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y\zu{S|B}~\�/�u�����5zS�S�\}u�u���g}5���

����������E�S�5� h�����]ad�J)��GI`a`q]^P/cuG�d�LO]^�uJLOGk��]aN�H\KOGk�X]^[kJLO]^cuG'[�QSPWd�LMKOVX[ILO]^cuG�c5GIKOdM]^Q5P
Q�R��:GIKON�G�`^QS�i�XK1J�G�PW�5G�`WdMGILULOjWG�Q�KMfB�ub'dM]^PX�xdMGYLULOGIKON�d�_u�UG'J \]aQSN�J�LO]^¡�G�hM�q�¢��]eLOj
£nG�HW`aJ�[�G�N�G�PBLk_5��jX]^[Yj���Gn[kJ�`a`:h����

R

_BJS`^Q5PX�(��]eLOj�]eLOd�]^PBLOG�PWdM]^Q5PWJS`E[IQ5VWPBLOGIKOHWJ�KML
h����

−

R

��¤%G��\GI¥EPXG*J¦Lif\H:Gk�%`aJSNo§q�XJ¦[kJ�`a[IVW`^VWd
λZ
[�QSKMKOGIdMH:Q5PE�\]^PW�¢LOQ¨HXKOQBQSR©d

]^PªhM�q�
−

R

JS[�[�Q�K1�X]^PW�¢LOQ¨LOjWG¦TUVXKMKMf/�¬«'Qk�JK1�9]adMQSN�QSKOHXjW]^dMN®H\KO]aPX[�]^HW`^G5��b�dM]^PW�
KOGkJ�`^]a¡�JS§W]^`^]eLgf¯R©QSK�hM�q�

−

R

_\��G(dMjXQ�°��G�JS��PWQSKON�J�`^]a¡�J�LO]^Q5P¨Q�R
λZ
§Bf�G�N�HW`^Qkf\]^PW�

JoKOGk�\VW[ILO]^QSPX�¬HXKOG�dMGYKOc\]^PX�±GIK1JSdMV\KOG²N�J�H*R4KOQ5N³`4J�No§q�XJ²LOGIKON�dLOQoKOGkJ�`a]^¡�GYKOd��:¤%G
VXdMG�PWQ�KON�JS`^]^¡kJ�LO]^Q5PxLOQ'H\KOQ�c5G��X]^dµ´gVWPW[YLO]aQSP?_�P/VWN�GIKO]^[kJ�`/GI \]ad�LOGIPW[�G5_�dMGIL�GI \]ad�LOGIPW[�G
J�PE�'LOGIKON¶GI \]^d�LOG�PW[IG�H\KOQ5H:GIKMLO]^G�d���wnP$]^PWPXGIK�GY \LOGIPWdM]^Q5PWJS`uN�Q/�\G�`S]^d?VWdMGk�'LOQdMjXQ�
LOjXG)HXKOQ5H:GYKMLO]aGId�R©QSK�RµVX`^`@_WGI /LOG�PWdM]^QSPEJS`�hM�q�
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· ¸W¹nº:»q¼)½²¾x¿�ºqÀO¼n¹

Áq,\Â�Ã(CYÄ\Å42©3�ÆWÇ)ÈqÃI,\È�3�ÃYÇY2©3SC$,/É�0,XÆ�COÇIÃYÂ?0kÇY2©Ê\3�CY3Ç$ÇY6�3�,\ÃI2©3SC)Ä/ÃI3\Ë

Ì³Í ÂqÎ¯3SÃY2µ0�Ä\ÅnÏÐ:2µCOÇI3�Æ�0�3¢Ñ�ÃI,\È�3�ÃYÇO<�Ò Í Ï�Ñ�ÓËUÁ�ÃY,XÎÔÄ%ÈqÃI,E,/É),/É)ÄªC1ÇIÄ/ÇY3�Î¯3SÆXÇ±ÕMÇI6q3�ÃI33Ð:2µCOÇ�C)Ä¯Æ�ÄBÇIÂqÃIÄ\Å�ÆWÂ�Î�Ö�3�Ã
x
CYÂ�0�6�ÇY6�Ä/Ç�×�×�×OØ±Ä¦A)24ÇYÆq35CYC

n ∈ N
0�Ä\Æ�Ö�3�3ÐEÇYÃ�Ä\0ÇY35=�×

Ì³Ù 2µC¬.OÂqÆ�0kÇI24,XÆÚÑ�ÃI,\È�3�ÃYÇO<ÛÒ Ù Ñ�ÓkË)Ü�É¦Ä°=:2µC@.OÂ�Æ�0kÇI24,XÆÚ2µC�È�ÃY,BÊBÄ/Ö�Å43XÝ�ÇY6�3�ÆÚ,XÆq3�,\É�ÇY6�3=:2µC@.OÂqÆ?0kÇIC(2©C)È�ÃY,BÊBÄ/Ö�Å43X×
ÌßÞ 3ÇÏÐ:2µCOÇI3�Æ�0�3�ÑnÃY,XÈ?3SÃ1ÇO<¨Ò Þ Ï�Ñ�ÓkË\Ü�É ∃x. φ(x)

2©C�ÈqÃI,BÊBÄ/ÖqÅ©3\ÝSÇY6q3SÆ�ÇI6q3�ÃI3'2©CUÄ(É@,XÃYÎ*ÂqÅµÄ
ψ(x)
CYÂ�0�6�ÇI6�ÄBÇ

∃!x. φ(x)∧ψ(x)
2µCàÈqÃI,BÊBÄ/ÖqÅ©3\ÝSA)6q3�ÃI3�Ö�,/ÇY6

φ
Ä\Æ�=

ψ
Ä/ÃI3ÇY3SÃYÎ¦ágÉ@ÃY3S3\×

Ì³â 3SÃYÎãÏÐ:2µCOÇI3�Æ�0�3nÑ�ÃI,\È�3�ÃYÇO<¯Ò â Ï�Ñ�ÓËuÜ�É ∃x. φ(x)
2µC�ÈqÃI,BÊBÄ/ÖqÅ©3\ÝÇY6q3SÆ

