Γ)

�

ÆÇt~l�l�§��)��¤¯zOs � v���®Yo
¤��²zO¤ � s§¥ � � q+�¯suo
¥"o
¥È�¯v.t�°.¤ro5oª®H��¤�t+t
Γ `M : φ

¡
�
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áB�%º]ñHøYò%ø$ôQñ þ,»$ð�»È2ÉÁ O�Rqtup
M

fonS� m °Kz l ¦ut�f §zOhQ�RqteR�fon��J§}l
tup�ik¢W�
φ
nqi r QBOhQN�"O

`M : φ
�
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gLl
tup{�"¢£�
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tW��v.tjq4o
¤r¤�t4{r°2oO¥ � t4¥³q4t
l t+�¬�­t4t4¥

λ→
zO¥ � � � £ ç

ØF�k����� þ_»$ð�» -Â¾>§
Γ ` O : φ

O>Q�Rqg
rg(Γ) ` φ

�ª¾>§
Γ `IPC φ Å OhQ�Rqg�O>Q�Rqt~R�RG�$fonqOhn���O�Rqtup

M
nqi r QCO>QN�"O

Γ `M : φ Å �1Q�Rqt~R Γ = {(xφ, φ) | φ ∈ Γ}
�

ÆÇt~l�l�§��)��¤¯zOs � v���®Yo
¤��²zO¤ � s§¥ � � q+�¯suo
¥"o
¥"�¯v³tS°³¤�o)oO®N�¯¤�t+t4{
Γ ` O : φ

zO¥ �
Γ `IPC φ

¡ � oO��t
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¥ � °KzO¤��
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�
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λ→

zO¤�t_tZ½.zªq+�¯¦ m ��v.t_°.¤ro5oO®Y{�oª® � � £ ¡ � � s�V2t4¤�´
t4¥��4��t4Ç � zª¦§¦ m ©ªzO¦§s � °2oOs§¥��_oO®V©)s§t+���¶s§{T��vKzª�jzO¥ m ®YoO¤�y � ¦§z

φ
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g
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φ
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¥foO®2�¯v.tVq4oOyW° � �wzª��s§o
¥Kzª¦.¥Kzª� � ¤�t
oO®
λ→

��su��v � � £
zO¥ � �¯oj°.¤�o%©)s � tTzayWt+qwvKzO¥.su{�y¿�¯ofzOq4q+t4{r{
�¯v³t~q+o
yW° � �wzª��s§o
¥.zO¦Pq4o
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¥.t+t � ��oa{�v.o%�·{rt+©Ot4¤¯zª¦:{��wzO¥ � zO¤ � �¯t+qwv.¥.s§q4zO¦P°.¤ro
°2t+¤r��s§t4{«oª®

λ→
¡

YJEGDFEmY «©¬?­�]�I,¬<Kk��I_M·­FÌ
λ→

n�t~{��wzO¤��V��s¹�¯vÈ�¬��oj�¯t+qwv.¥.s§q4zO¦N°.¤�oO°2t+¤r�¯sut4{+¡ ¼ su¤�{��'� � ¥.¥³t4q4t+{�{�zO¤ m tD½)�¯¤�zfzO{r{ � yj°³��s§o
¥.{�q4zO¥
l t~z �.� t � �¯o_��v.t�°.¤�o)oO®H��su�¯vÈ¥.oavKzª¤�yJç

ØF�k����� þ_»$ð�»�=`Í ßÎ�:�?Ï��5ñHø$ñ��,Ð©¾>§
Γ ` Q : Ψ

�"g��
y /∈ dom(Γ) Å OhQ�Rqg Γ, y : ψ ` Q :

Ψ
�
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ÆÇt~l�l�§ � ¥ � � qD�¯suo
¥äo
¥
Γ ` Q : Ψ

¡�}ho
{��foª®G�¯v³tJq4zO{�t+{W®Yo
¦u¦§o%� l@m zM{r��¤¯zOs � v���®Yo
¤��²zO¤ �
zO°.°³¦§s§q4zª�¯suo
¥¾oO®­�¯v.tjs§¥ � � q+��s§o
¥�v m °2oO��v.t4{rs§{+¡ £ o
¥.{�s � t4¤��¯v³tj®Yo
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oO®H�¯v.t�¦§zO{r��¤ � ¦§t�zO°³°.¦§sut � s§¥"��v.t�°.¤�o)oO®eç

•

Γ, x : φ ` x : φ

ã m �¯v.tSzO{r{ � yj°³�¯suo
¥¢�
y 6= x

¡�x«v � {
zO¦§{roa��¤�s¹©5s§zO¦§¦ m
Γ, x : φ, y : ψ ` y : φ

¡

•
Γ, x : φ1 `M : φ2

Γ ` λx : φ1. M : φ1 → φ2
x /∈ dom(Γ)

x:zO�OtVzO¥ m
y /∈ dom(Γ)

¡<n�s¹�¯v.o � � ¦§o
{r{ oO® � t4¥³t4¤¯zª¦§su� m �­t
yWz m zO{r{ � yjt«�¯vKz-�
y 6= x

¡
x«v.t+¤�tD®Yo
¤�tª� l�m ��v.t"s§¥ � � q+��s§o
¥8v m °QoO�¯v.t+{�su{4�

Γ, x : φ1, y : ψ ` M : φ2

�¶{roMzO¦§{ro

Γ, y : ψ ` λx : φ1. M : φ1 → φ2

¡
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�5t4q+o
¥ � �/�¯v³t�� � l {r��su� � �¯suo
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o
¥.¦ m zO{VzT�¯o)o
¦¢su¥"�¯v.t�°.¤ro5oO®HoO® � t4yjyfza�)¡ ù ¡ ù �³¡

ØF�k����� þ_»$ð�» � Í Ù¢ö����+ò/øBò/öPò/øYô2ñåØF�k�����@Ð�¾>§
Γ, x : φ ` M : ψ

�"g��
Γ ` N : φ Å O>Q�Rqg

Γ `M [x := N ] : ψ
�

ÆÇt~l�l�§Mã m s§¥ � � q+�¯suo
¥Jo
¥
Γ, x : φ ` M : ψ

¡�n�td{rv.o%��{�tD©
t4¤�zO¦<su¥��¯t4¤rt4{��¯s§¥ � q'zª{�t4{+¡ £ zª{�t

Γ, x : φ `M : ψ
oO®eç

•

Γ, y : φ1 ` y : φ1

� ®
y = x

�N��v.t4¥
M [x := N ] = N

zO¥ �
φ1 = φ

�H{roJ�­t � t+���¯v³tWq+¦µzOsuyàt4zO{�su¦ m ¡ � ®

y 6= x
�5��v.t4¥

M [x := N ] = M = y
¡:n�tG¥³t4t � ��od{rv.o%�Ã��vKzª�

Γ \ {(x, φ)} ` y : ψ
¡

ã � �
(y, ψ) ∈ (Γ \ {(x, φ)})

�.{�oa��t � tD���¯v.t�q4¦§zOs§yJ¡
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•
Γ, x : φ, y : ψ1 `M1 : ψ2

Γ, x : ψ ` λy : ψ1. M1 : ψ1 → ψ2
y /∈ dom(Γ, x : φ)

n�s¹�¯v.o � �a¦§o
{r{_oO® � t4¥.t+¤¯zO¦usu� m ��tJq'zO¥åzO{r{ � yjt"�¯vKz-�
y
s§{T®Y¤rt4{rv¢��{roMsu¥c°KzO¤r��s§q � ¦µzO¤

y /∈ FV (N)
¡Eã m ��v.tJs§¥ � � q+�¯suo
¥cv m °QoO��v.t4{rs§{4�

Γ, y : ψ1 ` M1[x := N ] : ψ2
�

{ro�zO¦§{ro
Γ ` (λy : ψ1. M1[x := N ]) : ψ2

¡��5su¥.q4t
y /∈ FV (N)

�
Γ ` (λy :

ψ1. M1)[x := N ] : ψ2

¡
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¥J�¯v.tS®Yo
¤�y
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¥³q4¦ � {�s§oO¥¢¡

ØF�k����� þ_»$ð�» . Í Ð+ñ@Ñ��@ó4�4ø$ôQñÒÐ;Ó�i�d%d�l�n�R
Γ ` Q : Ψ

�*Ó�i�d%d�l�n�R
Q
fon�l�§PO>Q�RF§}l
tup{Ä

• M N
�7¥,Q�Rqg7OhQ�RqteR�fon

φ
nqi r Q�O>QN�"O

Γ ` M : φ → Ψ Å Γ ` N : φ
�"g��CO>Q�R*d�t~l�l�§

Rqg��
nP��fhOhQNÄ
Γ `M : φ→ Ψ Γ ` N : φ

Γ `M N : Ψ

• λx : φ. M
�Ê¥,Q�Rqg¶§}l
t�n�l
p�R

ψ Å Ψ = φ → ψ Å Γ, x : φ ` M : ψ
�"g���OhQ�Rzd�t~l�l�§

Rqg��
nP��fhOhQNÄ
Γ, x : φ `M : ψ

Γ ` λx : φ. M : φ→ ψ

• inl(M)
�¶¥,Q�Rqg�§}l
t*n�l
p�R

φ, ψ Å Ψ = φ ∨ ψ Å Γ `M : φ
�"g��{OhQ�RJd�t~l�l�§�Rqg��
n²��fhOhQNÄ

Γ `M : φ

Γ ` inl(M) : φ ∨ ψ

• inr(M)
�¶¥,Q�Rqg�§}l
tªn�l
p�R

φ, ψ Å Ψ = φ∨ψ Å Γ `M : ψ
�"g��{OhQ�RÇd�t~l�l�§PRqg��
nz��fhOhQNÄ

Γ `M : ψ

Γ ` inr(M) : φ ∨ ψ

• case(M,x : φ. N, x : ψ. O)
�¶¥,Q�Rqg

Γ `M : φ ∨ ψ Å Γ, x : φ ` N : Ψ,Γ, x : ψ `

O : Ψ
�"g���OhQ�RJd�t~l�l�§�Rqg��
nP��fhOhQNÄ

Γ `M : φ ∨ ψ Γ, x : φ ` N : ϑ Γ, x : ψ ` O : Ψ

Γ ` case(M,x : φ. N, x : ψ. O) : Ψ
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• fst(M)
�¶¥,Q�Rqg^§}l
t²n�l
p�R

ψ Å Γ `M : Ψ ∧ ψ
�"g��¶OhQ�R¿d�t~l�l�§�Rqg��
nP��fhOhQNÄ

Γ `M : Ψ ∧ ψ

Γ ` fst(M) : Ψ

• snd(M)
�¶¥,Q�Rqg�§}l
tzn�l
p�R

φ Å Γ `M : φ ∧ Ψ
�"g��{O>Q�R¿d�t~l�l�§�Rqg��
nP��fhOhQNÄ

Γ `M : φ ∧ Ψ

Γ ` snd(M) : Ψ

• 〈M,N〉
�{¥,Q�Rqgz§}l
t¿n�l
p�R

φ, ψ Å Ψ = φ∧ψ Å Γ `M : φ Å Γ ` N : ψ
�"g���OhQ�RÇd�t~l�l�§

Rqg��
nP��fhOhQNÄ
Γ `M : φ Γ ` N : ψ

Γ ` 〈M,N〉 : φ ∧ ψ

• magic(M)
��¥,Q�Rqg

Γ `M : ⊥
�"g���OhQ�RJd�t~l�l�§�Rqg��
nP��fhO>QNÄ

Γ `M : ⊥
Γ ` magic(M) : Ψ

ÆÇt~l�l�§��)��¤¯zOs � v���®Yo
¤��²zO¤ � s§¥.{r°2t+q+�¯suo
¥ÈoO®H�¯v.t�� m °.s§¥ � ¤ � ¦§t+{�oO®
λ→
¡

�

n�t~��s§¦§¦NoO®B��t4¥¾su¥@©Oo
�Ot � ¥�©Ot4¤�{rs§o
¥¾suyW°³¦§s§q+su��¦ m �¯o � tD�¯t4¤ryWsu¥.t~��v.tT¦§zO{r�
¤ � ¦utTzO°³°.¦§sut � su¥
�¯v³tS°³¤�o)oO®e¡

x«v.tS¥.tD½)�V¦§t+yWyWzd{�v³o/��{V�¯vKz-�«�¯v.t�®Yo
¤ryÎoO®<zT©Ozª¦ � t�su{ � t+�¯t+¤�yjs§¥.t �Èl@m su�¯{²� m °QtOç

ØF�k����� þ_»$ð�»�Ô`Í ×^�KñNôQñ:ø$÷$��
�íPô>ó
�Ê�
Ð�¾>§
M

fon���v
�"¢£i�R��"g��
`M : Ψ Å OhQ�Rqg�f § Ψ

fon�Ä

• φ→ ψ Õ O>Q�Rqg
M = λx : φ. N

�"g��
x : φ ` N : ψ

�

• φ ∨ ψ Õ OhQ�Rqg;RqfhOhQ�Rqt
M = inl(N)

�"g��
` N : φ
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` N : ψ
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• φ ∧ ψ Õ OhQ�Rqg
M = 〈N,O〉 Å ` N : φ

�"g��
` O : ψ

�
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• (λx : φ. M) N → M [x := N ]
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Γ ` λx : φ. M : φ → Ψ
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• 〈M,N〉
su{Vz_©ªzO¦ � tO¡

• fst(M), snd(M)
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¤��wzO¥.q+t�oO®�¥.o
¤ryfzO¦us§|4zª�¯suo
¥¢�5�­tT°.¤ro5q+t4t � �¯oW{�v.o%���¯vKz-�
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¥��¯vKzO¥c¥.t+q4t+{�{¯zª¤ m ì ��v³s§¦§t"su¥
λ→
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x ≡ x M N ≡M N λx : φ. M ≡ λx. M

inl(M) ≡ inl(M) inr(M) ≡ inr(M)

case(M,x : φ. N, x : ψ. O) ≡ case(M,x.N, x.O)

〈M,N〉 ≡ 〈M,N〉 fst(M) ≡ fst(M) snd(M) = snd(M)

magic(M) = magic(M)
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¥iq+o
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¥È{rt4Ç � t4¥³q4t
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¥ � su¥ � �¯oj{r��¤�o
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�
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g


t~Rq¢W�"O�Ren�teR8�"¢£fW¹
Rqt~n*O�lÇ§}l
tup�i<¢W�
n

l�§z¾eÆ � � ¼ R���tufhO�R�O>Q�R�t~Rq¢W�"Ocfml
g��
n{�"g7fhg}Ë���led�RqtG�"O�l
t�Ä
M 
 φ

neQ�l
i<¢W�T�qR�t~R8�%�T�
n+ä
M

t~R8�"¢£fW¹
Ren
φ å �¤¥,Q�RPt~Rq¢W�"Ocfml
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g;l
g φ Ä

• M 
 p ≡M ↓

• M 
 ⊥ ≡ ⊥

• M 
 φ ∧ ψ ≡M ↓ 〈M1,M2〉 ∧ (M1 
 φ) ∧ (M2 
 ψ)

�
�



• M 
 φ ∨ ψ ≡ (M ↓ inl(M1) ∧M1 
 φ) ∨ (M ↓ inr(M1) ∧M1 
 ψ)

• M 
 φ→ ψ ≡ (M ↓ λx. M1) ∧ ∀N. (N 
 φ) → (M1[x := N ] 
 ψ)
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O�lTt~R8�"¢£fW¹
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M Å M [ρ]
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M [x1 := ρ(x1), . . ., xn := ρ(xn)]
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f §Ò§}l
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ã m ��v.tas§¥ � � q+��s§o
¥�v m °2oO��v.t4{rs§{+�
M ′


 φ ∧ ψ
�:{ro

M ′ ↓ 〈M1,M2〉
zO¥ �

M1 
 φ
¡

x«v.t+¤�tD®Yo
¤�t
fst(M) →∗ fst(〈M1,M2〉) →M1

¡ � t+yWyWza�5¡ ù ¡ú�
� � su©Ot4{«�¯v.t�q+¦µzOsuyh¡

•
Γ `M : φ ∧ ψ

Γ ` snd(M) : ψ

� m yjyWtD�¯¤rs§qG��oa��v.t�°.¤�tD©)s§o � {�q4zO{�tª¡

•
Γ `M : φ Γ ` N : ψ

Γ ` 〈M,N〉 : φ ∧ ψ

� ¦§¦K��tG¥.t4t � �¯oT{rv.o%�Ãs§{
M ′


 φ
zO¥ �

N ′

 ψ

�5��v.suqwvf�­t � t+�¶®Y¤�oOy ��v.tGsu¥ � � qD�¯suo
¥
v m °2oª�¯v.t+{�s§{+¡

•
Γ `M : φ

Γ ` inl(M) : φ ∨ ψ

n�t�¥.t4t � ��oW{rv.o%�Â�¯v.zª�
M ′


 φ
�³��v³s§qwvÈ��t � t+�«®Y¤ro
yÎ��v.t�s§¥ � � q+�¯suo
¥"v m °2oO��v.t4{rs§{+¡

•
Γ `M : ψ

Γ ` inr(M) : φ ∨ ψ

� m yjyWtD�¯¤rs§qG��oa��v.t�°.¤�tD©)s§o � {�q4zO{�tª¡

•
Γ `M : φ ∨ ψ Γ, x : φ ` N : ϑ Γ, x : ψ ` O : ϑ

Γ ` case(M,x : φ. N, x : ψ. O) : ϑ

ã m �¯v³tis§¥ � � q+��s§o
¥8v m °QoO�¯v.t+{�su{4�
M ′


 φ ∨ ψ
¡¾x«v.t+¤�t+®YoO¤�t"t4s¹�¯v.t+¤

M ′ ↓ inl(M1)

zO¥ �
M1 
 φ

o
¤
M ′ ↓ inr(M1)

zO¥ �
M1 
 ψ

¡Sn�t_o
¥.¦ m ��¤�t4zª���¯v.t~®Yo
¤�yjt4¤�q4zO{�tª�
��v.t¾¦µzª�r�¯t+¤is§{i{ m yWyjt+��¤�s§qª¡î�5su¥.q4t

ρ[x := M1] 
 Γ, x : φ
� l�m �¯v.t¾su¥ � � qD�¯suo
¥

v m °2oª�¯v.t+{�s§{��­t � t+�
N [ρ[x := M1]] 
 ϑ

¡ n�tSzO¦u{�o_vKz'©Ot
case(M ′, x.N ′, x.O′) →∗

case(inl(M1), x.N
′, x.O′) → N ′[x := M1]

¡ � �"s§{Wt'zO{ m ��o�{�t4tÄ��vKzª�
N ′[x :=

M1] = N [ρ[x := M1]]
�.{�o � t4yjyfza�)¡ ù ¡ú�
� � s¹©
t4{ � {«��v.t�q4¦µzªs§yJ¡

�

û
�



×~ô>ó-ô�
j
j�³ó�� þ,»$ð�»uþ�=éÍ Þhô>ó
����
$ø>à%�³ò/øYô2ñÒÐT¾h§
`M : φ Å OhQ�Rqg M ↓

�

ÆÇt~l�l�§�x:zO�ªtd�¯v.t~t4yj°³� m
ρ
¡Gx«v.t+¥

ρ |= ∅
¡�ã m x«v.t+o
¤�t+y��)¡ ù ¡ú�$&5�

M [ρ]
¥³o
¤�yWzO¦§su|4t+{4¡Vã m

�¯v³t � t+¸K¥.s¹�¯suo
¥"oO®
ρ
�
M [ρ] = M

¡�ã m � t4yjyWza�5¡ ù ¡ ù !5�
M
¥.o
¤�yWzO¦us§|4t+{4¡

�

×~ô>ó-ô�
j
j�³ó�� þ,»$ð�»uþ �á¾~Æ � fon r l
gNnqfonqO�Rqg�Om�

� {~{r�wz-�¯t ��l tD®Yo
¤�tª�:�­tf��s§¦u¦ °.¤�t+{�t4¥��_{ro
yjtW¤rt'zO¦us§{r��s§qazO°³°.¦§suq'zª��s§o
¥.{�oO®«zO°.°.¦ m su¥ � ¥.o
¤�´
yWzO¦§su|'zª��s§o
¥T��oTtD½)�¯¤�zOq+��q4o
yj° � �¯zª�¯suo
¥KzO¦>q+o
¥��¯t4¥��²®Y¤ro
y °.¤�o)oO®Y{¶s§¥j�¯v.t�¥³tD½)�«{�t+q+��s§o
¥¢¡ � t4¤rt
�­t~°.¤rt4{rt4¥��'�>v.o%�­t+©
t+¤4�2zO¥Ès§yj°2oO¤r�wzª¥@���¯v.t+o
¤�tD�¯s§q4zO¦PzO°³°.¦§suq'zª��s§o
¥¢¡

×~ô>ó-ô�
j
j�³ó�� þ,»$ð�»uþ . Í áÈøc�m×'ö:ñH÷Oò/øYôQñEÕSó-ô����@ó%òu�1Ð�¾h§
` φ ∨ ψ Å OhQ�Rqg;RqfhOhQ�Rqt ` φ l
t ` ψ �

ÆÇt~l�l�§¾� � °.°2oO{�t
` φ∨ ψ

¡ x«v.t4¥"�¯v³t4¤�tGs§{«zd��t4¤�y
M
{ � qwv"��vKzª�

`M : φ∨ ψ
¡¶�)s§¥.q+t

λ→

¥.o
¤ryfzª¦§s§|+t4{+�
M ↓ v

zO¥ ��l�m � t4yjyWzW�)¡ ù ¡ ù �
` v : φ ∨ ψ

¡²ã m £ zO¥³o
¥.s§q4zO¦ ¼ o
¤�yj{4�Kt+su��v.t4¤

v = inl(N)
zª¥ �

` N : φ
o
¤
v = inr(M)

zO¥ �
` N : ψ

¡²ã m � t+yWyWza�5¡ ù ¡(&)�Ks§¥È�¯v.t�¸K¤�{��
q'zª{�t

` φ
�³s§¥"�¯v.t�{rt4q4oO¥ �

` ψ
¡

�

x«v.s§{�q+o
¥.q4¦ � � t+{So � ¤�zOq4q+o � ¥��SoO®­°.¤�o
°Qo
{rsu�¯suo
¥KzO¦H¦§o � s§qª¡~n�tj¥³o/�ÁyWo%©Ota��oÈyWo
¤rtT{�o-´
°.v.su{r��s§q'z-�¯t � { m {��¯t4yj{4¡ � o%�­t+©
t+¤4�²��v.th¦us§{��_oO®�¦ut4yjyfzª{Ts§¥EzO¦§¦�{ m {r��t4yj{j�­thq+o
¥.{rs � t+¤Wsu¥
�¯v³s§{�qwvKzO°³��t4¤V��s§¦§¦Nzª¦u��z m {Vs§¥.q+¦ � � t���v.tS¦§t4yjyWzO{²��t~{�v.o%�­t � su¥J��v.s§{�{�t+q+��s§o
¥¢¡«}ho
¤�t+o%©
t4¤+�
�¯v³td°.¤ro5oO®Y{GzO¥ � { m {r�¯t+yW{
��tTq+o
¥.{rs � t+¤�zO¤rtdyjo � � ¦µzO¤­± °.¤�o)oO®Y{VoO® q'zª{�t4{Gs§¥Ä¦ut4yjyfzO{«®Yo
¤

λ→
zO¥ � � � £ {��¯su¦§¦ ��oO¤��>��°2o
{r{�s l ¦ m ��su��v8yjs§¥.o
¤Syjo � s¹¸Kq'z-�¯s§oO¥.{4�:s§¥8yjo
¤�tWq4o
yj°.¦us§q'z-�¯t �

{ m {��¯t4yj{4¡ax«v.su{���s§¦u¦:©ªzO{r��¦ m {�s§yj°.¦usu® m o � ¤�zOq+q4o � ¥@�4�HzO{���ta��s§¦u¦:¥³t4t � �¯oÈ{�v³o/�Áo
¥.¦ m �¯v³t
¥.tD�·q'zª{�t4{Vs§¥È°.¤ro5oª®Y{4¡

YJEZY ê¶��¬NM:K%ë
­�¬Nì�I,¬`��¬N��Kk����ILKN��°

n�tj¥³o/� tD½)�¯t+¥ � �¯v³tj{ m {r�¯t+y °.¤�t+{�t4¥���t � su¥M��v.ta°.¤�tD©5suo � {�{�t+q+��s§o
¥M�¯o"�¯v.tjq4oO¥.{r��¤ � qD�¯su©Ot
©
t+¤�{rs§o
¥JoO®H�¯v.t�¸K¤r{r�r´Ìo
¤ � t4¤VzO¤�s¹�¯v.yjt+��s§qª�5q4zO¦§¦ut � � t m ��s§¥ �a� ¤�su��v.yjt+�¯suq É �V��Ê ¡

û ù



� t m ��s§¥ �~� ¤rsu�¯v³yWtD�¯s§q«su{ l zO{�t � o
¥W��v.tVq4o
¥.{��¯¤ � q+��su©
tV©
t+¤�{�suo
¥ioO®2�¯v.tV¸K¤�{��r´Ìo
¤ � t+¤­¦uo � suqO�
o
¥.taoO®¶�¯v³tjyjo
{���{ � q+q4t+{�{r® � ¦­¦uo � s§q+{�s§¥�tZ½³su{r��t4¥.q+tO¡ ¼ s§¤r{r�r´Ìo
¤ � t4¤�¦uo � s§q~s§{���s � t4¦ m � {rt � zª{
z l zO{�su{
®Yo
¤«�¯v³t4o
¤rt4y�°.¤�o%©
t+¤�{+¡�}hoO¤�t4o%©Ot4¤4�6su�Vs§{
zO¥ � ¥ � t4¤r¦ m s§¥ � ¦§o � s§q�oO® {rt+�
�¯v.t+o
¤ m �2�¯v³t
®Yo � ¥ � zª�¯suo
¥"oO®:yfz-�¯v.t+yfzª��s§q+{4¡

x«v.tJq4o
¥.{��¯¤ � q+��su©
tÈ©
t+¤�{rs§o
¥åoO®V¸K¤�{��r´¬oO¤ � t+¤j¦uo � suqfs§{_q4zO¦§¦ut � s§¥�� � su��s§o
¥.su{r��s§qa¸K¤�{��r´¬oO¤ � t+¤
¦§o � s§q É �e¼H���:Ê ¡]x«v.t"°.¤ro
°Qo
{�s¹�¯s§oO¥KzO¦�©Ozª¤�sµz l ¦§t+{~®Y¤�oOy � � £ zO¤rt"¤�t+°.¦µzOq+t �cl�m y � qwvEyjo
¤�t
q4oO¥.q4¤rt+�¯t�t+¥@��su��s§t4{"su¥ �e¼:��� ¡²x«v.t�¦uo � s§qÄzO¦§¦uo/��{fsu�¯{ � {�t4¤"��oåyWzO�ªt¾{r�wz-�¯t4yjt4¥���{hz l o � �
zO¤ l su��¤¯zO¤ ma� o
yWzOs§¥.{+¡<x«v.t+{�t � o
yfzªs§¥.{�q'zª¥ivKz'©
t � s§{r��s§¥ �O� s§{rv.t � t4¦§t+yWt+¥��¯{4�)o
°Qt4¤�zª�¯suo
¥.{¶o
¥
{ � qwvJt+¦§t+yWt+¥@��{²zO¥ � �¯v.t+s§¤�°³¤�o
°Qt4¤��¯s§t+{4¡]x«v³t�{ m ¥��wzOqD�¯suq�q4o � ¥���t4¤�°.zO¤r��{²s§¥ �e¼H��� zO¤�t
q'zO¦u¦§t �
r l
gNnqOm�"g�O>nD��§ui<g r Ojfml
g¶nqb4p{�ql
¢6n�zO¥ � t~Rq¢W�"Ocfml
g��"¢:nqb4p{�ql
¢6nD�
¤rt4{r°2t+q+�¯s¹©
t+¦ m ¡ x«v³t4s§¤<¦§s§{��]su{]q'zO¦u¦§t �
z�nqfW�"g��"Oci<t~R ì zª¥ m �e¼:��� ��v.t4oO¤ m su{«°KzO¤¯zªyWtD�¯t4¤rs§|+t �Èl�m zj{rs � ¥.zª� � ¤rtO¡

n�tVzO¤rt�s§¥��¯t+¤�t4{��¯t � su¥a��v.t � o
yWzOs§¥doO®6¥.zª� � ¤�zO¦.¥ � y l t4¤r{4�@®Yo
¤�yWzO¦us§|4t � zO{ �V� ¡ �
� vKzª{
o
¥.t
q4o
¥³{r�wzª¥@�

0
�)o
¥.t � ¥KzO¤ m ® � ¥.q+��s§o
¥W{ m y l o
¦

S
�@��v.s§qwvfs§¥�� � s¹�¯s¹©
t4¦ m q4oO¤�¤�t+{�°Qo
¥ � {­�¯od��v.t

{ � q4q4t+{�{ro
¤²® � ¥.qD�¯s§oO¥¢���¬��o l su¥KzO¤ m ® � ¥.q+��s§o
¥W{ m y l o
¦§{
+, ∗

zª¥ � o
¥³tG¤�t+¦µzª��s§o
¥.zO¦.{ m y l o
¦
=
¡

¼ o
¤¶��v.t�®Yo
¤�yWzO¦K°.¤rt4{�t+¥��wzª��s§o
¥¢�@�­t
¸K¤r{r�¶¸³½fz~q4o � ¥��wz l ¦ut
{rt+�
FV ar

oO®¢�¯v³t�ËFt~nqOj�8l
t8�<Rqt
v
�"tufj�%��¢oRenD¡�n�tJ��s§¦§¦ � {rt��¯v³t�¦§tD����t4¤�{

a, b, c, n,m
®YoO¤j��v.th¸.¤�{r��´¬o
¤ � t4¤j©ªzO¤�s§z l ¦§t+{4¡�x«v.t

{ m ¥��wzªq+�¯suq�q4o � ¥���t4¤�°.zO¤r�
oO®<zO¥Èt4¦§t+yWt+¥���oO® z � o
yWzOsu¥"s§{«q'zª¦§¦§t � zBO�RqtupJç

áB�%º]ñHøYò%ø$ôQñ þ,»uþ,»$ð ¥,Q�R~��t4¤ryW{�l�§�� Á �"t~R*�<RqgLRqtG�"O�R8����b{O>Q�R�§}l
¢h¢ol
��fhg<�¶�%�qnqOctG� r O��"tG�"p��
p{�"t�Ä

t ::= a | 0 | S(t) | t+ t | t ∗ t

� ¥8�¯v³s§{d{rt4qD�¯s§oO¥¢� ¦§tD���¯t+¤�{
t, s, u

��s§¦u¦ � t4¥.oO��titD½5q+¦ � {rsu©
t+¦ m �¯v.tW�¯t4¤ryW{~oO® �
� ¡ � ��t4¤ryïsu{
r ¢ol�n�R8�isu®Hsu�²vKzO{«¥.oT©ªzO¤rsµz l ¦ut4{+¡]x«v.t�{�tD�
oª®<zª¦§¦ �V� �¯t+¤�yj{���s§¦u¦ l t � t4¥.oª�¯t �Èl�m

Tms
zO¥ �

�¯v³tS{rt+�VoO®<zO¦§¦6q4¦§oO{�t � ��t4¤�yj{
Tmsc

¡

áB�%º]ñHøYò%ø$ôQñ þ,»uþ,»uþí¼ R r �"¢h¢	�"g�b¶O�Rqtup¦l�§POhQ�RF§}l
tqp
S(S(S(. . .(0))))

�"¥ � yjt4¤¯zª¦��

û��



áB�%º]ñHøYò%ø$ôQñ þ,»uþ,»�) ¥,Q�Ri®Yo
¤ry � ¦µzª{�l�§�¾eÃJîÇïð�"teR��<RqgLRqtG�"O�R8����b�O>Q�R�§}l
¢h¢ol
��fhg<���%�qnqOjt8� r O
�"tG�"p�p{�"t�Ä

φ ::= t = t | ⊥ | φ→ ψ | φ ∧ ψ | φ ∨ ψ | ∀n. φ | ∃n. φ

x«v.t�©Ozª¤�sµz l ¦§t
n
s§¥ÈÇ � zO¥��¯s¹¸Kt4¤r{ l s§¥ � {«s¹�¯{«o)q4q � ¤�¤rt4¥.q+t4{Vs§¥"¤�t+{�°Qt4qD�¯su©OtS®YoO¤�y � ¦§zO{4¡<x«v.t

®Y¤�t+th¸K¤r{r��´¬o
¤ � t4¤j©Ozª¤�sµz l ¦§t+{WoO®Sz�®Yo
¤�y � ¦µz
φ
zO¤rt � t+¥.oO��t ��l�m

FVF (φ)
zO¥ ��� tD¸K¥.t � su¥

z�{r�wzª¥ � zO¤ � ��z m zª¦§o
¥ � ��s¹�¯vå{ � l {��¯s¹� � ��s§o
¥¢¡åx«v.tJ¥.oO�¯zª�¯suo
¥
~a
s§{ � {rt � ®Yo
¤a{�t4Ç � t+¥.q4t+{4�

�¯¤rt'zª��t � zO{«{rt+�¯{���v.t+¥hq+o
¥�©
t4¥³s§t4¥��4¡¶x«v³tS¥³oO�wzª��s§o
¥
φ(~a)

s§{ � {rt � s§¥i�¯v³t�{�su� � zª��s§o
¥i��v.t+¤�t
zO¦u¦6®Y¤�t+tS©ªzO¤rsµz l ¦ut4{«oO®

φ
zO¤�tSzOyjo
¥ �

~a
¡�x«v³tS®Yo
¦u¦§o%��s§¥ � {r�wzª¥ � zO¤ � { � l {r��su� � �¯s§oO¥J¦ut4yjyfzTsu{

°.¤ro/©Ot4¥ht'zO{rs§¦ m ç

ØF�k����� þ_»uþ,»È2 Ã�l
t��"g�bª§}l
tup�ik¢W�
φ Å φ[a := t][b := u[a := t]] = φ[b := u][a := t] Å §}l
t

b /∈ FV (t)
�

ÆÇt~l�l�§��)��¤¯zOs � v���®Yo
¤��²zO¤ � {r�¯¤ � q+� � ¤¯zª¦Ps§¥ � � q+�¯suo
¥Èo
¥
φ
¡

�

x«v.t"°.¤ro5oO®²{ m {r��t4yJ� {�s§yjs§¦§zO¤�¦ m ��o � � £ �<s§{ � {�t � �¯o � t4¤�s¹©
tSp � � � yjt4¥��¯{Toª®«�¯v.tj®Yo
¤�y
Å
Γ ` φ

Æw¡Hx«v.t«q4oO¥@��tD½)�¯{¶zO¤rt²{r��s§¦u¦)¸K¥³su�¯t�{�t+��{ oO®>©ªzO¤�s§z l ¦§t+{4¡Hx«v.t«¦§o � s§q­zO¤rs§{�t+{ l�m tD½)��t4¥ � su¥ �
�¯v³tS¤ � ¦§t+{«oO® � � £ l@m ��v.t�®Yo
¦u¦§o%��s§¥ � q4¦µz � {�t+{4ç

Γ ` φ
Γ ` ∀a. φ

a /∈ FVF (Γ)
Γ ` ∀a. φ

Γ ` φ[a := t]

Γ ` φ[a := t]

Γ ` ∃a. φ
Γ ` ∃a. φ Γ, φ ` ψ

Γ ` ψ
a /∈ FVF (Γ) ∪ FVF (ψ)

¼ s§¥.zO¦§¦ m �5zO{ �
� s§{�zO¥Jz-½5suo
yfz-�¯s§qV�¯v.t+o
¤ m �.��tS¦§su{r�«s¹�¯{�z-½5suo
yW{+ç

•
É t4Ç � t�w Ê

∀n. n = n

•
É t4Ç5� m yjy Ê

∀n,m. n = m→ m = n

•
É t4Ç@xH¤¯zO¥.{ Ê

∀n,m, o. n = m ∧m = o→ n = o

•
É t4Ç5� Ê

∀n,m. n = m→ S(n) = S(m)

û
û



•
É ��û Ê

∀n. S(n) = 0 → ⊥

•
É � ý Ê

∀n,m. S(n) = S(m) → n = m

•
É °.¦ � { »PÊ

∀n. n+ 0 = 0

•
É °.¦ � {w� Ê

∀n,m. n+ S(m) = S(n+m)

•
É y � ¦ »PÊ

∀n. n ∗ 0 = 0

•
É y � ¦µ� Ê

∀n,m. n ∗ S(m) = n ∗m +m

•
É s§¥ �

φ(n,~a)

Ê
∀~a. φ(0,~a) → (∀n. φ(n,~a) → φ(S(n),~a)) → ∀n. φ(n,~a)

¡

x«v.t�¦µzO{���z-½5s§oOyÁs§{:�¯v.t«su¥ � � qD�¯s§oO¥az-½5s§o
yñn r Q�Rqp{�O¡<x«v.su{ yWt4zO¥.{]��vKzª�]��v.s§{ su{ zOq+� � zO¦u¦ m
zO¥Ez l.l ¤rt+©)sµz-�¯s§oO¥8®Yo
¤azO¥ås§¥³¸K¥³su�¯ti®$zªyWsu¦ m oO®Gz-½5s§o
yj{~± �¯v.t+¤�tJs§{_o
¥³tJsu¥.{r�¯zO¥.q+tJoª®G�¯v³t
{�qwv³t4yWzf®Yo
¤
tD©
t+¤ m °Qo
{r{�s l ¦§t�®Yo
¤�y � ¦µz

φ(n,~a)
¡
n�t � {rtd�¯v.t~¥.oO�¯zª�¯suo
¥

Γ `HA φ
s¹®
φ
q4zO¥

l t � t4¤�s¹©
t � ®Y¤ro
y
Γ
zª¥ � �¯v.tSz-½5s§oOyW{«oO® �
� ¡

¼ o
¤�zO¥ m q4¦uo
{�t � ��t4¤ry
t
�P�¯v.t+¤�tas§{�z � ¥.suÇ � ta¥Kzª� � ¤¯zO¦ ¥ � y l t4¤ � t+¥.oO��t �Ml@m

t
�N��v³s§qwv

�­t � t+¥.oO��t l�m
[[t]]

zO¥ �J� t+¸.¥.tdzª{²®Yo
¦§¦uo/��{+ç

• [[0]] = 0
¡

• [[S(t)]] = [[t]] + 1
¡

• [[t + u]] = [[t]] + [[u]]
¡

• [[t ∗ u]] = [[t]] ∗ [[u]]
¡

áB�%º]ñHøYò%ø$ôQñ þ,»uþ,» - ¼ R��<RqgLl
O�R���b
tn
OhQ�R�ikg�fj³�i�R�g�i<p�Rqt8�"¢Lnqi r Q�OhQN�"O

[[t]] = [[tn]]
�zÓ�fhp��

fh¢W�"tu¢£b Å §}l
t{�"g�b�g��"OjiktG�"¢Òg�i<p{�qRqt m ��R¶�<RqgLl
O�R¶��b
mn

OhQ�R{i<g�fj³�i�R¤g�i<p�RqtG�"¢�nqi r Q�O>QN�"O

[[mn]] = m
�

ØF�k����� þ_»uþ,»�= Ã�l
t��"g�b�§}l
tup�i<¢W�
φ Å r ¢ol�n�R8�+O�Rqtqp t

�"g��Cv
�"tufj�%��¢oR
a Å Γ `HA φ[a := t]

f y
Γ `HA φ[a := tn]

�

ÆÇt~l�l�§ � zO{ m su¥ � � qD�¯suo
¥"o
¥È�¯v.t�°.¤ro5oO®N��¤�t4tª¡
�

ûOý



t ::= a | 0 | S(t) | t+ t | t ∗ t

φ ::= t = t | ⊥ | φ→ ψ | φ ∧ ψ | φ ∨ ψ | ∀n. φ | ∃n. φ

Γ, φ ` φ
Γ ` ⊥
Γ ` φ

Γ, φ ` ψ

Γ ` φ→ ψ

Γ ` φ→ ψ Γ ` φ

Γ ` ψ

Γ ` φ

Γ ` φ ∨ ψ

Γ ` ψ

Γ ` φ ∨ ψ

Γ ` φ ∨ ψ Γ, φ ` ϑ Γ, ψ ` ϑ

Γ ` ϑ

Γ ` φ Γ ` ψ

Γ ` φ ∧ ψ

Γ ` φ ∧ ψ

Γ ` φ

Γ ` φ ∧ ψ

Γ ` ψ

Γ ` φ

Γ ` ∀a. φ
a /∈ FVF (Γ)

Γ ` ∀a. φ

Γ ` φ[a := t]

Γ ` φ[a := t]