φ(t)
2©C�ÈqÃI,BÊuÄ\ÖqÅ©3

É@,\Ã(CY,\Î¯3oÇY3SÃYÎ
t
×

ä(,BA-ÇY,²ÈqÃY,BÊX3ÇY6�3SCY3nÈqÃI,\È�3�ÃYÇY2©3SC�É@,\ÃUÄ(å\2©Ê\3SÆ�ÇY6�3�,\ÃI<qæ â 6�3�ÃI3�Ä/ÃI3nÄxÊuÄ\ÃY2©3ÇO<±,\ÉqÎ¦3�ÇY6:á,E=�CçÄ/È�ÈqÅ42µ0�Ä\ÖqÅ©3%ÇY,¶0,XÆ�C1ÇYÃIÂ�0kÇI24ÊX3%ÇY6q3S,\ÃI2435C�×'è�ÂqÇ1á�3�Å©24Î¯2©Æ�ÄBÇI24,XÆàÝ�ÈqÃI,E,/É�Æq,\ÃIÎ¨Ä/Å©24;5ÄBÇI24,XÆàÝ
ÃY35Ä/Å©24;5Ä/Öq2©Å424ÇO<\Ý�é±ÃY2©ÈqD\3¨Î¯,:=:3SÅ©CS×�×S×�× Í ,\ÃIÎ¯Ä\Å42©;SÄ/ÇY2©,\ÆêÈqÃI,E,/É¬CSÝàÖ�Ä\CY3S=-,XÆ�è�ÂqÃYÃI<Wá�äx,BA'Ä\ÃI=2©CY,\Î¯,\ÃIÈq6q2µCYÎ8ÝB6?ÄuÊ\3'ÇY6q3²Ä\=:ÊBÄ/ÆWÇ�Ä/å\3$,\É�ÈqÃI,BÊE2©=q24Æqå�Ä\Æ¦3�Ð:ÈqÅ42µ024ÇnÎ¯3ÇI6q,:=¯,/É�A)2aÇIÆq3SCIC�Ä\Æ�=
ÈqÃY,Xå\Ã�Ä/Îë3�ÐEÇYÃ�Ä\0kÇI24,XÆ-É@ÃY,XÎëÇY6�3çÈqÃI,E,/É¬CS× â 6q3�<êÄ/ÅµCY,9ÈqÃY,BÊE2µ=:3¨2©Æ:É@,\ÃIÎ¨ÄBÇY2©,\ÆìÄ\Ö?,XÂ:Ç�ÇY6�3Ö?3S6�ÄuÊE24,XÂqÃ$,/ÉUÇY6q3�ÈqÃI,E,/É�C1<:C1ÇY3�Î%×
+í3¨Ä/ÃI3¯24ÆWÇI3�ÃI3SC1ÇY3S=í2©Æ-2©ÆWÇYÂq24ÇY2©,\Æ�2©C1ÇY2µ0¨C13�Ç±ÇY6q3S,\ÃI<ªÜYî�Á'×àÜ�Ç�2µC±3SCIC13SÆXÇI2©Ä\Å4Å©<9A)6�Ä/Ç�ÃY3�á

Î¯Ä\24Æ?Cn,\É�î�Á-CY3Ç�ÇY6q3S,\ÃI<¦Ä/ÉïÇY3SÃn3Ðq0�Å4Â�=q3S=¨Î¯2µ=q=:Å©3x2µC�0SÄ/ÃI3É@ÂqÅ©Å4<*ÇIÄ\D\3SÆ¢ÄuA'Äu<X×\ð(Æ�24Î¯È�,\ÃYá
ÇIÄ/ÆWÇ�=:3S0�2©CY2©,\Æ9ÇI,çÎ¨Ä/DX3�,\Æ�ÇY6q3¦A$Äu<�2µCoA)6q3ÇI6q3�Ã²ÇY,8Â�CY3*ñ)3SÈqÅ©ÄX03SÎ¦3SÆWÇo,XÃ�è�,XÅ4Å©3S0ÇY2©,\Æ
ÄBÐ:24,XÎòCI0�6q3SÎ¯Ä�×�+-3nA)2©Å4ÅE0�Ä\Å4ÅXÇY6�3nÊ\3SÃICY2©,\Æ±A)2aÇI6¯è�,XÅ4Å©3S0ÇY2©,\Æ�ÜYî�Á

C

Ä/Æ?=±ÇY6q3�Ê\3SÃICY24,XÆ�A)2aÇI6
ñ)3�ÈqÅµÄ\0�3�Î¯3�ÆWÇ±ÜYî�Á

R

×�ÜMÆ�ÇI6q3*Å©24ÇY3�Ã�ÄBÇIÂqÃI3\Ý�ÜYî�ÁóÂ�CYÂ�Ä\Å4Å©<9=:3�Æq,\ÇY35C²ÜYî�Á
C

×àô�,\ÇY6�ÇY6q3S,\ÃI2435C
3ÐEÇY3SÆ�=:3S=êA)24ÇY6ì3�Ðq0Å©Â�=:3S=êÎ¯2µ=q=:Å©3çÄ/ÃI3¨3SõWÂq2©ÊBÄ/Å©3�ÆWÇ�ÇY,êî�Á'× â 6q3�<êÄ/ÃI3¨Æq,\Ç�3SõWÂq2©ÊuÄ\Å43SÆWÇÒOö©÷ø@Ók×+ó6q2©Å438ÇI6q3%ÈqÃY,E,\ÉïáiÇI6q3�,XÃY3�ÇY2µ0¢È�,BA�3SÃ*,\ÉxÜYî�Á