Γ ` ∃a. φ

Γ ` ∃a. φ Γ, φ ` ψ

Γ ` ψ
a /∈ FVF (Γ) ∪ FVF (ψ)

(eqRefl) ∀n. n = n (eqSymm) ∀n,m. n = m→ m = n
(eqTrans) ∀n,m, o. n = m ∧m = o→ n = o (eqS) ∀n,m. n = m→ S(n) = S(m)
(P3) ∀n. S(n) = 0 → ⊥ (P4) ∀n,m. S(n) = S(m) → n = m
(plusZ) ∀n. n+ 0 = 0 (plusS) ∀n,m. n+ S(m) = S(n+m)
(mulZ) ∀n. n ∗ 0 = 0 (mulS) ∀n,m. n ∗ S(m) = n ∗m+m

(indφ(n,~a)) ∀~a. φ(0,~a) → (∀n. φ(n,~a) → φ(S(n),~a)) → ∀n. φ(n,~a)

¼ s �
� ¤rt��5¡ ù ç � t m �¯s§¥ �W� ¤�su��v.yjt+�¯suq

û%&



YJEZYJE�D
λH

°@��¯�°@±�¯�±�M

n�t�¥.o%�ÃtD½)�¯t+¥ �
λ→

®Y¤ro
yî�¯v.tG°.¤�tD©5suo � {­{�t4qD�¯suo
¥i�¯oTt+¥.q4oOyW°Kzª{�{ �V� ¡)x«v.t�¥.tD�Âq4zO¦§q � ¦ � {
��s§¦u¦ l t~q'zO¦u¦§t �

λH
¡ � �¯{G��t4¤�yj{
zO¤�su{�t l@m tD½)��t4¥ � su¥ � ��v.t � ¤�zOyjyfzO¤ � t+¥.t4¤�zª�¯su¥ � ��t4¤ryW{VoO®

λ→
l�m �¯v.ti®Yo
¦u¦§o%��s§¥ � q+¦µz � {rt4{+¡�x«v.ti¸K¤r{r� � ¤ro � °�oO®V¥.tD�Îq+¦µz � {�t4{_q+o
¤�¤rt4{r°2o
¥ � {_�¯oÄ�¯v³t

°.¤ro5oO®]¤ � ¦ut4{�oO®<�¯v.td¸.¤�{r��´¬o
¤ � t4¤
¦§o � s§qO¡Vx«v.tTq+o
¤�¤rt4{r°2o
¥ � t4¥.q+tT��s§¦u¦ l tTq4zO°³� � ¤�t � ®YoO¤�yWzO¦§¦ m
l�m �¯v³t�� m °Qt~{ m {r�¯t+yh¡

M ::= . . . | λa. M | M t | [t,M ] | let [a, x : φ] := M in N

x«v.t�{�t+q4o
¥ � � ¤ro � °Jq4o
¤r¤�t4{r°2oO¥ � {«�¯o �
� z-½5suo
yW{+ç

M ::= . . . | eqReflRep(t) | eqSymmRep(t, s,M) | eqTransRep(t, s, u,M) |

eqSRep(t, s,M) | p3Rep(t,M) | p3Rep(t, s,M) |

plusZRep(t) | plusSRep(t, s) | mulZRep(t) |

mulSRep(t, s) | indn,~a. φ(n,~a)(t,~t,M)

x«v.t
Rep

{ � �a½hsu¥È��v.t4{rt~��t4¤�yj{V¤�t+®Yt+¤�{��¯oa�¯v.t�®$zOqD�
��vKzª���¯v.t+{�tS�¯t4¤ryW{VzO¤rt¶t~R�d�t~Ren�Rqg��
Om�"Ocfhv"RendoO®]��v.t~q+o
¤�¤rt4{r°2o
¥ � s§¥ � z-½5s§o
yj{�± � su©Ot4¥Äzj°.¤�o)oO®

M
oO®
t = s

�
eqSRep(t, s,M)

¤�t+°.¤�t+{�t+¥@��{�zW°.¤ro5oª® oO®
S(t) = S(s)

¡Vx«v.td¥.oª�wzª��s§o
¥
a, ~n. φ(n,~a)

� t+¥.oO��t4{�zW®YoO¤�y � ¦§z
φ

��su��v¾su��{G©ªzO¤�s§z l ¦§t+{
a, ~n

l o � ¥ � ¡~x«v³t
inda,~n. φ(n,~a)(t,~t,M)

�¯t+¤�yºsu¥��¯v³t � ¤¯zOyjyWzO¤
su{�z
O�RqtqpÀn r Q�Rqp{�O� � t4{rq4¤�s l s§¥ � zJ®$zªyWsu¦ m oª®²�¯t+¤�yj{TzO¥ � °KzO¤¯zªyWtD�¯t4¤rs§|+t ��l�m �¯v³tW®Yo
¤ry � ¦µz

φ
¡

x«v.t+¤�t«s§{H�¯v � {]oO¥.t��¯t+¤�y�®Yo
¤<t4zOqwv_®Yo
¤�y � ¦µz
n,~a. φ(n,~a)

¡ � ¥azO¥ m { � qwv_��t4¤�yJ�O��v.t²¥ � y l t4¤
oO®:�¯t4¤ryW{Vs§¥È�¯v³td{�t+Ç � t4¥.q+t ~t su{V��v.t~{�zOyjtdzO{��¯v³td¥ � y l t4¤VoO®<©ªzO¤rsµz l ¦§t4{�su¥J��v.t~{rt4Ç � t+¥.q4t

~a
¡
� { � l �¯¦ut_°2o
su¥���s§¥h�¯v.t � t+¸K¥.s¹�¯suo
¥ÄoO®�¸K¤r{r�r´Ìo
¤ � t4¤�{ � l {r��su� � �¯suo
¥Äo
¥¾¦§zOy lQ� zW�¯t+¤�yj{Gsu{

�¯v.zª��su��su{«tD½)�¯t+¥ � t � �¯oa�¯v.t�®Yo
¤ry � ¦§zO{²°KzO¤�zOyjt+�¯t+¤�su|4s§¥ �
ind

��t4¤�yj{4ç

(inda,~n. φ(n,~a)(t,~t,M))[b := u] ≡ inda,~n. φ[b:=u](n,~a)(t[b := u],
−−−−−→
t[b := u],M [b := u])

û$#



x«v.su{
su{V��v.t~¤rt'zO{ro
¥�®Yo
¤«��v.tTz � o
°³�¯suo
¥JoO® l su¥ � t4¤r{
su¥J��v.td°.zO¤¯zOyjt+��t4¤rs§|4su¥ � ®Yo
¤�y � ¦µz ì v.z �
su�G¥.oO� l t4t+¥�®YoO¤G�¯v.t+yh�2�¯v.tT©ªzO¤rsµz l ¦ut4{

n,~a
s§¥Ä��v.tT�¯t+¤�y

indφ(n,~a)

yWs � v�� l tTq4oO¥.{�s � t4¤rt �
®Y¤�t+tSzO¥ � za{ � l prt+q+�V�¯oa{ � l {r�¯s¹� � ��s§o
¥6�³��v.s§qwvJs§{«¥³oO�
z � t4{�su¤�t �hl t4vKz'©)s§oO¤4¡

x«v.tf¤rt � � q+�¯suo
¥8{ m {��¯t+y su{StZ½5°KzO¥ � t ��l�m z �.� s§¥ � �¯v³tj®Yo
¦u¦§o%��s§¥ � q+¦µz � {�t4{S�¯oJ�¯v.tj¤�tZ´
� � qD�¯suo
¥È¤�t4¦§zª�¯suo
¥¢¡

(λa. M) t→M [a := t] let [a, x : φ] := [t,M ] in N → N [a := t][x := M ]

indn,~a. φ(n,~a)(0,~t,M) → fst(M)

indn,~a. φ(n,~a)(S(t),~t,M) → snd(M) t indn,~a. φ(n,~a)(t,~t,M),
��v.t+¤�t

t
su{
z_¥ � yjt4¤�zO¦�¡

t→ tn,
®Yo
¤�zO¥ m q+¦§o
{rt �

t
�¯v.zª��s§{«¥.oª�Gz_¥ � yjt4¤�zO¦�¡

x«v.tS¥.t+�Ât+©ªzO¦ � zª�¯suo
¥"q4o
¥���tD½)�¯{
zO¤�tªç

[◦] ::= . . . | [◦] t | let [a, x : φ] := [◦] in N | indn,~a. φ(n,~a)([◦],~t,M)

x«v.tS¥.t+��©Ozª¦ � t+{
zª¤�t
λa. M

�
[t,M ]

zO¥ � zO¦u¦
Rep

��t4¤ryW{+¡
� ¥.tD�E®Yt4zª� � ¤rt²s§¥

λH
su{]z^n�R r l
g��d¤rt � � qD�¯suo
¥_¤�t+¦µzª��s§o
¥¢� � tD¸K¥.t � o
¥T®YoO¤�y � ¦§zO{:zO¥ �_� tZ´

¥.oO��t �al�m
→ω

¡ � ¥�� � su�¯s¹©
t+¦ m �
�­t«��s§¦u¦5q+o
¥.{�s � t4¤ ®Yo
¤ry � ¦§zO{:��s¹�¯vaq4¦uo
{�t � ��t4¤ryW{ � t+¥.oO��s§¥ � �¯v³t
{¯zªyWt�¥Kz-� � ¤�zO¦6¥ � y l t4¤r{VzO{ l t+s§¥ � ��v.t�{¯zªyWtª¡ x«v.s§{«su{ l t+q'z � {�t��¯v.t

indn,~a. φ(n,~a)(t,~t,M)

�¯t+¤�y q4zO¥EoO¥.¦ m ¤rt � � q4t�s¹®
t
s§{jzM¥ � yjt4¤�zO¦�¡ ¼ o
¤T�¯v³s§{a¤�t4zO{�o
¥å��thvKz'©
thzM¤ � ¦§t

t → t′

zO¦uo
¥ � ��su��v"�¯v.t�t+©ªzO¦ � zª��s§o
¥"q+o
¥��¯tD½)�
indn,~a. φ(n,~a)([◦],~t,M)

�Ks§¥"oO¤ � t+¤���o_®Yo
¤�q+t���v.t�¸K¤�{��
zO¤ �
� yjt4¥���oO®<�¯v.tTsu¥ � ��t4¤�y ��oi¤�t � � q4t~�¯of��v.tTq4oO¤�¤�t+{�°Qo
¥ � su¥ � ¥ � yjt4¤�zO¦�¡ � ® ��t~�²zO¥�����o
l t�z l ¦§t
�¯oa°.¤�o%©Otd� � l prt4qD� � t � � q+��s§o
¥6�³�¯v.t+{�t�¤�t � � qD�¯s§oO¥.{�y � {r��v.z%©Ot��¯v.t+s§¤²q+o � ¥��¯t+¤�°KzO¤��
s§¥i��v.t�¦§o � s§qª¡]x«v.s§{«su{��¯v³t�¤�t'zª{�o
¥È®Yo
¤���v.t�¥.t+�Â¤�t+¦µzª��s§o
¥

→ω

�5��v.s§qwvÈs§{²®YoO¤�yWzO¦§¦ ma� t+¸K¥³t �
zO{«®Yo
¦u¦§o%��{4ç

φ[a := t] →ω φ[a := tn],
®Yo
¤�zª¥ m

φ, a
zO¥ � q4¦uo
{�t � ��t4¤�y

t
¡

áB�%º]ñHøYò%ø$ôQñ þ,»uþ,» � ¼ RP��tufhO�R
φ↔ω ψ

f §�RqfhOhQ�Rqt
φ→ω ψ

l
t
ψ →ω φ

� ¼ R���fh¢h¢	�<RqgLl
O�R
��b

=ω

OhQ�R²nqp{�"¢h¢oRenqOJR8³�ikfhv
�"¢oRqg r Rzt~Rq¢W�"Ocfml
g�RG�$O�Rqg��"fhg<�
→ω

�

û��



n�tS¥.o%�·yjo%©
tSo
¥È�¯o � t+¸K¥³tS��v.t�� m °QtS{ m {r��t4y ®Yo
¤
λH

¡ � �
zO¤rs§{rt4{ l�m tD½)�¯t+¥ � s§¥ � �¯v³t
{ m {��¯t4yÝ®Yo
¤

λ→
°³¤�t4{rt4¥��¯t � s§¥J�¯v.t~°.¤�tD©5suo � {
{ m {r��t4yJ¡
x«v.tdq4o
¥��¯tZ½)�¯{�zO¤rt~{��¯su¦§¦P¸K¥.s¹�¯tS{�t+��{

oO®:°KzOsu¤�{
(x, φ)

¡ x«v.t~¥³t+�·¤ � ¦§t+{�q4o
¤r¤�t4{r°2oO¥ � s§¥ � ��o_�¯v.t�¸K¤r{r�r´Ìo
¤ � t4¤�¦§o � s§q�zª¤�tOç

Γ `M : φ

Γ ` λa. M : ∀a. φ
a /∈ FVF (Γ)

Γ `M : ∀a. φ

Γ `M t : φ[a := t]

Γ `M : φ[a := t]

Γ ` [t,M ] : ∃a. φ

Γ `M : ∃a. φ Γ, x : φ ` N : ψ

Γ ` let [a, x : φ] := M in N : ψ
a /∈ FVF (Γ, ψ)

x«v.t�¤ � ¦§t4{�q+o
¤�¤rt4{�°Qo
¥ � s§¥ � �¯o �
� z/½³suo
yj{�zO¤�tªç

Γ ` eqReflRep(t) : t = t
Γ `M : s = t

Γ ` eqSymmRep(t, s,M) : t = s

Γ `M : t = s ∧ s = u
Γ ` eqTransRep(t, s, u,M) : t = u

Γ `M : t = s
Γ ` eqSRep(t, s,M) : S(t) = S(s)

Γ `M : S(t) = 0

Γ ` p3Rep(t,M) : ⊥

Γ `M : S(t) = S(s)

Γ ` p4Rep(t, s,M) : t = s

Γ ` plusZRep(t) : t+ 0 = 0 Γ ` plusSRep(t, s) : t+ S(s) = S(t+ s)

Γ ` mulZRep(t) : t ∗ 0 = 0 Γ ` mulSRep(t, s) : t ∗ (S(s)) = t ∗ s+ t

Γ `M : φ(0,~t) ∧ ∀n. φ(n,~t) → φ(S(n),~t)

Γ ` indn,~a. φ(n,~a)(t,~t,M) : φ(t,~t)

� ¥hz �.� s¹�¯s§oO¥¢�5��v.t4¤rtSsu{�z_¤ � ¦ut�q4o
¤r¤�t4{r°2oO¥ � s§¥ � ��o � t+yWyWza�5¡ú�5¡6#5ç

Γ `M : φ

Γ `M : ψ
φ↔ω ψ

áB�%º]ñHøYò%ø$ôQñ þ,»uþ,» . ¼ R r �"¢h¢�O>Q�R�¢W�
nqO1d�tel�l�§^tuik¢oRjsu¥.t4{r{�t+¥@��sµzO¦��"g��T�"¢h¢Fl
OhQ�Rqt*d�t~l�l�§^tqi<¢oRen
t4{r{�t+¥@��sµzO¦Z�

ØF�k����� þ_»uþ,»�Ô ¾>§
φ =ω ψ Å OhQ�Rqg Γ `M : φ

f y
Γ `M : ψ

�

û$!



ÆÇt~l�l�§��)��¤¯zOs � v���®Yo
¤��²zO¤ � s§¥ � � q+�¯suo
¥"o
¥È�¯v.t � tD¸K¥.s¹�¯s§oO¥"oO®
=ω

¡
�

� ¥�o
¤ � t+¤��¯o"{ryWo)oO�¯v³t4¥Ä® � ¤��¯v.t+¤�°.¤�t+{�t+¥@�¯zª�¯suo
¥¢�¢�­t_¤�t+yfzO¤r�J��vKzª�SzO¦u¦:¤ � ¦§t+{�s§¥�©Oo
¦u©)s§¥ �

Rep
�¯t+¤�yj{�zO¤�t�oO®H�¯v.t�{�zOyWt�®YoO¤�yJç

Γ `M : φA(~t)

Γ ` axRep(~t,M) : ψA(~t)
,

®Yo
¤azO°³°.¤�o
°³¤�sµz-�¯ti¥ � y l t4¤aoO®V�¯t+¤�yj{
t
zO¥ � ®Yo
¤ry � ¦§zO{

φA
zO¥ �

ψA
¡�x«v.tJ��t4¤ry

M
zª¥ �

�¯v³tdzO{r{ � yj°³��s§o
¥.{Vyjs � v�� l tS¥.oO�
°.¤rt4{�t+¥��'¡ ¼ o
¤�tD½³zOyj°.¦§tª�>®YoO¤
ax ≡ eqReflRep

�­tdvKz'©Ot

~t ≡ t
�
M

su{�¥.oO��°³¤�t4{rt4¥��dzO¥ �
ψA ≡ t = t

¡ ¼ o
¤
ax ≡ eqSRep

� ~t ≡ t, s
�
φA ≡ t = s

zO¥ �
ψA ≡ S(t) = S(s)

¡Än�tf��s§¦u¦���v.t4¤rt+®Yo
¤rt � {rt"yWtD�wz-´Ì¦§t+©Ot4¦¶{�qwv.t+yfzª{ � {�su¥ �
axRep

�

φA
zO¥ �

ψA
�¯o��¯zO¦§��z l o � �TzO¦§¦]��v.t4{rti�¯t+¤�yj{TzO¥ � ¤ � ¦ut4{Tz-�do
¥³q4tO¡ ¼ oO¤~tZ½.zªyW°.¦utO� � {�su¥ �

�¯v³s§{ q4oO¥@©Ot4¥��¯suo
¥¢�@��tVq'zª¥W{r°2t+q4su® m ��v.t«� m °.s§¥ � ¤ � ¦§t4{�q+o
¤�¤rt4{�°Qo
¥ � s§¥ � �¯o �
� z-½5suo
yW{]zO°KzO¤��
®Y¤�oOyË�¯v³tSsu¥ � � qD�¯suo
¥Jz-½5s§o
yËq4o
¥.q+s§{rt4¦ m zO{4ç

Γ `M : φA(~t)

Γ ` axRep(~t,M) : ψA(~t)

x«v.t"®Yo
¦§¦uo%��s§¥ ��� t+yWyWz�{rv.o%��{a��vKzª�
λH

q'zª¦§q � ¦ � {Tsu{_z�®$zOs¹�¯v³® � ¦¶¤�t+°.¤�t+{�t+¥@�¯zª�¯suo
¥coO®
�
� ¡

ØF�k����� þ_»uþ,»$ð:Ö�Í ×döHó/ó��L�¯Öhô)ÿ��.ó-õ�øj�4ô���ô>ó��1�Høc���sÐ�¾>§
Γ ` O : Ψ

OhQ�Rqg
rg(Γ) `HA

Ψ
�|¾>§

Γ `HA Ψ Å OhQ�Rqg`O>Q�Rqt~RTRG�$fonqO>nC�7O�Rqtqp M
nqi r Q|OhQN�"O

Γ ` M : Ψ Å �1Q�Rqt~R Γ =

{(xφ, φ) | φ ∈ Γ}
�

ÆÇt~l�l�§�x«v.t~¸K¤r{r�
°KzO¤��Gsu{
o l ©)s§o � {«± ®Yo
¤«�¯v³td¥.tD��� m °³s§¥ � ¤ � ¦ut4{ � {�tS�¯v.tSq4o
¤r¤�t+{�°Qo
¥ � su¥ �
�
� z-½5s§o
yj{WzO¥ � � t+yWyWz8�5¡ú�5¡ò#M��o � t4¤rsu©Oth�¯v³th®Yo
¤ry � ¦µzª{4¡ ¼ o
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Γ `HA Ψ
oO®eç

•
Γ ` ∃a. φ Γ, φ ` Ψ

Γ ` Ψ
a /∈ FVF (Γ) ∪ FVF (ψ)

û$ 



ã m ��v.tVs§¥ � � q+�¯suo
¥av m °QoO��v.t4{rs§{���t � t+���¯t+¤�yj{
M,N

{ � qwvW�¯vKzª�
Γ `M : ∃a. φ
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Γ, xφ : φ ` N : Ψ
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Γ `M : ∃a. φ Γ, xφ : φ ` N : Ψ

Γ ` let [a, xφ : φ] := M in N : Ψ

•
Γ ` φ

Γ ` ∀a. φ
a /∈ FVF (Γ)
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Γ ` M : φ
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Γ ` λa. M : ∀a. φ
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•
Γ ` ∀a. φ

Γ ` φ[a := t]
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Γ ` M :

∀a. φ
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Γ `M t : φ[a := t]
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•
Γ ` φ[a := t]

Γ ` ∃a. φ
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Γ ` M :

φ[a := t]
¡�x«v.t+¤�t+®YoO¤�t

Γ ` [t,M ] : φ[a := t]
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x : φA(~n) ` x : φA(~n)

x : φA(~n) ` axRep(~n, x) : ψA(~n)

` λx : φA(~n). axRep(~n, x) : φA(~n) → ψA(~n)

` λ~n. λx : φA(~n). axRep(~n, x) : ∀~n. φA(~n) → ψA(~n)
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∀n. φ(n,~a)
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x : φ(0,~a) ∧ ∀n. φ(n,~a) → φ(S(n),~a) ` x : φ(0,~a) ∧ ∀n. φ(n,~a) → φ(S(n),~a)

x : φ(0,~a) ∧ ∀n. φ(n,~a) → φ(S(n),~a) ` indn,~a. φ(n,~a)(n,~a, x) : φ(n,~a)

x : φ(0,~a) ∧ ∀n. φ(n,~a) → φ(S(n),~a) ` λn. indn,~a. φ(n,~a)(n,~a, x) : ∀n. φ(n,~a)

` λ~aλx : φ(0,~a) ∧ ∀n. φ(n,~a) → φ(S(n),~a)λn. indn,~a. φ(n,~a)(n,~a, x) : Ψ
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Γ ` Q : Ψ
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FVF (ψ)
�"t~R�§uteReneQ©O�lBO>Q�R

d�t~l�l�§²OjteReR
Γ ` Q : Ψ Å OhQ�Rqg Γ, y : ψ ` Q : Ψ
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Γ ` Q : Ψ
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Γ ` Q : Ψ
oO®eç

•
Γ `M : φ

Γ ` λa. M : ∀a. φ
a /∈ FVF (Γ)
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Γ, y : ψ `M : φ
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Γ, y : ψ ` λa. M : ∀a. φ
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Γ `M : ∀a. φ

Γ `M t : φ[a := t]
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•
Γ `M : ∃a. φ Γ, x : φ ` N : ψ

Γ ` let [a, x : φ] := M in N : ψ
a /∈ FV (Γ, ψ)
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Γ `M : φA(~t)

Γ ` axRep(~t,M) : ψA(~t)
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Γ, x : φ `M : ψ
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Γ ` N : φ Å OhQ�Rqg Γ `M [x := N ] : ψ
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Γ[b := u] ` Q[b := u] : Ψ[b := u]
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Γ ` Q : Ψ
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•
Γ `M : φ

Γ ` λa. M : ∀a. φ
a /∈ FVF (Γ)
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Γ[b := u] ` M [b := u] : φ[b := u]
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Γ[b :=
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Γ[b := u] `

(λa. M)[b := u] ` (∀a. φ)[b := u]
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•
Γ `M : ∀a. φ

Γ `M t : φ[a := t]
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Γ[b := u] `

M [b := u] : ∀a. (φ[b := u])
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Γ[b := u] ` M [b := u] t[b := u] : φ[b := u][a :=

t[b := u]]
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a /∈ FV (t)
�P�­t � t+�

Γ[b := u] ` (M t)[b :=

u] : φ[a := t][b := u]
¡

•
Γ `M : φ(0,~t) ∧ ∀n. φ(n,~t) → φ(S(n),~t)

Γ ` indn,~a. φ(n,~a)(t,~t,M) : φ(t,~t)
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¥Èv m °QoO��v.t4{rs§{4�
Γ[b := u] ` M [b := u] : φ[b := u](0,

−−−−−→
t[b := u]) ∧

∀n. φ[b := u](n,
−−−−−→
t[b := u]) → φ[b := u](S(n),

−−−−−→
t[b := u])
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Γ[b := u] `

indn,~a. φ[b:=u](n,~a)(t[b := u],
−−−−−→
t[b := u],M [b := u]) : φ[b := u](t[b := u],

−−−−−→
t[b := u])
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Γ `M : φ

Γ `M : ψ
φ↔ω ψ
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Γ `M : φ1[a := t]

Γ `M : φ1[a := tn]
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Γ[b := u] ` M [b := u] : φ1[a := t][b := u]
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{ro
Γ[b := u] ` M [b := u] : φ1[b := u][a := tn]

¡ � {
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s§{jq4¦uo
{�t � zO{W�­t4¦u¦��

Γ[b := u] `M [b := u] : φ1[a := tn][b := u]
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Γ ` Q : Ψ
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Q
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• M N
�¶¥,Q�Rqg©OhQ�RqteR�fon

φ
nqi r QCOhQN�"O

Γ `M : φ→ Ψ1 Å Γ ` N : φ
�"g��

Ψ1 =ω Ψ
�

• λx : φ. M
��¥,Q�Rqg�§}l
t�n�l
p�R

φ, ψ Å Ψ =ω φ→ ψ
�"g��

Γ, x : φ `M : ψ
�

• inl(M)
��¥,Q�Rqg�§}l
t�n�l
p�R

φ, ψ Å Ψ =ω φ ∨ ψ
�"g��

Γ `M : φ
�

• inr(M)
�¶¥,Q�Rqg�§}l
tzn�l
p�R

φ, ψ Å Ψ =ω φ ∨ ψ
�"g��

Γ `M : ψ
�

• case(M,x : φ.N, x : ψ.O)
�C¥,Q�Rqg

Γ ` M : φ ∨ ψ Å Γ, x : φ ` N : Ψ1,Γ, x : ψ `

O : Ψ1

�"g��
Ψ1 =ω Ψ

�

• fst(M)
�¶¥,Q�Rqg^§}l
t²n�l
p�R

ψ Å Γ `M : Ψ1 ∧ ψ
�"g��

Ψ1 =ω Ψ
�

• snd(M)
�¶¥,Q�Rqg�§}l
tzn�l
p�R

φ Å Γ `M : φ ∧ Ψ1

�"g��
Ψ1 =ω Ψ

�

• 〈M,N〉
�¶¥,Q�Rqg�§}l
t�n�l
p�R

φ, ψ Å Ψ =ω φ ∧ ψ Å Γ `M : φ
�"g��

Γ ` N : ψ
�

• magic(M)
��¥,Q�Rqg

Γ `M : ⊥
�

• λa. M
�¶¥,Q�Rqg

Ψ =ω ∀a. φ Å a /∈ FV (Γ)
�"g��

Γ `M : φ
�

• M t
�7¥,Q�Rqg¶§}l
tPn�l
p�R�O�Rqtup

t
�"g��T�²§}l
tup�i<¢W�

φ Å Ψ =ω φ[a := t]
�"g��

Γ ` M :

∀a. φ
�

• [t,M ]
�¶¥,Q�Rqg

Ψ =ω ∃a. φ
�"g��

Γ `M : φ[a := t]
�

• let [a, x : φ] := M in N
��¥,Q�Rqg

a /∈ FVF (Γ, ψ),Γ ` M : ∃a. φ Å Γ, x : φ ` N :

Ψ1

�"g��
Ψ1 =ω Ψ

�

• axRep(~t,M)
�¶¥,Q�Rqg

Ψ =ω ψA(~t)
�"g��

Γ `M : φA(~t)
�

• indn,~a. φ(n,~a)(t,~t,M)
�ó¥,Q�Rqg

Ψ =ω φ(t,~t) Å Γ ` M : φ(0,~t) ∧ ∀n. φ(n,~t) →

φ(S(n),~t)
�
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M

fon¶��v
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Ψ
fon
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• φ → ψ
��¥,Q�Rqg

M = λx : φ1. N
�"g��

x : φ1 ` N : ψ1 Å �1Q�Rqt~R φ → ψ =ω φ1 →

ψ1
�

• φ ∨ ψ
�¶¥,Q�Rqg;RqfhOhQ�Rqt

M = inl(N)
�"g��

` N : φ1
l
t
M = inr(N)

�"g��
` N : ψ1 Å

�1Q�Rqt~R
φ1 =ω φ

�"g��
ψ1 =ω ψ

�

• φ ∧ ψ
�ó¥,Q�Rqg

M = 〈N,O〉 Å ` N : φ1
�"g��

` O : ψ1 Å �1Q�Rqt~R φ =ω φ1
�"g��

ψ =ω ψ1
�

• ⊥
�¶¥,Q<fonPgLRqv"Rqt�QN�qd%d�RqgNn��

• ∀a. φ
�¶¥,Q�Rqg

M = λa. N
�"g��

` N : φ1 Å �1Q�Rqt~R φ1 =ω φ
�

• ∃a. φ
�¶¥,Q�Rqg

M = [t, N ]
�"g��

` N : φ1[a := t] Å �1Q�Rqt~R φ1 =ω φ
�

• t = u
�¶¥,Q�Rqg

M
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Γ ` P : Ψ
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Q Å O>Q�Rqg Γ ` Q : Ψ
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• (λx : φ. M) N → M [x := N ]
¡�ã m � ¥�©
t4¤r{�suo
¥¢� �¯v.t+¤�tisu{Tz

φ1

{ � qwvc��vKzª�
Γ `

λx : φ. M : φ1 → Ψ1

�
Γ ` N : φ1

zª¥ �
Ψ1 =ω Ψ

¡·ã m � ¥�©
t+¤�{rs§o
¥�z � zOs§¥¢�

Γ, x : φ ` M : Ψ2
�
φ1 =ω φ

zO¥ �
Ψ2 =ω Ψ1

¡�x«v³t4¤�tD®Yo
¤�t
Γ ` N : φ

��{�o
l�m � t4yjyfzh�5¡ú�5¡ ù �5�

Γ ` M [x := N ] : Ψ2

¡h�5s§¥³q4t
Ψ2 =ω Ψ

� l�m � t4yjyWz��5¡ú�5¡ò 

Γ `M [x := N ] : Ψ
¡

• case(inl(M), x : φ. N, x : ψ. O) → N [x := M ]
¡jã m � ¥@©Ot4¤r{�s§oO¥¢�

Γ ` inl(M) :

φ ∨ ψ
�
Γ, x : φ ` N : Ψ1

zO¥ �
Ψ1 =ω Ψ

¡
ã m � ¥�©Ot4¤�{rs§o
¥�z � zOs§¥6�
Γ ` M : φ1

zª¥ �

φ1 =ω φ
�6{�oÈzª¦§{�o

Γ ` M : φ
¡�ã m � t4yjyfz"�)¡ �5¡ ù �5�

Γ ` M [x := N ] : Ψ1
�¢{ro l@m

� t4yjyWza�5¡ �)¡6 azO¦u{�o
Γ `M [x := N ] : Ψ

¡

• case(inr(M), x : φ. N, x : ψ. O) → O[x := M ]
¡f� m yjyWtD�¯¤�suqd�¯o"��v.tW°³¤�t+©)suo � {

q4zO{�tª¡

• fst(〈M,N〉) → M
¡�ã m � ¥�©
t4¤r{�suo
¥¢�

Γ ` 〈M,N〉 : Ψ1 ∧ ψ
®Yo
¤W{�o
yjt

ψ
zO¥ �

Ψ1 =ω Ψ
¡ ã m � ¥�©
t4¤r{�suo
¥Èz � zOsu¥¢�

Γ `M : Ψ2

zO¥ �
Ψ2 =ω Ψ1

�³{ro_zO¦u{�o
Γ `M : Ψ

¡

• snd(〈M,N〉) → N
¡­� m yWyjt+��¤�suqG�¯o_�¯v³tS°³¤�t+©)suo � {�q'zO{rtO¡

• (λa. M) t→M [a := t]
¡�ã m � ¥@©Ot4¤r{�s§oO¥¢�

Γ ` λa. M : ∀a. φ
zO¥ �

Ψ =ω φ[a := t]
¡

ã m � ¥�©Ot4¤�{rs§o
¥Äz � zOsu¥¢�
Γ ` M : φ1

�
φ1 =ω φ

zO¥ �
a /∈ FVF (Γ)

�>{�o
Γ[a := t] = Γ

¡
ã m � t+yWyWzM�5¡ �)¡ ù û5�

Γ ` M [a := t] : φ1[a := t]
¡ � {Ws¹�as§{jt'zO{ m �¯oM{�t+th�¯v.zª�

φ[a := t] =ω φ1[a := t]
�.�¯v.t�q4¦§zOs§y ®Yo
¦u¦§o%��{4¡

• let [a, x : φ] := [t,M ] in N → N [a := t][x := M ]
¡ £ v.o5oO{�t

a
��o l t�®Y¤�t+{�v¢�K{roas§¥

°Kzª¤r�¯suq � ¦§zO¤
M [a := t] = M

¡~ã m � ¥�©
t+¤�{rs§o
¥¢�
a /∈ FV (Γ,Ψ)

�
Γ ` [t,M ] : ∃a. φ

�

Γ, x : φ ` N : Ψ1

�
Γ[a := t] = Γ

zª¥ �
Ψ1 =ω Ψ

¡Àã m � ¥@©Ot4¤r{�s§oO¥Âz � zOs§¥¢�

Γ ` M : φ1[a := t]
zO¥ �

φ1 =ω φ
¡ x«v.t4¤rt+®Yo
¤rtO�

Γ ` M : φ[a := t]
¡ � {

a /∈ FV (Ψ)
� zO¦u{�o

a /∈ FV (Ψ1)
�]{ro

Ψ1[a := t] = Ψ1

¡�ã m � t4yjyWzÄ�5¡ú�5¡ ù ûJ�­t
� tD�

Γ[a := t], x : φ[a := t] ` N [a := t] : Ψ1[a := t]
�¢{ro"zO¦§{ro

Γ, x : φ[a := t] `

N [a := t] : Ψ1

¡�ã m � t4yjyfzd�5¡ú�5¡ ù �5�5�­t � tD�
Γ ` N [a := t][x := M ] : Ψ1

�³{roazO¦§{ro

Γ ` N [a := t][x := M ] : Ψ
¡

ý%#



• indn,~a. φ(n,~a)(t,~t,M) → indn,~a. φ(n,~a)(tn,~t,M)
¡�x«v.s§{
¤�t � � q+��s§o
¥�¤ � ¦utds§{V�¯v.t~¤�t4z-´

{ro
¥"®Yo
¤��¯v³t�s§¥.t+{�{�t+¥��¯sµzª¦6°.¤ro5oO®H¤ � ¦§t�su¥i�¯v.t�� m °.su¥ � { m {��¯t4yË®Yo
¤
λH

¡�ã m � ¥�©Ot4¤�{rs§o
¥6�

Γ ` M : φ(0,~t) ∧ ∀n. φ(n,~t) → φ(S(n),~t)
zO¥ �

Ψ =ω φ(t, t)
¡·x«v � {ÈzO¦§{ro

Γ ` indn,~a. φ(n,~a)(tn,~t,M) : φ(tn, t)
¡

• indn,~a. φ(n,~a)(0,~t,M) → fst(M)
¡ax«v.t+¥

Ψ =ω φ(0,~t)
¡aã m � ¥@©Ot4¤r{�s§oO¥¢�

Γ ` M :

φ(0,~t) ∧ ∀n. φ(n,~t) → φ(S(n),~t)
¡²x«v³t4¤�tD®Yo
¤�tª�

Γ ` fst(M) : φ(0,~t)
zO¥ � q+o
¥.{�tZ´

Ç � t+¥@��¦ m
Γ ` fst(M) : Ψ

¡

• indn,~a. φ(n,~a)(S(t),~t,M) → snd(M) t indn,~a. φ(n,~a)(t,~t,M)
¡Hx«v.t4¥

Ψ =ω φ(S(t),~t)
¡

ã m � ¥�©
t+¤�{�suo
¥¢�
Γ ` M : φ(0) ∧ ∀n. φ(n,~t) → φ(S(n),~t)

¡�x«v.tT®YoO¦§¦§o%��su¥ � °³¤�o)oO®
��¤�t4t�{rv.o%��{V��v.t�q4¦µzªs§yJ¡

Γ ` snd(M) : ∀n. φ(n,~t) → φ(S(n),~t)

Γ ` snd(M) t : φ(t,~t) → φ(S(t),~t)

Γ `M : φ(0) ∧ ∀n. φ(n,~t) → φ(S(n),~t)

Γ ` indn,~a. φ(n,~a)(t,~t,M) : φ(t,~t)

Γ ` snd(M) t indn,~a. φ(n,~a)(t,~t,M) : φ(S(t),~t)

Γ ` snd(M) t indn,~a. φ(n,~a)(t,~t,M) : Ψ

•
x«v³tSsu¥ � � qD�¯suo
¥È{r�¯t+°.{
zO¤�t�t4zO{ m ¡

�

ØF�k����� þ_»uþ,»$ð � Í ÕSó-ô��>ó��<�}�
Ð©¾>§
` P : Ψ

�"g��
FVF (P ) = ∅ Å OhQ�RqgTRqfhOhQ�Rqt P fon��^v
�"¢£i�R

l
tPO>Q�Rqt~R�fon
Q
nqi r Q�O>QN�"O

P → Q
�"g��

FVF (Q) = ∅
�

ÆÇt~l�l�§ � ¥ � � qD�¯suo
¥�o
¥J�¯v.tS¦§t+¥ � ��vhoO®
P
¡¶n�tS{�v.o%����v.tdq4zO{�t+{
®Yo
¤«�¯v³t~¥.tD���¯t+¤�yj{4¡ � ¥�zO¦§¦

q'zª{�t4{+�K�¯v.t�q4¦§zOs§yËz l o � �
FVF (Q)

s§{²��¤�su©)s§zO¦2��oa©Ot4¤rsu® m ¡ £ zO{rt
P
oO®eç

• λa. M, [t,M ]
¡�x«v.t4{rtdzª¤�t�©ªzO¦ � t+{4¡

• M t
¡~ã m � ¥�©Ot4¤�{rs§o
¥�zO¥ � £ zª¥.o
¥.suq'zO¦ ¼ oO¤�yj{4�

Ψ =ω φ[a := t]
zO¥ �

` M : ∀a. φ
¡

ã m �¯v³t�s§¥ � � q+��s§o
¥~v m °QoO��v.t4{rs§{4��t+su��v.t4¤
M = λa. N

s§¥S��v.s§qwv_q4zO{�t
P → N [a := t]

�
o
¤
M →M ′ zª¥ � zª¦§{�o M t→M ′ t

¡

• let [a, x : φ] := M in N
¡�ã m � ¥@©Ot4¤r{�s§oO¥¢�

` M : ∃a. φ
¡�ã m �¯v.tJsu¥ � � qD�¯s§oO¥

v m °2oª�¯v.t+{�s§{�zO¥ � £ zO¥.o
¥³s§q'zª¦ ¼ o
¤ryW{+�Gt+su�¯v³t4¤
M = [t, O]

su¥Ã��v.suqwvÂq4zO{�t
P →

ý@�



N [a := t][x := O]
�«o
¤

M → M ′ ��v.t4¥�zO¦u{�o let [a, x : φ] := M in N →

let [a, x : φ] := M ′ in N
¡

• axRep(~t,M)
¡ x«v.t4{rt~�¯t+¤�yj{�zO¤�t�©ªzO¦ � t4{+¡

• indn,~a. φ(n,~a)(t,~t,M)
¡h�5su¥.q4t

FVF (P ) = ∅
�
t
s§{Sq4¦uo
{�t � ¡ � ®

t
su{dzJ¥ � yWt+¤¯zO¦[�H��v.t

��t4¤�y suyWyjt � sµzª��t4¦ m ¤rt � � q+t4{+¡ � ®²¥.oO�'�N�¯v³t4¥
t → tn

zO¥ �
indn,~a. φ(n,~a)(t,~t,M) →

indn,~a. φ(n,~a)(tn,~t,M)
¡

�

ã m q+o
yW°Qo
{rs§¥ � � � l prt4qD� � t � � q+�¯suo
¥hzO¥ � � ¤�t4{rt4¤�©Oz-�¯s§oO¥�zO{ l t+®Yo
¤rtO�³�­t � t+�4ç

×~ô>ó-ô�
j
j�³ó�� þ,»uþ,»$ð .Â¾h§
` M : φ Å M fon r ¢ol�n�R8���"g��

M ↓ v Å O>Q�Rqg ` v : φ
�"g��

v
fon��

v
�"¢£i�R��

×~ô>ó-ô�
j
j�³ó�� þ,»uþ,»$ðkÔ ¾h§
`M : ⊥

�"g��
M

fon r ¢ol�n�R8� Å OhQ�Rqg M �<l�RenPgLl
O�gLl
tup{�"¢£fW¹
R��

YJEZYJEj� ÛaI_�F¯���Ü@��Ýz��¯���K4\½Ìe­�¬`õxö

n�ta��su¦§¦:tD½)�¯t+¥ � ¤rt'zO¦us§|'z l s§¦usu� m ®Yo
¤ � � £ ��oÈt4¥.q+o
yW°.zO{�{ �
� ¡ ¼ o
¤G�¯v³s§{�° � ¤r°2oO{�tO�N�­ta��su¦§¦
¸K¤r{r�V°.¤�t+{�t+¥@�Gzaã � æ�s§¥��¯t+¤�°.¤rt+�wz-�¯s§oO¥i®Yo
¤²�¯v.t�¸K¤r{r��´¬o
¤ � t4¤VzO¤rsu�¯v³yWtD�¯s§qªç

•
x«v³tiq4o
¥³{r�¯¤ � q+��s§o
¥�oO®VzO¥�zª��o
yjs§q_®Yo
¤�y � ¦µz

t = s
tZ½³su{r��{To
¥.¦ m s¹®«su®��¯v.tW¥ � y l t+¤�{

q+o
¤�¤rt4{�°Qo
¥ � s§¥ � �¯o_��v.t��¯t4¤ryW{VzO¤rt�t4Ç � zO¦[¡

•
x«v³t4¤�tSs§{«¥³ojq+o
¥.{��¯¤ � q+�¯suo
¥JoO®

⊥
¡

•
x«v³tGq4oO¥.{r��¤ � qD�¯s§oO¥WoO®PzSq+o
¥-p � ¥.qD�¯suo
¥

φ∧ψ
su{¶zS°Kzªs§¤�q4o
¥³{�s§{��¯su¥ � oª®Pz~q+o
¥.{��¯¤ � q+�¯suo
¥

oO®
φ
zO¥ � z_q4o
¥³{r�¯¤ � q+��s§o
¥JoO®

ψ
¡

•
x«v³tJq+o
¥.{��¯¤ � q+�¯suo
¥�oO®Gz � s§{Bp � ¥.qD�¯s§oO¥

φ ∨ ψ
s§{_t+su�¯v³t4¤_zÄq+o
¥.{r��¤ � qD�¯suo
¥coO®

φ
o
¤_z

q+o
¥.{r��¤ � qD�¯suo
¥ÈoO®
ψ
¡

•
x«v³t"q4o
¥.{��¯¤ � q+��s§o
¥�oO®Vzª¥�s§yj°.¦§suq'zª��s§o
¥

φ → ψ
su{_zÄyWtD�¯v.o � �<��v³s§qwv��¯¤�zO¥.{r®YoO¤�yj{

tD©
t4¤ m q4o
¥³{r�¯¤ � q+��s§o
¥JoO®
φ
�¯ojzaq4o
¥.{��¯¤ � q+��s§o
¥ÈoO®

ψ
¡

ý%!