C

2µC¯3SõWÂq2©ÊBÄ/Å©3�ÆWÇ*ÇI,ìî�Á�Ý�ÇI6q3%3ÐqÄ\0Ç



ù

È?,BA'3�Ã�,\É'ÜYî�Á
R

2µC�ÂqÆqDEÆq,BA)Æ�×�ð(ÃIå\Â?Ä/ÖqÅ©<ªÜYî�Á
C

2µC�Å435CYC*0,XÆ�COÇIÃYÂ?0kÇY2©Ê\3XÝàÄ\C¯è�,\Å©Å4350kÇY2©,\Æ�Ý
C12©Î¯24ÅµÄ/ÃIÅ4<¢ÇY,çè�6q,\2µ03XÝqÄ\CIC13SÃ1Ç�C�ÇY6q3�3�ÐE2µC1ÇY3�Æ?03±,/ÉÄ¯C13�Ç(A)2aÇI6q,\Â:Çx=q3ú�Æq2©Æqå¯24ÇS×
ô�,\ÇY6ûÊX3�Ã�C12©,\Æ?C¢6�ÄuÊX3�Ö�3�3�Æü24ÆEÊX3SC1ÇY2©åXÄBÇI3S=ýÇI6q,\ÃI,\Â�å\6qÅ©<\×'ñ)3SCYÂqÅ4ÇIC8ÂqÈûÇI,ü÷5þ\ÿ��ìÄ/ÃI3

ÈqÃY35C13SÆWÇY3S=�24Æ�ö �BøEÄ\Æ�=�2©Æçö �Bø�ÝSÅµÄBÇI3�ÃUÃY35C135Ä/Ã�0�6�A'ÄXC�0�,\Æ�0�3�ÆWÇYÃ�ÄBÇI3S=�,XÆ�A�35Ä/DX3�Ã�CYÂqÖ�CY<:COÇI3�Î¨CSÝ
24Æ-È�Ä/ÃYÇY2µ0Â�Å©Ä\Ão,XÆ�ÈqÃI3S=q2©0SÄBÇY2©Ê\3¯0,XÆ�C1ÇYÃIÂ�0kÇI24ÊX3¦CY3Ç±ÇY6�3�,\ÃI<íè)î�Á'×ö �/øn=:35CY0�ÃY2©Ö?35C²ÇY6q3¨CY3Ç1á
ÇY6q3S,\ÃI3ÇY2µ0±Ä/ÈqÈ?Ä/Ã�ÄBÇYÂ?C'ÄuÊBÄ\24ÅµÄ/ÖqÅ©3o24Æ�è)î�Á�Ä/Æ�=�ÈqÃI,BÊW2µ=:35CnÉ@Â�Ã1ÇI6q3�Ã(ÃI3É@3SÃY3SÆ�035C�×
+í3'ÄBÐ:24,XÎ¨ÄBÇY2©;�3nÜYî�Á

R

ÝuÄ/Å©,\Æ�å(A)2aÇI6�24ÇIC�24ÆWÇY3SÆ�CY24,XÆ�Ä/ÅXÊ\3�Ã�CY24,XÆ�ÜYî�Á
−

R

ÝSÂ?C12©ÆqåxCY3Ç�ÇY3�ÃIÎ¨C�×
+í3�=q3ú�Æq3�ÇO<WÈ�3S=%ÅµÄ/Î*Ö�=�Ä¨0�Ä/Åµ0Â�Å4Â�C

λZ
0,\ÃIÃI3SCYÈ?,XÆ�=:2©Æqå¦ÇY,¨ÈqÃI,E,/É¬C)2©Æ9ÜYî�Á

−

R

×�+-3�Ä\Å©CY,
=:3ú�Æ�3¢ÃY35Ä/Å©24;5Ä/Öq2©Å©2aÇO<�É@,\Ã�ÜYî�Á

−

R

Ý�24ÆêÇI6q3�CYÈq2©ÃY24Ç�,\É±ö��uø�×à+-3�CY6q,BA A�35Ä/D�Æ�,\ÃIÎ¯Ä\Å42©;SÄ/ÇY2©,\Æ
,/É
λZ
ÖE<%3�Î¯ÈqÅ©,B<E24Æ�åçÄ¢ÃI3S=:Â?0kÇY2©,\ÆqágÈqÃI3SCY3�ÃIÊE24Æ�å¨3�Ã�Ä\CYÂqÃY3�Î¯Ä\È9É@ÃI,\Î Å©Ä\Î�Ö�=qÄ¨ÇI3�ÃIÎ¨C(ÇI,

ÃY35Ä/Å©24;S3�Ã�C�× Þ ÇIÃY,XÆqå¨Æq,\ÃIÎ¨Ä/Å©24;5ÄBÇI24,XÆç,/É λZ =:,E3SC(Æq,/Ç(6q,XÅ©=��qÎ¯,\ÃI3�,BÊ\3SÃSÝEA'3�C16�,BAûÇY6?ÄBÇx2©ÆÆq,\Æ:á�A'3�Å©ÅaágÉ@,\ÂqÆ?=:3S=�ÜYî�Áì3SÊ\3�Æ8A'3SÄ/DçÆq,\ÃIÎ¨Ä/Å©24;5ÄBÇY2©,\ÆçÉ¬Ä/2©Å©CS×
+ó2aÇI69Æq,\ÃIÎ¨Ä/Å©24;5ÄBÇY2©,\Æ82©Æ96�Ä/Æ�=àÝqÇY6�3�ÈqÃI,\È�3�ÃYÇY2©3SC Í Ï�Ñ�Ý Ù Ñ�Ý Þ ÏnÑÚÄ/Æ�= â Ï�ÑûÉ@,\Å©Å4,BA3SÄ\CY2©Å4<X× â ,íC16q,BAßÇY6�3SCY3¢ÈqÃI,\È�3�ÃYÇY2©3SC±É@,XÃ�É@ÂqÅ©ÅiÝU3ÐEÇY3SÆ�CY24,XÆ�Ä/Å�ÜYî�Á

R

Ý�A�3¢=q3ú�Æq38Ä/Æê2©ÆqÆq3�Ã
Î¦,:=:3SÅ

T
,\É�ÜYî�Á

R

Ýq0,XÆ�C12µC1ÇY2©Æqå*,\É�A)6�Ä/Ç'A'3�0�Ä\Å4Å�ÇYÃ�Ä/Æ?C124ÇY2©Ê\3SÅ4<	�àá�C1ÇIÄ\ÖqÅ43±CY3ÇICS×:+-3±CY6q,BA
ÇY6�Ä/ÇÄxÉ@,\ÃIÎ�Â�Å©Äx2©C�ÇYÃIÂq3'24Æ¦ÜYî�Á

R

2�
¢2aÇ�CUÃY3SÅ©Ä/ÇY2©ÊW2©;SÄ/ÇY2©,\Æ�ÇI,
T
2©C�ÇIÃYÂq3'2©Æ*ÜYî�Á

−

R

× â 6q3SÃY3�É@,\ÃI3ÜYî�Á
R

2µC�24ÆWÇY3SÃYÈ�ÃY3�ÇIÄ/Ö�Å43)2©Æ¢ÜYî�Á
−

R

× â 6q2µCnÄ/Å©Å©,BA(C�Â�C�ÇY,�Â?C13(È�ÃY,XÈ?3SÃ1ÇI2435C�ÈqÃI,BÊ\3SÆ*É@,XÃnÜYî�Á −
R

×
79,\ÃI3�=:3Ç�Ä/2©Å435=çÈqÃI,E,/É¬C$,\É�,\Â�Ã)ÃY35C1ÂqÅ4ÇIC)0SÄ/Æ8Ö?3±É@,XÂqÆ�=82©Æ-ö �Bø�×
â 6q3x2©Î¯È?,XÃ1Ç�Ä/Æ�0�3(,/É�ÇI6q3SCY3²È�ÃY,XÈ?3SÃ1ÇI2435C�2©Æ¨ÇY6q3±0,XÆWÇY3ÐEÇ',/É�0,XÎ¯ÈqÂ:ÇY3SÃ�CI02©3�Æ�0�3²C1ÇY3SÎ¯CÉ@ÃY,XÎ ÇI6q3�É¬Ä\0Ç(ÇY6?ÄBÇ(ÇI6q3�<8Î¨Ä/D\3�24ÇxÈ�,XCIC12©ÖqÅ©3±ÇY,¢3�ÐEÇYÃ�Ä\0kÇ(È�ÃY,Xå\Ã�Ä/Î¨C'É@ÃY,XÎ"0�,\Æ�C1ÇYÃIÂ�0kÇI24ÊX3

ÈqÃY,E,\É¬C�×�Á�,\Ã²3ÐqÄ/Î¯ÈqÅ©3\Ý�C1ÂqÈ�È?,WC13�ÜYî�Á
R ` ∀n ∈ N∃m ∈ N. φ(n,m)

×�ÁqÃI,\Î ÇY6q2µC²ÈqÃY,E,\É
Ä�ÈqÃI,\å\Ã�Ä/Îß0�Ä/Æ¨Ö�3x3�ÐEÇYÃ�Ä\0kÇI3S=��ÇIÄ/DX3(Ä�Æ�Ä/ÇYÂqÃ�Ä/Å?ÆWÂ�Î�Ö�3�Ã

n
ÝW0,XÆ�COÇIÃYÂ?0kÇ�Ä�È�ÃY,E,/É�ÜYî�Á

R

` n ∈ N
×�è�,\Î*Öq2©Æq3�ÇI6q3¦ÈqÃY,E,\É¬CxÇI,�åX3Ç±ÜYî�Á

R ` ∃m ∈ N. φ(n,m)
Ä\Æ�=�Ä\ÈqÈqÅ©< Í Ï�ÑÇY,ªåX3Ç�Ä9ÆEÂqÎ*Ö?3SÃ

m
CYÂ�0�6-ÇY6�Ä/Ç�ÜYî�Á

R ` φ(n,m)
×�+-3¢ÈqÃI3SCY3�ÆWÇ�2©Æ¶=:3�ÇIÄ/2©ÅµC�ÈqÃI,\å\Ã�Ä/Î

3ÐEÇYÃ�Ä\0ÇY2©,\Æ�É@ÃY,XÎ�ÜYî�Á
R

ÈqÃI,E,/É¬C'2©Æ-ö��5ø�×
â 6q3�ÃI3�Ä\ÃY3�Î¯Ä\ÆE<-È�ÃY,BÊX3�Ã�C�A)24ÇY6¶ÇI6q3%ÈqÃI,\å\Ã�Ä/ÎÔ3ÐEÇIÃIÄX0kÇY2©,\Æ�0�Ä/È?Ä/Öq2©Å424ÇO<\×�ä(,BA'3�ÊX3�Ã5ÝÇY6q3S<¢Ä/ÃI3(Â�CYÂ�Ä/Å©Å4<¯Ö�ÄXC135=¨,\Æ�Ä�ÊBÄ/ÃI2©Ä\ÆWÇn,/É�ÇO<EÈ�3xÇI6q3�,XÃY<XÝXA)6q2µ0�6¢2µC�Ä�É@,\ÂqÆ?=qÄBÇI24,XÆ�Ä/Å�Ö�Ä\CY2µC