•
x«v³tdq4oO¥.{r��¤ � qD�¯s§oO¥�oO®]zO¥�tZ½³su{r��t4¥��¯s§zO¦

∃n. φ
su{VzW°KzOsu¤«q4o
¥³{�s§{��¯su¥ � oO®]zj��t4¤�y

t
zO¥ �

z_q4oO¥.{r��¤ � qD�¯s§oO¥hoO®
φ[n := t]

¡

•
x«v³tVq+o
¥.{��¯¤ � q+�¯suo
¥_oO®

∀n. φ
s§{�z�yjt+�¯v³o � ��¤¯zO¥.{�®Yo
¤�yjs§¥ � zO¥ m ��t4¤�y

t
su¥��¯o

φ[a := t]
¡

n�tÈ°.¤ro5q+t4t � ��o�s§yj°.¦§t+yWt+¥@�S�¯v³tJ¥³t+�Îã � æ�s§¥��¯t+¤�°.¤rt+�wz-�¯s§oO¥8©5s§zÄ¤�t4zO¦§su|'z l su¦§s¹� m ¡Än�t
¸K¤r{r��tZ½5��t4¥ � �¯v³tTt4¤�zO{ � ¤rt_yfzª°Ä{�o"�¯v.zª��s¹��yWzO°.{

λH
�¯o
λH

� l@m z �.� su¥ � ��v.tT®Yo
¦§¦uo%��s§¥ �
q4¦§z � {rt4{«�¯oasu��{ � t+¸.¥.su��s§o
¥¢ç

[t,M ] ≡ [t,M ] let [a, y : φ] := M in N ≡ let [a, y] := M in N

M t ≡M t λa. M ≡ λa. M

axRep(~t,M) ≡ axRep(~t,M) indn,~a. φ(n,~a))(t,~t,M) ≡ ind(t,~t,M)

� �Vs§{«t4zO{ m ��oa{�t4t��¯v.zª�«�¯v.t�yWzOs§¥"¦ut4yjyfz~{r�¯su¦§¦¢v³o
¦ � {+ç

ØF�k����� þ_»uþ,»uþ�Ö ¾>§
M ↓

O>Q�Rqg
M ↓

�

�e¼H��� tD½5°KzO¥ � { � � £ l�m Ç � zO¥��¯s¹¸Kt4¤r{4�K�¯t+¤�yj{�zO¥ � t4Ç � zO¦usu� m ¤�t4¦§zª�¯suo
¥KzO¦2{ m y l o
¦§{+¡�x«v.t
¤�t4zO¦§su|'z l s§¦§s¹� m ¤�t+¦µzª��s§o
¥WvKzO{²��o_zOq4q+o � ¥��«®Yo
¤���v.t4{rt�¥.t+�Ã®Yt'zª� � ¤�t+{4¡]n�t � t+¸.¥.t�¤�t'zª¦§s§|4z l su¦§su� m
o
¥.¦ m o
¥Èq+¦§o
{rt � ®Yo
¤�y � ¦µzO{+¡]x«v.t � t+¸K¥³su�¯suo
¥"oO®:¤�t4zO¦§su|4t4¤r{«{r�¯z m { � ¥.qwvKzª¥ � t � ç

áB�%º]ñHøYò%ø$ôQñ þ,»uþ,»uþNðâÁ ¤�t4zO¦§su|4t+¤^fon�� r ¢ol�n�R8�{O�Rqtupãl�§
λD

�

áB�%º]ñHøYò%ø$ôQñ þ,»uþ,»uþQþ ¥,Q�RÊt~R8�"¢£fW¹��%��fh¢£fhOcb`t~Rq¢W�"Ojfml
g
M 
 φ

�qRqOj��ReRqgÉteR8�"¢£fW¹
Rqt~n
M

�"g��
r ¢ol�n�R8��§}l
tup�i<¢W�
n

φ
fon^�<R>ËFgLR8����b¶OhQ�RF§}l
¢h¢ol
��fhg<� r ¢W�"i%n�Ren�Ä

M 
 t = s ≡ M ↓ ∧[[t]] = [[s]]

M 
 ⊥ ≡ ⊥

M 
 φ ∧ ψ ≡ M ↓ 〈M1,M2〉 ∧ (M1 
 φ) ∧ (M2 
 ψ)

M 
 φ ∨ ψ ≡ (M ↓ inl(M1) ∧M1 
 φ) ∨ (M ↓ inr(M1) ∧M1 
 ψ)

M 
 φ→ ψ ≡ (M ↓ λx. M1) ∧ ∀N. (N 
 φ) → (M1[x := N ] 
 ψ)

M 
 ∃a. φ ≡ M ↓ [t, N ] ∧N 
 φ[a := t]

M 
 ∀a. φ ≡ M ↓ λa. N ∧ ∀t ∈ Tmsc. N [a := t] 
 φ[a := t]

ý% 



� ��s§{�t4zO{ m �¯o"{�t+tT�¯vKz-�SzO¦§¦N�¯v.t_°³¤�o
°Qt4¤��¯s§t+{�oO®¶¤�t4zO¦§su|'z l su¦§s¹� m °.¤�o%©Ot � ®Yo
¤
λ→

v³o
¦ � ®Yo
¤

λH
zª{��­t4¦u¦�ç

ØF�k����� þ_»uþ,»uþ�) ¾>§
M 
 φ Å OhQ�Rqg M ↓

�

ØF�k����� þ_»uþ,»uþ?2 ¾>§
M →∗ N Å O>Q�Rqg M 
 φ

f y
N 
 φ

�

ØF�k����� þ_»uþ,»uþ -Â¾>§
M 
 φ→ ψ

�"g��
N 
 ψ Å OhQ�Rqg M N 
 ψ

�

� ¥.t~¥³t+��°.¤ro
°2t+¤r� m s§{�¥.t+q4t+{�{¯zª¤ m s§¥Jo
¤ � t+¤V��oj��¤�t4zª��zª°.°.¦§suq'zª��s§o
¥³{²oO®]��v.t~su¥.t4{r{�t+¥@��sµzO¦
°.¤ro5oO®:¤ � ¦§tOç

ØF�k����� þ_»uþ,»uþ�= ¾>§
φ↔ω φ

′ OhQ�Rqg M 
ρ φ
f y
M 
ρ φ

′ �

ÆÇt~l�l�§��@�¯¤¯zªs � v���®YoO¤r��zO¤ � su¥ � � qD�¯suo
¥8o
¥���v.t � tD¸K¥.su��s§o
¥�oO®�¤�t4zO¦§su|'z l s§¦§s¹� m � � {�su¥ � ��v.tf®$zOqD�
�¯v.zª�«®Yo
¤�zO¥ m �¯t+¤�y

t
�
[[t]] = [[tn]]

¡
�

YJEZYJE>æ çá­�¬����F¯���ÜL�ÒKk��­F®è­FÌ
λH

x«v.t«¥.oO¤�yWzO¦§su|'zª��s§o
¥�°.¤ro5oO®Q°.¤ro5q+t4t � { yWoO{r�¯¦ m � ¥.qwvKzO¥ � t � ¡ x«v³t � t+¸K¥³su�¯suo
¥ToO®2zO¥_t+¥�©5su¤�o
¥)´
yjt4¥��Vy � {r� l t � ° � zª�¯t � ��ojzOq4q+o � ¥���®Yo
¤²�¯v.t�®Y¤rt4t�¸K¤�{��r´Ìo
¤ � t+¤«©Ozª¤�sµz l ¦§t+{²s§¥"�¯v³tS{rt4Ç � t+¥@�4¡

áB�%º]ñHøYò%ø$ôQñ þ,»uþ,»uþ � Á g"t+¥�©5su¤�o
¥³yWt+¥@� Å �<RqgLl
O�R8�^��b ρ Å fon���ËFg�fhO�R�dN�"tuOcfj�"¢q§uikg r Ojfml
g*§ut~l
p

V ar
O�l
λH

�"g��¤§ut~l
p
FV ar

O�l r ¢ol�n�R8��� Á O�Rqtup�n��·Ã�l
t+�7O�Rqtup
M Å M [ρ]

�<RqgLl
O�Ren

M [x1 := ρ(x1), . . ., xn := ρ(xn), a1 := ρ(a1), . . ., am := ρ(am)]
��Ó�fhp�fh¢W�"tu¢£b Å φ[ρ]

�<RqgLl
O�Ren
φ[a1 := ρ(a1), . . ., am := ρ(am)]

� ¼ R���tufhO�R
ρ |= Γ ` M : φ

f §�§}l
t©�"¢h¢

a ∈ FVF (Γ,M, φ) Å ρ(a) fon��<R>ËFgLR8�+�"g���§}l
t^�"¢h¢ (x, φ) ∈ Γ Å ρ(x) 
 φ[ρ]
�

Ü��	�@ô>ó
�<� þ,»uþ_»uþ . Í ÞJô>ó4�;��
[ø>à%�³ò/øYôQñ�ÐC¾>§
Γ ` Q : Ψ Å OhQ�Rqg�§}l
t¶�"¢h¢ ρ |= Γ ` Q : Ψ Å

M [ρ] 
 Ψ[ρ]
�
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ÆÇt~l�l�§ ¼ o
¤dzO¥ m
λH

�¯t+¤�y
M
�
M ′ s§¥8��v.ti°.¤ro5oO® � t4¥.oO��t4{ M [ρ]

zª¥ �
φ′ � t+¥.oO�¯t+{ φ[ρ]

¡
n�tS°³¤�o)q4t4t �Èl@m su¥ � � qD�¯suo
¥"o
¥"�¯v.t�°³¤�o)oO®:��¤�t+t

Γ ` Q : Ψ
¡ � {���v.t�q'zO{rt4{�q4oO¤�¤�t+{�°Qo
¥ � su¥ �

�¯o
λ→

� oj¥.oO��su¥��¯t4¤�zOq+����s¹�¯v"¸K¤�{��r´Ìo
¤ � t+¤�{ � l {��¯s¹� � ��s§o
¥.{+�.�¯v.t�°.¤ro5oª®Y{«¤�t4yWzOsu¥ � ¥.qwvKzO¥ � t �
®Y¤�oOyÎx«v.t+o
¤�t+y��5¡ ù ¡ �$&)¡]n�t��¯v³t4¤�tD®Yo
¤�t�{rv.o%�·o
¥.¦ m ��v.t�¥.t+��q4zO{�t+{4¡ £ zO{�t

Γ ` Q : Ψ
oª®eç

•
Γ `M : φ

Γ ` λa. M : ∀a. φ

ã m �¯v³tTs§¥ � � q+��s§o
¥Äv m °QoO�¯v.t+{�su{4�¢®Yo
¤GzO¦§¦
ρ |= Γ ` M : φ

�
M [ρ] 
 φ[ρ]

¡�n�tT¥.t4t �
��o"{�v.o%�Á��vKzª��®Yo
¤�zª¦§¦

ρ |= Γ ` λa. M : ∀a. φ
�
(λa. M)[ρ] 
 (∀a. φ)[ρ]

¡Tx:zO�Ot
zO¥ m { � qwv

ρ
¡ � �S{ � �jq4t4{��¯oÈ{rv.o%�

λa. M [ρ] 
 ∀a. φ[ρ]
�P��v.suqwv�su{�t4Ç � s¹©Ozª¦§t4¥�����o

∀t ∈ Tmsc. M [ρ][a := t] 
 φ[ρ][a := t]
¡�x:zO�ªt_zO¥ m

t ∈ Tmsc
¡
n�tT�@¥.o%���¯vKz-�

ρ[a := t] |= Γ ` M : φ
�
M [ρ][a := t] = M [ρ[a := t]]

zO¥ �
φ[ρ][a := t] =

φ[ρ[a := t]]
¡Wx«v � {+� l�m ��v.tas§¥ � � q+�¯suo
¥�v m °QoO��v.t4{rs§{

M [ρ][a := t] 
 φ[ρ][a := t]

��v.suqwvhsu{²��vKzª���­t���zO¥��'¡

•
Γ `M : ∀a. φ

Γ `M t : φ[a := t]

x:zO�OtGzO¥ m
ρ |= Γ `M t : φ[a := t]

¡ ã m �¯v.t
s§¥ � � q+��s§o
¥jv m °QoO��v.t4{rs§{4�
M ′


 ∀a. φ′ �
{ro
M ′ ↓ λa. N

zO¥ �
∀u ∈ Tmsc. N [a := u] 
 φ′[a := u]

¡ � {
t[ρ] ∈ Tmsc

�Q�­t
� tD�Ss§¥�°KzO¤��¯s§q � ¦µzª¤

N [a := t[ρ]] 
 φ′[a := t[ρ]]
¡"�)s§¥.q+t

M t[ρ] = M ′ (t[ρ]) →∗

(λa. N) t[ρ] → N [a := t[ρ]]
zO¥ �

(φ[a := t])′ = φ′[a := t[ρ]]
� � t4yjyfzJ�5¡ú�5¡ú�ªý

� s¹©
t+{ � {���v.t�q4¦§zOs§yJ¡

•
Γ `M : φ[a := t]

Γ ` [t,M ] : ∃a. φ

ã m ��v.t�s§¥ � � q+��s§o
¥av m °2oO��v.t4{rs§{+�
M ′


 φ′[a := t[ρ]]
¡]x«v � {

[t,M ][ρ] = [t[ρ],M ′] 


∃a.φ′ ��v.s§qwvJs§{²��v.zª����t��²zª¥@�4¡
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•
Γ `M : ∃a. φ Γ, x : φ ` N : ψ

Γ ` let [a, x : φ] := M in N : ψ
a /∈ FV (Γ, ψ)

� t+�
ρ |= Γ ` let [a, x : φ] := M in N : ψ

¡ n�tc¥.t+t � �¯o�{�v.o%� �¯vKzª�

let [a, x : φ] := M in N [ρ] = let [a, x] := M ′ in N [ρ] 
 ψ′ ¡Vã m ��v.tdsu¥ � � qD�¯s§oO¥
v m °2oª�¯v.t+{�s§{+�

M ′

 ∃a. φ′ �>{�o M ′ ↓ [t,M1]

zO¥ �
M1 
 φ′[a := t]

¡²ã m �¯v³t~su¥ � � qZ´
��s§o
¥Äv m °QoO�¯v.t+{�su{~z � zOs§¥6�2®Yo
¤�zª¥ m

ρ′ |= Γ, x : φ ` N : ψ
�­tavKz'©
t

N [ρ′] 
 ψ[ρ′]
¡

x:zO�Ot
ρ′ = ρ[x := M1, a := t]

¡j�5su¥.q4t
a /∈ FV (ψ)

�
ψ[ρ′] = ψ′ �H{ro N [ρ′] 
 ψ′ ¡

� o/���
let [a, x : φ] := M ′ in N [ρ] →∗ let [a, x] := [t,M1] in N [ρ] → N [ρ][a :=

t][x := M1] = N [ρ′]
¡ � t4yjyfza�5¡ú�5¡ú�ªý � su©Ot4{ � {«�¯v³tSq+¦µzOsuyh¡

•
Γ `M : φA(~t)

Γ ` axRep(~t,M) : ψA(~t)

ã m ��v.tVs§¥ � � q+�¯suo
¥av m °QoO��v.t4{rs§{4�
M ′


 φ′
A(
−→
t[ρ])

¡��5su¥.q4tV°2oO{�{�s l ¦§t
φ′
A

zª¤�tVzO¦§¦>z-�¯o
yjs§q
®Yo
¤ry � ¦§zO{4�
��v.s§{�yjt'zO¥.{��¯v.zª�

φ′
A(
−→
t[ρ])

v.o
¦ � {�s§¥a�¯v.tV¤�t4zO¦K��oO¤�¦ � ¡ � �­{ � �jq4t+{��¯oS{�v³o/�
��vKzª�

axRep(~t[ρ],M ′) 
 ψ′
A(
−→
t[ρ])

¡ �G� zªs§¥¢�QzO¦u¦H°Qo
{r{�s l ¦§t
ψ′
A

zª¤�t~zª�¯o
yjs§qª�>{�oi{rs§¥.q+t

axRep(
−→
t[ρ],M ′)

su{azÄ©Ozª¦ � tª���­tJo
¥.¦ m ¥.t+t � ��o¾©
t4¤rsu® m �¯v.t"�¯¤ � �¯våoO®
ψ′
A(
−→
t[ρ])

su¥
��v.t�¤�t4zO¦6�­o
¤�¦ � ¡ � {²��v.t�¤�t4zO¦¢¥Kzª� � ¤¯zª¦¢¥ � y l t4¤�{«{�zª�¯su{r® m z-½5s§o
yj{²oO® �
� �³�¯v³t�q4¦µzªs§y
®Yo
¦u¦§o%��{4¡

•
Γ `M : φ(0,~t) ∧ ∀n. φ(n,~t) → φ(S(n),~t)

Γ ` indn,~a. φ(n,~a)(t,~t,M) : φ(t,~t)

ã m ��v.t�su¥ � � qD�¯suo
¥~v m °QoO�¯v.t+{�su{4�
M ′


 φ′(0,
−→
t[ρ])∧∀n. φ′(n,

−→
t[ρ]) → φ′(S(n),

−→
t[ρ])

¡
x«v.t+¤�tD®Yo
¤�tª�

M ′ ↓ 〈M1,M2〉
�
M1 
 φ′(0,

−→
t[ρ])

zO¥ �
M2 
 ∀n. φ′(n,

−→
t[ρ]) →

φ′(S(n),
−→
t[ρ])

¡ ã m � t4yjyfz��)¡ �5¡ú�ªý��¯v³t4¤�tD®Yo
¤�tåzO¦u{�o
fst(M) 
 φ′(0,

−→
t[ρ])

zO¥ �

snd(M) 
 ∀n. φ′(n,
−→
t[ρ]) → φ′(S(n),

−→
t[ρ])

¡<�5s§¥³q4t
ρ |= Γ ` indn,~a. φ(n,~a)(t,

−→
t[ρ],M) :

φ(t,
−→
t[ρ])

�
t[ρ]

su{Gq4¦uo
{�t � �P{�o"s¹��su{Gt4s¹�¯v.t+¤�zi¥ � yjt4¤¯zª¦<o
¤�s¹��¤rt � � q+t4{���oÈzi¥ � yWt+¤¯zO¦[¡
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ã m � t4yjyfzf�5¡ú�5¡ �-ý.�2s¹�G{ � �jq4t+{���oi{�v³o/����vKzª�G®YoO¤�zO¦u¦H¥ � yjt4¤�zO¦§{
m
�
ind(n,M ′) 


φ′(n, ~t[ρ])
¡]n�t�°.¤ro5q+t4t �Jl�m s§¥ � � q+��s§o
¥"o
¥

m
ç

¸ � ® m = 0
�
ind(m,

−→
t[ρ],M ′) → fst(M ′)

¡<�5su¥.q4t
fst(M ′) 
 φ′(0)∧∀n. φ′(n,

−→
t[ρ]) →

φ′(S(n),
−→
t[ρ])

� � t+yWyWza�5¡ú�5¡ú�ªýa{�v.o%��{��¯v.t�q4¦§zOs§yJ¡

¸ � ® m = S(k)
�
ind(m,

−→
t[ρ],M ′) → snd(M ′) k ind(k,

−→
t[ρ],M ′)

¡fn�tW�@¥.o%�
��vKzª�

snd(M ′) ↓ λn. O
zO¥ �

O[n := k] 
 φ′(k,
−→
t[ρ]) → φ′(S(k),

−→
t[ρ])

¡
ã m ��v.tSs§¥ � � q+�¯suo
¥Jv m °QoO�¯v³t4{�su{

ind(k,
−→
t[ρ],M ′) 
 φ′(k,

−→
t[ρ])

�Q{�o l@m � t+yWyWz
�)¡ �5¡ú�$&

O[n := k] ind(k,
−→
t[ρ],M ′) 
 φ′(S(k),

−→
t[ρ])

¡ � t4yjyWzW�)¡ �5¡ú�ªýjzO°.°³¦§s§t �
z � zOs§¥È{rv.o%��{V��v.t�q4¦µzªs§yJ¡

•
Γ `M : φ

Γ `M : ψ
φ↔ω ψ

�)��¤¯zOs � v���®Yo
¤��²zª¤ �Èl�m � t4yjyfza�5¡ú�5¡ú�"#³¡
�

×~ô>ó-ô�
j
j�³ó�� þ,»uþ,»uþ�ÔéÍ Þhô>ó
����
$ø>à%�³ò/øYô2ñÒÐT¾h§
`M : φ Å OhQ�Rqg M ↓

�

ÆÇt~l�l�§�x<zª�Ot
ρ
yfzª°.°.s§¥ � zª¦§¦]®Y¤�t+tj¸.¤�{r��´¬o
¤ � t4¤�©ªzO¤�s§z l ¦ut4{�oO®

M,φ
�¯oÈ�¯v.t+yW{rt4¦u©Ot4{+¡"x«v.t4¥

ρ |=` M : φ
¡Mã m x«v.t+o
¤�t+y �5¡ú�5¡ú�"!³�

M [ρ] 
 φ[ρ]
��{�o l�m �¯v.t"qwv³o
s§q+tioO®

ρ
�
M 
 φ

¡
� t4yjyfzª{V�5¡ �)¡ �Oû_zª¥ � �)¡ �5¡ú�O�_{�v³o/���¯v.t�q+¦µzOsuyh¡

�

ã m £ oO¤�o
¦u¦µzO¤ m �5¡ �)¡ ù  5�)�­t�vKz'©
t­p � {��«{�v³o/��¥Èq+o
¥.{�su{r��t4¥.q m oO® �
� ¡ � { �
� su{�t4Ç � suq4o
¥)´
{�su{r��t4¥��a��su�¯vE� � S �²� � #%&
U[� l@m �P� � t4¦cXü{j�)t4q4oO¥ � x«v.t+o
¤�t+y ��tÈy � {r�jvKz'©
t � {�t � yjo
¤�t
°Qo/�­t4¤
�¯vKzO¥�z'©ªzOsu¦µz l ¦ut�s§¥¾� � ¡ � o%��tD©
t4¤+�Psu�GyWs � v��G{rt4t4y��¯vKz-��su�Gs§{
¥.oO�G��v.tTq4zO{�t ì zª®B�¯t+¤
zO¦u¦��5��v.t�°.¤�o)oO®:zOyjo � ¥��¯{«��oj{rs§yj°.¦§tGs§¥ � � q+�¯suo
¥ÈzO¥ � ©
t+¤�s¹¸Kq'zª��s§o
¥ÈoO®<zª��o
yWsuq
®Yo
¤ry � ¦§zO{4¡

x«v.t"zO¥³{r�­t4¤T¦us§t4{Ss§¥M�¯v.tWs§¥ � � q+��s§o
¥�z-½5s§o
yJ¡ � ¥�� � �<s¹�~su{dsuyW°Qo
{�{rs l ¦utT�¯o�®YoO¤�yWzO¦§su|4t
�¯v³t�°.¤�o)oO®HoO®:zO¦§¦Qs§¥³{r�wzª¥.q4t+{Voª®H��v.t�{�qwv³t4yWzjz-�²�¯v.t�{�zOyjt��¯s§yjtO� l t4q'z � {�t��¯v³t4¤�t�su{²¥.o_��z m
�¯o"q4zO¤�¤ m o � ���¯v³t_s§¥ � � q+�¯s¹©
tT°³¤�o)oO®�s§¥���v.t_¥.o
¤ryfzª¦§s§|4zª�¯suo
¥"�¯v.t+o
¤�t+yÝÅ � ¥.su®YoO¤�yj¦ m Æ�®Yo
¤GzO¦§¦
®Yo
¤ry � ¦µzª{4¡ � o%��tD©
t4¤+�5®Yo
¤�zª¥ m ¸.¥.su��tV¥ � y l t+¤­oO®Q®Yo
¤ry � ¦µzª{4�
�¯v³tV°³¤�o)oO®¢q4zO¥ l t«®Yo
¤�yWzO¦us§|4t � �
{�oT� � q4zO¥i°.¤ro%©
t�q+o
¥.{�su{r��t4¥.q m oO®Nzª¥ m ¸K¥.s¹�¯t�®Y¤¯z � yWt+¥@�­oO®Ns¹�¯{¶q4o
¥.{��¯¤ � q+��su©
tGq4o � ¥���t4¤�°.zO¤r�4¡
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x«v.t � s§{Bp � ¥.q+��s§o
¥å� ¤�oO°2t+¤r� m É � � Ê {r��s§¦u¦�v.o
¦ � {4��®Yo
¤aq4¦uo
{�t � ®YoO¤�y � ¦§zO{4¡ � ��t4qwv.¥³s§q'zª¦
¦§t+yWyWzdsu{ � {�tD® � ¦�ç

ØF�k����� þ_»uþ,»�)�Ö ¾>§
`HA M : φ

�"g��
φ
fon r ¢ol�n�R8� Å OhQ�Rqg�OhQ�Rqt~R�fon{�CO�Rqtup N

nqi r Q�OhQN�"O

`HA N : φ
�"g��

FVF (N) = ∅
�

ÆÇt~l�l�§ � t+�
FVF (M) = ~a

¡ ã m
φ
l t+s§¥ � q4¦uo
{rt � zª¥ � � t4yjyWz~�)¡ �5¡ ù û³�

`HA M [~a := ~0] : φ
¡

�

×~ô>ó-ô�
j
j�³ó�� þ,»uþ,»�)Nð�Í áÈøc�m×'ö:ñH÷Oò/øYôQñEÕSó-ô����@ó%òu�1Ð�¾h§
`HA φ ∨ ψ

�"g��
φ, ψ

�"teR r ¢ol�n�R8� Å
OhQ�Rqg�RqfhO>Q�Rqt

`HA φ
l
t

`HA ψ
�

ÆÇt~l�l�§�ã m � t+yWyWzJ�5¡ �)¡ ù �5�¢�¯v.t+¤�tas§{�zÈ¦µzOy l2� zf��t4¤ry
M

{ � qwv���vKzª�
` M : φ ∨ ψ

¡aã m
� t4yjyfz~�5¡ú�5¡üû
�³����t
yfz m zª{�{ � yWtV�¯vKzª�

FVF (M) = ∅
¡ x«v � {­�­tGq4zO¥ � {rt � t4yjyWzd�5¡ú�5¡ ù !

zO¥ � �¯v³tS°³¤�o)oO®HoO®:��v.t � s§{Bp � ¥.qD�¯s§oO¥h� ¤ro
°2t+¤r� m ®Y¤ro
yË��v.t�°.¤�tD©5suo � {�{�t+q+��s§o
¥¢¡
�

¼ ¤�o
y·��v.t­°Qo
su¥@�HoO®³©5sut+��oª®Kq4o
yj° � �¯zª�¯suo
¥KzO¦Os§¥³®Yo
¤ryfz-�¯s§oO¥¢�'�¯v.t¶yjo
¤�t�s§yj°Qo
¤r�¯zO¥��N°.¤�o
°)´
t4¤�� m s§{ �V� yWt+¤�suq'zO¦ � ½5su{r�¯t+¥.q4t~� ¤�o
°Qt4¤�� m É �
� � Ê ç

×~ô>ó-ô�
j
j�³ó�� þ,»uþ,»�)QþéÍ Þ�ö����@ó-ø[÷$�?
¶Û�9Pøc�+ò}�5ñH÷$�JÕ~ó/ô����@ó/òu�1Ð�¾>§
`HA ∃a. φ

�"g��
∃a. φ

fon r ¢ol�n�R8� Å OhQ�Rqg�OhQ�RqteR�fon���g��"Oci<tG�"¢_g�ikp{�qRqt n nqi r Q�OhQN�"O `HA φ[a := nn]
�

ÆÇt~l�l�§cã m � t4yjyfzJ�5¡ú�5¡ ù �³�P�¯v³t4¤�tasu{~zÈ¦µzªy l2� z"��t4¤ry
M

{ � qwv��¯v.zª�
` M : ∃a. φ

¡Wã m
� t4yjyfzJ�5¡ú�5¡üû
�³�P�­tfyWz m zO{�{ � yWta�¯v.zª�

FVF (M) = ∅
¡iã m £ o
¤�o
¦u¦µzO¤ m �5¡ú�5¡ ù !³�

M ↓ v
�

` v : ∃a. φ
zª¥ �

v
su{iq4¦uo
{�t � ¡ ã m £ zO¥.oO¥.s§q4zO¦ ¼ o
¤�yj{4�

v = [t, N ]
¡ ã m � ¥�©
t+¤�{rs§o
¥¢�

` N : φ1[a := t]
zO¥ �

φ1 =ω φ
¡Tã m � t+yWyWz"�5¡ú�5¡ò#³�

` N : φ[a := tn]
�P{�o l�m � t4yjyWz

�5¡ú�5¡ ù �³�
HA ` φ[a := [[t]]n]

¡
�
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q4oOyW° � �wzª��s§o
¥�v.s �.� t4¥�s§¥�°.¤�o)oO®Y{+¡ £ o
¥.{rs � t+¤_z�{�suyW°³¦§tjtD½³zOyj°.¦§t_± zh® � ¥³q+�¯suo
¥¢�<��v³s§qwv
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� s¹©
t4¥JzO¥ m ¥Kzª� � ¤¯zO¦2¥ � y l t+¤«¤�tD� � ¤r¥.{
0
su®N��v.t�¥ � y l t4¤²su{²t+©Ot4¥hzO¥ �

1
oO�¯v³t4¤r��su{�tª¡ � tD� � {

¸K¤r{r����¤�s¹�¯t��¯v³tS{r°2t+q4s¹¸Kq'zª��s§o
¥6ç

φ(n,m) ≡ (m = 0 ∨m = 1) ∧

((m = 0 → ∃o. n = o+ o) ∧

(m = 1 → ∃o. n = S(o+ o)))

�)°2t+q4su¸.q'zª��s§o
¥
: ∀n∃m. φ(n,m)

n�t~°.¤�o%©Ot~�¯v³s§{V{�s§yj°.¦ut��¯v.t+o
¤�t+y l�m s§¥ � � q+��s§o
¥Èo
¥
n
¡ ¼ o
¤

n = 0
�K�¯zO�Ot

m = 0
¡ ¼ o
¤

n = S(k)
�H�¯zO�Ot

m
®Y¤�o
y���v.tjs§¥ � � q+�¯suo
¥Mv m °QoO�¯v³t4{�su{4¡ � ®

m
su{

0
�:¤rt+� � ¤�¥

1
�:oO�¯v³t4¤r��su{�t

¤�tD� � ¤r¥
0
¡ x«v.tSq4o
¤r¤�t4qD�¯¥.t+{�{�®Yo
¦§¦uo%��{²t'zO{rs§¦ m ¡
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¥dsu¥~��v.t � tD¸K¥.s¹�¯s§oO¥d{�v³o � ¦ � ¥.o%� l t�q+¦§t4zO¤N±Í®Yo
¤�y � ¦µzO{

q'zª¥hyjt4¥��¯suo
¥"{�tD�
��t4¤ryW{+�³��v.s§¦ut�{�tD�V��t4¤ryW{�yWz m q4o
¥��¯zOs§¥"®Yo
¤ry � ¦µzª{4¡

&" 



t ::= a | 0 | S(t) | t+ t | t ∗ t

A ::= X | {a | φ}

φ ::= t = t | ⊥ | φ→ ψ | φ ∧ ψ | φ ∨ ψ | ∀n. φ | ∃n. φ

t ∈ A | ∀X. φ | ∃X. φ

Γ, φ ` φ
Γ ` ⊥
Γ ` φ

Γ, φ ` ψ

Γ ` φ→ ψ

Γ ` φ→ ψ Γ ` φ

Γ ` ψ

Γ ` φ

Γ ` φ ∨ ψ

Γ ` ψ

Γ ` φ ∨ ψ

Γ ` φ ∨ ψ Γ, φ ` ϑ Γ, ψ ` ϑ

Γ ` ϑ

Γ ` φ Γ ` ψ

Γ ` φ ∧ ψ

Γ ` φ ∧ ψ

Γ ` φ

Γ ` φ ∧ ψ

Γ ` ψ

Γ ` φ

Γ ` ∀a. φ
a /∈ FVF (Γ)

Γ ` ∀a. φ

Γ ` φ[a := t]

Γ ` φ[a := t]

Γ ` ∃a. φ

Γ ` ∃a. φ Γ, φ ` ψ

Γ ` ψ
a /∈ FVF (Γ) ∪ FVF (ψ)

Γ ` φ[a := t]

Γ ` t ∈ {a | φ}

Γ ` t ∈ {a | φ}

Γ ` φ[a := t]

Γ ` φ

Γ ` ∀X. φ
X /∈ FVS(Γ)

Γ ` ∀X. φ

Γ ` φ[X := A]

Γ ` φ[X := A]

Γ ` ∃X. φ

Γ ` ∃X. φ Γ, φ ` ψ

Γ ` ψ
X /∈ FVS(Γ, ψ)

(eqRefl) ∀n. n = n (eqSymm) ∀n,m. n = m→ m = n
(eqTrans) ∀n,m, o. n = m ∧m = o→ n = o (eqS) ∀n,m. n = m→ S(n) = S(m)
(P3) ∀n. S(n) = 0 → ⊥ (P4) ∀n,m. S(n) = S(m) → n = m
(plusZ) ∀n. n+ 0 = 0 (plusS) ∀n,m. n+ S(m) = S(n+m)
(mulZ) ∀n. n ∗ 0 = 0 (mulS) ∀n,m. n ∗ S(m) = n ∗m+m

(IND) ∀X. 0 ∈ X → (∀n. n ∈ X → S(n) ∈ X) → ∀n. n ∈ X

¼ s �O� ¤�t�û5¡ ù ç¶�)t4q4oO¥ � ´¬oO¤ � t+¤ � t m �¯su¥ �a� ¤�s¹�¯v.yjt+��s§q É �
� � Ê

#
�



x«v.tG¦uo � suq«¤ � ¦ut4{¶zO¤�tVtD½)��t4¥ � t � �¯oS�wzO�ªt
su¥��¯o~zOq4q+o � ¥���¥³t+��®Yo
¤ry � ¦µzª{ s§¥a�¯v.t�®Yo
¦§¦uo%��s§¥ �
��z m ç

Γ ` φ[a := t]

Γ ` t ∈ {a | φ}

Γ ` t ∈ {a | φ}

Γ ` φ[a := t]

Γ ` φ
Γ ` ∀X. φ

X /∈ FVS(Γ)
Γ ` ∀X. φ

Γ ` φ[X := A]

Γ ` φ[X := A]

Γ ` ∃X. φ
Γ ` ∃X. φ Γ, φ ` ψ

Γ ` ψ
X /∈ FVS(Γ, ψ)

x«v.tisu¥�� � s¹�¯su©Ot�p � {r�¯s¹¸Kq'z-�¯s§oO¥�oO®�¥.tD�À¤ � ¦ut4{d{rv.o � ¦ �8l tiq4¦ut'zO¤+¡ � oª�¯tW��v.ti{ m yjyjt+�¯¤ mMl tZ´
�¬�­t4t4¥��¯v³t�¸K¤�{��i�¬�­o�¤ � ¦ut4{ ì s¹�f��su¦§¦ l t�q4¤ � q4sµzª¦
®Yo
¤ � t+©Ot4¦§oO°.s§¥ � �¯v.t¾¦§zOy lQ� z�q4zO¦§q � ¦ � {
q4oO¤�¤�t+{�°Qo
¥ � su¥ � �¯o �
� �"°³¤�o)oO®Y{4¡

�
� �fs§{ � t4t+°.¦ m s§yj°.¤�t � s§q4zª�¯s¹©
tª¡ £ o
¥.{rs � t+¤4�@®Yo
¤�tZ½³zOyW°³¦§tO�@�¯v³tG{�tD�
D ≡ {n | ∀X. n ∈

X}
¡<x«v.s§{�s§{�z�{�tD��oª®6¥Kz-� � ¤�zO¦K¥ � y l t4¤�{­zO¥ � zO{�{ � qwv¢�5s¹��q'zO¥ l t � {rt � �¯o�s§¥.{��wzO¥���sµzª��t�zO¥ m

{�t+q4o
¥ � ´¬o
¤ � t4¤ � ¥.su©Ot4¤r{¯zO¦)Ç � zO¥��¯s¹¸Kt4¤+¡<x«v � {4��{rs§¥.q+t�su¥do
¤ � t4¤H�¯o � t+�¯t+¤�yjs§¥.t���v.tD�¯v.t+¤
n ∈ D

�­t­¥.t+t � �¯oV�)¥³o/����v.t+��v.t4¤
∀X. n ∈ X

�-s§¥�°Kzª¤r�¯suq � ¦§zO¤6�­t­{rv.o � ¦ � �@¥.o%�czª¦§¤�t4z �³m ��v³t+�¯v³t4¤

n ∈ D
¡ x«v.su{�°2t+¤�q4t+su©Ot � q+s§¤rq � ¦§zO¤�s¹� m su{«{r�¯su¦§¦ � s§{rÇ � s§t+��s§¥ � ��oa{�o
yjt�yfzª��v.t4yWzª��s§q4s§zO¥.{¶��v.o

{ � l {�q+¤�s l t²�¯o���v.t²©)s§tD�E��vKzª� yWzª�¯v³t4yWzª�¯suq4{<{rv.o � ¦ �_l t«°³¤�t � s§q'z-�¯su©OtO¡]�5t4t S ¼ t+®$�%&�U.®Yo
¤]yjo
¤�t
s§¥5®Yo
¤�yWzª�¯suo
¥¢¡

� z'©)s§¥ � tD½)�¯t+¥ � t � ��v.t�¦uo � suqO�%��t�°.¤�o)q4t+t � ��o�zOyjt4¥ � �¯v.t�z-½5s§o
yj{NoO® �
� ¡ªx«v³t«zOyjt4¥ � ´
yjt4¥��¶zOyjo � ¥��¯{ �¯oSz-½5suo
yfz-�¯s§|+s§¥ � s§¥ � � q+��s§o
¥_su¥a��v.t«{�°³s§¤�s¹� q4¦uo
{�t+¤ �¯o��¯v.tV�Ht'zO¥.oNXü{�o
¤rs � su¥KzO¦
� tD¸K¥.su��s§o
¥6ç