Ê\3�ÃI<í=q2�
�3�ÃI3�ÆWÇ�É@ÃI,\Î C13�Ç�ÇY6q3S,\ÃI<\× â 6q2µC�Î¨Ä\D\3SCoÇI6q3çÈ�ÃY,:035CYC±,\É$É@,\ÃIÎ¯Ä\Å42©;�2©Æqå%ÈqÃI,\åXÃIÄ\ÎC1È�3S0�2aú?0SÄBÇI24,XÆ Î¯,XÃY3ª=:2��¢0ÂqÅ4ÇSÝ'Ä\C¢Ä\ÆýÂqÆ:É¬Ä/Î¯2©Å42µÄ/ÃçÆq3�A ÅµÄ/ÆqåXÂ�Ä/åX3%Ä\Æ�= Å4,Xå\2µ0%6�ÄuÊ\38ÇI,
Ö?3�Å435Ä/ÃIÆq3S=íÉ@ÃI,\Î CY0�ÃIÄ/ÇI0�6à×�ö ÿBø$COÇIÃY,XÆqå\Å©<íÄ\ÃYåXÂq3SC	��������������Â�CY2©Æqå9ÇO<EÈ?3çÇY6q3S,\ÃI<ªÉ@,XÃ�ÇY6�3
C1È�3S0�2aú?0SÄBÇI24,XÆ�ÈqÂ�ÃYÈ�,XCY3SCSÝ:24Æ?COÇI3SÄ\=�ÈqÃI,\Î¯,/ÇI24Æ�å¯C1ÇIÄ\Æ�=qÄ\ÃI=�C13�Ç)ÇY6q3S,\ÃI<\×
ÜYî�Á

R

È�ÃY,BÊE2µ=:3SC¯ÇI6q3�ÃI3É@,XÃY3ªÇY6q3íÖ?35COÇ8,/É�Ö?,\ÇY6üA�,XÃYÅµ=qCS×�Ü�Ç�2µC�Ä°C13�ÇçÇY6�3�,\ÃI<\Ý�A)2aÇI6
É¬Ä/Î¯24Å©2µÄ/Ã¨ÅµÄ/ÆqåXÂ�Ä/åX38Ä\Æ�=ýÄBÐ:24,XÎ¨C�×�ð'Ç¨ÇI6q3ªCYÄ\Î¯3�ÇI24Î¯3XÝnÈqÃI,\åXÃIÄ\Î¯C¦0�Ä\ÆýÖ?393�ÐWÇIÃIÄX0kÇI3S=
É@ÃY,XÎ®È�ÃY,E,/É¬CS× �²Â�Ã

λZ
0SÄ/Åµ0ÂqÅ©Â�CoÄ/Æ�=9ÇY6q3*Æq,\ÃIÎ¨Ä/Å©24;5ÄBÇY2©,\Æ%ÇI6q3�,XÃY3SÎ Î¯Ä\D\3�ÇI6q3�Ç�Ä\CYD%,/É

0,\Æ?COÇIÃYÂ�0ÇY2©Æqå¦ÇY6q3�È�ÃY,BÊX3�Ã'Ö�Ä\CY3S=�,\Æ8ÜYî�Á
R

Æq,\Ç(Ê\3SÃY<¢=:2��¢0ÂqÅ4ÇS×
â 6q2©C±È?Ä/È�3�Ã�2µC±,\ÃIåXÄ\Æq24;S3S=íÄ\C±É@,XÅ4Å©,BA(C�×�ÜMÆìCY3S0kÇI24,XÆ!�çA'3¢=:3�ú�Æq3¨ÜYî�Á

R

Ä\Å4,XÆqå%A)2aÇI6
2aÇ�C$24ÆWÇY3SÆ�CY24,XÆ�Ä/Å�Ê\3SÃICY2©,\Æ¢ÜYî�Á

−

R

×EÜMÆ%C1350kÇI24,XÆ"�¦A�3±=:3�ú�Æq3�Ä�ÅµÄ/Î*Ö�=�Ä*0SÄ/Åµ0ÂqÅ©Â�C
λZ
0�,\ÃIÃY3�á

C1È�,\Æ�=q24Æqå�ÇY,¦ÜYî�Á
−

R

ÈqÃI,E,/É¬CS×Wñ)35Ä/Å©24;5Ä/Öq2©Å©2aÇO<¦É@,\Ã'ÜYî�Á
−

R

2µC$=:3ú�Æ�3S=¢2©ÆçCY3S0ÇY2©,\Æ#�¦Ä/Æ�=¢Â�C135=
ÇY,ªÈqÃI,BÊ\3¯Æq,XÃYÎ¨Ä\Å42©;SÄ/ÇY2©,\Æê,/É

λZ
2©Æ¶C1350kÇY2©,\Æ$�q×�+-3¢ÈqÃI,BÊ\3¯ÇI6q3¢ÈqÃI,\È�3�ÃYÇY2©3SC�2©Æ¶CY3S0kÇI24,XÆ

�qÝ�Ä/Æ�=íC16q,BAã6q,BAãÇI,�=:3SÃY2©Ê\3�ÇY6q3SÎ É@,\ÃoÜYî�Á
R

24Æ-C1350kÇI24,XÆ%�E×àè�,\Î¯È�Ä\ÃY2µC1,XÆ9A)2aÇI6�,\ÇY6q3SÃ
ÃY35C1ÂqÅ4ÇIC)0SÄ/Æ8Ö?3±É@,XÂqÆ�=82©Æ%CY3S0ÇY2©,\Æ%ÿq×



v

& ¸�')(
R

ÜMÆXÇIÂq24ÇY2©,\Æq2µCOÇI2©0¦CY3ÇoÇY6q3S,\ÃI<8ÜYî�Á
R

2µC±Ä¨ú�Ã�C1Ç1á�,\Ã�=:3�ÃxÇY6q3S,\ÃI<\×�+í3¦È?,WCOÇIÈ?,XÆq3*ÇY6q3¯=:3Ç�Ä/2©Å435=
=:3ú�Æ�2aÇI24,XÆª,/É�ÇY6�3�Å4,Xå\2µ0±ÇY, Þ 3S0ÇY2©,\Æ*�q×��:Ý�COÇ�ÄBÇI24Æqå�ÄBÇ(ÇI6q2©CxÎ¯,\Î¯3�ÆWÇx,XÆqÅ4<�ÇY6?ÄBÇ²35õWÂ�Ä/Å©2aÇO<
2©C�Æq,/Ç�Ä9È�ÃY2©Î¯2aÇI24ÊX3¨24ÆêÇI6q3¢Å©,\å\2µ0/×�ÜYî�Á

R

2µC�35õXÂ�24ÊBÄ/Å©3�ÆWÇ�ÇI,-î�Á'Ýà24É(3ÐEÇY3SÆ�=:3S=-A)24ÇY6¶3�ÐEá
0Å©Â�=:3S=¯Î¯2µ=q=:Å©3\×WÜ�Ç�+ CnÄ�=q3ú�Æq24ÇY2©,\Æ?Ä/Å�3�ÐEÇY3�Æ?C12©,\Æ¨,\É�ÇI3�ÃIÎ¦áiÉ@ÃI3�3)ÊX3�Ã�C12©,\Æ�C�È�ÃY35C13SÆXÇI3S=¯2©Æ9ö þ/øgÝ
ö �Bø�Ä\Æ�=9ö©÷øàÄ/Î¯,XÆqå�,\ÇY6q3SÃICS× â 6�3oCY24åXÆ�ÄBÇIÂqÃI3²0,XÆ�CY2©C1ÇIC�,/Éà,XÆq3²Ö�24Æ�Ä\ÃY<¯ÃI3�ÅµÄBÇI24,XÆ�Ä/Å�C1<EÎ*Ö?,XÅ
∈
Ä\Æ�=çÉ@ÂqÆ�0kÇI24,XÆªC1<EÎ*Ö?,XÅ©C$Â�CY3S=82©Æ8ÇY6q3�Ä/Ð:24,XÎ¯C$Ö�3�Å©,BA�×:+-3�A)24Å©ÅàåX3�Æq3SÃIÄ\Å4Å©<¨Â�CY3�Å43�Ç1ÇY3SÃIC

a, b, c, d, e, f
ÇY,9=:3SÆq,/ÇI3¦Å©,\åX2©0*ÊBÄ/ÃI2©Ä\ÖqÅ©3SC±Ä/Æ�=

t, u, s
ÇI,8=:3SÆq,/ÇI3¯Å4,Xå\2µ0�ÇI3�ÃIÎ¯CS× â 6q3¯ÃI3áÅ©Ä/ÇY2©,\Æ�Ä\Å'CY<EÎ�Ö�,\Å

t = u
2©C¯Ä/Æ�Ä/ÖqÖqÃI3�ÊE2µÄBÇI24,XÆêÉ@,\Ã

∀z. z ∈ t ↔ z ∈ u
Ä/Æ?=

φ ↔ ψÄ/ÖqÖqÃI3�ÊE2µÄBÇI3SC
(φ → ψ) ∧ (ψ → φ)

×�ÁqÂ�Æ�0kÇY2©,\Æ9CY<EÎ�Ö�,\ÅµC
0
Ä\Æ�=

S(t)
Ä/ÃI3�Ä/ÖqÖ�ÃY3SÊW2µÄBÇI24,XÆ�C

É@,\Ã
{x ∈ ω | ⊥}

Ä\Æ�= ⋃
{t, {t, t}}

×Uô',XÂqÆ�=:35=�õWÂ�Ä\ÆXÇI2aú?3�Ã�C¨Ä/Æ�=°ÇY6q39õWÂ�Ä\ÆXÇI2aú?3�Ã
∃!aÒïÇY6�3�ÃI3�3Ð:2µCOÇ�C(3ÐqÄX0kÇYÅ©<ç,XÆq3

a
Ó)Ä/ÃI3�Ä/ÅµCY,¢Ä/ÖqÖqÃI3�ÊE2µÄBÇI24,XÆ�C)=:3ú?Æq3S=%2©Æ9ÇY6�3�COÇ�Ä/Æ�=�Ä/Ã�=�A$Äu<\×

â 6q3�ÄBÐ:2©,\Î¨C$Ä/ÃI3±ÄXC'É@,\Å©Å4,BA(CSË

Ì Ò@Ñ�ð(ÜOñ²Ó ∀a, b∀c. c ∈ {a, b} ↔ c = a ∨ c = b
Ì Ò@Ü Í Á�Ó ∀c. c ∈ ω ↔ c = 0 ∨ ∃b ∈ ω. c = S(b)
Ì Ò Þ ÏnÑ

φ(a,f )

Ó
∀f∀a∀c. c ∈ Sφ(a,f)(a, f) ↔ c ∈ a ∧ φ(c, f)

Ì Ò-, Í Ü.� Í Ó ∀a∀c. c ∈ ⋃
a↔ ∃b ∈ a. c ∈ b

Ì Ò@Ñ/�(+óÏnñxÓ ∀a∀c. c ∈ P (a) ↔ ∀b. b ∈ c→ b ∈ a
Ì Ò¬ñ)ÏnÑ0�

φ(a,b,f )

Ó
∀f∀a∀c.c ∈ Rφ(a,b,f)(a, f) ↔ (∀x ∈ a∃!y.φ(x, y, f))) ∧ ((∃x ∈

a. φ(x, c, f))
Ì Ò@Ü Í²Ù

φ(a,f )

Ó
∀f. (∀a.(∀b ∈ a.φ(b, f)) → φ(a, f )) → ∀a.φ(a, f)

Ì Ò-�
φ(a,f)

Ó
∀f, ∀a, b. a = b→ φ(a, f) → φ(b, f)

ð)Ð:24,XÎ¨C Þ Ï�Ñ
φ

Ýnñ(Ï�Ñ0�
φ

ÝnÜ ÍxÙ
φ

Ä\Æ�=1�
φ

Ä\ÃY39ÄBÐ:2©,\Î CI0�6q3SÎ¯ÄXC�Ý�Ä\Æ�=ýC1,ìÄ\ÃY38ÇY6�3
0,\ÃIÃI3SCYÈ?,XÆ�=:2©Æqå±É@ÂqÆ�0ÇY2©,\ÆçCY<EÎ�Ö�,\ÅµC2�ÇY6q3SÃY3²2©Cn,\Æq3xÉ@,\Ã'3SÄX0�6¯É@,\ÃIÎ�ÂqÅµÄ

φ
×WÁ�,\ÃIÎ¨Ä/Å©Å4<XÝ\A'3

=:3ú�Æ�3±É@,\ÃIÎ�ÂqÅµÄ\C$Ä/Æ?=çÇI3�ÃIÎ¨C$ÖW<çÎ�Â:ÇIÂ�Ä/Åà2©Æ�=:Â?0kÇY2©,\Æ�Ë

φ ::= t ∈ t | t = t |. . . t ::= a | {t, t} | Sφ(a,f)(t, t) | Rφ(a,b,f)(t, t) |. . .