áB�%º]ñHøYò%ø$ôQñ ),»$ð�»$ð � Á Ó��"tqfon�Ren���b¶t~R�d�¢W� r fhg<�¶OhQ�R^fhg��"i r Ojfml
g��}�$fml
pµn r Q�Rqp{�¶fhg�� Á ��b
l
gLR^�}�$fml
p{Ä

(IND) ∀X. 0 ∈ X → (∀n. n ∈ X → S(n) ∈ X) → ∀n. n ∈ X

� oO��t��¯vKzª� �V� �"q4o
¥��¯zOs§¥.{ �V� ç

ØF�k����� )_»$ð�»uþ � Á Ó
` HA

�

# ù



ÆÇt~l�l�§ � �f{ � �jq+t4{"�¯o�{�v.o%���¯vKzª�izO¦§¦�su¥.{r�¯zO¥.q4t+{ioO®���v.t�su¥ � � qD�¯s§oO¥�z-½5s§o
y {rqwv.t4yWz�zO¤rt
°.¤ro/©ªz l ¦§tO¡ � t4q4zO¦§¦2�¯vKzª�«��v.t�{�qwv.t+yfzavKzO{«��v.t�®Yo
¦§¦uo/��su¥ � ®Yo
¤ryhç

(
s§¥ �

φ(n,~a)) ∀~n. φ(0, ~n) → (∀n. φ(n, ~n) → φ(S(n), ~n)) → ∀n. φ(n, ~n)

x:zO�Ot"zª¥ m
~n
�]{ � °³°2o
{rt

φ(0, ~n)
zª¥ �

∀n. φ(n, ~n) → φ(S(n), ~n)
zO¥ � �¯zO�OtfzO¥ m

n
¡hn�t

¥.t+t � �¯o"{�v³o/�
φ(n, ~n)

¡~x<zª�Ot
X = {a | φ(a, n)}

¡Sx«v.t+¥
0 ∈ X

zª¥ �
∀m. m ∈ X →

S(m) ∈ X
�.{�o

∀m. m ∈ X
¡ � ¥h°.zO¤r��s§q � ¦µzO¤+�

n ∈ X
{�o
φ(n, ~n)

¡
�

�ªEGDFE�D
λS

°L�F¯�°L±�¯�±*M

n�tS¥³o/�·°.¤�t+{�t4¥��Gzj¦§zOy lQ� zTq'zª¦§q � ¦ � {
λS

®Yo
¤ �V� �2¡Kn�t~z �.� ��o
λH

�¯v.t�¥.tD��{ m ¥��wzªq+�¯suq
q'z-�¯t � o
¤ m oª®�{rt+���¯t+¤�yj{4�P��v.s§qwvMzO¤rtatD½³zOq+��¦ m ��v.ta{�tD�S��t4¤ryW{�oO® �
� �2� � t+¥.t4¤�zª�¯t ��l�m �¯v³t
{¯zªyWt � ¤�zOyjyfzO¤+ç

A ::= X | {a | φ}

n�t~t+¦§s§yjs§¥.zª�¯tV�¯v.tSs§¥ � � q+��s§o
¥È�¯t+¤�yj{�®Y¤ro
y �V� zO¥ � tD½)��t4¥ � ��v.t�¤�t+{ � ¦¹�¯s§¥ �W� ¤�zOyjyfzO¤ l@m
�¯v³t�®YoO¦§¦§o%��su¥ � q4¦§z � {rt4{4ç

M ::= M A | λX. M | [A,M ] | lets [X, x : φ] := M in N |

sepRep(t,M) | sepProp(t,M) | ind(t,M)

x«v.t�¸K¤r{r�Ä®Yo � ¤�¥.tD� �¯t4¤ryW{hyWsu¤�¤ro
¤"�¯v.t+s§¤�q+o � ¥��¯t+¤�°Kzª¤r�¯{�s§¥Â��v.t�¸K¤r{r�r´Ìo
¤ � t4¤�¦uo � suqO¡
x«v.t

ind(t,M)
�¯t+¤�y q4oO¤�¤�t+{�°Qo
¥ � {~�¯oh��v.tjs§¥ � � q+�¯suo
¥8z/½³suo
yJ¡fx«v.t

sepRep(t,M)
zO¥ �

sepProp(t,M)
��t4¤�yj{dq+o
¤�¤rt4{r°2o
¥ � �¯oJ�¯v.tW°.¤�o)oO®«¤ � ¦§t+{ � o%©Ot4¤�¥³s§¥ � ��v.tfq+o
yj°.¤�t+v.t4¥.{rs§o
¥

�¯t+¤�yj{4¡ � ¥5®Yo
¤�yWzO¦§¦ m �]s¹®
M

su{_z¾°.¤�o)oO®VoO®
φ(t)

� �¯v.t+¥
sepRep(t,M)

s§{az¾°.¤�o)oO®VoO®
t ∈

{n | φ(n)}
¡�� m yjyjt+�¯¤rs§q4zO¦§¦ m �Ksu®

M
s§{
zf°.¤ro5oO®]oO®

t ∈ {n | φ(n)}
�2��v.t4¥

sepProp(t,M)

s§{�z_°.¤ro5oª®<oO®
φ(t)

¡ x«v³s§{�{ m yjyWtD�¯¤ m s§{«q4¤ � q4s§zO¦6®Yo
¤²��v.t�q4o
¥³{r�¯¤ � q+��s§o
¥JoO®
λS
¡

x«v.tS¤�t � � q+��s§o
¥È{ m {��¯t4yÝsu{«tD½)�¯t+¥ � t �hl�m �¯v.t�®Yo
¦u¦§o%��s§¥ � ¤�t � � q+��s§o
¥J¤�t+¦µzª��s§o
¥³{4ç

(λX. M) A→M [X := A] lets [X, x : φ] := [A,M ] inN → N [X := A][x := M ]

#��



ind(0,M) → fst(M) ind(S(t),M) → snd(M) t ind(t,M),
��v.t4¤rt

t
s§{«q4¦uo
{�t �

ind(t,M) → ind(tn,M),
��v.t4¤rt

t
s§{�zaq4¦uo
{�t � ¥³o
¥5´¬¥ � yjt4¤�zO¦

sepProp(t, sepRep(u,M)) →M

x«v.tj¦µzO{���¤�t � � q+��s§o
¥M¤ � ¦§tas§{�{�s � ¥.s¹¸Kq'zO¥���¦ mh� s�V2t4¤rt4¥��~®Y¤ro
y zO¦u¦]¤ � ¦§t4{��­tWt+¥.q4o � ¥��¯t4¤rt � {ro
®$zO¤+¡ � �G°.¤�o%©)s � t+{�zW��z m ��oft+¦§s§yjs§¥.zª�¯t�°Qo
{�{rs l ¦ut~¤rt � � ¥ � zO¥.q+s§t+{�s§¥��¯¤ro � � q4t �Äl�m ��v.tdq+o
ya´
°.¤rt4v.t+¥.{�suo
¥8z-½5suo
yh¡ ¼ o
¤�tZ½³zOyW°³¦§tO�P��v.ta°.¤�o)oO®¶Å

0 = 0
�N{�o

0 ∈ {a| 0 = 0}
�N{�o

0 = 0
Æ

s§{�q+¦§t4zO¤�¦ m ¤�t � � ¥ � zO¥��TzO¥ � ��v.ta¤ � ¦ut_��o � ¦ � ¤�t � � q4tjsu����oiÆ
0 = 0

Æw¡Tn�tj¤rt+�¯zOs§¥¾�¯v³t
→ω

¤�t+¦µzª��s§o
¥ � ¥.qwvKzO¥ � t � ¡
x«v.tS¥.t+�Ât+©ªzO¦ � zª�¯suo
¥"q4o
¥���tD½)�¯{
zO¤�tªç

[◦] ::= . . . | [◦] A | lets [a, x : φ] := [◦] in N | ind([◦],M)

x«v.tS¥.t+��©Ozª¦ � t+{Vsu¥i�¯v.t�q4zO¦§q � ¦ � {�zª¤�tOç

V ::= . . . | sepRep(t,M) | λX. M | [A,M ]

x«v.t�� m °³s§¥ � { m {��¯t4yÝoO®
λH

su{«tD½)�¯t+¥ � t ��l�m �¯v.t�®Yo
¦u¦§o%��s§¥ � � m °.s§¥ � ¤ � ¦§t+{4ç

Γ `M : φ

Γ ` λX. M : ∀X. φ
X /∈ FVS(Γ)

Γ `M : ∀X. φ

Γ `M A : φ[X := A]

Γ `M : φ[X := A]

Γ ` [A,M ] : ∃X. φ

Γ `M : ∃X. φ Γ, x : φ ` N : ψ

Γ ` lets [X, x : φ] := M in N : ψ
X /∈ FVS(Γ, ψ)

Γ `M : 0 ∈ A ∧ ∀n. n ∈ A→ S(n) ∈ A

Γ ` ind(t,M) : t ∈ A

Γ `M : φ[a := t]

Γ ` sepRep(t,M) : t ∈ {a | φ}

Γ `M : t ∈ {a | φ}

Γ ` sepProp(t,M) : φ[a := t]

� oª�¯t«�¯v.t�{rs§yjs§¦µzª¤�su� m�l t+�¬�­t4t+¥W��v.t«¸K¤�{��¶®Yo � ¤�¤ � ¦ut4{�zO¥ � �¯v³tV¤ � ¦§t+{ s§¥_�¯v³t�¸.¤�{r��´¬o
¤ � t4¤�q4zO{�tª¡
x«v.t+¤�tVs§{ ¥.o�{�s � ¥.s¹¸Kq'zO¥�� � sWV6t+¤�t+¥.q4t ì ��v.s§{]��su¦§¦³yWzO�ªtVo � ¤ °.¤�o)oO®Y{ oO®Q�¯v³tV{��wzO¥ � zO¤ � ¦§t+yWyWzO{
y � qwvJ{�v³o
¤r��t4¤4¡

x«v.tSq4o
¤r¤�t4{r°2oO¥ � t4¥³q4tSq4o
¥��¯su¥ � t4{��¯oav.o
¦ � ç

#
û



ØF�k����� )_»$ð�»�)`Í ×döNó-ó��L�¯Öhô)ÿ��.ó-õ�øj�4ô���ô>ó��1�Høj�}�sÐ�¾>§
Γ ` O : φ

O>Q�Rqg
rg(Γ) `HAS

φ
�·¾h§

Γ `HAS φ Å OhQ�Rqg`OhQ�RqteRTRG�$fonqO>nC�;O�Rqtqp M
nqi r Q|OhQN�"O

Γ ` M : φ Å �1Q�Rqt~R Γ =

{(xφ, φ) | φ ∈ Γ}
�

ÆÇt~l�l�§��)��¤¯zOs � v���®Yo
¤��²zO¤ � s§¥ � � q+�¯suo
¥"o
¥È�¯v.t�°.¤ro5oª®H��¤�t+t
Γ ` O : φ

¡
�

�ªEGDFEmY «©¬?­�]�I,¬<Kk��I_M·­FÌ
λS

x«v.t�°.¤ro
°2t+¤r��s§t4{VzO¤rt�tD½)�¯t+¥ � t � yWoO{r�¯¦ m su¥Jza°³¤�t � s§q+�¯z l ¦ut��²z m ¡

ØF�k����� )_»$ð�»È2âÍ Ð+ñ@Ñ��@ó4�4ø$ôQñÒÐ;Ó�i�d%d�l�n�R
Γ ` Q : Ψ

�*Ó�i�d%d�l�n�R
Q
fon�l�§PO>Q�RF§}l
tup{Ä

• λX. M
��¥,Q�Rqg

Ψ =ω ∀X. φ
�"g��

Γ `M : φ
�

• M A
�{¥,Q�Rqg

Γ `M : ∀X. φ
�"g��

Ψ =ω φ[X := A]
�

• [A,M ]
�¶¥,Q�Rqg

Γ `M : φ[X := A]
�"g��

Ψ =ω ∃X. φ
�

• lets [a, x : φ] := M in N
��¥,Q�Rqg

Γ ` M : ∃X. φ
�"g��

Γ, x : φ ` N : Ψ1

�"g��

Ψ =ω Ψ1
�

• sepRep(t,M)
��¥,Q�Rqg�§}l
t�n�l
p�R

φ Å Ψ =ω t ∈ {a | φ}
�"g��

Γ `M : φ[a := t]
�

• sepProp(t,M)
�¶¥,Q�Rqg^§}l
t²n�l
p�R

φ Å Ψ =ω φ[a := t]
�"g��

Γ `M : t ∈ {a | φ}
�

• ind(t,M)
�¶¥,Q�Rqg^§}l
t*n�l
p�R

A Å Ψ =ω t ∈ A
�"g��

Γ `M : 0 ∈ A∧ ∀n. n ∈ A→

S(n) ∈ A
�

ØF�k����� )_»$ð�» - Í ×^�KñNôQñ:ø$÷$��
�íPô>ó
�Ê�
Ð;Ó�i�d%d�l�n�R
Q
fon¶�Tv
�"¢£i�R Å ` Q : Ψ

�"g��
Ψ
fon�l�§

OhQ�RF§}l
tqp{Ä

• t ∈ {a | φ}
�Ú¥,Q�Rqg

Q = sepRep(t1,M) Å ` M : φ1[a := t1] Å φ1 =ω φ
�"g��

t1 =ω t
�

• ∀X. φ
�{¥,Q�Rqg

Q = λX. M Å `M : φ1
�"g��

φ1 =ω φ
�

#Oý



• ∃X. φ
�{¥,Q�Rqg

Q = [A,M ] Å M : φ1[X := A]
�"g��

φ1 =ω φ
�

x«v.tS{ � l {��¯s¹� � ��s§o
¥È¦§t+yWyWzO{�zO¤�t�°.¤ro/©Ot � ��su�¯vÈ¥.oj¥.tD� � sW�Wq � ¦u��s§t+{4ç

ØF�k����� )_»$ð�»�= ¾>§
Γ, x : φ `M : ψ

�"g��
Γ ` N : φ Å O>Q�Rqg Γ `M [x := N ] : ψ

�

ØF�k����� )_»$ð�» �á¾>§
Γ ` Q : Ψ Å O>Q�Rqg;§}l
t7�"g�bCËFt~nqOj�8l
tG�<Rqt�v
�"tqfj�%��¢oR b �"g��éO�Rqtqp u Å

Γ[b := u] ` Q[b := u] : Ψ[b := u]
�

n�t�¥.t+t � za¥³t+��{ � l {r��su� � �¯suo
¥"¦§t+yWyWz³�5®YoO¤«{�t4q+o
¥ � ´Ìo
¤ � t4¤«©ªzO¤�s§z l ¦§t+{4ç

ØF�k����� )_»$ð�» .Â¾>§
Γ ` Q : Ψ Å OhQ�Rqg Γ[X := A] ` Q[X := A] : Ψ[X := A]

�

ÆÇt~l�l�§c�)��¤¯zOs � v���®Yo
¤��²zO¤ � s§¥ � � q+�¯suo
¥�o
¥
Γ ` Q : Ψ

¡ax«v.tj°.¤�o)oO®­s§{�©Ot4¤ m {rs§yjs§¦µzª¤V��oJ��v.t
°.¤ro5oO®:oO® � t4yjyfz_û³¡ ù ¡ú�5¡

�

ØF�k����� )_»$ð�»�Ô`Í Ù¢ö��L×��)÷OòjÓ+�)õ:öH÷Oò/øYô2ñFØ<ÕSó��<���@ó�ÑN�³ò/øYôQñ�Ð©¾>§
Γ ` O : Ψ

�"g��
O → P Å

OhQ�Rqg
Γ ` P : Ψ

�

ÆÇt~l�l�§�ã m su¥ � � qD�¯suo
¥�o
¥¾�¯v.t � tD¸K¥.su��s§o
¥¾oª®
O → P

¡_x«v.ta°.¤ro5oª®Y{�oO®�yjo
{���oO®­��v.ta¥.t+�
q'zª{�t4{�yjs§¤r¤�o
¤¶�¯v.t�¸K¤r{r�r´Ìo
¤ � t4¤«q'zª{�t4{�su¥i�¯v.t�°.¤ro5oO®Hsu¥J�5t4qD�¯s§oO¥��)¡ �5¡:n�t�°.¤rt4{�t+¥��V��v.t4¤rt+®Yo
¤rt
�¯v³tSoO¥.¦ m {�s � ¥.su¸Kq4zO¥��¯¦ m ¥.tD��q'zª{�tO¡ £ zO{rt

O → P
oª®eç

•

sepProp(t, sepRep(u,M)) →M

ã m � ¥@©Ot4¤r{�s§oO¥¢�5®Yo
¤ {ro
yjt
φ
�
Ψ =ω φ[a := t]

zª¥ �
Γ ` sepRep(u,M) : t ∈ {a | φ}

¡
ã m � ¥@©Ot4¤r{�s§oO¥�z � zOs§¥¢�¢®YoO¤�{�o
yjt

φ1

�
t =ω u

�
φ1 =ω φ

zª¥ �
Γ ` M : φ1[a := u]

¡
x«v � {
zO¦§{ro

Γ `M : φ[a := t]
zª¥ � q+o
¥.{rt4Ç � t4¥���¦ m

Γ `M : Ψ
¡

�

ØF�k����� )_»$ð�»$ð:Ö�Í ÕSó-ô��>ó��<�}�
Ð©¾>§
` P : Ψ

�"g��
FVF (P ) = ∅

O>Q�Rqg�RqfhO>Q�Rqt
P
fon���v
�"¢£i�R

l
tPO>Q�Rqt~R�fon
Q
nqi r Q�O>QN�"O

P → Q
�
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ÆÇt~l�l�§"ã m s§¥ � � q+�¯suo
¥_o
¥_�¯v³t«¦§t4¥ � �¯vaoO®
P
¡<x«v.t�°.¤ro5oO®Y{ oª®2yjo
{���oO®>�¯v.t�¥.tD��q'zª{�t4{�yjs§¤r¤�o
¤

�¯v³t�¸.¤�{r��´¬o
¤ � t4¤�q4zO{�t+{
su¥J�5t4qD�¯s§oO¥Ä�5¡ú�5¡]n�t�°.¤�t+{�t4¥��V�¯v.t�¤rt4yWzOs§¥.su¥ � q4zO{�tªç

• P = sepProp(t,M)
¡Ýã m � ¥�©
t4¤r{�suo
¥¢��®Yo
¤J{�o
yjt

φ
�

Γ ` M : t ∈ {a | φ}
¡

ã m ��v.t�su¥ � � qD�¯suo
¥�v m °QoO�¯v.t+{�su{4�St4su��v.t4¤
M

su{�z�©ªzO¦ � tMo
¤
M → M ′ ¡ � ¥Â�¯v³t

®Yo
¤ryWt+¤¾q'zO{rtO� l�m £ zO¥.o
¥³s§q'zª¦ ¼ oO¤�yj{Ä®Yo
¤¾{�o
yjt
t1
�
M = sepRep(t1, N)

zO¥ �
{rs§¥.q+t

sepProp(t, sepRep(t1,M)) → M
�Q�¯v.tdq4¦µzªs§yÎ®Yo
¦u¦§o%��{4¡ � ¥Ä��v.td¦§zª����t4¤Vq'zO{rtO�

sepProp(t,M) → sepProp(t,M ′)
¡

�

� oO��tT�¯v.t_suyW°Qo
¤��wzO¥.q+tToO®��¯v³t_¤�t � � q+��s§o
¥�¤ � ¦§t
sepProp(t, sepRep(u,M)) → M

�¯o
�¯v³tÄ°.¤�o)oO® ì vKz � s¹�i¥.oO� l t+t4¥�®Yo
¤j�¯v.su{f¤ � ¦§tª�²�¯v.tÄ¤rt � � q+�¯suo
¥.{iyjs � v@�W{r��o
°ä�­t4¦u¦ l t+®Yo
¤rt
¤�t4zOqwv.su¥ � �¯v.t�©ªzO¦ � t4{4¡

�ªEGDFEj� ÛaI_�F¯���Ü@��Ýz��¯���K4\½Ìe­�¬`õxöxH

� ¥ �
� �Q�P°.¤�o%©)s � su¥ � zÈã � æÎsu¥��¯t4¤r°.¤�tD�wzª��s§o
¥ l t4q+o
yjt4{�qwvKzO¦u¦§t4¥ � s§¥ � ¡dn�vKzª�S{�v³o � ¦ � �¯v³t
q4oO¥.{r��¤ � qD�¯s§oO¥W®Yo
¤

∃X. φ
l t$'h��¤rt4{ � yfz l ¦ m zS{�t+��oO®¢¥.zª� � ¤�zO¦Q¥ � y l t+¤�{

A
zª¦§o
¥ � ��su��vW��v.t

q4oO¥.{r��¤ � qD�¯s§oO¥~oO®
φ[X := A]

¡ � o/�­t+©Ot4¤+�
{ � qwvTzO¥dzª°.°.¤�o
zOqwvS�­o � ¦ � °³¤�t4{ � yjt­su¥ � t4°Qt4¥ � t4¥��
tD½5su{r�¯t+¥.q4t"oª®�{�t+��{_oO®�¥Kzª� � ¤¯zª¦�¥ � y l t4¤r{ ì t+¥��¯su��s§t+{d¥.oO�Tzª�azO¦u¦�s§¥�� � s¹�¯s¹©
tizª¥ � zOq4q+t4°³�¯z l ¦ut
®Y¤�oOy zJq+o
¥.{r��¤ � qD�¯s¹©
tf°Qo
su¥@�SoO®­©)s§t+��¡ � ¦u��v.o �.� vM{�oOyWtj{ � l {r�¯s¹� � ��t4{~tD½5s§{��'�H{ � qwvczO{��¯v³t
{�tD�SoO®­zO¦§¦H® � ¥.q+��s§o
¥³{�®Y¤�o
y

N
�¯oJzf�¬�­oª´¬t+¦§t4yjt4¥���{rt+�'�Nsu¥�zÈq+o
¥.{��¯¤ � q+�¯s¹©
t_�­o
¤�¦ � ��v.t mÄ� o

¥.oO��¤rt'zOqwvJ® � ¦§¦ � t4¥³t4¤¯zª¦§su� m oO®<zO¤ l s¹�¯¤�zO¤ m { � l {rt+��{
oO®:¥Kzª� � ¤¯zª¦P¥ � y l t+¤�{+¡
n�tW�¯v.t+¤�t+®YoO¤�t"zª�S�¯v³s§{d°Qo
su¥@�~¦§t4z'©
t"ã � æ s§¥��¯t+¤�°.¤rt+�wz-�¯s§oO¥.{ l t4v.su¥ � �:°.¤�o%©)s � su¥ � oO¥.¦ m

¤�t4zO¦§su|'z l s§¦§s¹� m ¤�t4¦§zª�¯suo
¥.{�su¥.{r��t'z � ¡jn�tWzO¤rtj¥³oO�~�­o
¤r¤�s§t � z l o � �S��v.tjtD½5s§{��¯t4¥³q4tfoª®²{�tD�¯{SoO®
¥Kzª� � ¤¯zª¦:¥ � y l t4¤r{4�¢¥³o
¤�t+©Ot4¥MzO¤ l su��¤¯zO¤rs§¦ m ¦µzO¤ � td{rt+��{�zO{G�­tT{�v.zO¦§¦H{�t+t_¦µzª��t4¤4¡Vn�td¤�t4yjs§¥ �
�¯v³t�¤rt'z � t+¤"�¯vKzª�Jsu¥Ão � ¤"©5sut+����v.t¾�¯v.t+o
¤�sut4{"�­t�q4oO¥.{�s � t4¤JzO¤rtMq+o
¥.{��¯¤ � q+�¯s¹©
t�q4o
¤rt4{ÈoO®
q4¦§zO{�{rs§q4zO¦K�¯v.t+o
¤�sut4{4�)°.¤ro/©)s � s§¥ � s§¥³®YoO¤�yWzª�¯suo
¥az l o � �¶�¯v.t+s§¤¶q4o
yj° � �¯zª�¯suo
¥KzO¦.q+o
¥��¯t+¥@�4¡�x«v.t4su¤
°.v.su¦§o
{ro
°.v.suq'zO¦/p � {r��su¸Kq4zª�¯suo
¥Wsu{�oO®¢¥.o~q4o
¥³q4t4¤r¥f�¯o � {4¡]n�v.zª��su{�s§yj°2o
¤��wzO¥���su{���v.tGyjt+��v.o �
�¯o_�¯zOqw�@¦§t�s§yj°.¤�t � s§q4zª�¯s¹©)su� m � � t+¥.t4¤�zO¦§su|4s§¥ � {�yjo5oª�¯v.¦ m ��oWo � ¤²¸K¥KzO¦ � o
zO¦�ç<��v.t�{�tD�V��v.t4oO¤ m ¡
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� { l t+®Yo
¤rtO�%��t�{��wzO¤��P��su�¯v���v.t�t4¤�zO{ � ¤rt yfzª°¢�/t4¤¯zª{�s§¥ �
λS

�¯o
λS
¡ � suyW°Qo
¤r�¯zO¥��6®Yt4zª� � ¤rt

oO®
λS

s§{­�¯vKzª�«��v.t�{�t+q4o
¥ � ´¬o
¤ � t4¤²��t4¤ryW{«°.¦§z m ¥.o_¤ro
¦§t�su¥"¤�t � � q+��s§o
¥³{ ì q4oO¥@��¤¯zO{��«�¯v.su{���su��v
�¯v³t~¸K¤r{r�r´Ìo
¤ � t4¤
��t4¤ryW{+�2��v.suqwv¾zO¤�t~¥.t4q+t4{r{¯zO¤ m ®Yo
¤��¯v.td¤�t � � q+��s§o
¥h¤ � ¦utdq4oO¤�¤�t+{�°Qo
¥ � su¥ � ��o
�¯v³tGs§¥ � � q+��s§o
¥fz-½5s§o
yJ¡<x«v³t�t4¤�zO{ � ¤rt�yWzO°f�wzª�Ot4{­�¯v.su{�s§¥���oTzOq+q4o � ¥���zª¥ � ¤�t+°.¦µzªq4t4{²zO¦§¦K�¯v³t
{�t+q4o
¥ � ´¬o
¤ � t4¤²��t4¤ryW{ l@m �¯v.t���t4¤ry

∅ ≡ {n | ⊥}
¡]n�t�°.¤rt4{rt4¥����¯v.t�¤rt4°.¤rt4{rt4¥��wzª��su©OtSq4zO{�t+{4¡

M A = M ∅ λX. M = λX. M [A,M ] = [∅,M ]

lets [X, x : φ] := M in N = lets [X, x] := M in N

sepRep(t,M) = sepRep(M) sepProp(t,M) = sepProp(M)

x«v.t�yWzOs§¥"¦ut4yjyfzTsu{«{r�¯su¦§¦Q©Ozª¦§s � ç

ØF�k����� )_»$ð�»$ð>ð ¾>§
M ↓

O>Q�Rqg
M ↓

�

x«v.t²yjo
yjt4¥��N��t���¤ m �¯oV��¤�s¹�¯t²zV¤�t4zO¦§su|'z l su¦§s¹� m ¤rt4¦µz-�¯s§oO¥~su¥dzG¥.zOsu©Ot¶��z m �
�­t²t4¥.q+o � ¥��¯t+¤
�¯v³t�®Yo
¦§¦uo/��su¥ � °.¤�o l ¦§t4yJ¡]x«v.t�yjt'zª¥.s§¥ � oO®:zd�¯t4¤ry

{a | φ}
{�v.o � ¦ � {�oOyWt+v.o%� l t�¤�t+¦µzª��t �

�¯o"��v.tD�¯v.t+¤
φ
s§{�¤rt'zO¦us§|'z l ¦§t~o
¤�¥.oO�4¡ � ¥¾�¯v.taoO��v.t4¤�v.zO¥ � �P¦uo5o
�@su¥ � zª��¤rt'zO¦us§|4z l s§¦usu� m ®Yo
¤

�
� �O�­t��­o � ¦ � °.¤�o l z l ¦ m ¦§su�Ot���oSv.z%©Ot
M 
 ∀X. φ

su®>®Yo
¤ zª¦§¦5��t4¤ryW{
A
�
M 
 φ[X := A]

¡
� {

A
yWz mhl tTzO¤ l su��¤¯zO¤ m �Qs§¥Ä°Kzª¤r�¯suq � ¦§zO¤�q4o
¥��¯zOs§¥.su¥ �

∀X. φ
z � zOsu¥¢�>su��{rt4t+yW{G��vKzª�G{�o
yjt

q4su¤�q � ¦µzO¤rsu� m su{~su¥�©
o
¦¹©
t � ¡ � ¥ � su¥ � t4t � �:��v.t4¤rtfsu{~¥.oh�²z m �¯oJ��¤�su��tfz � t+¸.¥.su��s§o
¥�s§¥��¯v.su{
yWzO¥.¥.t+¤4¡ x«v.su{V{rv.o � ¦ � ¥.oO��q4oOyWt�zO{Vz_{ � ¤�°.¤rs§{�tª�>zO{ �
� �Èsu{«y � qwvJyWoO¤�t�°Qo/�­t4¤�® � ¦¢�¯v.zO¥
�
� ¡.�)s§¥.q+t�¤�t4zO¦§su|'z l su¦§s¹� m q4zO¥ l t � {�t � zO{«z~��o5oO¦>��oT°.¤ro/©OtG�¯v³t�¥.o
¤ryfzO¦us§|4zª�¯suo
¥_oO®

λS
zª¥ �

q4oO¥.{�t+Ç � t4¥��¯¦ m �¯v.tGq4o
¥.{rs§{��¯t4¥³q m oO® �V� �2�5{�suyW°.¦utGsu¥ � � qD�¯s§oO¥W®Yo
¤ryfzO¦us§|4z l ¦§t�su¥ �
� q4zO¥.¥.oª�
{ � �Wq+tO¡

n�t¾¥³t4t � ��o � �¯su¦§su|4tJs§¥�zO¥�t+{�{rt4¥��¯s§zO¦G��z m �¯v.t�s§yj°.¤�t � s§q4zª�¯s¹©5s¹� m oO®GÅe¤rt'zO¦ ÆJ¥Kzª� � ¤¯zO¦
¥ � y l t4¤r{4¡ ¼ o
¤²�¯v.su{«° � ¤r°2o
{rtO�K�­tSsu¥��¯¤�o � � q+tSza¥³oO�¯suo
¥"oO®

λ
�mn�RqOZç
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λ
�mn�RqOJfon���n�RqO�l�§ªdN�"fht~n

(M,n) Å �1Q�Rqt~R M fon�� r ¢ol�n�R8�+O�Rqtup l�§

λS
�"g��

n
fon^��g��"OjiktG�"¢_g�i<p{�qRqt��
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x«v.t É � ¥.q4o � ¥@�¯z l ¦ut Ê {�tD�GoO®<zO¦u¦
λ
´¬{�tD�¯{«��s§¦u¦ l t � t4¥.oª�¯t �hl�m

Hλ
¡¶}ho
¤rt�®Yo
¤�yWzO¦§¦ m ç

Hλ ≡ P (λSc × N),

��v.t+¤�t
P
� t+¥.oO��t4{«�¯v.t�°Qo%��t+¤«{�tD�
oO°2t+¤¯zª��s§o
¥"zª¥ �

λSc
� t4¥³oO�¯t+{²�¯v.t�{rt+�VoO®:zO¦§¦2q4¦uo
{�t �

λS

�¯t+¤�yj{4¡

Hλ
� su©Ot4{ � {:�¯v.t«¥.t+q4t+{�{¯zª¤ m ¦ut+©
t+¤¯z � t��¯o � tD¸K¥.t«¤rt'zO¦us§|'z l s§¦usu� m ®Yo
¤ �
� �2¡
x«v.t«t+¦§t4yjt4¥���{

oO®
Hλ

��s§¦§¦ l t � t+¥.oO��t ��l�m ¦ut+�r�¯t4¤r{
D,E, F

¡
n�ti��su¦§¦ � {rti�¯v.ti{rt+��{T®Y¤�o
y

Hλ
s§¥��¯v.ti¤rt'zO¦us§|4z l s§¦usu� m ¤�t4¦§zª�¯suo
¥¢¡ ¼ o
¤S�¯v.su{d° � ¤�°Qo
{�tª�

�­tTs§¥��¯¤ro � � q4tSt4¥�©)s§¤ro
¥.yjt4¥��¯{V�¯ofo � ¤G¤rt'zO¦us§|'z l s§¦usu� m ¤�t+¦µzª��s§o
¥.{VzO{V��t+¦§¦[¡Vx«v³t4¤�tS��s§¦u¦ l t~¥.o
q4oO¥³® � {�suo
¥ l t+�¬�­t4t+¥"�¯v.t+{�t�t+¥@©)su¤�o
¥.yjt4¥���{²zO¥ � �¯v.t
o
¥.t4{ � {�t � ®Yo
¤�¥³o
¤�yWzO¦§su|'zª��s§o
¥d°.¤�o)oO®Y{ ì
�¯v³tSq+o
¥��¯tZ½5�V��s§¦u¦¢zO¦¹�²z m {�yfzª�Ot��¯v.t�{rsu� � zª�¯suo
¥"q4¦ut'zO¤+¡

áB�%º]ñHøYò%ø$ôQñ ),»$ð�»$ðk)ÂÁ gjt4¥�©)s§¤ro
¥.yjt4¥��Jfon���ËFg�fhO�R�§ui<g r Ocfml
g�p{�qd%d�fhg<�Jn�R r l
g��"�8l
tG�<RqtÒv
�"tufh�
�%��¢oRenPO�l

Hλ
�

n�t���su¦§¦ � {�t��¯v.t�¦ut+����t4¤
ρ
�¯o � t+¥.oO�¯t�t+¥@©)su¤�o
¥.yjt4¥���{4¡

¼ ¤�o
y�¥.o%�co
¥6�O¤�t4zO¦§su|'z l s§¦§s¹� m ¤rt4¦§zª�¯suo
¥.{P��s§¦u¦ l t­°KzO¤¯zªyWtD�¯t4¤rs§|+t �dl�m t4¥�©)s§¤ro
¥.yjt4¥��¯{+¡<n�t
��s§¦u¦P��¤�su��t

M 
ρ φ
zO¥ � ¤�t4z � Å

M
¤�t'zª¦§s§|+t4{

φ
su¥¾zO¥Ät+¥�©5su¤�o
¥³yWt+¥@�

ρ
Æw¡
n�tTsu¥.q4o
¤r°2oO¤¯zª��t

�¯v³t � t+¸K¥.s¹�¯suo
¥ÈoO®]zayjt'zO¥.su¥ � oO®<za��t4¤ry¿s§¥��¯o_��v.t�¤�t'zª¦§s§|4z l su¦§su� m ¤rt4¦§zª�¯suo
¥¢¡ � { l t+®Yo
¤rtO�.�­t
� tD¸K¥.tV¤�t'zª¦§s§|4z l su¦§su� m o
¥.¦ m o
¥_®Yo
¤�y � ¦µzO{

φ
{ � qwvj�¯vKzª�

FVF (φ) = ∅
¡ � o%�­t+©
t+¤4�

φ
q'zO¥jvKz'©
t

®Y¤�t+ti{�t+q4o
¥ � ´¬o
¤ � t4¤~©Ozª¤�sµz l ¦§t+{ ì ��v.t4su¤dyjt'zO¥.su¥ � ��su¦§¦ l tW¸³½5t ��l�m �¯v.tft4¥�©)s§¤�oO¥.yWt+¥��'¡ � {
l t+®Yo
¤rtO�_t~R8�"¢£fW¹
Rqt~n~zO¤�t�q+¦§o
{rt � �¯t4¤ryW{«oª®

λS
¡
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tz� Á Ó Å ��tufhOcO�Rqg7�
n M 
ρ φ Å teRq¢W�"O�Ren
t~R8�"¢£fW¹
Rqt~n���fhO>QC§}l
tup�i<¢W�
n

φ
nqi r QéO>QN�"O

FVF (φ) = ∅
§}l
t�Rqg�v�fhtel
g�p�Rqg�Ohn

ρ
�<R>ËFgLR8�·l
g

FVS(φ)
�{¥,Q�Rzp�R8�"g�fhg<�¶l�§²� r ¢ol�n�R8��O�Rqtup
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¥,Q�Rqb��"teR��<R>ËFgLR8�+��b¶OhQ�RF§}l
¢h¢ol
��fhg<� r ¢W�"i%n�Ren�Ä

[[0]]ρ ≡ 0

[[S(t)]]ρ ≡ [[t]]ρ + 1

[[t + s]]ρ ≡ [[t]]ρ + [[s]]ρ

[[t ∗ s]]ρ ≡ [[t]]ρ ∗ [[s]]ρ

[[X]]ρ ≡ ρ(X)

[[{a | φ}]]ρ ≡ {(sepRep(M), m) | M 
ρ φ[a := mn]}

M 
ρ t = s ≡ M ↓ ∧[[t]]ρ = [[s]]ρ

M 
ρ t ∈ A ≡ M ↓ v ∧ (v, [[t]]ρ) ∈ [[A]]ρ

M 
ρ ⊥ ≡ ⊥

M 
ρ φ ∧ ψ ≡ M ↓ 〈M1,M2〉 ∧ (M1 
ρ φ) ∧ (M2 
ρ ψ)

M 
ρ φ ∨ ψ ≡ (M ↓ inl(M1) ∧M1 
ρ φ) ∨ (M ↓ inr(M1) ∧M1 
ρ ψ)

M 
ρ φ→ ψ ≡ (M ↓ λx. M1) ∧ ∀N. (N 
ρ φ) → (M1[x := N ] 
ρ ψ)

M 
ρ ∃a. φ ≡ M ↓ [t, N ] ∧N 
ρ φ[a := t]

M 
ρ ∀a. φ ≡ M ↓ λa. N ∧ ∀t ∈ Tmsc. N [a := t] 
ρ φ[a := t]

M 
ρ ∃X. φ ≡ M ↓ [∅, N ] ∧ ∃D ∈ Hλ. N 
ρ[X:=D] φ

M 
ρ ∀X. φ ≡ M ↓ λX. N ∧ ∀D ∈ Hλ. N [X := ∅] 
ρ[X:=D] φ

� oO��tG�¯v.zª�²�¯v³s§{ � t+¸K¥.s¹�¯suo
¥is§{ � t4t+°.¦ m s§yj°.¤�t � s§q4zª�¯s¹©
tª¡<x«v.t�yjt'zO¥³s§¥ �
C
oO®HzTq+o
yW°³¤�tD´

v.t+¥.{�suo
¥��¯t+¤�y
{a | φ}

s§{Gzf{�tD�G®Y¤ro
y
Hλ
¡ � ¥Äo
¤ � t4¤G��o � tD�¯t+¤�yjs§¥.tS�¯v.tTyjt4y l t+¤�{VoO®

C
�

�­tdyWz m ¥³t4t � �¯ofÇ � zª¥@��su® m o%©
t+¤�zO¦u¦P{�tD�¯{�su¥
Hλ
�>su¥.q4¦ � � s§¥ �

C
¡«x«v.t~�¬�­o �O� s§¦¹� m q4¦§z � {�t+{

s§¥"��v.t � t+¸K¥³su�¯suo
¥ÈzO¤rtOç

M 
ρ t ∈ A ≡ M ↓ v ∧ (v, [[t]]ρ) ∈ [[A]]ρ

M 
ρ ∀X. φ ≡ M ↓ λX. N ∧ ∀D ∈ Hλ. N [X := ∅] 
ρ[X:=D] φ

¼ o
¤ÄtD½³zOyj°.¦utO�~�¯zO�@s§¥ � z � zOsu¥
D ≡ {n | ∀X. n ∈ X}

�S��tc{�t+t8�¯vKz-�
[[D]]ρ ≡

{(sepRep(M), m) |M 
ρ ∀X. mn ∈ X}
��v³s§qwvas§{]t+Ç � zO¦³��o

{(sepRep(M), m) | ∀C ∈

Hλ. M [X := ∅] 
ρ mn ∈ C}
¡J�5s§¥.q+t

[[D]]ρ ∈ Hλ
�<su¥�o
¤ � t4¤��¯o � t+��t4¤�yjs§¥³tj��v.tD�¯v.t+¤

#$ 



(sepRep(M), m) ∈ [[D]]ρ
�<su�~{�t+t4yj{d�¯v.zª�~�­t"zO¦u¤�t4z �³m ¥.t4t � �¯o�vKz'©
tf��v.tfsu¥³®Yo
¤�yWzª��s§o
¥

z l o � ��yjt4y l t4¤r{«oO®
[[D]]ρ

¡ � t4{r°.su��t���v.s§{«®$zOqD�'�³��v.t � t+¸.¥.su��s§o
¥"su{«¥.oO�Vq4su¤�q � ¦µzO¤+ç