ÜYî�Á
−

R

A)24Å©Å'=q3�Æq,\ÇY3¢ÜYî�Á
R

A)24ÇY6q,XÂ:Ç�ÇI6q3#�à3S24Ö�Æq24;8ÄBÐ:2©,\Î CY0�6q3SÎ¨Ä3�
φ

×�ÜYî�Á
−

R

2µC�Ä\Æ
24ÆWÇY3SÆ�CY24,XÆ�Ä/ÅÊX3�Ã�C12©,\Æª,\É'ÜYî�Á

R

 3�ÊX3�ÆíÇY6q,XÂqå\6-3ÐEÇY3SÆ�CY24,XÆ�Ä/Å�3SõWÂ�Ä\Å424ÇO<ª2µC±Â�CY3S=í24Æ-ÇY6�3
ÄBÐ:24,XÎ¨C�Ý:24Çx=:,E3SC$Æq,\Ç)Ö?3S6�ÄuÊ\3�Ä\C'ÇI6q3xÕ1ÃY35Ä/ÅaØ²3SõWÂ�Ä\Å424ÇO<\×
ð)Ð:24,XÎ¨C°Ò@Ñ�ðxÜOñxÓkÝ¨Ò@Ü Í ÁÓkÝ¨Ò Þ ÏnÑ

φ

ÓkÝ¯Ò-, Í Ü.� Í ÓkÝ¯Ò@Ñ/�(+óÏnñxÓíÄ/Æ�= Ò¬ñ)Ï�Ñ4�
φ

ÓªÄ\Å4Å
Ä\CIC13SÃ1Ç9ÇI6q3°3�ÐE2µC1ÇY3�Æ?03¶,\Éç03�ÃYÇIÄ\24ÆÛ0�Å©ÄXCYCY3SCªÄ\Æ�=Û6�ÄuÊX3êÇY6q3 CYÄ\Î¯3ìÉ@,\ÃIÎ%Ë

∀a.∀c. c ∈
tA(a) ↔ φA(a, c)

Ý�A)6q3SÃY3
tA
2µC�Ä8É@ÂqÆ?0kÇY2©,\Æ�C1<EÎ�Ö�,\Å�Ä/Æ�=

φA

Ä90,\ÃIÃI3SCYÈ?,XÆ�=:2©Æqå8É@,\ÃYá
Î�ÂqÅµÄ¦É@,\Ã)ÇI6q3�Ä/ÐE2©,\Î"ð�×?Á�,\Ã(3�ÐqÄ/Î¯ÈqÅ©3\Ý:É@,XÃ�Ò@Ñ/�(+óÏnñxÓÝ

tPOWER

2µC
P
Ä/Æ�=

φPOWER2©C
∀b. b ∈ c→ b ∈ a

×W+-3±ÃY35C13SÃYÊX3(ÇI6q3±Æq,/Ç�ÄBÇY2©,\Æ
tA
Ä/Æ�=

φA

ÇY,¨=:3SÆq,/ÇI3xÇI6q3±ÇY3SÃYÎ�Ä\Æ�=
ÇY6q3�0�,\ÃIÃY35C1È�,\Æ�=q24Æqå*É@,\ÃIÎ�Â�Å©Ä�É@,\Ã$ÇI6q3�ÄBÐ:2©,\Î ð�×

5 6%798
λZ
¿ :2;Y¿�¾<;1¾>=

+í3(È�ÃY35C13SÆXÇ'Ä±Å©Ä\Î�Ö�=qÄ�0�Ä\Å©0�ÂqÅ©Â�C
λZ
É@,XÃ�ÜYî�Á

−

R

Ý\Ö?Ä\CY3S=¯,\Æ¦ÇI6q3±è�ÂqÃIÃI<XáMä(,BA$Ä/Ã�=�2µCY,\Î¯,\ÃYá
Èq6q2µC1Î"ÈqÃY2©Æ�0�24ÈqÅ©3\× â 6�3�ÈqÂqÃI3�Å©<¢Å4,Xå\2µ0�Ä\Å�È?Ä/ÃYÇ$2µC)35CYCY3�ÆWÇY2µÄ/Å©Å©< λP1