ØF�k����� )_»$ð�»$ð -¦¥,Q�R^�<R>ËFg�fhOcfml
g7l�§PteR8�"¢£fW¹��%��fh¢£fhOjb¤fonP��Rq¢h¢£�(§}l
i<g��<R8�%�

ÆÇt~l�l�§�¨
{rtM��v.t�yWt4zO{ � ¤�tÄ® � ¥.qD�¯suo
¥
m
��v.suqwvÃ�¯zO�Ot+{�z�q4¦§z � {rtMsu¥��¯v.t � tD¸K¥.s¹�¯s§oO¥�zª¥ �

¤�tD� � ¤r¥.{VzO¥Jt4¦§t+yWt+¥���oO®
N

2 ��su�¯v"��v.t�¦§tD½5suq4o � ¤�zO°.v.suq'zO¦2o
¤ � t4¤4ç

m(M 
ρ φ) = (
Å¬��v.t�¥ � y l t4¤�oO®:q4o
yj°.¤�t+v.t4¥³{�s§oO¥È��t4¤ryW{�s§¥

φ,

Å¬{r��¤ � qD� � ¤�zO¦Pq4o
yj°.¦utD½5su� m oO®
φ
Æ
)

m([[t]]ρ) = (
Å¬��v.t�¥ � y l t4¤�oO®:q4o
yj°.¤�t+v.t4¥³{�s§oO¥È��t4¤ryW{�s§¥

t, 0)

x«v.t+¥��¯v.tjyjt'zO{ � ¤�tWoO®���v.t � tD¸K¥.sut4¥ � � yïsu{SzO¦u��z m { � ¤�t4zª�¯t+¤��¯vKzO¥M�¯v.tWyWt4zO{ � ¤�tjoO®²�¯v³t
� tD¸K¥.s§t+¥.{4¡ � oO��t¶��vKzª�:s§¥��¯v.t¶q4¦§z � {rt4{N®Yo
¤P®Yo
¤�y � ¦µzO{¢��v.t­{��¯¤ � q+� � ¤¯zO¦)q4oOyW°.¦utD½5su� m�� t4q+¤�t'zª{�t4{+�
��v.su¦§t��¯v³t~¥ � y l t4¤VoO®<q4o
yj°.¤�t+v.t4¥³{�s§oO¥J��t4¤�yj{ � o)t4{V¥.oO� � ¤�o%�Â¦µzO¤ � t4¤+¡²}hoO¤�t4o%©Ot4¤4�Qs§¥È�¯v³t
� tD¸K¥.su��s§o
¥"oª®

[[{a | φ}]]ρ
�Ko
¥.t�q4oOyW°.¤rt4v.t+¥.{�suo
¥"�¯t+¤�y � su{¯zO°³°2t4zO¤�{+¡

�

� �Vs§{«t'zª{ m �¯oa{rt4t��¯vKz-�V��v.t�{r�¯zO¥ � zO¤ � ¦ut4yjyfzª{�q4oO¥@��s§¥ � t��¯ojv.o
¦ � ç

ØF�k����� )_»$ð�»$ð<= ¾>§
M 
ρ φ Å OhQ�Rqg M ↓

�

ØF�k����� )_»$ð�»$ð �á¾>§
M →∗ N Å O>Q�Rqg M 
ρ φ

f y
N 
ρ φ

�

x«v.t4¤rt�s§{­o
¥.t
¥.t+� � t4yjyWz³�@{r�wz-�¯s§¥ � �¯v.zª�²t+¥@©)su¤�o
¥.yjt4¥���{�Åeq+o
yjy � �¯tZÆ���su��vf{ � l {r��su� � ´
�¯suo
¥.{+ç

ØF�k����� )_»$ð�»$ð .
[[s[a := t]]]ρ = [[s[a := ([[t]]ρ)n]]]

�"g��
M 
ρ φ[a := t]

f y
M 
ρ

φ[a := ([[t]]ρ)n]
� Á ¢6n�l Å [[A[X := B]]]ρ = [[A]]ρ[X:=[[B]]ρ]

�"g��
M 
ρ φ[X := B]

f y

M 
ρ[X:=[[B]]ρ] φ

ÆÇt~l�l�§��)��¤¯zOs � v���®Yo
¤��²zO¤ � s§¥ � � q+�¯suo
¥"o
¥È�¯v.t � tD¸K¥.s¹�¯s§oO¥"oO®<¤rt'zO¦us§|4z l s§¦usu� m ¡
�

�O�



�ªEGDFE>æ çá­�¬����F¯���ÜL�ÒKk��­F®è­FÌ
λS

x«v.t«¥.oO¤�yWzO¦§su|'zª��s§o
¥�°.¤ro5oO®>su{]¥.oO�]qwvKzO¥ � t � y � qwvaq4o
yj°KzO¤rt � ��o
λH

¡:n�t«¥.t4t � ��o�tD½)�¯t+¥ �
�¯v³tS¥³oO�¯suo
¥"oO®<zO¥ht+¥�©5su¤�o
¥³yWt+¥@�4¡

áB�%º]ñHøYò%ø$ôQñ ),»$ð�»$ðkÔÂÁ g"t+¥�©5su¤�o
¥³yWt+¥@� Å �<RqgLl
O�R8�^��b ρ Å fon���ËFg�fhO�R�dN�"tuOcfj�"¢q§uikg r Ojfml
g*§ut~l
p

V ar ∪ FV ar ∪ SV ar
O�l
λS ∪ Tmsc ∪H

λ
nqi r Q�O>QN�"O

ρ→(V ar) ⊆ λSc, ρ
→(FV ar) ⊆

Tmsc
�"g��

ρ→(SV ar) ⊆ Hλ
�

n�t � t+¸K¥.t
M [ρ]

zO¥ �
φ[ρ]

t+{�{�t+¥��¯sµzª¦§¦ m zO{ l tD®Yo
¤�tªç

M [ρ] ≡ M [~x :=
−−→
ρ(x),~a :=

−−→
ρ(a)]

φ[ρ] ≡ φ[~a :=
−−→
ρ(a)]

� oª�¯t��¯vKzª��zO¥ m
ρ
q4zO¥ l t � {�t � zO{­z~¤�t4zO¦§su|'z l s§¦§s¹� m t4¥�©)s§¤�oO¥.yWt+¥��'� l@m q+o
¥.{�s � t4¤rs§¥ � o
¥.¦ m su��{

°KzO¤��GyWzO°.°³s§¥ � {�t+q4o
¥ � ´¬o
¤ � t4¤V©Ozª¤�sµz l ¦§t+{���of{rt+�¯{V®Y¤�o
y
Hλ
¡Vx«v³t4¤�tD®Yo
¤�tS��t~��s§¦§¦ l t � {�su¥ �

�¯v³tS¥³oO�wzª��s§o
¥

ρ

zª¦§{�oT®YoO¤²�¯v.t+{�tSt4¥�©)s§¤�oO¥.yWt+¥��¯{
ρ
¡

n�t~��¤�su��t
ρ |= Γ ` M : φ

s¹®]®Yo
¤
zO¦§¦
(x, φ) ∈ Γ

�
ρ(x) 
ρ φ[ρ]

zO¥ �
ρ
s§{ � t+¸K¥.t � o
¥

FV (Γ,M, φ)
¡ � �«su{²t'zO{ m ��o_{�t+t��¯vKzª��su®

ρ |= Γ `M : φ
�5�¯v³t4¥

M [ρ] 
ρ φ[ρ]
s§{ � t+¸K¥.t � ¡

ØF�k����� )_»$ð�»uþ�Ö�Í Þhô>ó
����
$ø>à%�³ò/øYô2ñÒÐ�¾h§
Γ ` O : Ψ Å OhQ�RqgT§}l
tB�"¢h¢ ρ |= Γ ` O : Ψ Å

M [ρ] 
ρ Ψ[ρ]
�

ÆÇt~l�l�§ ¼ o
¤dzO¥ m ¦§zOy lQ� zJ��t4¤�y
M
�
M ′ s§¥��¯v.ti°³¤�o)oO® � t4¥³oO�¯t+{ M [ρ]

¡¾n�tf°.¤�o)q4t+t �cl�m
s§¥ � � q+��s§o
¥Jo
¥J�¯v.tS°.¤�o)oO®]zO¥ � {rv.o%���¯v.t~¥.t+��q4zO{�t+{Gq+o
yW°.zO¤�t � �¯o �
� ¡ £ zª{�t

Γ ` O : Ψ

oO®eç

•
Γ `M : φ

Γ ` λX. M : ∀X. φ
X /∈ FVS(Γ)

x:zO�Ot�zO¥ m
ρ |= Γ ` λX. M : ∀X. φ

¡ n�t�¥.t4t � ��oE{rv.o%���¯vKz-�"®Yo
¤ÈzO¦§¦
D
�

M [ρ][X := ∅] 
ρ[X:=D] φ[ρ]
¡·x:zO�OtÄzO¥ m { � qwv

D
zO¥ � ¦ut+�

ρ′ = ρ[X := D]
¡

� ù



x«v.t+¥
ρ′ |= Γ ` M : φ

�N{�o l@m ��v.tas§¥ � � q+��s§o
¥�v m °2oO��v.t4{rs§{+�
M [ρ′] 
ρ′ φ[ρ′]

¡ � {

M [ρ][X := ∅] = M [ρ′]
zO¥ �

φ[ρ′] = φ[ρ]
�.��v.t�q4¦§zOs§y ®Yo
¦§¦uo%��{4¡

•
Γ `M : ∀X. φ

Γ `M A : φ[X := A]

x:zO�Otazª¥ m
ρ |= Γ ` λX. M : ∀X. φ

¡�x«v.t+¥�zª¦§{�o
ρ |= Γ ` M : ∀X. φ

¡�ã m �¯v.t
su¥ � � qD�¯s§oO¥�v m °2oO��v.t4{rs§{+�

M ′ ↓ λX. N
zO¥ � ®Yo
¤�zO¦u¦

D
�
N [X := ∅] 
ρ[X:=D] φ

¡ � ¥
°Kzª¤r�¯suq � ¦§zO¤4�Q�wzO�@su¥ �

D = [[A]]ρ
�
N [X := ∅] 
ρ[X:=[[A]]ρ] φ

�P{ro l@m � t+yWyWziû³¡ ù ¡ ù !³�

N [X := ∅] 
ρ φ[X := A]
¡��5s§¥³q4t

M A[ρ] = M ′ ∅ →∗ (λX. N) ∅ → N [X :=

∅]
� � t4yjyWza�5¡ �)¡ �ªýa{rv.o%��{V��v.t�q4¦µzªs§yJ¡

•
Γ `M : φ[X := A]

Γ ` [A,M ] : ∃X. φ

x:zO�OtjzO¥ m
ρ |= Γ ` [A,M ] : ∃X. φ

¡ � ��{ � �jq4t4{��¯o"{rv.o%�Á��vKzª����v.t4¤rtjsu{
D
{ � qwv

��vKzª�
M ′


ρ[X:=D] φ
¡­ã m ��v.tSs§¥ � � q+�¯suo
¥Èv m °QoO��v.t4{rs§{4�

M ′

ρ φ[X := A]

¡¶x<zª�)su¥ �

D = [[A]]ρ
zO¥ � zO°.°³¦ m s§¥ �a� t+yWyWz_û³¡ ù ¡ ù !³�³�­t � t+���¯v.t�q+¦µzOsuyh¡

•
Γ `M : ∃X. φ Γ, x : φ ` N : ψ

Γ ` lets [X, x : φ] := M in N : ψ
X /∈ FVS(Γ, ψ)

x:zO�Ot�zª¥ m
ρ |= Γ ` lets [X, x : φ] := M in N : ψ

¡<ã m ��v.t²su¥ � � qD�¯s§oO¥Tv m °QoO��v.t4{rs§{4�

M ′

ρ ∃X. φ[ρ]

�-{�o
M ′ ↓ [∅,M1]

zO¥ � ��v.t4¤rt­su{N{�o
yjt
D
{ � qwvd�¯v.zª�

M1 
ρ[X:=D] φ
¡

�5su¥.q4t
lets [X, x] := M in N →∗ lets [X, x] := [∅,M1] in N ′ → N ′[x := M1]

�
l�m � t4yjyfz~û³¡ ù ¡ ù ��su�­{ � �Wq+t4{²��od{�v³o/����vKzª�

N ′[x := M1] 
ρ ψ
¡ � t+�

ρ′ ≡ ρ[X :=

D, x := M1]
¡ � oO��t
��vKzª�

ρ′ |= Γ, x : φ ` N : ψ
�5{ro l�m ��v.tGsu¥ � � qD�¯s§oO¥fv m °2oO��v.t4{rs§{

N [ρ′] 
ρ′ ψ[ρ′]
¡ � {

X /∈ FVS(ψ)
�]s¹�dsu{dt4zO{ m �¯oÄ{rt4ti��vKzª�

N [ρ′] 
ρ ψ[ρ]
¡ � {

N [ρ′] = N ′[x := M1]
�.�­t � t+���¯v.t�q+¦µzOsuyh¡

•
Γ `M : 0 ∈ A ∧ ∀n. n ∈ A→ S(n) ∈ A

Γ ` ind(t,M) : t ∈ A

�
�



x«v.t�°.¤ro5oª®:®Yo
¦u¦§o%��{���v.t�{r�¯t+°.{VoO®:��v.t�°.¤�o)oO®:oO®H�¯v.t�q4oO¤�¤�t+{�°Qo
¥ � su¥ � q'zO{rt~su¥
λH

¡

•
Γ `M : φ[a := t]

Γ ` sepRep(t,M) : t ∈ {a | φ}

x:zO�OtdzO¥ m
ρ |= Γ ` sepRep(t,M) : t ∈ {a | φ}

¡�ã m ��v.tdsu¥ � � qD�¯s§oO¥hv m °2oª�¯v.t+{�s§{+�

M ′

ρ φ

′[a := t[ρ]]
¡8n�t"¥³t4t � �¯o�{rv.o%�

M ′

ρ φ

′[a := ([[t[ρ]]]ρ)n]
¡ � t4yjyWz

û³¡ ù ¡ ù !_{�v.o%��{��¯v.t�q+¦µzOsuyh¡

•
Γ `M : t ∈ {a | φ}

Γ ` sepProp(t,M) : φ[a := t]

x:zO�Ot�zO¥ m
ρ |= Γ ` sepProp(t,M) : φ[a := t]

¡�ã m �¯v.tJs§¥ � � q+��s§o
¥åv m °QoO��v5´
t+{�s§{+�

M ′ ↓ v
zO¥ �

(v, [[t[ρ]]]ρ) ∈ [[{a | φ}]]ρ
¡Ãx«v.s§{WyWt4zO¥.{W��vKzª�j®Yo
¤f{ro
yjt

N
�

v = sepRep(N)
zO¥ �

N 
ρ φ[a := ([[t[ρ]]]ρ)n]
¡ �5s§¥³q4t

sepProp(M ′) →∗

sepProp(sepRep(N)) → N
� � t4yjyfz_û5¡ ù ¡ ù !_{�v³o/��{��¯v³tSq+¦µzOsuyh¡

�

×~ô>ó-ô�
j
j�³ó�� ),»$ð�»uþNð�Í Þhô>ó
����
$ø>à%�³ò/øYô2ñÒÐT¾h§
`M : φ Å OhQ�Rqg M ↓

�

×~ô>ó-ô�
j
j�³ó�� ),»$ð�»uþQþ � Á Ó{QN�
nÇOhQ�R)(Pfon>´ui<g r Ojfml
g�ÆÇt~led�RqtuOcb²�"g��²OhQ�R Ù i<p�Rqtuf r �"¢+*1�$fonqO�Rqg r R
ÆÇt~led�RqtqOjb"�

� {«su¥iq'zO{rt�oO® �
� �³¥.o
¤ryfzª¦§s§|4zª�¯suo
¥j°.¤�o%©)s � t+{��¯v³t�zOq4q+t4{�{«��od�¯v.t�q+o
yj° � �wz-�¯s§oO¥KzO¦>q4o
¥)´
�¯t+¥��aoO® �
� �8°.¤ro5oª®Y{4¡��)t4q4oO¥ � ´¬oO¤ � t+¤_Ç � zO¥��¯su¸.q'zª��s§o
¥�t+¥.vKzO¥.q+t4{_�¯v³t"{�°Qt4q4s¹¸Kq'z-�¯s§oO¥�¦µzO¥5´
�
� z � t�{rs � ¥.s¹¸Kq'zª¥@��¦ m �OzO{:®Yo
¤:tZ½³zOyW°³¦§t�¤rt'zO¦5zO¥ � q4o
yj°.¦§tZ½~¥ � y l t+¤�{]q4zO¥ l t²t'zª{�s§¦ m t4¥.q+o � t �
zO{
{�t+��{�oO®�¥Kz-� � ¤�zO¦:¥ � y l t+¤�{4¡
x«v.t4¤rtazO¤�t~yfzª¥ m q+¦µzO{r{�s§q4zO¦NtD½³zOyj°.¦§t+{GoO®�{ � qwv¾t4¥³q4o � s§¥ � {
°.¤rt4{�t+¥��¯t � ®Yo
¤«tD½³zOyj°.¦§t�su¥ S �5suy� " 
U[¡ £ oO¥.{r��¤ � qD�¯su©Ot4¦ m �>q4o
yjs§¥ �_� °J��s¹�¯vJzdÅeq4oO¤�¤�t+q+��Æ � tD®µ´
s§¥³su�¯suo
¥8oO®
¤�t4zO¦«¥ � y l t4¤r{jsu{_yWoO¤�t � sW�Wq � ¦u�4¡c�5t+t S �P� l ���
U�®Yo
¤T�¯v.t � t+{�q+¤�s§°5�¯s§oO¥åoª®G�¯v³t
s§{r{ � t+{
su¥�©
o
¦¹©
t � ¡

� �«�¯v.su{²°Qo
s§¥��'�)o � ¤²z � ©
t+¥�� � ¤rt4{���su�¯vi�­t'zª�f{ m {��¯t4yj{VzO¤�tGo/©Ot4¤+¡�n�t�{rv.o%��t � ¥.oO¤�yWzO¦¹´
s§|4zª�¯suo
¥"oO®<°.¤�o
°Qo
{rsu�¯suo
¥KzO¦2¦§o � s§qO� � {�su¥ � ¤rt'zO¦us§|4z l s§¦usu� m ¡ � zª�¯t+¤4�.�­tdtD½)��t4¥ � t � o � ¤�yjt+��v.o � {
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�¯oh�¯v.tj¸K¤�{��r´¬oO¤ � t+¤ � t m �¯s§¥ � zO¤�s¹�¯v.yjt+��s§qª�Hsu¥.q4oO¤�°Qo
¤¯zª��s§¥ � Ç � zO¥��¯s¹¸Kq'z-�¯s§oO¥��¯o�o � ¤S°.¤�o)oO®Y{4¡
¼ su¥KzO¦§¦ m �
su¥j��v.s§{¶{�t+q+��s§o
¥¢���­tG{rv.o%��t � v.o%���¯o��wzOqw�@¦§t
{ m {r��t4yj{�su¥@©Oo
¦u©)su¥ � suyW°³¤�t � s§q'z-�¯su©)s¹� m
� {rs§¥ � o � ¤jyWtD�¯v.o � ¡ån�thzO¤�tJ¥.o%� ¤rt'z �³m ��o�zO°³°.¤�o�zªqwvE�¯v³th{��¯¤�oO¥ � t4{��"zO¥ � ��v.t�yjo
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tD½5°.¤rt4{r{�su©Ot~®Yo
¤ryfzª¦6{ m {��¯t4yÝtD©
t4¤�su¥@©Ot4¥��¯t � ± »¢¼ £ {rt+���¯v³t4o
¤ m ¡

�ªEZY HJILK|KN�*I_­�¬N\

� ¥��¯v.t"su¥��¯¤�o � � qD�¯suo
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�.��v � {
zª¦§{�o
∀a. φ(a, ~F )

¡
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�ªEZYJEmY
λZ

°L�F¯�°L±�¯�±*M

x«v.t
¦µzOy lQ� z�q4zO¦§q � ¦ � {
λZ

®Yo
¤ ��»¢¼
R

q4zO¥ l tV{�t4t+¥"zO{­z � t4¥.t+¤¯zO¦us§|'z-�¯s§oO¥joª®¢s � t'zO{ � ¥ � t4¤�¦ m ´
s§¥ �

λH
zª¥ �

λS
¡�x«v.tS¸K¤�{��r´¬oO¤ � t+¤
°Kzª¤r�VoO®]��v.t~q4zO¦§q � ¦ � {Vsu{«�¯v.tS{¯zOyjt~zO{V��v.t�¸K¤�{��r´¬oO¤ � t+¤

°KzO¤��<oª®
λH

¡ � {H��v.t²z-½5suo
yW{NoO® ��»¢¼
R

vKz'©
t«zV{�suyWsu¦µzO¤Q®Yo
¤�y·��o
�¯v³t�q4oOyW°.¤rt4v.t+¥.{�suo
¥Tz/½³suo
y
s§¥ �
� �2�){�s§yjs§¦§zO¤

Prop
zO¥ �

Rep
�¯t4¤ryW{­zO¤rt � {rt � ¡ ¼ s§¥KzO¦u¦ m �O�¯v.tV�¯t+¤�yj{­q+o
¤�¤rt4{�°Qo
¥ � s§¥ � �¯o

�¯v³tSsu¥ � � qD�¯suo
¥Èz-½5s§o
y l t+vKz'©
tS{�suyWsu¦µzO¤r¦ m �¯o_��v.t�s§¥ � � q+�¯suo
¥"�¯t+¤�yj{«s§¥
λH

¡
n�tS°.¤ro5q+t4t � ��su�¯vÈ�¯v³tS®Yo
¤ryfzª¦ � t+¸.¥.su��s§o
¥.{+¡ � {V��v.s§{Vq'zO¦uq � ¦ � {�s§{«�¯v³t~q � ¦§yjs§¥Kz-�¯s§oO¥ioO®

� tD©
t4¦uo
°.yjt4¥��¯{Vs§¥i��v.t�°.¤�tD©)s§o � {�{rt4q+��s§o
¥³{4�K��t�°.¤rt4{rt4¥��Gs¹��s§¥Èsu��{«t4¥��¯su¤�tD� m ¡
x«v.t�¦µzOy l2� z��¯t+¤�yj{²s§¥

λZ
��s§¦u¦ l t � t+¥.oO�¯t �hl�m ¦§t+�r�¯t+¤�{

M,N,O, P
¡<x«v.t+¤�tSzO¤rtG�¬��o

�@s§¥ � {­oO®2¦µzªy l2� zSz l {r��¤¯zOqD�¯s§oO¥Wsu¥
λZ
�@o
¥.tVq4oO¤�¤�t+{�°Qo
¥ � su¥ � �¯o��¯v.t�°.¤ro5oO®Y{�oO®6s§yj°.¦§suq'zª��s§o
¥6�

�¯v³t�oO��v.t4¤H�¯o
��v.t�°³¤�o)oO®Y{<oO® � ¥.su©Ot4¤r{¯zO¦)Ç � zO¥��¯s¹¸Kq'zª��s§o
¥6¡Hn�t � {rt²{�t+°KzO¤�zª�¯t­{�t+��{]oO®.©ªzO¤rsµz l ¦§t4{
®Yo
¤V�¯v.t+{�taz l {��¯¤�zOq+��s§o
¥.{GzO¥ � q4zO¦§¦N�¯v.t+y½d�t~l�l�§u��zO¥ � ËFt~nqOc�8l
tG�<Rqta©Ozª¤�sµz l ¦§t+{4�Q¤�t4{r°2t+q+��su©
t+¦ m ¡
� t+�r�¯t4¤r{

x, y, z
��s§¦u¦ l t � {�t � ®Yo
¤��¯v.tW°.¤�o)oO®�©ªzO¤rsµz l ¦§t4{SzO¥ � ¦§tD���¯t+¤�{

a, b, c
®Yo
¤��¯v.tj¸K¤�{��r´

o
¤ � t4¤H©Ozª¤�sµz l ¦§t+{4¡ � tD����t4¤�{
t, s, u

zO¤rt�¤�t+{�t+¤r©
t � ®YoO¤ ��»¢¼
R

�¯t4¤ryW{+¡:x«v³t²� m °Qt4{<s§¥~��v.t²{ m {��¯t+y
zO¤rt ��»¢¼

R

®Yo
¤ry � ¦§zO{4¡�x«v.tT��t4¤ryW{�zO¤rt � t+¥.t4¤�zª�¯t �Ml�m �¯v.tT®Yo
¦u¦§o%��s§¥ � z l {��¯¤�zOq+� � ¤¯zOyjyfzª¤4¡
x«v.t�¸K¤r{r� � ¤�o � °hoª®:��t4¤�yj{«s§{«{��wzO¥ � zO¤ � zO¥ � q4oOyWt+{�®Y¤ro
yË��v.t�¸K¤�{��r´Ìo
¤ � t+¤�¦§o � suqOç

M ::= x | M N | λa. M | λx : φ. M | inl(M) | inr(M) | fst(M) | snd(M)

[t,M ] | M t | 〈M,N〉 | case(M,x : φ. N, x : ψ. O)

magic(M) | let [a, x : φ] := M in N

x«v.t�{�t+q4o
¥ � � ¤ro � °JoO®:��t4¤ryW{«q+o
¤�¤rt4{�°Qo
¥ � {V��oa��v.t ��»¢¼
R

z-½5s§oOyW{+ç

inProp(t, u,M) | inRep(t, u,M)

eqProp(t, u,M) | eqRep(t, u,M)

pairProp(t, u1, u2,M) | pairRep(t, u1, u2,M)

unionProp(t, u,M) | unionRep(t, u,M)

!��



sepa, ~f. φ(a, ~f)Prop(t, u, ~u,M) | sepa, ~f . φ(a, ~f)Rep(t, u, ~u,M)

powerProp(t, u,M) | powerRep(t, u,M)

infProp(t,M) | infRep(t,M)

repl
a,b, ~f. φ(a,b, ~f)Prop(t, u, ~u,M) | repl

a,b, ~f. φ(a,b, ~f)Rep(t, u, ~u,M)

ind
a, ~f. φ(a, ~f)(M,~t)

x«v.t
ind

�¯t+¤�yj{]q4o
¤r¤�t+{�°Qo
¥ � �¯o���v.t É �e�
��Ê z-½5s§o
y�zO¥ �
Prop

zO¥ �
Rep

��t4¤�yj{]q+o
¤�¤rt4{�°Qo
¥ �
�¯oJ�¯v.tj¤�t+{�°Qt4qD�¯su©Ot"z-½5s§oOyW{�oO® ��»¢¼

R

¡ � {dsu¥�q4zO{�tWoO® �
� �2�P��tiz � o
°³�~zJq4o
¥�©
t+¥��¯s§oO¥8oO®
� {rs§¥ �

axRep
zO¥ �

axProp
�¯t4¤ryW{~�¯oÄ�wzªq4su��¦ m yjt'zO¥�zª¦§¦

Rep
zO¥ �

Prop
�¯t4¤ryW{+�]®Yo
¤

ax

l t4s§¥ � o
¥.tSoO®
in
�
eq
�
pair

�
union

�
sep

�
power

�
inf
�
repl

� � ¥³¦§t4{r{
�­td¦us§{r�V{ro
yWtSoO®]��v.t4y
{�t+°KzO¤�zª�¯t+¦ m ¡�n�su��vJ��v.s§{�q+o
¥�©
t4¥���s§o
¥hs§¥ÈyWsu¥ � �³�­tSq'zO¥h{ � yjyfzª¤�s§|+tG�¯v³t � tD¸K¥.s¹�¯s§oO¥Joª®<�¯v³t

Prop
zO¥ �

Rep
��t4¤�yj{VzO{4ç

axProp(t, ~u,M) | axRep(t, ~u,M),

��v.t+¤�t��¯v.t�¥ � y l t4¤�oO®H�¯t+¤�yj{«s§¥"�¯v.t�{rt4Ç � t4¥³q4t
~u
� t+°2t+¥ � {Vo
¥J��v.t�°KzO¤��¯s§q � ¦µzª¤²z-½5s§oOyh¡

x«v.ti©ªzO¤�s§z l ¦ut4{Ss§¥
λ
�
case

zO¥ �
let

��t4¤�yj{ l s§¥ � ¤rt4{r°2t+q+�¯s¹©
ti��t4¤�yj{4¡hn�t � t4¥.oO��t"zO¦u¦
®Y¤�t+t~©ªzO¤rsµz l ¦ut4{«oO® zj�¯t+¤�y

M
l�m

FV (M)
zO¥ � �¯v.tS®Y¤�t+t~¸K¤r{r�r´Ìo
¤ � t4¤�©Ozª¤�sµz l ¦§t+{Voª®�zj��t4¤�y

l�m
FVF (M)

¡ x«v.t�®Y¤�t+t É ¸K¤r{r�r´Ìo
¤ � t4¤ Ê ©Ozª¤�sµz l ¦§t+{�oO®:z_q4o
¥���tD½)�
Γ
zO¤rt � t+¥.oO�¯t �hl�m

FV (Γ)

É
FVF (Γ)

Ê zO¥ �J� t+¸.¥.t � s§¥Jz_¥Kzª� � ¤¯zO¦6��z m ¡
x«v.t � t+�¯t+¤�yjs§¥.su{r��s§q ¤�t � � qD�¯s§oO¥d¤�t+¦µzª��s§o
¥

→
zO¤�su{�t4{N®Y¤�oOy·�¯v.t�®Yo
¦§¦uo%��s§¥ � ¤rt � � q+�¯suo
¥d¤ � ¦§t+{

zO¥ � t+©ªzO¦ � zª��s§o
¥iq+o
¥��¯tZ½5��{4ç

(λx : φ. M) N →M [x := N ] (λa. M) t→M [a := t]

fst(〈M,N〉) →M snd(〈M,N〉) → N

case(inl(M), x : φ. N, x : ψ. O) → N [x := M ]

case(inr(M), x : φ. N, x : ψ. O) → O[x := M ]

!
û



let [a, x : φ] := [t,M ] in N → N [a := t][x := M ]

axProp(t, ~u, axRep(t, ~u,M)) →M

ind
a, ~f. φ(a, ~f)(M,~t) → λc. M c (λb.λx : b ∈I c. ind

a, ~f. φ(a, ~f)(M,~t) b)

� ¥J��v.t�¤�t � � q+��s§o
¥J¤ � ¦§t4{²®YoO¤
ind

�¯t+¤�yj{4�.��v.t�©Ozª¤�sµz l ¦§t
x
s§{«¥³t+��¡

x«v.tSt+©ªzO¦ � zª�¯suo
¥iq4oO¥@��tD½)�¯{
q4o
¥���s§¥ � t��¯o � t+{�q4¤rs l t��¯v.t�¦µzª| m tD©ªzO¦ � z-�¯s§oO¥"o
¤ � t+¤4ç

[◦] ::= fst([◦]) | snd([◦]) | case([◦], x.N, x.O)

axProp(t, ~u, [◦]) | let [a, x : φ] := [◦] in N | [◦] M | magic([◦])

x«v.tT©ªzO¦ � t4{Goª®
λZ

zª¤�t � t+¥.t4¤�zª�¯t �¾l�m ��v.td®Yo
¦u¦§o%��s§¥ � z l {��¯¤�zOq+� � ¤¯zOyjyfzª¤4�K��v.t4¤rt
M

s§{�zª¥�zO¤ l su��¤¯zO¤ m ��t4¤ryh¡

V ::= λa. M | λx : φ. M | inr(M) | inl(M) | [t,M ] | 〈M,N〉 | axRep(t, ~u,M)

x«v.td� m °Qt_{ m {r��t4yà®YoO¤
λZ

®Yo
¦u¦§o%��{4¡Vx m °Qt4{SzO¤rt ��»¢¼
R

®Yo
¤�y � ¦µzO{+�6zª¥ � �¯t+¤�yj{�zO¤rt
λZ

�¯t+¤�yj{4¡ £ oO¥@��tD½)�¯{
Γ
zO¤�t�¸K¥.s¹�¯tV{�tD�¯{�oª®¢°KzOsu¤�{

(xi, φi)
¡]x«v³t
¸K¤r{r�­{�t+��oO®¢¤ � ¦§t+{­q+o
¤�¤rt4{r°2o
¥ � {

�¯o_��v.t�¸K¤�{��r´¬oO¤ � t+¤V¦uo � suqO¡

Γ, x : φ ` x : φ

Γ `M : φ→ ψ Γ ` N : φ

Γ `M N : ψ

Γ, x : φ `M : ψ

Γ ` λx : φ. M : φ→ ψ

Γ `M : φ Γ ` N : ψ

Γ ` 〈M,N〉 : φ ∧ ψ

Γ `M : φ ∧ ψ

Γ ` fst(M) : φ

Γ `M : φ ∧ ψ

Γ ` snd(M) : ψ

Γ `M : φ

Γ ` inl(M) : φ ∨ ψ

Γ `M : ψ

Γ ` inr(M) : φ ∨ ψ

Γ `M : φ ∨ ψ Γ, x : φ ` N : ϑ Γ, x : ψ ` O : ϑ

Γ ` case(M,x : φ. N, x : ψ. O) : ϑ

Γ `M : φ

Γ ` λa. M : ∀a. φ
a /∈ FVF (Γ)

Γ `M : ∀a. φ

Γ `M t : φ[a := t]

Γ `M : φ[a := t]

Γ ` [t,M ] : ∃a. φ

Γ `M : ⊥
Γ ` magic(M) : φ

Γ `M : ∃a. φ Γ, x : φ ` N : ψ

Γ ` let [a, x : φ] := M in N : ψ
a /∈ FVF (Γ, ψ)

x«v.t�¤�t+{r�
oO®H�¯v.t�¤ � ¦§t4{«q+o
¤�¤rt4{r°2o
¥ � �¯o ��»¢¼
R

z-½5s§o
yj{4ç
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Γ `M : ∀d. (d ∈I t→ d ∈ u) ∧ (d ∈I u→ d ∈ t)

Γ ` eqRep(t, u,M) : t = u

Γ `M : t = u
Γ ` eqProp(t, u,M) : ∀d. (d ∈I t→ d ∈ u) ∧ (d ∈I u→ d ∈ t)

Γ `M : ∃c. c ∈I u ∧ t = c

Γ ` inRep(t, u,M) : t ∈ u
Γ ` t ∈ u

Γ ` inProp(t, u,M) : ∃c. c ∈I u ∧ t = c

Γ `M : φA(t, ~u)

Γ ` axRep(t, ~u,M) : t ∈I tA(~u)

Γ `M : t ∈I tA(~u)

Γ ` axProp(t, ~u,M) : φA(t, ~u)

Γ `M : ∀c. (∀b. b ∈I c→ φ(b,~t)) → φ(c,~t)

Γ ` ind
a, ~f . φ(a, ~f)(M,~t) : ∀a. φ(a,~t)

� {�tD½5°Qt4qD�¯t � �Q�­t�vKz'©
t��¯v.t�q4oO¤�¤�t+{�°Qo
¥ � t+¥.q4t l tD�¬��t+t4¥ ��»¢¼
R

zO¥ �
λZ
ç

ØF�k����� )_»uþ,»$ð<) ¾>§
Γ ` O : φ

O>Q�Rqg�¾�6,Ã
R+rg(Γ) ` φ Å �1Q�Rqt~R rg(Γ) = {φ | (x, φ) ∈

Γ}
�â¾>§{¾�6,Ã

R+Γ ` φ Å OhQ�Rqg�O>Q�Rqt~R�RG�$fonqOhnT�ÊO�Rqtup M
nqi r QsO>QN�"O

Γ ` M : φ Å �1Q�Rqt~R

Γ = {(xφ, φ) | φ ∈ Γ}
�

ÆÇt~l�l�§�ã­oO�¯v"°Kzª¤r�¯{­®Yo
¦§¦uo/� l@m t'zª{ m su¥ � � qD�¯suo
¥fo
¥i��v.t�°.¤ro5oª®e¡]x«v.tG¸K¤r{r��°Kzª¤r�²su{�{��¯¤¯zªs � v��r´
®Yo
¤��²zO¤ � �K�¯o � t+����v.t~q+¦µzOsuyÎ{rs§yj°.¦ m t4¤¯zª{�t~��v.t�¦µzOy l2� zT��t4¤�yj{«®Y¤�o
y¿��v.tS°.¤�o)oO®H�¯¤�t+tO¡ ¼ o
¤
�¯v³tS{rt4q+o
¥ � °.zO¤r�4�³��tS{�v³o/���¯t+¤�yj{
zª¥ � �¯¤�t+t4{Vq4o
¤r¤�t+{�°Qo
¥ � su¥ � �¯o ��»¢¼

R

z-½5s§oOyW{+ç

•
� tD�

φ
l tåo
¥.tcoO®j�¯v.t ��»¢¼

R

z-½5s§oOyW{�zO°.zO¤r�¾®Y¤ro
y
∈
´ � ¥ � � q+��s§o
¥¢¡ x«v.t+¥

φ =

∀~a. ∀c. c ∈I tA(~a) ↔ φA(c,~a)
®YoO¤a��v.tJz-½5s§o
y É ��Ê ¡ � t4q'zª¦§¦���vKzª�

φ1 ↔ φ2

su{
zO¥8z l.l ¤rt+©)sµzª��s§o
¥�®Yo
¤

(φ1 → φ2) ∧ (φ2 → φ1)
¡ � t+�

T
l tW��v.tf®Yo
¦u¦§o%��s§¥ � °³¤�o)oO®

��¤�t4tªç
Γ, x : φA(c,~a) ` x : φA(c,~a)

Γ, x : φA(c,~a) ` axRep(c,~a, x) : c ∈I tA(~a)

Γ ` λx : φA(c,~a). axRep(c,~a, x) : φA(c,~a) → c ∈I tA(~a)

� t+�
M ≡ 〈λx : c ∈I tA(~a). axProp(c,~a, x), λx : φA(c,~a). axRep(c,~a, x)〉

¡
x«v.t+¥h��v.t�®Yo
¦§¦uo%��s§¥ � °³¤�o)oO®:��¤�t+tS{rv.o%��{V��v.t�q4¦§zOs§yJç

Γ, x : c ∈I tA(~a) ` x : c ∈I tA(~a)

Γ, x : c ∈I tA(~a) ` axProp(c,~a, x) : φA(c,~a)

Γ ` λx : c ∈I tA(~a). axProp(c,~a, x) : c ∈I tA(~a) → φA(c,~a) T

Γ `M : c ∈I tA(~a) ↔ φA(c,~a)

Γ ` λ~aλc.M : ∀~a. ∀c. c ∈I tA(~a) ↔ φA(c,~a)
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•
� tD�

φ
l t���v.t

∈
´Ìs§¥ � � q+�¯suo
¥·z/½³suo
yJ¡ � tD�

M = λ~fλx : (∀a.(∀b. b ∈ a →

ψ(b, ~f)) → ψ(a, ~f)). ind
ψ(a, ~f)(

~f, x)
¡<x«v³t²®Yo
¦§¦uo/��su¥ � °³¤�o)oO®K�¯¤rt4t²{rv.o%��{���v.t²q+¦µzOsuyhç

Γ, x : ∀a.(∀b. b ∈I a→ ψ(b, ~f)) → ψ(a, ~f) ` x : ∀a.(∀b. b ∈I a→ ψ(b, ~f)) → ψ(a, ~f)

Γ, x : ∀a.(∀b. b ∈I a→ φ(b, ~f)) → ψ(a, ~f) ` indψ(a, ~f)(
~f, x) : ∀a. ψ(a, ~f)

Γ `M : ∀~f.(∀a.(∀b. b ∈I a→ ψ(b, ~f)) → ψ(a, ~f)) → ∀a. ψ(a, ~f)

�

�ªEZYJEj� «©¬?­�]�I,¬<Kk��I_M·­FÌ
λZ

x«v.tV°.¤�oO°2t+¤r�¯sut4{¶zO¤rtVtZ½)�¯t4¥ � t � ®Y¤ro
y
λH

s§¥WzO¥Wt+¥��¯s§¤rt4¦ m °.¤rt � suq+�wz l ¦§t«��z m ¡ � oO��t«�¯vKzª���­t
� oS¥.oO��vKz'©OtV��oS�­o
¤�¤ m z l o � ���¯v³t

=ω

¤�t4¦§zª�¯suo
¥azO¥ m yWoO¤�tO� l t4q4z � {�t��¯v³t4¤�tVzO¤rt�¥.o~¥ � y l t+¤
�¯t+¤�yj{�zO¥ � q4o
¤r¤�t+{�°Qo
¥ � su¥ � ¤�t � � q+��s§o
¥J¤ � ¦ut4{«su¥È��v.t�¦§o � s§qO¡

ØF�k����� )_»uþ,»$ð%2âÍ Ð+ñ@Ñ��)ó
�'øYôQñ�Ð7Ó�i�d%d�l�n�R
Γ ` Q : Ψ

�*Ó�i�d%d�l�n�R
Q
fon�l�§POhQ�RF§}l
tup{Ä

• inRep(t, u,M)
�{¥,Q�Rqg

Ψ = t ∈ u
�"g��

Γ `M : ∃c. c ∈I u ∧ t = c
�

• inProp(t, u,M)
�¶¥,Q�Rqg

Ψ = ∃c. c ∈I u ∧ t = c
�"g��

Γ `M : t ∈ u
�

• eqRep(t, u,M)
��¥,Q�Rqg

Ψ = t = u
�"g��

Γ ` M : ∀d. (d ∈I t → d ∈ u) ∧ (d ∈I

u→ d ∈ t)
�

• eqProp(t, u,M)
�s¥,Q�Rqg

Ψ = ∀d. (d ∈I t → d ∈ u) ∧ (d ∈I u → d ∈ t)
�"g��

Γ `M : ∀d. (d ∈I t→ d ∈ u) ∧ (d ∈I u→ d ∈ t)
�

• axRep(t, ~u,M)
�¶¥,Q�Rqg

Ψ = t ∈I tA(~u)
�"g��

Γ `M : φA(t, ~u)
�

• axProp(t, ~u,M)
�¶¥,Q�Rqg

Ψ = φA(t, ~u)
�"g��

Γ `M : t ∈I tA(~u)
�

• ind
a, ~f . φ(a, ~f)(M,~t)

�É¥,Q�Rqg
Ψ = ∀a. φ(a,~t)

�"g��
Γ ` M : ∀c. (∀b. b ∈I c →

φ(b,~t)) → φ(c,~t)
�

ØF�k����� )_»uþ,»$ð - Í ×^�KñNô2ñHø$÷$��
Ç�Ìô>ó
�Ê�
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Q
fon��Bv
�"¢£i�R Å ` Q : Ψ

�"g��
Ψ
fon{l�§
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• t ∈I tA(~u)
�¶¥,Q�Rqg

Q = axRep(t, ~u,M)
�

• t ∈ tA(~u)
�{¥,Q�Rqg

Q = inRep(t, ~u,M)
�

• t = u
�¶¥,Q�Rqg

Q = eqRep(t, u,M)
�

x«v.t�°.¤ro
°2oO{�su��s§o
¥.zO¦6zª¥ � ¸K¤�{��r´¬oO¤ � t+¤V� � l {��¯su� � �¯suo
¥ � t4yjyfzª{²q4o
¥���s§¥ � t��¯o_v.oO¦ � �³��o � tD�¯v.t+¤
��su��v"n�t4zO�Ot+¥.s§¥ � ¡

ØF�k����� )_»uþ,»$ð<=`Í Ù¢ö��L×��)÷OòWÓ��5õHöH÷Oò/ø$ôQñFØ<ÕSó��k���)ó�ÑN�³ò/øYô2ñÒÐ©¾>§
Γ ` P : Ψ

�"g��
P →

Q Å O>Q�Rqg Γ ` Q : Ψ
�

ÆÇt~l�l�§�ã m su¥ � � qD�¯suo
¥fo
¥W�¯v.t � t+¸K¥³su�¯suo
¥foª®
O → P

¡ � { � { � zO¦��@��tG{�v.o%���¯v.tG¥.t+�Ãq'zª{�t4{+¡
£ zO{rt

O → P
oO®eç

• axProp(t, ~u, axRep(t, ~u,M1)) →M1

¡ x«v.t~°³¤�o)oO®N�¯¤�t+t�y � {r�Vt+¥ � ��s¹�¯v¢ç

Γ `M1 : φA(t, ~u)

Γ ` axRep(t, ~u,M1)) : t ∈I tA(~u)

Γ ` axProp(t, ~u, axRep(t, ~u,M1)) : φA(t, ~u)

x«v.t�q+¦µzOsuyÀ®Yo
¦u¦§o%��{«s§yjyjt � s§zª�¯t+¦ m ¡

• ind
a, ~f . ψ(a, ~f)(M1,~t) → λc. M1 c (λb.λx : b ∈I c. ind

a, ~f. ψ(a,~b)(M1,~t) b)
¡"x«v.t

°.¤ro5oª®:��¤�t4t�y � {r��t4¥ � ��s¹�¯v¢ç

Γ `M1 : ∀c. (∀b. b ∈I c→ ψ(b,~t)) → ψ(c,~t)

Γ ` ind
a, ~f. ψ(a, ~f )(M1,~t) : ∀a. ψ(a,~t)

n�t�qwv.o)o
{�t
b, c, x

�¯o l tG®Y¤rt4{�v6¡­ã m zO°³°.¦ m s§¥ �
α
´Ìq4o
¥�©
t+¤�{rs§o
¥i�­t�q'zO¥ÈzO¦u{�oTo l �wzOsu¥"z

°.¤ro5oª®¶��¤�t+t_oO®
Γ ` M1 : ∀e. (∀d. d ∈I e → ψ(d,~t)) → ψ(e,~t)

�6��v³t4¤�t
{d, e} ∩

{b, c} = ∅
¡ x«v.t+¥ l�m n�t'zO�ªt4¥.su¥ � ��t � t+�

Γ, x : b ∈I c `M1 : ∀e. (∀d. d ∈I e→

ψ(d,~t)) → ψ(e,~t)
�>{�ofzO¦§{ro

Γ, x : b ∈I c ` ind
a, ~f . ψ(a,~b)(M1,~t) : ∀a. ψ(a,~t)

¡ � tD�
��v.t�°.¤�o)oO®N�¯¤rt4t

T
l t � t+¸K¥.t � zª{4ç

Γ, x : b ∈I c ` ind
a, ~f. ψ(a,~b)(M1,~t) : ∀a. ψ(a,~t)

Γ, x : b ∈I c ` ind
a, ~f. ψ(a,~b)(M1,~t) b : ψ(b,~t)

Γ ` λx : b ∈I c. inda, ~f . ψ(a,~b)(M1,~t) b : b ∈I c→ ψ(b,~t)

Γ ` λb.λx : b ∈I c. ind
a, ~f. ψ(a,~b)(M1,~t) b : ∀b. b ∈I c→ ψ(b,~t)
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Γ `M1 : ∀c. (∀b. b ∈I c→ ψ(b,~t)) → ψ(c,~t)

Γ `M1 c : (∀b. b ∈I c→ ψ(b,~t)) → ψ(c,~t) T

Γ `M1 c (λb.λx : b ∈I c. ind
a, ~f. ψ(a,~b)(M1,~t) b) : ψ(c,~t)

Γ ` λc. M1 c (λb.λx : b ∈I c. ind
a, ~f. ψ(a,~b)(M1,~t) b) : ∀c. ψ(c,~t)
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• axProp(t, ~u, O)
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` O : t ∈I tA(~u)

` axProp(t, ~u, O) : φA(t, ~u)
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M → P
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¥i¤ � ¦§t+{

axProp(t, ~u, O) → axProp(t, ~u, O1)
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• axRep(t, ~u, O)
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q4oO¤�¤�t+{�°Qo
¥ � t+¥.q4tS��t+¤�tS�¯o l t � tD¸K¥.t � zO¥ � {��wzª��t � �>{ro
yWt � sWV6t+¤�t+¥.q4t+{V�­o � ¦ � {�v³o/� � °�su¥
�¯v³t���¤�t4zª�¯yjt4¥���oO®:tD½5s§{��¯t+¥@��sµzO¦PÇ � zª¥@��su¸Kt+¤4¡
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λZ
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¥³{dzO¤rt+n�RqOc�8l"��¢£fhv�fml
i%n

± ��v.t�{�tD�²�¯t+¤�yj{ � o_¥.oª�²°.¦§z m zO¥ m ¤�o
¦utGs§¥"¤rt � � q+�¯suo
¥.{+¡]n�tG��v.t4¤rt+®Yo
¤rt�t4¤�zO{�t���v.t4yÀ�¯o
∅
¡

x«v.t�t4¤�zO{ � ¤�tSyfzO°Èsu{«s§¥ � � q4t �Jl�m �¯v³t�®YoO¦§¦§o%��su¥ � q'zª{�t4{+ç

axRep(t, ~u,M) = axRep(M) axProp(t, ~u,M) = axProp(M)

inda, ~f. φ(a, ~f)(M,~t) = ind(M)

λx : φ. M = λx. M let [a, x : φ] := M in N = let [a, x] := M in N

case(M,x : φ. N, x : ψ. O) = case(M,x.N, x.O)
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 A ∈I B ≡ M ↓ v ∧ (v, A) ∈ B

M 
 A ∈ B ≡ M ↓ inRep(N) ∧N ↓ [∅, O] ∧ ∃C ∈ V λ. O ↓ 〈O1, O2〉∧
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 C ∈I B ∧ O2 
 A = C

M 
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zª¥ � �­t � t+����v.t�q4¦µzªs§yÀoO®:��v.t�¸K¤�{��V°KzO¤r��oª®:��v.t�¦§t4yjyWz³¡
¼ o
¤²�¯v.t�{rt4q4oO¥ � °Kzª¤r�'�³{ � °.°Qo
{rt

M 
ρ B = A
¡�x«v.su{Vyjt'zª¥.{«�¯vKzª�

M ↓ eqRep(M0)
�

M0 ↓ λa. M1

zO¥ � ®Yo
¤�zO¦u¦
D
�
M1[a := ∅] ↓ 〈O,P 〉

¡]}ho
¤�t+o%©
t4¤+�
O ↓ λx. O1

zO¥ � ®Yo
¤²zO¦§¦

N 
ρ D ∈I B
�­tavKz'©
t

O1[x := N ] 
ρ D ∈ A
¡ � ¥�°KzO¤r��s§q � ¦µzO¤+�6s¹®

(v,D) ∈ B
�2�¯v.t+¥

O1[x := v] 
ρ D ∈ A
¡Èã m ��v.tj¸.¤�{r�d°KzO¤��~oª®²�¯v.tj¦§t+yWyWz³�HzO¥ m { � qwv

D
s§{�su¥

V λ
β

®Yo
¤
{�oOyWt

β < α
�³{�o

B ∈ V λ
α

¡
x«v.t��¯v.su¤ � °KzO¤���s§{²�¯¤rsu©)sµzª¦�¡

�

ØF�k����� )_»uþ,»�)�)
M 
ρ A = B

f y
M ↓ eqRep(N)

�"g��
N 
ρ ∀d. (d ∈I A →

d ∈ B) ∧ (d ∈I B → d ∈ A)
� Á ¢6n�l Å M 
ρ A ∈ B

f y
M ↓ inRep(N)

�"g��

N 
ρ ∃c. c ∈I B ∧ A = c
�

ÆÇt~l�l�§��5suyW°.¦ m tZ½5°KzO¥ � ��vKzª��su��yjt'zª¥.{«®Yo
¤
M
��oa¤�t'zª¦§s§|+t�¤�t+{�°Qt4qD�¯su©OtS®YoO¤�y � ¦§zO{4¡

�

x«v.t�®Yo
¦§¦uo/��su¥ � �¬�­od¦ut4yjyfzª{:��s§¦u¦ l t � {�t � ®Yo
¤]��v.t«�¯¤�t4zª�¯yjt4¥���oO®
ω
s§¥ � t4yjyfz�û³¡ú�5¡üû$!³¡

ØF�k����� )_»uþ,»�)?2 ¾>§
A,B ∈ V λ

α Å O>Q�Rqg [[{A,B}]]ρ ∈ V λ
α+1

�

ÆÇt~l�l�§�x:zO�OtjzO¥ m
(M,C) ∈ [[{A,B}]]ρ

¡~ã m �¯v.t � tD¸K¥.s¹�¯s§oO¥ÄoO®
[[{A,B}]]ρ

�PzO¥ m { � qwv
C

s§{«su¥
V λ
α

�.{�o
[[{A,B}]]ρ ∈ V λ

α+1

¡
�

ØF�k����� )_»uþ,»�) -Â¾>§
A ∈ V λ

α

�"g��
M 
ρ B = S(A) Å OhQ�Rqg B ∈ V λ

α+3

�
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ÆÇt~l�l�§
M 
ρ B = S(A)

yWt4zO¥.{
M 
ρ B =

⋃
{A, {A,A}}

¡�ã m � t4yjyfzMû³¡ú�5¡úû
�5�
su�S{ � �jq4t4{S�¯oJ{�v.o%�î��vKzª�

[[
⋃
{A, {A,A}}]]ρ ∈ V λ

α+3

¡ � °.°.¦ m su¥ �h� t+yWyWzÈû³¡ú�5¡úûªýÈ�¬��suq4tª�
�­t�¸K¥ � �¯v.zª�

[[{A, {A,A}}]]ρ ∈ V λ
α+2

¡¿ã m ��v.t � t+¸K¥.s¹�¯suo
¥�oO®
[[
⋃
{A, {A,A}}]]ρ

��s¹®

(M,C) ∈ [[
⋃
{A, {A,A}}]]ρ

�H��v.t4¥
C ∈ Vλrk([[

S

{A,{A,A}}]]ρ)

�:{�o
C ∈ V λ

α+2

¡Wx«v.t4¤rt+®Yo
¤rt

[[
⋃
{A, {A,A}}]]ρ ∈ V λ

α+3

��v.suqwvh{rv.o%��{V��v.t�q4¦µzªs§yJ¡
�

ØF�k����� )_»uþ,»�)�= ¾>§
A,B ∈ V λ

α

�"g��
M 
ρ C = (A,B) Å OhQ�Rqg C ∈ V λ

α+2

�

ÆÇt~l�l�§��5suyWsu¦µzO¤²��of�¯v³t_°.¤�o)oO® oO® � t4yjyWzfû³¡ú�5¡üû%&5� � �¯s§¦us§|+s§¥ �W� t4yjyfzO{Gû³¡ú�5¡úûªý"zO¥ � û³¡ú�5¡üû��5¡

�

n�t���su¦§¦6¥³t4t � o
¥.t�v.t+¦§°³® � ¦6¤�t'zª¦§s§|+t4¤+�.yWsu¤�¤ro
¤�su¥ � ��v.t�°.¤�o)oO®:oO® � t+yWyWz_û³¡ú�5¡ ù ç

ØF�k����� )_»uþ,»�) �½¥,Q�RqteR²fon���O�Rqtup
eqRefl

nqi r Q�OhQN�"O
eqRefl 
ρ ∀a. a = a

�

ÆÇt~l�l�§ix:zO�Ot��¯v.t«��t4¤�y
eqRefl ≡ ind(M)

�@��v³t4¤�t
M = λc. λx. eqRep(λd. 〈N,N〉)

zO¥ �

N = λy. inRep([∅, 〈y, x ∅ y〉])
¡<x«v.t+¥

eqRefl → λa. M a (λe. λz. ind(M) e)
¡ � ��{ � ®µ´

¸Kq+t4{��¯o�{�v³o/�ä�¯vKzª� ®YoO¤ zO¥ m
A
�
M ∅ (λe. λz. ind(M) e) 
ρ A = A

¡Hn�t�°.¤ro5q+t4t �jl�m s§¥)´
� � qD�¯suo
¥ao
¥

λ
´Ì¤¯zO¥.�~oO®

A
¡:n�t«vKz'©Ot

M ∅ (λe. λz. ind(M) e) ↓ eqRep(λd. 〈N,N〉[x :=

λe. λz. ind(M) e])
¡ � �G{ � �jq4t+{��¯oi{rv.o%���¯vKzª�
®Yo
¤
zO¦§¦

D ∈ V λ
�Q®YoO¤�zO¦u¦

O 
ρ D ∈I A
�

inRep([∅, 〈O, (λe. λz. ind(M) e) ∅ O〉]) 
ρ D ∈ A
¡ x:zO�Ot�zª¥ m

D
zO¥ �

O 
ρ D ∈I A
¡

ã m � t4yjyWz"û³¡ �)¡úû��)�
λrk(D) < λrk(A)

¡an�tj¥³t4t � �¯oJ{�v.o%� ��v.tatD½5s§{��¯t+¥.q4tWoO®
C
{ � qwv

�¯v.zª�
O 
ρ C ∈I A

zO¥ �
(λe. λz. ind(M) e) ∅ O 
ρ D = C

¡�x:zO�@s§¥ �
C ≡ D

�
�¯v³tJ¸K¤r{r�f°KzO¤r�a®Yo
¦u¦§o%��{_�¯¤rsu©)sµzO¦u¦ m ¡ä�)s§¥.q+t

(λe. λz. ind(M) e) ∅ O →∗ ind(M) ∅ →

M ∅ (λe. λz. ind(M) ∅)
� �­t � t+�_�¯v³t"q4¦µzªs§y l�m � t4yjyfz�ý³¡ �5¡ ù
ù zO¥ � ��v.t"s§¥ � � q+��s§o
¥

v m °2oO��v.t4{rs§{+¡
�

x«v.t�®Yo
¦§¦uo/��su¥ � ¦ut4yjyfzd{��wzª��t4{«�¯v³tSq+¤ � q+sµzO¦6°.¤�o
°Qt4¤�� m oO®:o � ¤«¤�t4zO¦§su|'z l s§¦§s¹� m ¤�t+¦µzª��s§o
¥¢¡

ØF�k����� )_»uþ,»�) .
(M,C) ∈ [[tA(~u)]]ρ

f y
M = axRep(N)

�"g��
N 
ρ φA(C,

−−→
[[u]]ρ)
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ÆÇtel�l�§�x«v³t~°.¤ro5oª®]°.¤ro5q+t4t � { l�m q'zO{rtTzO¥.zO¦ m {�su{�o
¥
tA(~u)

¡�n�tS¸K¤r{r� � oW��v.tS°.¤�o)oO®<®YoO¤
zO¦u¦2�¯t+¤�yj{VzO°KzO¤��«®Y¤�o
y

ω
�³�¯v.t+¥J�­tS{�v.o%�·��v.t�q4¦µzªs§y ®Yo
¤

ω
¡

¼ o
¤²zO¦u¦Q��t4¤ryW{+�³{¯z'©Ot
ω
�@�¯v³t�¦§t+®B��´Ì��oª´¬¤rs � v�� � s§¤rt4qD�¯s§oO¥fs§{�s§yjyWt � sµzª��tO¡ ¼ o
¤­��v.t�¤�s � v��r´��¯oª´

¦§tD®B� � su¤�t4qD�¯suo
¥¢�V{ � °.°Qo
{rt
N 
ρ φA(C,

−−→
[[u]]ρ)

zª¥ �
M = axRep(N)

¡îxHoc{�v.o%�à�¯vKzª�

(M,C) ∈ [[tA(~u)]]ρ
�T��tå¥.t+t � ��o�{�v.o%� ��vKzª�

C ∈ V λ
γ

¡ � t+�
~α =

−−−−−−→
λrk([[u]]ρ) =

(α1, . . ., αn)
¡ £ zO{rt

tA(~u)
oO®eç

• {u1, u2}
¡Ã� � °.°Qo
{rth�¯v.zª�

N 
ρ C = [[u1]]ρ ∨ C = [[u2]]ρ
¡�x«v.t4¥ät4su��v.t4¤

N ↓

inl(N1) ∧ N1 
ρ C = [[u1]]ρ
o
¤
N ↓ inr(N1) ∧ N1 
ρ C = [[u2]]ρ

¡�ã m � t4yjyWz
û³¡ú�5¡üû��5�.su¥i�¯v.t�®Yo
¤ryWt+¤«q'zO{rt

C ∈ V λ
α1

�Ks§¥i�¯v³tS¦§zª����t4¤
C ∈ V λ

α2

�.{ro
C ∈ V λ

max(α1,α2)

¡

• P (u)
¡f� � °.°Qo
{�ta�¯vKz-�

N 
ρ ∀d. d ∈ C → d ∈ [[u]]ρ
¡jx«v.t4¥

N ↓ λa. N1

zª¥ �

∀D. N1[a := ∅] 
ρ D ∈ C → D ∈ [[u]]ρ
�O{�o

∀D. N1[a := ∅] ↓ λx. N2
zO¥ � ®Yo
¤<zO¦§¦

O
�Ksu®

O 
 D ∈ C
�¯v.t+¥

N2[x := O] 
ρ D ∈ [[u]]ρ
¡�x<zO�ªtdzª¥ m

(v, B) ∈ C
¡­x«v.t4¥

inRep([∅, 〈v, eqRefl ∅〉]) 
ρ B ∈ C
��{ro

N2[x := inRep([∅, 〈v, eqRefl ∅〉]] 
ρ

B ∈ [[u]]ρ
¡ x«v � { l�m � t4yjyWz_û³¡ �)¡úû��_zO¥ m { � qwv

B
su{«s§¥

V λ
α1

�K{�o
C ∈ V λ

α1+1

¡

•
⋃
u
¡S� � °³°2o
{rt

N 
ρ ∃c. c ∈ [[u]]ρ ∧ C ∈ c
¡Sx«v³t4¥

N ↓ [∅, N1]
zO¥ � �¯v.t+¤�tTsu{

B

{ � qwvM��vKzª�
N1 
ρ B ∈ [[u]]ρ ∧ C ∈ B

¡dx«v � {
N1 ↓ 〈N1, N2〉

�
N1 
ρ B ∈ [[u]]ρ

�

N2 
ρ C ∈ B
¡�ã m � t4yjyWz_û³¡ �)¡úû��)�KzO¥ m { � qwv

B
s§{«su¥

V λ
α1

�K{�ojzO¦u{�o
C ∈ V λ

α1

¡

• Sa, ~f. φ(a, ~f)(u, ~u)
¡i� � °.°Qo
{rt

N 
ρ C ∈ [[u]]ρ ∧ φ(C,
−−→
[[u]]ρ)

¡jx«v.t+¥
N ↓ 〈N1, N2〉

zO¥ �
N1 
ρ C ∈ [[u]]ρ

¡�x«v � {
C ∈ V λ

α1

¡

• R
a,b, ~f. φ(a,b, ~f)(u, ~u)

¡ � � °³°2o
{rt
N 
ρ (∀x ∈ [[u]]ρ∃!y. φ(x, y,

−−→
[[u]]ρ)) ∧ ∃x ∈

[[u]]ρ. φ(x, C,
−−→
[[u]]ρ)

¡ax«v.t+¥
N ↓ 〈N1, N2〉

zO¥ �
N2 
ρ ∃x ∈ [[u]]ρ. φ(x, C, ~[[u]]ρ)

¡
x«v � {

N2 ↓ [∅, N20]
�
N20 ↓ 〈N21, N22〉

zO¥ � �¯v³t4¤�t¶s§{
B
{ � qwvd�¯v.zª�

N21 
ρ B ∈ [[u]]ρ
zO¥ �

N22 
ρ φ(B,C, ~[[u]]ρ)
¡]n�tSzO¦u{�o_vKz'©Ot

N1 
ρ ∀x ∈ [[u]]ρ∃!y. φ(x, y, ~[[u]]ρ)
�.{ro

N1 ↓ λa. N11

zO¥ � ®YoO¤�zO¦u¦
C
�
N11[a := ∅] ↓ λx. O

zO¥ � ®Yo
¤�zª¦§¦
P 
ρ C ∈ [[u]]ρ

�

O[x := P ] 
ρ ∃!y. φ(C, y,
−−→
[[u]]ρ)

¡·�5o��wzª�)su¥ �
C = B

zO¥ �
P = N21

�²��v.t4¤rt
su{
D
{ � qwv���vKzª�

N1 ↓ λa. N11

�
N11[a := ∅] ↓ λx. O

zO¥ �
O[x := N21] ↓
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[∅, O1]
zO¥ �

O1 
ρ φ(B,D,
−−→
[[u]]ρ) ∧ ∀e. φ(B, e,

−−→
[[u]]ρ) → e = D

¡�x«v.t+¤�tD®Yo
¤�t

(N1, (N21, B)) ∈ G
®Y¤ro
y��¯v.t � t+¸.¥.su��s§o
¥�oO®

γ
�]{�oh�¯v.t+¤�tfsu{

D ∈ V λ
γ

{ � qwv8�¯vKz-�

N1 ↓ λa. N11

�
N11[a := ∅] ↓ λx. O

�
O[x := N21] ↓ [∅, O1]

zO¥ �
O1 
ρ

φ(B,D, ~[[u]]ρ) ∧ ∀e. φ(B, e, ~[[u]]ρ) → e = D
¡"�)o

O1 ↓ 〈O11, O12〉
zO¥ �

O12 
ρ

∀e. φ(B, e, ~[[u]]ρ) → e = D
¡Gx«v³t4¤�tD®Yo
¤�tª�

O12 ↓ λa. Q
�
Q[a := ∅] ↓ λx. Q1

zª¥ �

Q1[x := N22] 
ρ C = D
¡�ã m � t+yWyWz_û³¡ú�5¡úû
�5�

C ∈ V λ
γ

¡

� o%����t_�¯zOqw�@¦§t
ω
¡ ¼ o
¤G�¯v³t_¦§t+®B��´Ì��oª´¬¤rs � v�� � s§¤rt4q+��s§o
¥6�6o l ©)s§o � {�¦ m

M = infRep(N)
¡ ¼ o
¤

�¯v³tSq+¦µzOsuyÎz l o � �
N
��tS°.¤�o)q4t+t �Jl�m s§¥ � � q+��s§o
¥Èo
¥"�¯v³t � t+¸K¥.s¹�¯suo
¥ÈoO®

ω′ ç

•
x«v³t l zO{�taq'zª{�tO¡ax«v.t+¥

N ↓ inl(O)
zO¥ �

O 
ρ A = 0
�P{�o

N 
ρ A = 0 ∨ ∃y ∈

ω′. A = S(y)
¡

•
� ¥ � � q+��su©OtT{r��t4°¢¡Vx«v.t4¥

N ↓ inr(N1)
�
N1 ↓ [∅, O]

�
O ↓ 〈M ′, P 〉

�
(M ′, B) ∈ ω′+ �

P 
ρ A = S(B)
¡²x«v.t+¤�tD®Yo
¤�tª�Q��v.t4¤rtds§{

C
É ¥.zOyWt+¦ m

B
Ê { � qwv���vKzª�

M ′

ρ C ∈ ω′

zO¥ �
P 
ρ A = S(C)

¡Sx«v � {
[∅, O] 
ρ ∃y. y ∈ ω′ ∧ A = S(y)

�2{�o
N 
ρ A =

0 ∨ ∃y ∈ ω′. A = S(y)
¡

¼ o
¤��¯v.tj¤�s � v��r´Ì��oª´¬¦ut+®B� � su¤�t+q+�¯suo
¥¢�H{ � °³°2o
{rt
N 
ρ A = 0 ∨ (∃y. y ∈ ω′ ∧ A = S(y))

¡
x«v.t+¥åt+su��v.t4¤

N ↓ inl(N1)
o
¤
N ↓ inr(N1)

¡ � ¥8��v.tf®Yo
¤ryWt+¤~q4zO{�tª�
N1 
ρ A = 0

�<{�o
l�m � t4yjyWz�û³¡ú�5¡üû��

A ∈ V λ
ω

¡ � ¥8��v.t"¦µzª�r�¯t+¤4�
N1 
ρ ∃y. y ∈ ω′ ∧ A = S(y)

¡Äx«v � {

N1 ↓ [∅, O]
zO¥ � ��v.t4¤rt_s§{

B
{ � qwv��¯vKzª�

O 
ρ B ∈ ω′ ∧ A = S(B)
¡d�5o

O ↓ 〈M ′, P 〉
�

(M ′, B) ∈ ω′+ zO¥ �
P 
ρ A = S(B)

¡cx«v.s§{asu{_tD½³zOq+��¦ m ��v.tÈs§¥ � � q+�¯s¹©
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ω
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(M ′, B) ∈ ω′+ �K��v.t4¤rt~su{

zT¸K¥.s¹�¯t�o
¤ � s§¥KzO¦
α
{ � qwvJ�¯vKzª�

B ∈ V λ
α

¡¶ã m � t+yWyWz_û³¡ú�5¡üû%&5�
A ∈ V λ
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ω
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�ªEZYJEm÷ çá­�¬����F¯���ÜL�ÒKk��­F®è­FÌ
λZ

� ¥Ä�¯v³s§{G{rt4qD�¯s§oO¥¢�6t+¥@©)su¤�o
¥.yjt4¥���{
ρ
zO¤�t~¸K¥.su��td°Kzª¤r�¯s§zO¦P® � ¥.qD�¯s§oO¥.{GyWzO°.°.su¥ � °³¤�o
°Qo
{�s¹�¯suo
¥KzO¦

©ªzO¤�s§z l ¦ut4{��¯oÄ¤rt'zO¦us§|4t+¤�{~zO¥ � ¸K¤r{r��´¬o
¤ � t4¤S©Ozª¤�sµz l ¦§t+{S��o
V λ
¡ � ¥�oO�¯v.t+¤d�­o
¤ � {+�

ρ : V ar ∪

FV ar → λZc ∪ V
λ
�
ρ→(V ar) ⊆ λZc

zª¥ �
ρ→(FV ar) ⊆ V λ

¡ � { l t+®Yo
¤rtO�6zO¥ m
ρ
q4zO¥

l t � {rt � zO{Tzh¤�t'zª¦§s§|4z l su¦§su� m t4¥�©)s§¤ro
¥.yjt4¥�� l�m q4o
¥.{rs � t+¤�su¥ � o
¥.¦ m �¯v.tfyfzO°³°.s§¥ � oO®«¸K¤r{r��´
o
¤ � t4¤�©ªzO¤�s§z l ¦ut4{��¯o

V λ
¡ax«v.t+¤�tD®Yo
¤�ta��ta��s§¦u¦ l t � {�s§¥ � ��v.ta¥.oO�wz-�¯s§oO¥


ρ

zO¦§{roÈ®YoO¤���v.t4{rt
t4¥�©)s§¤ro
¥.yjt4¥��¯{

ρ
¡

áB�%º]ñHøYò%ø$ôQñ ),»uþ,»�)�Ô Ã�l
tB�©n�R8³�i�Rqg�O
Γ ` M : φ Å ρ |= Γ ` M : φ

p�R8�"gNn�O>QN�"O
ρ
fon

�<R>ËFgLR8�Cl
g
FV (Γ,M, φ)

�"g���§}l
t��"¢h¢
(xi, φi) ∈ Γ Å ρ(xi) 
ρ φi

�

� oO��tS��vKzª�
su®
ρ |= Γ ` M : φ

�K�¯v.t+¥h®Yo
¤
zO¥ m �¯t+¤�y
t
su¥

Γ, φ
�
[[t]]ρ

s§{ � tD¸K¥.t � zO¥ � {ro
s§{²��v.t�¤�t4zO¦§su|'z l su¦§s¹� m ¤�t4¦§zª�¯suo
¥

M 
ρ φ
¡

áB�%º]ñHøYò%ø$ôQñ ),»uþ,»È2@Ö Á n7i%nqi?�"¢ Å M [ρ] ≡ M [x1 := ρ(x1), . . ., xn := ρ(xn)] Å �1Q�Rqt~R
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R

�³��v.t�z-½5s§oOyW{ É �e��Ê zª¥ � É �43�Ê zO¦§o
¥ � ��su��vi�¯v.t�s§¥���t4¥.{rs§o
¥Kzª¦6yjt4y l t4¤r{�v.su°
{ m y l o
¦

∈I
®YoO¤�y�z l zªqw� l o
¥.t«oª®.�¯v.t � t+s l ¥³s§| É

∀~f, a, b. a = b→ φ(a, ~f) → φ(b, ~f)
Ê zO¥ �

� ½)�¯t4¥³{�s§oO¥KzO¦§s¹� m É
∀a, b. (∀c. c ∈ a ↔ c ∈ b) → a = b

Ê z-½5s§oOyW{+�6��v.s§qwv�zO¤rt � t4¤rsu©ªz l ¦ut
s§¥Jo � ¤Vz-½5suo
yfz-�¯s§|4zª�¯suo
¥¢¡­�5suyWsu¦µzO¤r¦ m � ��»¢¼

D

q'zª¥�°.¤ro/©OtTzO¦u¦¢�¯v.t~z-½5s§oOyW{«��su��v
∈I
¤rt4°.¦§zOq4t �

l�m
∈
¡ � q+¦§o
{rt4¤�¦uo5o
�Èz-���¯v.tdq4o
¤r¤�t4{r°2oO¥ � s§¥ � °.¤�o)oO®Y{�su¥��5t+q+�¯suo
¥¾û³¡ú�f¤�tD©
t4zO¦§{G��vKzª����v.t4{rt

{r�¯zª�¯t+yWt+¥��¯{izª¤�tÈ�¯¤ � tho
¥³¦ m ®Yo
¤_¸K¤r{r��´¬o
¤ � t4¤a®Yo
¤�y � ¦µzO{+¡��5t+th��v.t � s§{�q � {�{rs§o
¥Es§¥ä�5t4qD�¯suo
¥
ý.¡ú�5¡ú�5¡

x«v.t � ¥ � t+¤�¦ m su¥ � ¦uo � s§qhs§¥.q+¦ � � t4{ � t+°2t+¥ � t+¥@�JsuyW°.¦us§q4zª�¯suo
¥.{jzO¥ � q+o
¥-p � ¥.qD�¯suo
¥.{4� � tZ´

ù û ù



•
É �e��Ê

∀a, b. a ∈ b↔ ∃c. c ∈I b ∧ a = c

•
É �43SÊ

∀a, b. a = b↔ ∀d. (d ∈I a→ d ∈ b) ∧ (d ∈I b→ d ∈ a)

•
É � }�� x�� Ê

∀c. c ∈I ∅ ↔ ⊥

•
É � �
�e�GÊ

∀a, b∀c. c ∈I {a, b} ↔ c = a ∨ c = b

•
É �e�G¼ Ê

∀c. c ∈I ω ↔ c = 0 ∨ ∃b ∈ ω. c = S(b)

•
É � � �

p,a, ~f. φ)

Ê
∀~f, a∀c. c ∈I Sa, ~f. φ(a,

~f) ↔ (p : c ∈ a) ∧ φ[a := c]

•
É ¨ �V�����GÊ

∀a∀c. c ∈I
⋃
a↔ ∃b ∈ a. c ∈ b

•
É � � n ���GÊ

∀a∀c. c ∈I P (a) ↔ ∀b. b ∈ c→ b ∈ a

•
É �
� � �

p,a,b, ~f. φ

Ê
∀~f, a∀c. c ∈I R

p,a,b ~f. φ
(a, ~f) ↔ (∀x. (p : x ∈ a) →

∃!y. φ[a, b := x, y]) ∧ (∃x. (p : x ∈ a) ∧ φ[a, b := x, c])

•
É �e�G�

φ(a, ~f)

Ê
∀~f. (∀a. (∀b. (b ∈I a) → φ(b, ~f)) → φ(a, ~f)) → ∀a. φ(a, ~f)

¼ s �O� ¤�t�ý³¡ ù ç x«v³tdz-½5suo
yW{�oO® ��»¢¼�5

¥.oO��t �ål�m
(p : φ) → ψ

zO¥ �
(p : φ) ∧ ψ

¡�x«v.t4{rt�q'zª¥ l ti®Yo � ¥ � s§¥���v.th�5t4°Kzª¤¯zª��s§o
¥
zO¥ � � t+°.¦µzOq+t4yjt4¥��dz-½5s§o
yj{4¡"x«v.t+s§¤~°KzO¤¯zªyWtD�¯t4¤rs§|+s§¥ � ®Yo
¤ry � ¦µzª{Sq4zO¥ � t+°2t+¥ � o
¥�°.¤�o)oO®Y{4�
� t+¥.oO�¯t �Äl�m

p
¡ � ¥�� � s¹�¯s¹©
t4¦ m �>s§¥ ��»¢¼

D

°³¤�o)oO®Y{VzO¤�t~zj©ªzO¦us � { � l prt4q+��oO® � su{�q+o � ¤�{rtO¡�x«v.su{
su{
�¯v³tGyWzOs§¥j®Yt'zª� � ¤�tV��v.s§qwv � s§{r��s§¥ �O� s§{rv.t4{¶�¯v.tGz-½5s§o
yj{­oª® ��»¢¼

D

®Y¤ro
yî�¯¤¯z � su��s§o
¥Kzª¦Kz-½5s§o
yWz-´
�¯su|'zª��s§o
¥³{4¡ � ¥�°.zO¤r��s§q � ¦µzO¤+�Q¥³oO�¯t��¯vKz-�
��v.tTz-½5suo
yW{VoO® ��»¢¼

R

zª¤�td°³¤�t4q+s§{rt4¦ m ��v.zª��¤rt4yWzOs§¥.{
su®N��v.t�{�qwv.t+yfzO{
zO¤rtS¤rt4{��¯¤�suq+��t � �¯oa° � ¤rt4¦ m ¸K¤�{��r´Ìo
¤ � t+¤«®Yo
¤�y � ¦µzO{+¡

æ�EZYJEmY [��*IxKkI,¬���M|­FÌ
λD

x«v.tT��t4¤�yj{�oO®
λD

zO¤�t � s¹©)s � t � s§¥��¯oi��v.¤�t+t_{ m ¥��wzOqD�¯s§q_q4zª�¯t � o
¤rs§t4{+�Pt4¥.q+o
yj°KzO{�{rs§¥ � °³¤�o)oO®
�¯t+¤�yj{4�/{�tD�P�¯t+¤�yj{NzO¥ � ®Yo
¤�y � ¦µzO{+�'¤�t+{�°Qt4qD�¯su©Ot4¦ m ¡:n�t]��s§¦u¦ � t4¥.t+¤¯zO¦u¦ m � {�t�¦§tD����t4¤�{

M,N,O, P

®Yo
¤a°.¤ro5oO®V�¯t+¤�yj{4�
s, t, u

®Yo
¤a{rt+�j�¯t4¤ryW{+�
φ, ψ, ϑ

®Yo
¤_®Yo
¤�y � ¦µzO{azO¥ �
T, S

®Yo
¤jzO¤ l s¹�¯¤�zO¤ m
�¯t+¤�yj{4¡ x«v � {+�³��v.t4¥³t+©
t+¤«o
¥.t
oO®P�¯v.t+{�t�{ m y l oO¦§{¶s§{�t+¥.q4o � ¥��¯t4¤rt � s§¥j�¯v.tV�¯tZ½5�4�5��v.t�¤�t4z � t+¤
{�v³o � ¦ � zO{r{ � yjt��¯vKzª�Vs¹��vKzO{ l t+t4¥ � t4¥.t+¤¯zª��t �Jl@m ��v.tSq4o
¤r¤�t4{r°2oO¥ � s§¥ � °Kzª¤r�VoO®H�¯v.t � ¤¯zªya´
yWzO¤4¡:x«v.t4¤rt
zª¤�t²�¬�­o~�@s§¥ � { oO®Q©Ozª¤�sµz l ¦§t+{4¡Hx«v.tV¸.¤�{r��oO¥.tO� � t+¥.oO�¯t �Wl�m ¦ut+�r�¯t4¤r{

p, q, x, y, z
�

zO{ � { � zO¦]q+o
¤�¤rt4{r°2o
¥ � {��¯o"�¯v.t_°³¤�o
°Qo
{�s¹�¯suo
¥KzO¦Hs§yj°.¦§suq'zª��s§o
¥³{4¡�x«v.ta{rt4q4oO¥ � oO¥.tO� � t+¥.oO��t �

ù û��



� { � zO¦§¦ mMl@m ¦§tD����t4¤�{
a, b, c

� su¥�� � s¹�¯su©Ot4¦ m q4o
¤r¤�t4{r°2oO¥ � {T�¯oh�¯v.tf¸.¤�{r��´¬o
¤ � t4¤dÇ � zO¥��¯su¸.q'zª��s§o
¥¢¡
n�t¶q4zO¦§¦ª�¯v.t+yád�tel�l�§TzO¥ � n�RqO¢©ªzO¤�s§z l ¦§t+{4�%¤rt4{�°Qt4qD�¯s¹©
t4¦ m ¡:x«v.t¶®YoO¦§¦§o%��su¥ � z l {��¯¤�zOq+� � ¤�zOyWyWzO¤
� tD¸K¥.t4{��¯v³t���t4¤ryW{�oO®

λD
¡ x«v.t�¸K¤�{��
°.zO¤r� � t+¥.t4¤�zª�¯t+{���v.t�°.¤�o)oO®H�¯t+¤�yj{4ç

M ::= x | M N | λa. M | λx : φ. M | inl(M) | inr(M) |

fst(M) | snd(M) | [t,M ] | M t | 〈M,N〉 |

case(M,x : φ. N, x : ψ. O) | magic(M) | πa.φ2 (M)

ind
a, ~f. φ(a, ~f)(M,~t)

inProp(t, u,M) | inRep(t, u,M)

eqProp(t, u,M) | eqRep(t, u,M)

pairProp(t, u1, u2,M) | pairRep(t, u1, u2,M)

unionProp(t, u,M) | unionRep(t, u,M)

sep
p,a, ~f.φ

Prop(t, u, ~u,M) | sep
p,a, ~f.φ

Rep(t, u, ~u,M)

powerProp(t, u,M) | powerRep(t, u,M)

infProp(t,M) | infRep(t,M)

repl
p,a,b, ~f.φ

Prop(t, u, ~u,M) | repl
p,a,b, ~f.φ

Rep(t, u, ~u,M)

� { l t+®Yo
¤rtO����tVz � o
°³� �¯v³t«q4o
¥�©
t+¥��¯s§oO¥foO® � {�su¥ �
axRep

zO¥ �
axProp

�¯t4¤ryW{]��o��wzOq+su�¯¦ m
yjt'zO¥hzO¦§¦

Rep
zO¥ �

Prop
�¯t4¤ryW{+�K®Yo
¤

ax
l t+s§¥ � o
¥.tSoO®

in
�
eq
�
pair

�
union

�
sep

�
power

�

inf
zO¥ �

repl
¡

x«v.tS{�t4q+o
¥ � °KzO¤r��oª®:��v.t � ¤¯zOyjyWzO¤ � t+¥.t4¤�zª�¯t+{V��v.t�{�tD�V��t4¤ryW{+ç

t ::= a | πa.φ1 (M) | ∅ | {t1, t2} | ω | P (t) |
⋃

t |

S
p,a, ~f.φ

(t,~t) | R
p,a,b, ~f.φ

(t,~t)

ù û
û



x«v.tT�¯t+¤�y
Sp,a, ~f.φ(t,~t)

s§¥�� � su��su©
t+¦ m q+o
¤�¤rt4{r°2o
¥ � {��¯of��v.tT{rt+�
{(p : a ∈ t) | φ}

¡Gx«v³t
�¯t+¤�y

R
p,a,b, ~f.φ

(t,~t)
s§¥�� � s¹�¯s¹©
t4¦ m q4o
¤r¤�t4{r°2oO¥ � {P�¯o²��v.t�{�t+�

{y | (∀(p : x ∈ t)∃!y. φ[a, b, ~f :=

x, y,~t]) ∧ (∃p : x ∈ t. φ[a, b, ~f := x, y,~t])}
¡ x«v.t��¯t+¤�y

πa.φ1 (M)
q4zO¥ l t��¯v³o �.� v��VoO®<zO{

z � t4°Qt4¥ � t4¥��d©Ot4¤r{�s§oO¥�oO®¶�¯v³t � s§¦ l t+¤r�}X {�t+°.{�su¦§o
¥�o
°Qt4¤�zª�¯o
¤
εa. φ

¡_x«v.t+{�tjs§¥�� � s¹�¯suo
¥.{�zO¤rt
p � {��¯su¸.t �Jl@m �¯v.t�� m °.s§¥ � { m {��¯t+y s§¥h�5t4qD�¯suo
¥Èý.¡ �)¡ �5¡

x«v.t��¯v.su¤ � °KzO¤�� � t4¥.t+¤¯zª��t4{��¯v.t�®YoO¤�y � ¦§zO{«oO® ��»¢¼
D

ç

φ ::= ⊥ | (x : φ) → ψ | (x : φ) ∧ ψ | φ ∨ ψ | ∀a. φ | ∃a. φ

x«v.t
®YoO¤�y � ¦§zO{
(x : φ) → ψ

zO¥ �
(x : φ)∧ψ

zO¤�t � t+°2t+¥ � t4¥��­©
t4¤r{�suo
¥.{�oª®¢s§yj°.¦us§q'z-�¯s§oO¥
zO¥ � q+o
¥-p � ¥³q+�¯suo
¥¢¡�x«v.tT©ªzO¤rsµz l ¦ut

x
l su¥ � {�s§¥

ψ
�6��v³s§qwv�q'zO¥¾yjt4¥���s§o
¥

x
É su¥.{�s � tdoª®

πa.φ1

�¯t+¤�yj{ Ê ¡hxH¤¯z � su�¯suo
¥KzO¦]®YoO¤�y � ¦§zO{
φ → ψ

zO¥ �
φ ∧ ψ

zO¤�t � t+¸.¥.t � zO{dz l.l ¤rt+©)sµz-�¯s§oO¥.{S®YoO¤

(x : φ) → ψ
zO¥ �

(x : φ) ∧ ψ
�5��v.t4¤rt

x
s§{²®Y¤rt4{�v6¡

áB�%º]ñHøYò%ø$ôQñ 2	»uþ,»$ðâÁ ¦§zOy lQ� zV��t4¤ry fon��^O�RqtupÂ�<RqgLRqtG�"O�R8�^��bPO>Q�RLËFtenqO?dN�"tuOÒl�§JOhQ�RÇ�"tG�"p��
p{�"t�� Á {�tD���¯t4¤ry½fon*�^O�RqtqpÉ�<RqgLRqtG�"O�R8����b�O>Q�R�n�R r l
g��ªdN�"tuO�l�§ªOhQ�RÇ�"tG�"p�p{�"t�� Á ®Yo
¤ry � ¦µz
fon��¶O�Rqtupó�<RqgLRqt8�"O�R8�+��b{O>Q�R�OhQ<fhtG��dN�"tuOªl�§²OhQ�R��"tG�"p�p{�"t��

x«v.tÄ®Y¤�t+t�©ªzO¤�s§z l ¦ut4{joO®Sz��¯t+¤�y
M

zO¤�t � t4¥.oª�¯t ��l�m
FV (M)

¡�x«v.t � tD¸K¥.s¹�¯s§oO¥äoO®

FV (M)
�­zO{d�­t4¦u¦«zO{T�¯v³t � t+¸K¥³su�¯suo
¥8oO®���v.t É q4zO°³� � ¤�tD´¬z'©
o
s � s§¥ ��Ê { � l {r��su� � �¯s§oO¥¢�]®Yo
¦§¦uo%��{

�¯v³t � ¤¯zOyjyfzª¤fs§¥Ãzc¥Kzª� � ¤¯zO¦
�²z m ���¯zO�@s§¥ � su¥@��oczOq4q+o � ¥��J�¯v.t¾®Yo
¤ry � ¦µzª{"zO°.°Qt'zO¤rs§¥ � su¥
{ � l {�q+¤�s§°5�¯{"zO¥ � { � °Qt4¤r{�q+¤�s§°5�¯{ioO®���t4¤ryW{+¡Ãn�t�{rv.o%�à�¬�­o8¤�t+°.¤�t+{�t+¥@�¯zª�¯s¹©
t¾q4zO{�t+{ioO®��¯v³t
� tD¸K¥.su��s§o
¥6ç

FV (πa.φ1 (M)) = (FV (φ) \ {a}) ∪ FV (M)

FV (sep
p,a, ~f.φ

Rep(u, ~u,M)) = (FV (φ) \ {p, a, ~f}) ∪

FV (u) ∪ FV (~u) ∪ FV (M)

x«v.t�¤�t � � q+��s§o
¥È¤rt4¦µz-�¯s§oO¥¢� � t4¥.oO��t �Jl�m
→
�³su{ � t+��t4¤�yjs§¥³s§{r��s§qGzO¥ �È� t+¸.¥.t � o
¥È¦µzªy l2� z

ù ûOý



�¯t+¤�yj{4¡ � �
zO¤rs§{�t+{«®Y¤�o
yÀ�¯v.t�®Yo
¦u¦§o%��s§¥ � ¤�t � � q+��s§o
¥È¤ � ¦§t4{VzO¥ � tD©ªzO¦ � z-�¯s§oO¥"q4o
¥��¯tZ½)�¯{4ç

(λx : φ. M) N →M [x := N ] (λa. M) t→M [a := t]

fst(〈M,N〉) →M snd(〈M,N〉) → N πa.φ2 ([t,M ]) →M

case(inl(M), x : φ. N, x : ψ. O) → N [x := M ]

case(inr(M), x : φ. N, x : ψ. O) → O[x := M ]

axProp(t, ~u, axRep(t, ~u,M)) →M

inda, ~f . φ(M,~t) → λc. M c (λb.λx : b ∈I c. inda, ~f. φ(M,~t) b)

x«v.tSt+©ªzO¦ � zª�¯suo
¥iq4oO¥@��tD½)�¯{
{r��s§¦§¦ � t4{rq4¤rs l tSq4zO¦§¦ ´ l�m ´¬¥.t+t � É ¦§zO| m Ê tD©Ozª¦ � zª��s§o
¥"oO¤ � t+¤4ç

[◦] ::= fst([◦]) | snd([◦]) | case([◦], x : φ. N, x : ψ. O) |

πa.φ2 ([◦]) | axProp(t, ~u, [◦]) | [◦] M | magic([◦])

x«v.tf{��wzO¥ � zO¤ � ¤�t � � q+��s§o
¥M¤ � ¦§t
πa.φ1 ([t,M ]) → t

su{S¥³oO�S°.¤�t+{�t4¥��4¡"x«v.tW¤rt'zO{ro
¥.{S®Yo
¤
�¯v³s§{«o
yjs§{r{�s§oO¥i��s§¦§¦ l t+q4o
yjt�q4¦ut'zO¤«su¥h�5t4qD�¯s§oO¥hý.¡ú�5¡ú�5¡

x«v.tj{�t+�~oO®
λD
´Ì©ªzO¦ � t4{���s§¦u¦ l t � t4¥.oª�¯t ��l�m

λDv

¡ � ¥���v.t � t+¸K¥³su�¯suo
¥¢�
t, ~u, φ,M,N

zO¤rt~zª¤ l s¹�¯¤¯zª¤ m �¯t4¤ryW{+¡

V ::= λa. M | λx : φ. M | inr(M) | inl(M) | [t,M ] | 〈M,N〉 | axRep(t, ~u,M)

n�tW¥.o%� s§¥��¯¤ro � � q4tWzÈ� m °Qtf{ m {��¯t+yï®Yo
¤
λD

¡ £ o
¥��¯tZ½5��{4� � t4¥.oO��t �8l�m
Γ
�]zO¤rtj¸.¥.su��t

{�t+Ç � t4¥.q+t4{²oª®¢°KzOsu¤�{
(z, T )

����v.t+¤�t
z
s§{¶z�©ªzO¤�s§z l ¦§t�zª¥ �

T
s§{�t4s¹�¯v.t+¤¶z�®YoO¤�y � ¦§z�o
¤¶zS{��¯¤�su¥ �

Set
¡åx«v.t��<l
p{�"fhg�oO®GzMq+o
¥��¯tD½)�

Γ = z1 : T1, . . ., zn : Tn
� � t4¥³oO�¯t �äl�m

dom(Γ)
�­su{

�¯v³t_{�t4Ç � t+¥.q4t
z1, . . ., zn

�¢��¤�t'z-�¯t � zO{G{�t+����v³t4¥Mq4o
¥�©
t+¥.s§t+¥��'¡Tx«v.t+¤�tjzO¤rtd�¯v.¤rt4ta�@s§¥ � {�oO®
� m °.s§¥ � p � � � yjt4¥��¯{+ç

• Γ ` t : Set
�K¤�t'z � zO{­Å

t
s§{�z_{�tD�V��t4¤ry¿s§¥"�¯v³tSq+o
¥��¯tZ½5�

Γ
Æw¡

• Γ ` φ : Form
�³¤�t'z � zO{�Å

φ
s§{�zT®Yo
¤ry � ¦§zTs§¥i�¯v³tSq+o
¥��¯tZ½5�

Γ
Æw¡

• Γ `M : φ
�K¤�t4z � zO{4ç<Å

M
s§{�z_°.¤ro5oO®:oO®H�¯v.t�®Yo
¤ry � ¦§z

φ
s§¥"�¯v.t�q+o
¥��¯tD½)�

Γ
Æw¡

ù û%&



n�t��¯v.t+¤�tD®Yo
¤�t­s§¥.q+o
¤�°Qo
¤¯z-�¯t­��v.t � t+¸K¥.s¹�¯suo
¥doO®K��t4¤ryW{<zO¥ � ®Yo
¤ry � ¦µzª{:su¥~�¯v³t�� m °.s§¥ � { m {r��t4yJ¡
x«v.su{�s§{¶¥.t+q4t4{r{¯zO¤ m su¥Wo
¤ � t4¤¶�¯o~t4¥.{ � ¤�tG��vKzª�­�¯v.tGzO¤ �
� yWt+¥@��{­oª®

πa.φ1 (M)
��t4¤ryW{­zO¤�tV©ªzO¦§s �

°.¤ro5oO®Y{«oª®
∃a. φ

¡�n�t�{r�¯zO¤r����s¹�¯vÈ¤ � ¦ut4{«®Yo
¤²��t4¤�yj{4ç

Γ, a : Set ` a : Set
a /∈ dom(Γ)

Γ ` ~u : Set
Γ ` tA(~u) : Set

Γ ` t,~t : Set Γ, a, ~f : Set, p : a ∈ t ` φ : Form

Γ ` S
p,a, ~f. φ

(t,~t) : Set

Γ ` t,~t : Set Γ, a, b, ~f : Set, p : a ∈ t ` φ : Form

Γ ` R
p,a,b, ~f. φ

(t,~t) : Set

¼K� ¤r��v.t4¤ryWoO¤�tO�5��t � t+¸.¥.t��¯v.t�®Yo
¤ry � ¦µzª{4ç

Γ ` φ : Form

Γ, x : φ ` x : φ
x /∈ dom(Γ)

Γ ` ⊥ : Form
Γ ` t : Set Γ ` u : Set

Γ ` t ◦ u : Form
◦ ∈ {∈I ,=,∈}

Γ ` φ : Form Γ ` ψ : Form

Γ ` φ ∨ ψ : Form

Γ ` φ : Form Γ, x : φ ` ψ : Form

Γ ` (x : φ) ◦ ψ : Form
◦ ∈ {→,∧}

Γ, a : Set ` φ : Form

Γ ` Qa. φ : Form
Q ∈ {∀, ∃}

� ¥ � ¸.¥KzO¦§¦ m �'�­t � t+¸K¥³t���v.t °.¤ro5oO®Y{+¡ ¼ s§¤�{��'�'��v.t ¤ � ¦ut4{ � o%©Ot4¤�¥³s§¥ � �¯v³t � t4°Qt4¥ � t4¥��<¦uo � suqO¡¢n�t
¥.t+t � �¯ods§¥.q+o
¤�°Qo
¤¯z-�¯t
n�t'zª�Ot4¥³s§¥ � su¥@��o~��v.tG®Yo
¤ryfzO¦>{ m {��¯t+yh�Kzª{�su��s§{­¥.oT¦§oO¥ � t4¤¶°.¤ro/©ªz l ¦§tO¡

Γ ` S : T
Γ, a : Set ` S : T

a /∈ dom(Γ)
Γ ` S : T Γ ` φ : Form

Γ, x : φ ` S : T
x /∈ dom(Γ)

Γ, x : φ `M : ψ

Γ ` λx : φ. M : (x : φ) → ψ

Γ, a : Set `M : φ

Γ ` λa. M : ∀a. φ

Γ `M : (x : φ) → ψ Γ ` N : φ

Γ `M N : ψ[x := N ]

Γ `M : ∀a. φ Γ ` t : Set

Γ `M t : φ[a := t]

Γ `M : φ Γ ` N : ψ[x := M ]

Γ ` 〈M,N〉 : (x : φ) ∧ ψ

Γ `M : (x : φ) ∧ ψ

Γ ` fst(M) : φ

Γ `M : (x : φ) ∧ ψ

Γ ` snd(M) : ψ[x := fst(M)]

ù û$#



Γ ` t : Set Γ `M : φ[x := t]

Γ ` [t,M ] : ∃a. φ

Γ `M : ∃a. φ

Γ ` πa.φ1 (M) : Set

Γ `M : ∃a. φ

Γ ` πa.φ2 (M) : φ[a := πa.φ1 (M)]

Γ `M : φ

Γ ` inl(M) : φ ∨ ψ

Γ `M : ψ

Γ ` inr(M) : φ ∨ ψ

Γ `M : φ ∨ ψ Γ, x : φ ` N : ϑ Γ, x : ψ ` O : ϑ

Γ ` case(M,x : φ. N, x : ψ. O) : ϑ

Γ `M : ⊥
Γ ` magic(M) : φ

�5t+q4o
¥ � �>�­t�°.¤�t+{�t+¥@�V�¯v³tS¤ � ¦§t+{�q4o
¤r¤�t4{r°2oO¥ � s§¥ � ��oa{�t+�V�¯v³t4o
¤ m ¡

Γ `M : ∀c. (∀b. b ∈ c→ φ[a, ~f := b,~t]) → φ[a, ~f := c,~t] Γ ` ~t : Set

Γ ` inda, ~f. φ(M,~t) : ∀a. φ[~f := ~t]

Γ `M : φA(t, ~u) Γ ` t, ~u : Set

Γ ` axRep(t, ~u,M) : t ∈I tA(~u)

Γ `M : t ∈I tA(~u)

Γ ` axProp(t, ~u,M) : φA(t, ~u)

Γ `M : ∃c. c ∈I u ∧ t = c

Γ ` inRep(t, u,M) : t ∈ u
Γ `M : t ∈ u

Γ ` inProp(t, u,M) : ∃c. c ∈I u ∧ t = c

Γ `M : ∀d. (d ∈I t→ d ∈ u) ∧ (d ∈I u→ d ∈ t)

Γ ` eqRep(t, u,M) : t = u

Γ `M : t = u
Γ ` eqProp(t, u,M) : ∀d. (d ∈I t→ d ∈ u) ∧ (d ∈I u→ d ∈ t)

n�tj��¤rsu�¯t
Γ ` T : S

�N��v.t4¥��¯v.su{²p � � � yjt4¥��dq4zO¥ l t � t4¤�s¹©
t � � {rs§¥ � �¯v.ta� m °.s§¥ � ¤ � ¦ut4{+¡
x«v.t²��v.t4o
¤ m ��»¢¼

D

zO¤�su{�t+{<®Y¤�o
y���v.t�� m °.s§¥ � { m {r��t4yJ� l@m q4o
¥³{�s � t4¤�su¥ � ��v.t�®Yo
¤ry � ¦µzª{
φ
{ � qwv

�¯v.zª�
`M : φ

®Yo
¤«{�oOyWt��¯t+¤�y
M
�.�¯o l t�°.¤ro%©Oz l ¦§t�su¥ ��»¢¼

D

¡
}ho
{��GoO®<�¯v.tS¤ � ¦ut4{VzO¤rt~{��wzO¥ � zO¤ � ¡�x«v.t~� m °.su¥ � { m {r�¯t+yàsu¥.q4oO¤�°Qo
¤¯zª��t4{«�¯v³t � tD¸K¥.s¹�¯s§oO¥

oO®K®Yo
¤ry � ¦§zO{<zª¥ � �¯t+¤�yj{<oO®>{rt+�]��v.t4o
¤ m ¡]x«v³t²�¯t4¤ry
πa.φ1

q'zª¥ l t���v.o �.� v@�<oO®QzO{ zV©
t4¤r{�suo
¥_oO®
�¯v³t � s§¦ l t4¤��}X {«t4°.{rs§¦uo
¥hoO°2t+¤¯zª��o
¤4�>zO{Vsu��°³¤�o%©)s � t+{Gz_��su��¥.t4{r{
�¯oWzO¥ m °.¤ro/©ªz l ¦§t�tD½5s§{��¯t+¥@��sµzO¦
Ç � zO¥��¯s¹¸Kt4¤+¡ ¼ o
¤TtZ½³zOyW°³¦§tO� s¹®

` M : ∃a. a = P (ω)
�]�¯v.t+¥

πa.φ1 (M)
s§{�Å¬�¯v³tDÆ

A
{ � qwv

�¯v.zª�
A = P (ω)

ç
` πa.φ2 (M) : πa.φ1 (M) = P (ω)

¡ � ¥h®$zOq+�4�2z � t+°2t+¥ � t4¥���©Ot4¤r{�s§oO¥�oO®]��v.t
� su¦ l t4¤��}X {~z/½³suo
y s§{S°.¤ro/©ªz l ¦§tO�<zO{ds¹�dsu{~t4zO{ m ��oÄ{�t+tW�¯v.zª�

` λx : ∃a. φ. πa.φ2 (x) : (x :

∃a. φ) → φ[a := πa.φ1 (x)]
¡

ù û��



ÞhôQñ,�~�%9¢ò}�5ñ��'øYôQñ���
$øBòq�cô��
πa.φ1

ô����@ó
�5ò%ô>ó »

x«v.t
πa.φ1

o
°Qt4¤�zª�¯o
¤
s§{V¥.o
¥5´ÌtD½)�¯t+¥.{�suo
¥KzO¦P± ®Y¤ro
y �¯v.t~®$zOq+��{
�¯v.zª�
M : ∃a. φ

�
N : ∃a. ψ

zO¥ �
O : ∀a. φ ↔ ψ

�­tjq4zO¥.¥.oª� � t4¤�s¹©
t
πa.φ1 (M) = πa.ψ1 (N)

¡ ¼ o
¤��¯v³s§{�¤�t4zO{�oO¥¢�P�¯v.t+¤�t
zO¤rt"s§¥.{��wzO¥.q+t4{aoO®V�¯v.t � t4s l ¥.su|"z-½5s§o
y ¥.oO�a°.¤ro%©Oz l ¦§t"su¥ ��»¢¼

D

�¶{ � qwvEzO{
(∗) a = b →

π
c.φ(a)
1 (M) ∈ e→ π

c.φ(b)
1 (M) ∈ e

¡ � o%�­t+©
t+¤4� ��»¢¼
D

� o)t4{«{rv.o%�
∀a, b. a = b → φ(a) →

φ(b)
®Yo
¤SzO¦§¦<®YoO¤�y � ¦§zO{�¥.oO�~yjt4¥��¯suo
¥.s§¥ �

πa.φ1

��t4¤ryW{+¡"}ho
¤rt4o%©
t+¤4�H�¯v.ta®Yo
¤�y � ¦µz Élk Ê � o5t+{
¥.oO�¶q+o
¤�¤rt4{�°Qo
¥ � �¯oS¤�t'zª{�o
¥.su¥ � s§¥jyfzª��v.t4yWzª��s§q'zª¦³°.¤�zOq+��s§q4tª¡<n�t
v.oO°2t��¯oSs§¥�©
t+{r��s � zª��t«�¯v.su{
�¯oO°.s§q�® � ¤��¯v.t+¤�s§¥i�¯v³t�® � � � ¤rtO¡

� ¦¹�¯v.o �³� v ��»¢¼
D

yjs � v��~{�t+t4y ®YoO¤�yjs � z l ¦§tWzª�d��v.tf¸K¤r{r�a{�s � v��'�<�­t"¤�t+yfzª¤����¯vKzª�Tsu�¯{
q4oOyW°.¦utD½5su� mj� o)t4{«¥³oO�«{ � ¤�°KzO{r{«�¯vKzª�²oO®NoO�¯v³t4¤²®Yo
¤ryfzO¦>{ m {��¯t+yW{�s§¥���t4¥ � t � ®Yo
¤ � t+¥.t4¤�zO¦ � {rt
S x«v.t'�OýK�K} � |} Oû.�Kæ�¤�t'�
�
U�¡
�³z � ¦ m � ��»¢¼

D

� o5t+{�¥.oª��°Qo
{�{rt4{r{­�¯v³tG¥.suq4tV°.¤�o)oO®µ´Ì��v.t4oO¤�t+��s§q«°.¤ro
°Qt4¤r��s§t+{¶�­t�zO¤rtG{ro � {rt �
�¯o³¡ � ¥�°Kzª¤r�¯suq � ¦§zO¤4�¢� � l prt+q+� � t � � qD�¯s§oO¥�zª¥ � � ¤ro � ¤�t+{�{¶�<lCgLl
O�v³o
¦ � ¡dx«v.tW¤rt'zO{ro
¥.{SzO¤rt
yjo
{r��¦ m tD½5°.¦µzªs§¥.t �Ml t4¦uo%��± zO¥�tZ½5��t4¥.{rs§o
¥MoO® ��»¢¼

D

yfzª�)su¥ � s¹��°2o
{r{�s l ¦§td��oÈ°.¤�o%©
ta�¯v³t
{r�¯zO¥ � zª¤ � °.¤�o
°Qt4¤��¯sut4{_yWzO�Ot+{a��v.ti�¯v³t4o
¤ m s§¥.q+o
¥.{rs§{r��t4¥��'¡ ¼ ¤ro
y ��v.t"°.¤¯zªq+�¯suq'zO¦�°2o
su¥��_oO®
©)s§tD���¢�¯v.su{G{�v³o � ¦ � ¥³oO� l t_q4o
¥.{rs � t+¤�t � zi{rv.o
¤��¯q4oOyWsu¥ � ¡S�5t+tT�¯v.t � s§{�q � {�{rs§o
¥�su¥��5t4qD�¯suo
¥
ý.¡ú�5¡ò#³¡

AÈñHó��<�+ò%ó-ø$÷Oò��)õ�Ù¢øj�����<��òu�_���<�

� t4q'zª¦§¦2��vKzª�
=→

� t4¥.oª�¯t4{«��v.t�{�yWzO¦§¦ut4{r��t4Ç � s¹©Ozª¦§t4¥³q4t�¤�t+¦µzª��s§o
¥ftD½)�¯t+¥ � s§¥ �
→
¡ x«v.t+¤�tSzO¤rt

�¬�­oÄ¥Kzª� � ¤¯zO¦¶¤ � ¦§t4{~yWsu{�{rs§¥ � ®Y¤�o
y
λD

çT��v.tf¤rt � � qD�¯suo
¥8¤ � ¦§t
πa.φ1 ([t,M ]) → t

zO¥ � ��v.t
� m °.s§¥ � ¤ � ¦§tªç

Γ `M : ψ

Γ `M : φ
φ =→ φ (∗)

� t+� ��»¢¼ Σ
D

� t4¥.oª�¯t ��»¢¼
D

tZ½)�¯t4¥ � t � ��s¹�¯vÈ�¯v.t+{�td¤ � ¦§t+{4¡«¨V¥.¦§su�Ot ��»¢¼
D

� ��»¢¼ Σ
D

t4¥/pro m {
¥.s§q+t
°.¤ro5oO®µ´��¯v.t+o
¤�tD�¯suqd°.¤ro
°2t+¤r��s§t4{+�P{ � qwv�zO{S� � l prt4qD� � t � � q+��s§o
¥6¡ � o%�­t+©Ot4¤4�:zO{���v.tT®Yo
¦§¦uo%��s§¥ �
�¯v³t4o
¤rt4y¿{rv.o%��{4�>su�VzO¦u{�oa{ � V6t+¤�{«�¯v.t�°.¤ro
°Qt4¤r� m oª® l t4su¥ � s§¥.q+o
¥.{rs§{r��t4¥��'¡

ù û$!



Ü��	�@ô>ó
�<� 2	»uþ_»uþ ¾�6,Ã Σ
D

fonPfhg r l
gNnqfonqO�Rqg�Om�

ÆÇt~l�l�§ � t4q4zO¦§¦�¸.¤�{r�_��vKzª�_su¥�{�tD�j��v.t4oO¤�s§t+{4�
0 = ∅, 1 = {∅}

¡ ¼ o
¤d��v.t"s§¥5®Yo
¤�yWzO¦¶°.¤�o)oO®e�
q4oO¥.{�s � t4¤��¯v³tW{rt+�

B = {x ∈ 1 | ∃a. a = a}
¡jn�taq'zª¥�{�v³o/�Á�¯vKzª��®Yo
¤�zª¥ m

p
°.¤ro%©5su¥ �

x ∈ B
�2��v.t4¤rtTs§{
tD½³zOqD�¯¦ m o
¥³t

y
��v.s§qwvÄ��s¹�¯¥.t+{�{�t+{��¯v.t~®Yo
¤�y � ¦µz

∃a. a = a
�6¥KzªyWt+¦ m �¯v.t

{�tD�
A
� {rt � ®Yo
¤]°.¤ro%©5su¥ �

p
¡ ¼ o
¤�yWzO¦u¦ m �/�­t«{�t+�

y = πa. a=a1 (snd(sep∃a. a=aProp(x, 1, p)))
¡

ã m ��v.t � t4°.¦§zOq4t+yWt+¥��Gz/½³suo
yJ�>zO¦§¦¢��v.t4{rt
y
Xü{Vq'zª¥ l t~q+o
¦§¦ut4q+��t � s§¥Jo
¥.t~{�t+�

C
¡ � o%�·�wzª�Ot

zO¥ m {rt+�
D
zO¥ � � {rt�su�]��o�{�v.o%�ä��vKzª�

∃a. a = a
zO¥ � ® � ¤r��v.t4¤ryWoO¤�t���vKzª�

0 ∈ B
¡ � °.°³¦ m s§¥ �

Élk Ê ��of�¯v.t
y
q4o
¤r¤�t4{r°2oO¥ � su¥ � �¯oj�¯v.su{G°.¤ro5oª®e�>�­tTt4zO{�su¦ m ¸K¥ � �¯vKzª�

D ∈ C
¡
x«v³t4¤�tD®Yo
¤�t

C

q4oO¥@�¯zOs§¥³{
zª¦§¦6{rt+��{GzO¥ � ��v � {
su{«{ � l prt4q+�V�¯o ��� {�{rt4¦u¦mX {V°.zO¤¯z � o%½2¡ ù
¼ o
¤~��v.tf®Yo
¤ryfzO¦�°.¤ro5oª®e�<��t"oO¥.¦ m °.¤rt4{�t+¥��_�¯v.t"¤rt4¦§tD©ªzO¥��d�¯t+¤�yj{_zO¥ � °.¤�o%©ªz l ¦utSp � � � ´

yjt4¥��¯{+¡ � tD�
eqRefl

� t+¥.oO�¯tj�¯v.tj�¯t+¤�y q4oO¤�¤�t+{�°Qo
¥ � su¥ � ��oh��v.tf°.¤ro5oª®²oO®
∀a. a = a

�<¦ut+�

0in1
� t4¥.oO��t~��v.td�¯t+¤�yÝq4oO¤�¤�t+{�°Qo
¥ � su¥ � ��oW�¯v³td°.¤ro5oO®]oO®

0 ∈ 1
zO¥ � ¦ut+�

russ
� t+¥.oO�¯t~�¯v.t

°.¤ro5oO®���t4¤�y q4o
¤r¤�t+{�°Qo
¥ � su¥ � �¯o¾�¯v.t"°³¤�o)oO®VoO®
∀a. (∀b. b ∈ a) → ⊥

¡8x«v.t"�¯t+¤�yj{azO¤�t
ú	m\#
ümüjý&���Rn ü+����������ÿpo��(üG��ÿ��0��ýGþ�ýGümü9���9q\�mÿ���ý&�9�r!qý�þ�ÿ��s�9�t���$�(þl���òÿ��+u&��ü

∈ v ����� #
þl���òÿ��M�cÿ��qý	����ý
�=w\�x��� C ∈ C�(ü\���(üjÿ¿þ�ÿ��s�9�t���$�(þl�mÿ���q�%

ù û$ 



°.¤ro l z l ¦ mil t4{��
¤rt'z � s§¥Jz l oO����o
ya´ � °i®$zO{rv.s§o
¥6¡

B ≡ S∃a. a=a(1)

t ≡ πa. a=a1 (snd(sep∃a. a=aProp(x, 1, p)))

M ≡ 〈eqRefl t, λz. λq : z = t. q〉

N ≡ λx. λp : x ∈ B. [t,M ]

` N : ∀x. (p : x ∈ B) → ∃!y. y = t

C ≡ Rp,x,y. y=t(B)

P ≡ sep∃a. a=aRep(0, 1, 〈0in1, [a, eqRefl a]〉)

a : Set ` P : 0 ∈ B

Q ≡ λa. replp,x,y. y=tRep(a, B, 〈N, [0, 〈P, eqRefl a〉]〉

` Q : ∀a. a ∈ C

` russ C Q : ⊥ �

æ�EZYJEj� ÛaI_�F¯���Ü@��Ýz��¯���K4\

� {V��tdyWt+¥@��s§o
¥³t � t4zO¤�¦us§t+¤4�K��t~¥.t4t � �¯o � {�t_zj{r��¤�o
¥ � ©
t4¤r{�suo
¥ÄoO®]��v.t � ½5s§o
yÝoO® £ v³o
s§q+t
�¯o � tD¸K¥.t��¯v.t�¤rt'zO¦us§|'z l s§¦usu� m ¤�t+¦µzª��s§o
¥6¡ � t+� »¢¼H� l t¾�¯v.t » t4¤ryWt+¦§oª´ ¼ ¤¯zOt+¥.�Ot+¦G{�tD�È�¯v.tZ´
o
¤ m tD½)�¯t+¥ � t � ��su��v¾�¯v.t l su¥KzO¤ m ¤�t+¦µzª��s§o
¥Kzª¦:{ m y l o
¦

<
zO¥ � ��v.tjz-½5s§o
yà{r�wz-�¯s§¥ � �¯vKzª�

<

�­t4¦§¦ ´¬o
¤ � t4¤r{~��v.t � ¥³su©
t+¤�{rtO¡ � ¥8�¯v³s§{d{rt4qD�¯s§oO¥���tW��o
¤r��su¥ »¢¼H� ¡ � ¦u��v.o �.� v »¢¼:� yjs � v@�
{�t+t4yËtD½5q4t+{�{�s¹©
t~zO{«zdyjt+�¯zª�¯v³t4o
¤ m ®Yo
¤¶�¯v.tG° � ¤�°Qo
{rt�oO®N°.¤�o%©)s§¥ � ¥.o
¤ryfzO¦us§|4zª�¯suo
¥aoO®:zdq4o
¥)´
{r��¤ � qD�¯s¹©
t�{ m {r��t4yJ�³�­tS¤rt4yWzO¤��a�¯v.zª�«��su��vÈz l su�«yjo
¤rt�t�V2o
¤r�«zO¥ � {�¦us � v��¯¦ m yWo
¤rt�o l {rq � ¤rt
°.¤rt4{�t+¥��wzª��s§o
¥¢�5��t�q4o � ¦ � q'zª¤�¤ m o � �«��v.t�°.¤�o)oO®Hs§¥ »¢¼ É ¤�t+¦µzª��su©)s§|+s§¥ � zO¦§¦2{r�wz-�¯t4yjt4¥���{���o

L
�

zi¥Kzª� � ¤¯zª¦§¦ m �­t4¦u¦¹´Ìo
¤ � t+¤�t � � ¥.su©Ot4¤r{�t Ê ¡_}hoO¤�t4o%©Ot4¤4�¢�­t_q4oO¥-prt4qD� � ¤rta��vKzª����v.tT°.¤ro5oª®�q4o � ¦ �
l ti®Yo
¤�yWzO¦§su|4t � s§¥ ��»¢¼

D

¡Mx«v � {4��s¹®«�¯v.t"q+o
¥-prt+q+� � ¤�t"s§{T��¤ � tª� ��»¢¼
D

s§{Tq4zO°Kz l ¦§tioO®V{rt4¦u®µ´
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γ | N 
ρ φA(B, [[~u]]ρ)}

�{¥,Q�R�l
tG�"fhg��"¢

γ
fon^�<R>ËFgLR8���qRq¢ol
���

• M 
ρ (x : φ) ∧ ψ ≡M ↓ 〈M1,M2〉 ∧ (M1 
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ρ A = D

¡Àã m � t4yjyWzåû5¡ �5¡üû��5�

A ∈ V λ
γ

¡
�

æ�EZYJE>æ çá­�¬����F¯���ÜL�ÒKk��­F®

n�t�zO¤�t
¥.o%�Â¤rt'z �5m ��oT°.¤�o%©Ot��¯vKzª�
λD

¥.o
¤�yWzO¦us§|4t+{4���¯v � {«t+¥Kz l ¦us§¥ � °.¤�o � ¤¯zOy tZ½5��¤¯zOqD�¯suo
¥
®Y¤�oOy ��»¢¼

D

°.¤ro5oª®Y{4¡�x«v³t"t4¥�©)s§¤�oO¥.yWt+¥��¯{as§¥8��v.s§{T{rt4qD�¯s§oO¥Ezª¤�ti¸K¥.s¹�¯t"°Kzª¤r�¯s§zO¦�® � ¥.q+��s§o
¥³{
��v.suqwv"yfzO°W{�tD�²©ªzO¤�s§z l ¦§t+{¶��o

V λ
zO¥ � °.¤�o)oO®¢©ªzO¤rsµz l ¦§t4{��¯od¤�t'zª¦§s§|+t4¤r{4¡ � { � { � zO¦��³zO¥ m { � qwv

t4¥�©)s§¤ro
¥.yjt4¥���q'zª¥ l t � {rt � zO{�zi¤rt'zO¦us§|4z l s§¦usu� m t+¥�©5su¤�o
¥³yWt+¥@� l�m s � ¥.oO¤�s§¥ � �¯v³t_yfzO°³°.s§¥ �
oO®:°.¤�o)oO®H©ªzO¤�s§z l ¦§t+{4¡

áB�%º]ñHøYò%ø$ôQñ 2	»uþ,»$ð:2 Ã�l
t��"g�b�O�Rqtup
T
��fhO>Q^§ut~ReR�d�t~l�l�§^v
�"tqfj�%��¢oRen

x1, . . ., xn
�"g��

ρ
�<Rq�

ËFgLR8�Cl
g
x1, . . ., xn Å T [ρ]

�<RqgLl
O�Ren
T [x1 := ρ(xi), . . ., xn := ρ(xn)]

�

áB�%º]ñHøYò%ø$ôQñ 2	»uþ,»$ð -ÉÃ�l
t{��n�R8³�i�Rqg�O
Γ ` M : φ Å ρ |= Γ

p�R8�"gNn¤OhQN�"O
ρ
fon��<R>ËFgLR8��l
g

dom(Γ) Å §}l
t{�"¢h¢ (ai, Set) ∈ dom(Γ) Å ρ(ai) ∈ V λ
�"g���§}l
t{�"¢h¢

(xi, φi) ∈ Γ Å ρ(xi) 
ρ

φi[ρ]
�

Ü��	�@ô>ó
�<� 2	»uþ_»$ð<=`Í ÞJô>ó4�;��
[ø>à%�³ò/øYôQñ�ÐC¾>§
Γ ` O : ϑ

OhQ�Rqg¿§}l
tÇ�"¢h¢
ρ |= Γ Å O[ρ] 
ρ ϑ[ρ]

�

ÆÇt~l�l�§¾n�tS°.¤�o)q4t+t �Äl�m yjt+�¯zO¦§tD©
t4¦Nsu¥ � � qD�¯s§oO¥ho
¥
Γ ` O : ϑ

¡ � { � { � zO¦[�K��tS��¤�su��t
O′ ��o

� t+¥.oO�¯t
O[ρ]

�³��v.t4¤rt
ρ
s§{­q4¦§t4zO¤­®Y¤ro
yî�¯v.tGq4o
¥��¯tZ½)�'¡ � oO��t
¸K¤r{r�²��vKzª�

O′ s§{�zd¤�t4zO¦§su|4t4¤+¡<n�t
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o
¥.¦ m {rv.o%�·�¯v.t�¥.tD�·q4zO{�t+{
su¥È��v.t�°.¤�o)oO®e¡ £ zª{�t
Γ ` O : ϑ

oª®eç

•
Γ `M : ∃a. φ

Γ ` πa.φ2 (M) : φ[a := πa.φ1 (M)]

x:zO�OtJzO¥ m
ρ |= Γ

¡ � oO��tÈ��vKzª�
(φ[a := πa.φ1 (M)])′ = φ′[a := πa.φ

′

1 (M ′)]
¡�ã m

��v.t"s§¥ � � q+��s§o
¥8v m °QoO�¯v.t+{�su{4�
M ′


ρ ∃a. φ′ ��{�o M ′ ↓ [∅, N ]
zª¥ � �¯v.t+¤�t"su{T{�o
yjt

A
{ � qwv¾�¯vKz-�

N 
ρ φ
′[a := A]

¡ ¼K� ¤��¯v.t+¤�yjo
¤�tª�
[[πa.φ

′

1 (M ′)]]ρ
s§{V�¯v.tT¸K¤r{r�

A
{ � qwv

��vKzª�
M ′ ↓ [∅, Q]

zO¥ �
Q 
ρ φ

′[a := A]
�K{�oWzO¦§{ro

N 
ρ φ
′[a := [[πa.φ

′

1 (M ′)]]ρ]
¡¶ã m

� t4yjyWzJý.¡ú�5¡ò ³�
N 
ρ φ

′[a := πa.φ
′

1 (M ′)]
¡��5s§¥.q+t

πa.φ
′

2 (M ′) →∗ N
� l�m � t+yWyWz

ý.¡ú�5¡ ù
ù
πa.φ

′

2 (M ′) 
ρ φ
′[a := πa.φ

′

1 (M ′)]
�³��v.suqwvh{rv.o%��{
��v.t�q4¦§zOs§yJ¡

•
Γ `M : φ Γ ` N : ψ[x := M ]

Γ ` 〈M,N〉 : (x : φ) ∧ ψ

x:zO�OtTzO¥ m
ρ |= Γ

¡Vã m ��v.tTs§¥ � � q+��s§o
¥Jv m °2oO��v.t4{rs§{+�
M ′


ρ φ
′ zO¥ � N ′


ρ ψ
′[x :=

M ′]
�.��v.suqwvhsu{«°.¤�t+q4su{�t4¦ m ��vKzª��¥³t4t � {V��o l t�{�v.o%��¥¢¡

•
Γ `M : (x : φ) ∧ ψ

Γ ` fst(M) : φ

x«v.t�°.¤ro5oª®<su{²�¯v.t�{¯zªyWt�zO{�su¥Jq4zO{�t�oO®
λZ
¡

•
Γ `M : (x : φ) ∧ ψ

Γ ` snd(M) : ψ[x := fst(M)]

x:zO�OtWzO¥ m
ρ |= Γ

¡fã m ��v.tjs§¥ � � q+�¯suo
¥�v m °QoO��v.t4{rs§{4�
M ′ ↓ 〈M1,M2〉

zO¥ �
M2 
ρ

ψ′[x := M1]
¡ � {

snd(M ′) →∗ M2

� l�m � t+yWyWzfý.¡ú�5¡ ù
ù s¹��{ � �Wq+t4{���o"{�v.o%���¯vKz-�

M2 
ρ (ψ[x := fst(M)])′
����v.suqwväs§{_t+Ç � su©ªzO¦ut4¥��a�¯o

M2 
ρ ψ
′[x := fst(M ′)]

¡
�5su¥.q4t

fst(M ′) →∗ M1

zª¥ �
(ψ[x := fst(M)])′ = ψ′[x := fst(M ′)]

� � t4yjyWz
ý.¡ú�5¡ ù �T{�v.o%��{��¯v.t�q+¦µzOsuyh¡
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•
Γ `M : (x : φ) → ψ Γ ` N : φ

Γ `M N : ψ[x := N ]

x:zO�OtWzO¥ m
ρ |= Γ

¡fã m ��v.tas§¥ � � q+��s§o
¥�v m °2oO��v.t4{rs§{+�:®Yo
¤�{ro
yWt
φ1

�
M ′ ↓ λx. M1

�

N ′

ρ φ

′ zO¥ � ®Yo
¤Gzª¦§¦ P 
ρ φ
′ � M1[x := P ] 
ρ ψ

′[x := P ]
¡�x«v � {�s§¥h°KzO¤r��s§q � ¦µzO¤

M1[x := N ′] 
ρ ψ
′[x := N ′]

¡ � {
(M N)′ = M ′ N ′ →∗ (λx. M1) N

′ →

M1[x := N ′]
zª¥ �

(ψ[x := N ])′ = ψ′[x := N ′]
� � t+yWyWz�ý.¡ �)¡ ù
ù {�v.o%��{²�¯v³tGq4¦§zOs§yJ¡

•
Γ, x : φ `M : ψ

Γ ` λx : φ. M : (x : φ) → ψ

x:zO�OtfzO¥ m
ρ |= Γ

¡"n�tW¥³t4t � ��o�{rv.o%�î�¯vKzª�S®Yo
¤~zO¥ m
N 
ρ φ

′ � M ′[x := N ] 
ρ

ψ′[x := N ]
¡�x<zO�ªt_zO¥ m { � qwv

N
¡G�5s§¥.q+t

ρ[x := N ] |= Γ, x : φ
� l�m �¯v³tds§¥ � � q+��s§o
¥

v m °2oª�¯v.t+{�s§{
M [ρ[x := N ]] 
ρ ψ[ρ[x := N ]]

¡ � �Ws§{ft4zO{ m �¯o�{�t+t��¯vKz-�f�¯v³s§{js§{
t+Ç � su©ªzO¦§t+¥��«�¯o

M ′[x := N ] 
ρ ψ
′[x := N ]

¡
�

×~ô>ó-ô�
j
j�³ó�� 2	»uþ,»$ð � Í Þhô>ó
����
$ø>à%�³ò/øYô2ñÒÐT¾h§
`M : φ Å OhQ�Rqg M ′ ↓

�"g��¶OhQ<i:n��"¢6n�l
M ↓

�

×~ô>ó-ô�
j
j�³ó�� 2	»uþ,»$ð .Â¾�6,Ã
D

fon r l
gNnqfonqO�Rqg�Om�

� {S��tiyjt4¥���s§o
¥.t � �
λD

� o5t+{d¥.oO�dvKz'©
tf��v.t"� � l prt4qD� � t � � qD�¯suo
¥�°.¤ro
°Qt4¤r� m ¡hx«v � {+�
��»¢¼

D

� o)t4{�¥.oª��¥.t4q+t4{�{�zO¤�su¦ m v.z%©OtjzO¥ m oO®��¯v.t � { � zO¦ °.¤ro
°Qt4¤r��s§t+{4ç � �H� �G� �·zO¥ � x � �H¡
x«v.su{Ssu{��¯v.tj°.¤rs§q4tT�­tj°Kz m ®Yo
¤�z'©
o
s � s§¥ � su¥.q4o
¥³{�s§{��¯t+¥.q m oª® � ¥.¤rt4{��¯¤�suq+��t �

Σ
´Ì� m °2t+{4¡Wx«v.t

l t4¥.tD¸.�¯{
zO¤�t�°³¤�t4{rt4¥��¯t � s§¥"��v.t�®Yo
¦§¦uo/��su¥ � {rt4q+��s§o
¥6¡

æ�EZYJEm÷ [��*Iá]�¬N­�]�I,¬<KN��I_M·­FÌ
λD

� ¥���v.s§{~{�t4qD�¯suo
¥¢�<�­ti¤�t+¦µzª��t ��»¢¼
D

zO¥ � su�¯{~q4¦§zO{�{rs§q'zª¦¶q+o � ¥��¯t+¤�°Kzª¤r�d��o��­t4¦§¦ ´¬�@¥.o%��¥�¸K¤r{r��´
o
¤ � t4¤�{�tD���¯v.t+o
¤�sut4{4¡

Ü��	�@ô>ó
�<� 2	»uþ_»$ð<Ô ¾�6,Ã
D

d�t~l
v"Ren*¾�6,Ã
C

�
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ÆÇt~l�l�§�x«v.t�°³¤�t4q+s§{rt�®YoO¤�y � ¦§zª�¯suo
¥joO®N�¯v.t�q+¦µzOsuyÀsu{4ç]s¹® ��»¢¼
C` φ

�5��v.t4¥"®Yo
¤²{ro
yjtG�¯t+¤�y
M
�

��»¢¼
D ` M : φ

¡~n�tT®Yo
¤�y � ¦µzª��t ��»¢¼
C

zO{ ��»¢¼
R

tD½)�¯t+¥ � t � ��su��vÄ�¯v.t £ oO¦§¦§t+q+��s§o
¥¾z/½³suo
y
{�qwv³t4yWz³ç

∀~f. ∀a. (∀x ∈ a∃y. φ) → ∃b. ∀x ∈ a∃y ∈ b. φ

xHoh{rv.o%�Á�¯v.zª� ��»¢¼
D

s§¥��¯t+¤�°.¤rt+��{ ��»¢¼
R

�P�­tj¸K¤r{r�S¥.t+t � �¯oÈ°.¤�o%©Otj��vKzª��su��su¥��¯t4¤r°.¤�tD�¯{��¯v³t
¤ � ¦§t4{"oª® �e¼H��� ¡�}ho
{��hoª®~��v.t4y zª¤�t¾°.¤rt4{�t+¥���su¥��¯v.t¾� m °2t�{ m {��¯t+y oO®

λD
zO{"{�°Qt4q+sµzO¦

q'zª{�t4{«��v.t+¥ � t4°Qt4¥ � t4¥.q+s§t4{VzO¤rt�¥.oO� � {�t � ¡­x«v³t�o
¥.¦ m yjs§{�{rs§¥ � ¤ � ¦ut�s§{�t4¦§suyWsu¥Kzª��s§o
¥aoO®N�¯v³t
tD½5su{r�¯t+¥��¯sµzª¦PÇ � zO¥��¯su¸.t4¤4¡

Γ ` ∃a. φ Γ ` ∀a. φ→ ψ

Γ ` ψ
a /∈ FV (ψ)

� �Vs§{«t4zO{ m ��oj{rv.o%�·�¯v.zª��s§¥ ��»¢¼
D

�¯v³t�®YoO¦§¦§o%��su¥ � ¤ � ¦§t�s§{�z � yWsu{�{rs l ¦utO�5��vKzª��su{Vs¹®:zO{�{ � yW°)´
�¯suo
¥.{�zO¤rt � t4¤rsu©ªz l ¦utO�³��v.t4¥J{�ojs§{²��v.t�q4o
¥³q4¦ � {�s§oO¥¢ç

Γ `M : ∃a. φ Γ ` N : ∀a. φ→ ψ

Γ ` N (πa.φ1 (M)) (πa.φ2 (M)) : ψ
a /∈ FV (ψ)

�5t+q4o
¥ � �]��ti¥³t4t � ��o�°.¤ro%©5s � tf��v.tfsu¥@��t4¤r°.¤�tD�wzª��s§o
¥�oO® ��»¢¼
R

�¯t+¤�yj{ds§¥ ��»¢¼
D

zO¥ � {�v.o%�
�¯v.zª�~��v.t m {�zª�¯su{r® m ��v.tW¤rt4{r°2t+q+�¯s¹©
tfz-½5s§o
yj{4¡Wx«v.s§{Ss§{�{r��¤¯zOs � v���®Yo
¤��²zª¤ � �:zO{Ssu�S{ � �jq+t4{~��o
z �.� tZ½5��¤¯zO¥³t4o � { l s§¥ � t+¤�{�®Yo
¤��5t4°Kzª¤¯zª��s§o
¥�zO¥ � � t4°³¦µzOq+t4yjt4¥����¯t+¤�yj{4¡ ¼ o
¤�tD½³zOyj°.¦utO�6�­t
s§¥���t4¤�°³¤�t+�

{x ∈ a | φ}
zª{

{p : x ∈ a | φ}
�³��v.t+¤�t

p
s§{²®Y¤�t+{�v¢¡

x«v.tÄo
¥³¦ m ¥.o
¥��¯¤rsu©)sµzª¦���v.s§¥ � ¦§tD®B�isu{j��v.tÄs§¥���t4¤�°³¤�t+�¯zª�¯suo
¥äoª®��¯v.t £ o
¦§¦ut4q+��s§o
¥äz-½5s§o
yJ¡
� ¥�� � s¹�¯s¹©
t4¦ m �Qsu�V®Yo
¦§¦uo%��{V®Y¤ro
y � t+°.¦µzOq+t4yjt4¥��'�2zO{ � {�su¥ � � t+°2t+¥ � t4¥���suyW°.¦us§q4zª�¯suo
¥ÈzO¥ �

πa.φ1

�¯t+¤�yj{4�]�­t"q'zO¥8��¤¯zO¥³{r®Yo
¤ryÍzÄ°.¤ro5oª®
p
oO®

∀x ∈ a∃y. φ
s§¥���o

∀q : x ∈ a∃!y. φ ∧ y =

πa.φ1 (p x q)
¡ ¼ oO¤�yWzO¦§¦ m � ��thtD½5v.s l su�j�¯v.tJ°.¤ro5oO®G�¯t4¤ryW{+¡�x:o�s§¥.q+¤�t4zO{�th¤�t'z � z l su¦§su� m �¶�­t

� su{�°.¦§z m
∀x. (p : x ∈ a) → φ

zO{
∀p : x ∈ a. φ

�
∃x. (p : x ∈ a) ∧ φ

zO{
∃p : x ∈ a. φ

zO¥ �
R
p,x,y, ~f. φ

(t,~t)
zO{

{y | (∀p : x ∈ t∃!y. φ[~f := ~t]) ∧ (∃p : x ∈ a. φ[~f := ~t])}
¡
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M1 ≡ 〈πy.φ2 (p x q), eqRefl πy.φ1 (p x q)〉

`M1 : ψ

M2 ≡ λz. λr : φ[y := z] ∧ z = πy.φ1 (p x q). snd(r)

`M2 : ∀z. φ[y := z] ∧ z = πy.φ1 (p x q) → z = πy.φ1 (p x q)

M3 ≡ λq : x ∈ a. [πy.φ1 (p x q), 〈M1,M2〉]

`M3 : ∀q : x ∈ a∃!y. ψ

M4 ≡ [x, 〈q, 〈πy.φ2 (p x q), eqRefl πy.φ1 (p x q)〉〉]

`M4 : ∃q : x ∈ a. ψ

M5 ≡ replq,x,y,̃f.ψRep(πy.φ1 (p x q), a, ~f , 〈M3,M4〉)

`M5 : πy.φ1 (p x q) ∈ t

M6 ≡ λx. λq : x ∈ a. [πy.φ1 (p x q), 〈M5, π
y.φ
2 (p x q)〉]

`M6 : ∀x ∈ a. ∃y ∈ t. φ

ψ ≡ φ ∧ y = πy.φ1 (p x q)

t ≡ {y | (∀q : x ∈ a∃!y. ψ) ∧ ∃q : x ∈ a. ψ}

N ≡ λ~f. λp : ∀x ∈ a∃y. φ. [t,M6]

` N : ∀~f. (∀x ∈ a∃y. φ) → ∃b. ∀x ∈ a∃y ∈ b. φ �

x«v.t+¤�t+®YoO¤�tO� l�m �¯v.tW¤�t+{ � ¦¹�¯{doª® S ¼ ©k!%&�U[�<��v.ti°.¤ro5oO®µ´��¯v.t+o
¤�tD�¯suqj{��¯¤rt4¥ � ��v�oO® ��»¢¼
D

t4Ç � zO¦u{
�¯v.zª��oO® »¢¼ £ ¡

n�tS¥.o%�·q+o
¥.{rs � t+¤
zaq4¦§zO{�{rs§q4zO¦6©
t+¤�{rs§o
¥hoO® ��»¢¼
D

¡ � tD� »¢¼
D

l t ��»¢¼
D

tD½)�¯t+¥ � t � ��su��v
�¯v³t«tD½5q4¦ � � t � yjs �.� ¦ut²z-½5suo
y � }�¡ªn�t«{rv.o%�ä�¯v.zª� »¢¼

D

su{ q4o
¥.{rs§{��¯t4¥��4¡ ¼ o
¤<�¯v³s§{]° � ¤�°Qo
{�tª�
�wzª�Ot~za®Yo
¤ry � ¦§zª�¯suo
¥ioO® »¢¼:� ��su��vh{rt+�V�¯t4¤ryW{+�K{ � qwvÄzO{ ��»¢¼

R c � } c ÅÌ�¯v.t � ¥³su©
t+¤�{rt~su{
�­t4¦§¦ ´¬o
¤ � t4¤rt �_l�m

<
Æ¯¡ � tD¸K¥.t
zO¥_t4¤�zO{ � ¤�t�yfzª°_o
¥T®Yo
¤�y � ¦µzO{<zO¥ � {�tD� �¯t+¤�yj{ oO®

λD
�ª��v.s§qwv

¤�tD� � ¤r¥.{
®YoO¤�y � ¦§zO{�zO¥ � {�tD�G�¯t+¤�yj{�oO® »¢¼H� ¡Kx«v.td¤rt4°.¤rt4{�t+¥��wzª��su©
t~q'zO{rt4{
oO®]�¯v³t � tD¸K¥.s¹�¯s§oO¥
®Yo
¦u¦§o%���5��v.t+¤�t

ιa.φ
� t4¥.oO��t4{�Å¬��v.t�¸K¤�{��

a
{ � qwvJ�¯vKz-�

φ
Æ¯ç
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a = a πa.φ1 (M) = ιa.φ ∅ = ∅ {t1, t2} = {t1, t2} ω = ω

(p : φ) → ψ = φ→ ψ S
p,a, ~f.φ

(t,~t) = {a ∈ t | φ(a,~t)}

R
p,a,b, ~f.φ

(t,~t) = {y | ∀x ∈ ~t∃!y. φ(x, y,~t) ∧ ∃x ∈ ~t. φ(x, y,~t)}

n�su��v��¯v.tÄyWzO°�z-�"vKzO¥ � ���­t¾q'zª¥�t'zO{rs§¦ m °.¤ro/©Ot l�m s§¥ � � q+��s§o
¥Eo
¥��¯v³t¾°.¤�o)oO®��¯v³t
q4oO¥.{�su{r�¯t+¥.q m ¤rt4{ � ¦u�4ç

Ü��	�@ô>ó
�<� 2	»uþ_»uþ�Ö ¾>§g6,Ã
D` t : Set Å O>Q�Rqg t fon��+O�RqtupÀl�§g6,Ã¿îª�L¾>§g6,Ã

D` M : φ Å O>Q�Rqg
6,ÃJî

` φ
�{¥,Q<i:ny6,Ã

D
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Γ ` s Γ ` >
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Γ ` t ∨ s
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ù ¡ É ¼5��� � �¶Ê
⊥ = ∀b : prop. b

¡

�5¡ É ¼5��� � ���G� x«x � ¨ �¶Ê
false = true → ⊥

¡

û³¡ É ã � x ��Ê
(λxτ . tσ)sτ = tσ[xτ := sτ ]

¡

ý.¡ É � x ��Ê
(λxτ . fτ→σ xτ ) = fτ→σ

¡

&5¡ É ¼:�������N�HÊ
∀α = λPα→prop. (P = λxα. >)

¡

#³¡ É �¶û Ê
∀n : nat. (0 = S(n)) → ⊥

¡
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• λyτ . u
¡ºn�s¹�¯v.o � �Ä¦§oO{�{�oª® � t4¥.t+¤¯zO¦usu� m �­t8yfz m zO{r{ � yjt��¯v.zª�

y 6= x
¡ x«v.t4¥

[[t]]ρ[x:=s] = {(a, [[u]]ρ[x:=[[s]]ρ][y:=a] | a ∈ [[τ ]]}
¡ ã m ��v.t¾s§¥ � � q+��s§o
¥�v m °QoO�¯v.t+{�su{4�

��v.s§{_su{jt+Ç � zO¦²�¯o
{(a, [[u[x := s]]]ρ[y:=a]) | a ∈ [[τ ]]} = [[(λyτ . u[x := s])]]ρ =

[[t[x := s]]]ρ
¡

�

ØF�k�����;- »uþ,» -ÉÃ�l
t��"g�b
ρ Å [[tα]]ρ ∈ [[α]]

�

ÆÇt~l�l�§�n�tS°³¤�o)q4t4t �hl�m su¥ � � qD�¯s§oO¥"o
¥
t
¡ £ zª{�t

t
oO®eç

• x
¡�x«v.t�q+¦µzOsuyÀ®Yo
¦u¦§o%��{ l�m °.¤ro
°2t+¤r��s§t4{«oª®<t+¥@©)su¤�o
¥.yjt4¥���{4¡

• cτ
¡]n�t�°.¤�o)q4t+t ��l�m q4zO{�t~zO¥Kzª¦ m {�su{²oO®

c
¡ n�tS{rv.o%�Â��v.t�s§¥��¯t+¤�t4{��¯su¥ � q'zO{rt4{4¡

¸ ∀α
¡­x«v.t�� m °Qtdoª®

c
s§{

(α → prop) → prop
¡¶n�t�¥.t+t � ��oW{rv.o%�·�¯vKz-�
s¹®

f
s§{

zi® � ¥³q+�¯suo
¥¾®Y¤�o
y
[[α]]

�¯o
P (1)

�6�¯v³t4¥ ⋂
a∈[[α]] f(a)

su{�s§¥
P (1)

¡Tã � ��®Yo
¤�zO¥ m

a ∈ [[α]]
�
f(a) ∈ P (1)

�Kzª¥ �
P (1)

s§{«q+¦§o
{rt � � ¥ � t+¤�s§¥��¯t+¤�{�t+q+��s§o
¥.{+¡

ù #��



¸ ∃α
¡­�5suyWsu¦µzO¤+��®Yo
¦§¦uo/��{ l@m �¯v.t�®$zOqD�V��vKzª�

P (1)
s§{«q4¦uo
{�t � � ¥ � t+¤ � ¥³s§o
¥.{+¡

¸ εα
¡]x«v³t
� m °2t
oO®

c
s§{

(α→ prop) → prop
¡ x:zO�OtGzO¥ m ® � ¥.q+��s§o
¥

P
®Y¤�o
y

[[α]]

��o
P (1)

¡�x«v.t+¥
P−1(1) ⊆ [[α]]

�P{�o"�¯v³t_q4¦µzªs§y ®Yo
¦§¦uo%��{ l�m �¯v³t � t+¸K¥³su�¯suo
¥ÄoO®

C
¡

�

� ¥�°KzO¤��¯s§q � ¦µzª¤4�:��v.s§{~s§yj°.¦§sut4{��¯vKz-�d®Yo
¤dzO¥ m ®Yo
¤ry � ¦§z
t
�
[[t]] ⊆ 1

¡��)o¾su®²�­ti�²zª¥@�d�¯o
°.¤ro/©OtS��vKzª�

[[t]] = 1
�³��v.t4¥ l�m � t4yjyfz¤&5¡ú�5¡ú�Tsu�«{ � �jq4t4{V�¯oa{�v³o/�Â�¯vKzª�

0 ∈ [[t]]
¡

÷JEZYJE>æ H¿­F±�®*ì�®�I_M<M

x«v.tÄ{ro � ¥ � ¥.t4{r{i�¯v.t+o
¤�t+y t+{r�¯z l ¦§su{�v.t+{f©ªzO¦§s � su� m oO®��¯v³t�°.¤ro5oO®�¤ � ¦ut4{izª¥ � z-½5s§oOyW{_��su��v
¤�t+{�°Qt4qD�
��oa��v.t�{�t+yfzO¥���s§q4{+¡

áB�%º]ñHøYò%ø$ôQñ`- »uþ,»�=
ρ |= Γ ` t

p�R8�"gNnPOhQN�"O
ρ
fon��<R>ËFgLR8�¿§}l
t

xτ ∈ FV (Γ) ∪ FV (t)
�

ã m ��v.t � t+¸K¥.s¹�¯suo
¥�oO®5t4¥�©)s§¤�oO¥.yWt+¥��¯{4�ªsu®
ρ |= Γ ` t

�/�¯v³t4¥�®Yo
¤NzO¦§¦
xτ ∈ FV (Γ)∪FV (t)

�

ρ(xτ ) ∈ [[τ ]]
¡

áB�%º]ñHøYò%ø$ôQñ`- »uþ,» � ¼ R���tufhO�R
[[Γ]]ρ = 1

f §
[[t1]]ρ = 1, . . ., [[tn]]ρ = 1 Å �1Q�RqteR Γ =

t1, t2, . . ., tn
�

Ü��	�@ô>ó
�<� - »uþ_» . Í Ù¢ôQöHñ:õHñ��<�}��Ð7¾>§
Γ ` t Å OhQ�Rqg�§}l
t��"¢h¢ ρ |= Γ ` t Å f § [[Γ]]ρ = 1 Å O>Q�Rqg

[[t]] = 1
�

ÆÇt~l�l�§��)�¯¤�zOs � v��r®Yo
¤r��zO¤ � s§¥ � � q+��s§o
¥Jo
¥
Γ ` t

¡«n�t~{rv.o%��{ro
yjt~su¥@��t4¤rt4{r��s§¥ � q'zª{�t4{+¡ £ zª{�t

Γ ` t
oO®eç

•

Γ ` t
t ∈ Γ

x«v.t�q+¦µzOsuyËsu{²�¯¤�s¹©)sµzO¦[¡

ù #
û



•
Γ ` t = s

Γ ` λxτ . t = λxτ . s

x:zO�Ot�zª¥ m
ρ |= Γ ` λxτ . t = λxτ . s

¡<n�t²¥.t+t � �¯o�{rv.o%�E��vKzª�
{(a, [[t]]ρ[xτ :=a]) | a ∈

[[τ ]]} = {(a, [[s]]ρ[xτ :=a]) | a ∈ [[τ ]]}
¡
x«vKz-�Gsu{4�>�¯vKzª�V®Yo
¤
zO¥ m

a ∈ [[τ ]]
�
[[t]]ρ[xτ :=a] =

[[s]]ρ[xτ :=a]

¡ � t+�
ρ′ = ρ[xτ := a]

¡��)s§¥.q+t
ρ′ |= Γ ` t = s

� l�m ��v.tÈs§¥ � � q+�¯suo
¥
v m °2oª�¯v.t+{�s§{«�­t � t+���¯v.t�q+¦µzOsuyh¡

•
Γ ` t Γ ` s

Γ ` t ∧ s

� � °.°2oO{�t
[[Γ]]ρ = 1

¡Èã m �¯v³tfs§¥ � � q+��s§o
¥Mv m °2oO��v.t4{rs§{+�
0 ∈ [[t]]ρ

zO¥ �
0 ∈ [[s]]ρ

�<{ro

0 ∈ [[t]]ρ ∩ [[s]]ρ
¡

•
Γ ` t ∧ s

Γ ` t
Γ ` t ∧ s

Γ ` s

� t+©Ot4¤�{rtS��v.t�°.¤�tD©)s§o � {�q4zO{�t��¯o � tD�«�¯v.t�q4¦§zOs§yj{4¡

•
Γ ` t

Γ ` t ∨ s
Γ ` s

Γ ` t ∨ s
Γ ` t ∨ s Γ, t ` u Γ, s ` u

Γ ` u

x«v.ti¸.¤�{r�_�¬�­o�q'zO{rt4{jzO¤rtit'zO{ m ¡ ¼ oO¤d�¯v.t"¦§zO{r�do
¥.tª�¶{ � °.°Qo
{�t
[[Γ]]ρ = 1

¡�ã m ��v.t
su¥ � � qD�¯s§oO¥åv m °QoO�¯v.t+{�su{4�²�­t��@¥.o%�¿�¯v.zª�

0 ∈ [[t]]ρ ∪ [[s]]ρ
�­{�o�t+su��v.t4¤

0 ∈ [[t]]ρ
oO¤

0 ∈ [[s]]ρ
¡ � ¥ l oª�¯vÈq'zO{rt4{+� l�m �¯v³tS¤rt4{��
oª®<�¯v³tSsu¥ � � qD�¯suo
¥Èv m °QoO�¯v³t4{�su{4�

0 ∈ [[u]]ρ
�K{ro

�­t � t+���¯v³tSq+¦µzOsuyh¡

•
Γ, t ` s

Γ ` t⇒ s

� � °.°2oO{�t
[[Γ]]ρ = 1

¡�n�tS¥.t4t � ��oW{rv.o%�·�¯vKz-�
0 ∈ {x ∈ 1 | x ∈ [[t]]ρ → x ∈ [[s]]ρ}

¡
�5su¥.q4t

0 ∈ 1
�ªzO{r{ � yjt

0 ∈ [[t]]ρ
¡<x«v³t4¥

[[Γ, t]]ρ = 1
�-{�o l�m ��v.t�s§¥ � � q+��s§o
¥Sv m °QoO��v.t4{rs§{

[[s]]ρ = 1
zO¥ �

0 ∈ [[s]]ρ
¡

ù #Oý



•
Γ ` t→ s Γ ` t

Γ ` s

� � °.°2oO{�t
[[Γ]]ρ = 1

¡�ã m ��v.t�s§¥ � � q+��s§o
¥"v m °QoO�¯v.t+{�su{4�
0 ∈ {x ∈ 1 | x ∈ [[t]]ρ → x ∈

[[s]]ρ}
zO¥ �

0 ∈ [[t]]ρ
�K{roWt4zO{�su¦ m

0 ∈ [[s]]ρ
¡

•
Γ ` s = u Γ ` t[x := u]

Γ ` t[x := s]

x«v.tV°.¤ro5oO®Qsu{¶{��¯¤�zOs � v��r®Yo
¤r��zO¤ � � � {�su¥ � �¯v.t
� � l {r�¯s¹� � ��s§o
¥ � t4yjyWz³¡ � {�{ � yWt
[[Γ]]ρ =

1
¡~ã m �¯v³tTs§¥ � � q+��s§o
¥¾v m °2oª�¯v.t+{�s§{+�

[[s]]ρ = [[u]]ρ
zO¥ �

[[t[x := u]]]ρ = 1
¡~�5o � {�su¥ �

��v.tJ� � l {��¯s¹� � ��s§o
¥ � t+yWyWzh�­t � t+�
[[t[x := u]]]ρ = [[t]]ρ[x:=[[u]]ρ] = [[t]]ρ[x:=[[s]]ρ] =

[[t[x := s]]]ρ
¡

•
Γ ` f tα

Γ ` ∃α(fα→prop)

� {�{ � yWt
[[Γ]]ρ = 1

¡8n�tJv.z%©OtJ��o�{rv.o%�Î��vKzª�
0 ∈

⋃
a∈[[α]][[f ]]ρ(a)

�¶�¯vKz-�as§{T�¯v.zª�
��v.t4¤rt~su{

a ∈ [[α]]
{ � qwvh��vKzª�

0 ∈ f(a)
¡­ã m � t4yjyfz{&5¡ú�5¡6&5�

[[tα]]ρ ∈ [[α]]
�>{�oj�wzO�@su¥ �

a = [[tα]]ρ
�­t � t+�«�¯v³tSq+¦µzOsuy l�m ��v.t�s§¥ � � q+�¯suo
¥"v m °2oO��v.t4{rs§{+¡

•
Γ ` ∃α(fα→prop) Γ, f xα ` u

Γ ` u
xα
¥.t+�

� � °.°2oO{�t
[[Γ]]ρ = 1

¡~ã m ��v.t_s§¥ � � q+��s§o
¥¾v m °QoO�¯v.t+{�su{4�¢�¯v³t4¤�tasu{
a ∈ [[α]]

{ � qwvM��vKzª�

0 ∈ [[f ]]ρ(a)
¡ � t+�

ρ′ = ρ[xα := a]
¡�x«v.t+¥

ρ′ |= Γ, f xα ` u
�³{�o l�m �¯v.t�su¥ � � qD�¯s§oO¥

v m °2oª�¯v.t+{�s§{«�­t � t+�
0 ∈ [[u]]ρ

�.��v.s§qwvJs§{²��vKz-�V�­t��²zª¥@�4¡

•

Γ ` ∀α = (λPα→prop. P = λxα. >)

n�t�¥.t4t � ��oj{rv.o%�Â��vKzª�
[[∀α]]ρ = [[λPα→prop. P = λxα. >]]

¡ ¼ s§¤�{��'�
[[∀α]]ρ = λf ∈

[[α]] → P (1).
⋂
a∈[[α]] f(a)

¡ � tD� � { � t4¥.oª�¯tf��v.s§{S® � ¥.q+��s§o
¥�s§¥8{rt+�T��v.t4oO¤ mMl�m
F
¡

x«v.t � oOyfzOsu¥"oO®
F
s§{

[[α]] → P (1)
¡

ù #%&



�5t+q4o
¥ � �:¦ut+�
G = [[(λPα→prop. P = λxα. >)]]ρ

¡ax«v.t4¥M��tavKz'©
t
G = {(a, [[a =

λxα. >]]ρ[P :=a]) | P ∈ [[α]] → P (1)}
¡ � oO��t"�¯vKzª�

G
su{azO¦§{roMz�® � ¥³q+�¯suo
¥���su��v

��v.t � o
yWzOs§¥
[[α]] → P (1)

¡�x«v � {4����o�{rv.o%�¿�¯vKz-�
F = G

��s¹�a{ � �jq4t+{j��o�{rv.o%�
��vKzª��®Yo
¤�zO¥ m

P ∈ [[α]] → P (1)
�
F (P ) = G(P )

¡ax:zO�OtWzO¥ m { � qwv
P
¡_n�tWv.z%©Ot

F (P ) =
⋂
a∈[[α]] P (a)

zO¥ �
G(P ) = {x ∈ 1 | P = λx ∈ [[α]]. 1}

¡ � o%�
b ∈ F (P )

sWV¾®Yo
¤VzO¦§¦
a ∈ [[α]]

�
b ∈ P (a)

s�V¾®YoO¤GzO¦u¦
a ∈ [[α]]

�
P (a) = 1

sWV
P = λa ∈ [[α]]. 1

�
sWV
b ∈ {z ∈ 1 | P = λa ∈ [[α]]. 1}

¡
�

� z'©)s§¥ � ©
t4¤rsu¸Kt � �¯v.t
{�o � ¥ � ¥.t+{�{�oO®¢��v.t ����� °.¤ro5oO®¢¤ � ¦ut4{4�@�­t�°.¤�o)q4t+t � ��od©
t+¤�su® m �¯v³t
{�o � ¥ � ¥.t+{�{
oO®:��v.tSz-½5s§o
yj{4¡

Ü��	�@ô>ó
�<� - »uþ_»�Ô Ã�l
t��"g�b+�}�$fml
p
t
l�§���îÇï`�"g��+�"g�bBRqg�v�fht~l
g�p�Rqg�O

ρ Å 0 ∈ [[t]]ρ
�

ÆÇt~l�l�§�n�tS°³¤�o)q4t4t � z/½³suo
y l�m z-½5suo
y¿zO¥ � {r�OtD�¯qwv���v.t�¤�t4{r°2t+q+��su©
tS°.¤ro5oO®Y{+¡

•
É ¼5�G� � �­Ê

[[⊥]]ρ = ∅ =
⋂
a∈P (1) a = [[∀b : prop. b]]ρ

¡:x«v.t«{�t+q4o
¥ � t+Ç � zO¦§s¹� m ®Yo
¦§¦uo/��{
l�m

0 ∈ P (1)
¡

•
É ã � x ��Ê"¼ oO¦§¦§o%��{ l�m ��v.t�� � l {��¯s¹� � ��s§o
¥ � t4yjyWz³¡Án�tMv.z%©Ot

[[(λxτ . tσ)sτ ]]ρ =

App([[λxτ . tσ]]ρ, [[sτ ]]ρ) = App({(a, [[t]]ρ[x:=a]) | a ∈ [[τ ]]}, [[sτ ]]ρ) = [[t]]ρ[x:=[[sτ ]]ρ] =
É l@m �¯v.t~� � l {r�¯s¹� � ��s§o
¥ � t4yjyWz Ê

= [[t[x := s]]]ρ
¡

•
É � x ��Êd¼ o
¦§¦uo/��{ l�m ��v.tf®$zOqD�d�¯v.zª�d® � ¥³q+�¯suo
¥.{Tsu¥8{�tD�T�¯v³t4o
¤ m zO¤rti¤�t+°.¤�t+{�t+¥@��t �ål�m
��v.t4su¤ � ¤¯zO°³v.{4¡ n�tSv.z%©OtOç

[[(λxτ . fτ→σ
xτ ]]ρ = {(a, [[f x]]ρ[x:=a]) | a ∈ [[τ ]]} =

{(a, App([[f ]]ρ[x:=a], a)) | a ∈ [[τ ]]} = (
{rs§¥.q+t

x /∈ FV (f))

{(a, [[f ]]ρ(a)) | a ∈ [[τ ]]} = [[f ]]ρ,

{rs§¥.q+t l�m � t4yjyfz;&5¡ú�5¡(&)�
[[f ]]ρ ∈ [[τ ]] → [[σ]]

zO¥ � ® � ¥.qD�¯s§oO¥.{Wsu¥E{rt+�j�¯v.t+o
¤ m zO¤rt
¤rt4°.¤rt4{�t+¥��¯t ��l@m �¯v.t+s§¤ � ¤�zO°.v.{+¡

ù #$#



•
É ¼H�������N�HÊ n�tSv.z%©OtOç

[[∀α]]ρ = {(Q,
⋂

a∈[[α]]

Q(a)) | Q ∈ [[α]] → P (1)}

� ¦§{�o³ç

[[(λQα→prop. Q = λxα.>)]]ρ = {(Q, {x ∈ 1 |Q = λx ∈ [[α]]. 1}) |Q ∈ [[α]] → P (1)}

x:zO�OthzO¥ m
Q ∈ [[α]] → P (1)

¡ � �a{ � �jq4t+{W�¯o�{rv.o%�¿�¯vKz-� ⋂
a∈[[α]]Q(a) = {x ∈

1 | Q = λy ∈ [[α]]. 1}
¡�ã � �

x ∈
⋂
a∈[[α]]Q(a)

s�V¾®YoO¤GzO¦u¦
a ∈ [[α]]

�
x ∈ Q(a)

zª¥ �

x = 0
¡]x«v³s§{�v.zO°.°Qt4¥.{²s¹®PzO¥ � o
¥.¦ m su®

x = 0
zª¥ � ®Yo
¤­zO¦§¦

a ∈ [[α]]
�
Q(a) = 1

��v.s§qwv
su{~t+Ç � su©ªzO¦§t+¥��~��o

x ∈ {x ∈ 1 | Q = λy ∈ [[α]]. 1}
¡Èx«v.tW{�t+��{Ts§¥MÇ � t4{��¯suo
¥�zO¤rt

��v.t4¤rt+®Yo
¤rtSt+Ç � zO¦�¡

•
x«v³tWz/½³suo
yj{

P3, P4, P5
®YoO¦§¦§o%� l�m ��v.t_®$zOq+����vKzª��¥Kz-� � ¤�zO¦]¥ � y l t4¤r{S{�zª�¯su{r® m �¯v.t

¤rt4{�°Qt4qD�¯s¹©
t~�:t'zª¥.ofz/½³suo
yj{4¡

•
É ã �����:Ê n�tT¥³t4t � �¯o"{rv.o%����vKzª�

[[∀bool. (λxbool. x = false ∨ x = true)]]ρ = 1
¡

¨V¥@��su¥ � su¥ � ��v.t � tD¸K¥.s¹�¯s§oO¥¢�Q��v.s§{Vs§{
t4Ç � s¹©Ozª¦§t4¥��V�¯o ⋂
x∈2({z ∈ 1 | x = 0} ∪ {z ∈

1 | x = 1}) = 1
¡äzO¥ � ® � ¤r�¯v³t4¤�yjo
¤rtÈ��o.çÈ®Yo
¤jzO¦§¦

x ∈ 2
�
x ∈ {z ∈ 1 | x =

0} ∪ {z ∈ 1 | x = 1}
¡ � ®

x ∈ 2
�¢��v.t4¥Mt4s¹�¯v.t+¤

x = 0
o
¤
x = 1

¡ � ¥¾�¯v³ta®YoO¤�yjt4¤
q4zO{�tª�

0 ∈ {z ∈ 1 | x = 0}
�Ks§¥i�¯v³tS¦§zª����t4¤

0 ∈ {z ∈ 1 | x = 1}
¡

•
É � } Ê n�t²¥.t4t � �¯o�{rv.o%�c�¯vKzª�

[[∀prop. (λxprop. x = ⊥∨x = >)]]ρ = 1
¡ � t'zO{ro
¥.su¥ �

zO{¶s§¥j�¯v.tVq'zª{�tGoª® É ã �����HÊ ���­t
¸K¥ � �¯vKzª�¶�¯v³s§{¶s§{�t4Ç � s¹©Ozª¦§t4¥��¶�¯o.ç:®Yo
¤�zª¦§¦
x ∈ P (1)

�

x ∈ {z ∈ 1 | x = 0} ∪ {z ∈ 1 | x = 1}
¡¶� � °.°Qo
{rt

x ∈ P (1)
¡ � �²�¯v.su{²°Qo
s§¥��'�)su�­s§{

suyW°Qo
{�{rs l ¦ut­��oS°³¤�o)q4t4t � ® � ¤r��v.t4¤�q4oO¥.{r��¤ � qD�¯su©Ot4¦ m �)zO¦§¦)��t��@¥.o%��su{<�¯vKz-�
x
s§{�z�{ � l {rt+�

oO®
1
�5��v.suqwv � o5t+{«¥.oO��°.¤ro/©)s � t�t4¥³o �.� vÈs§¥5®Yo
¤�yWzª�¯suo
¥W��o � t4q+s � t���v³t+�¯v³t4¤

x = 0
o
¤

x = 1
¡ � o%��tD©
t4¤+�>q4¦µzª{�{�suq'zO¦u¦ m � � {�s§¥ � �¯v.t�¤ � ¦§t
oO®HtD½5q4¦ � � t � yjs �.� ¦§tO�

P (1) = 2
zO¥ �

�­t�°.¤�o)q4t+t � zª{Vsu¥i�¯v.t�°.¤rt+©)s§o � {�q'zO{rtO¡

•
É £ ����� £ �¶Ê n�t�¥.t4t � ��oa{�v.o%�·��vKzª�'ç
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