É@ÃI,\Îëö©÷�?/øg×



r

â 6q3$Å©Ä\Î�Ö�=qÄ(ÇI3�ÃIÎ¨C�24Æ λZ A)2©Å©ÅqÖ?3)=:3SÆq,/ÇI3S=*ÖE<�Å43�Ç1ÇI3�Ã�C M,N,O, P
×��à3�Ç1ÇY3SÃIC

x, y, zA)24Å©Å�Ö�3�Â?C135=%É@,\Ã²Å©Ä\Î�Ö�=qÄ¨ÊBÄ/ÃI2©Ä\ÖqÅ©3SCS× â 6q3SÃY3�Ä\ÃY3�ÇOA�,¢DE2©Æ�=qC²,/ÉÅµÄ/Î�Ö�=qÄ�Ä/Ö�C1ÇYÃ�Ä\0ÇY2©,\Æ�CSÝ,\Æq3�Â�C135=êÉ@,\Ã¦ÈqÃI,E,/É¬C�,\Éx2©Î¦È�Å42µ0�Ä/ÇY2©,\Æ�CSÝ�ÇI6q3ç,\ÇY6q3SÃ�É@,XÃ*È�ÃY,E,/É¬C�,/ÉxÂ�Æq24ÊX3�Ã�CYÄ\Å�õWÂ�Ä\ÆXÇI2aú�á
0�ÄBÇI24,XÆà× Þ 24Æ?03�ÊBÄ\ÃY2µÄ/ÖqÅ©3SCx24ÆªÇY6q3¦Å©Ä/Ç1ÇI3�Ã±Ä/Ö�C1ÇYÃ�Ä\0ÇY2©,\Æ�C(0�,\ÃIÃY35C1È�,\Æ?=�ÊX3�ÃI<80�Å4,WC13SÅ4<8ÇI,¢ÇY6�3Å4,Xå\2µ0xÊBÄ/ÃI2µÄ/ÖqÅ©3SCSÝEA�3�Ä/ÅµCY,�Â�CY3±Å43�Ç1ÇY3SÃIC

a, b, c
É@,XÃ$ÇY6q3SÎ%×��à3ÇYÇY3SÃIC

t, s, u
Ä\ÃY3oÃI3SCY3�ÃIÊ\3S=¢É@,\Ã

ÜYî�Á
R

ÇY3SÃYÎ¨CS× â 6q3±ÇO<EÈ?35C$24Æ8ÇI6q3�C1<:C1ÇY3SÎ"Ä/ÃI3oÜYî�Á
R

É@,\ÃIÎ�Â�Å©ÄXC�×

M ::= x |M N | λa. M | λx : φ. M | inl(M) | inr(M) | fst(M) | snd(M) | [t,M ] |M t

〈M,N〉 | case(M,x.N, x.O) | magic(M) | let [a, x : φ] = M in N | indφ(a,b)(M, t)

pairProp(t, u1, u2,M) | pairRep(t, u1, u2,M) | unionProp(t, u,M)

unionRep(t, u,M) | sepφ(a,f)Prop(t, u, u,M) | sepφ(a,f)Rep(t, u, u,M)

powerProp(t, u,M) | powerRep(t, u,M) | infProp(t,M) | infRep(t,M)

replφ(a,b,f)Prop(t, u, u,M) | replφ(a,b,f)Rep(t, u, u,M)

â 6q3 ind
ÇY3SÃYÎ 0,XÃYÃI3SCYÈ?,XÆ�=qCoÇI,9ÇY6q3-Ò@Ü Í²Ù Ó�ÄBÐ:24,XÎ%Ý�Ä/Æ�= Prop

Ä\Æ�=
Rep
ÇI3�ÃIÎ¨C�0,XÃ1á

ÃY35C1È�,\Æ�=ìÇY,ªÇI6q3çÃI3SCYÈ�3S0kÇI24ÊX3�Ä/ÐE2©,\Î¨CS× â ,�ÄuÊ\,X2©=êÅ©2µCOÇI24Æqå-Ä/Å©Å�,\É)ÇY6q3SÎ 3�ÊX3�ÃI<�ÇI24Î¯3\ÝUA'3Ä\=:,XÈ:Ç�Ä90,\ÆEÊX3�ÆWÇY2©,\Æí,/É$Â�C12©Æqå
axRep

Ä\Æ�=
axProp

ÇI3�ÃIÎ¯CoÇI,%ÇIÄX024ÇYÅ©<�Î¯3SÄ\Æ-Ä\Å4Å
RepÄ/Æ�=

Prop
ÇY3SÃYÎ¨CSÝEÉ@,\Ã

ax
Ö?3S24Æqå¨,XÆq3�,/É

pair
Ý
union
Ý
sep
Ý
power
Ý
inf
Ä\Æ�=

repl
×q+ó24ÇY6

ÇY6q2µC²0�,\ÆEÊ\3SÆWÇY2©,\Æ%24Æ9Î¯2©Æ�=�Ý�A�3*0�Ä/ÆªCYÂqÎ¯Î¨Ä/ÃI24;S3�ÇY6�3*=:3�ú�Æq24ÇY2©,\Æ9,/ÉÇI6q3
Prop
Ä\Æ�=

RepÇY3�ÃIÎ¨C)Ä\CSË
axProp(t, u,M) | axRep(t, u,M),

A)6q3�ÃI3oÇY6q3�ÆEÂqÎ*Ö?3SÃ),/ÉUÇY3�ÃIÎ¨C$24Æ8ÇI6q3�C135õWÂq3�Æ�0�3
u
=:3�È�3�Æ�=�C),\Æ�ÇY6q3�È?Ä/ÃYÇY2µ0ÂqÅµÄ/Ã)ÄBÐ:2©,\Î%×

â 6q3)É@ÃI3�3(ÊBÄ/ÃI2µÄ/ÖqÅ©3SC,\ÉàÄ�Å©Ä\Î�Ö�=qÄoÇY3SÃYÎ Ä/ÃI3x=:3�ú�Æq35=¨Ä\C�Â?C1Â�Ä\ÅiÝ/ÇIÄ/DE2©Æqå�2©ÆWÇY,�ÄX0�0,XÂqÆWÇÇY6�Ä/Ç¦ÊBÄ/ÃI2µÄ/ÖqÅ©3SC�24Æ
λ
Ý
case
Ä\Æ�=

let
ÇY3�ÃIÎ¨C�Ö�24Æ�=°ÃY35C1È�3S0ÇY2©Ê\3çÇY3�ÃIÎ¨C�× â 6q38ÃY3SÅ©Ä/ÇY2©,\Æì,\É

α
á�3SõWÂq2©ÊBÄ/Å©3�Æ�0�3ç2µC¦=q3ú�Æq35=ìÇ�Ä/DE24Æ�åªÇY6�2©C*24ÆqÉ@,\ÃIÎ¯Ä/ÇY2©,\Æ¶2©ÆWÇY,êÄ\0S0,\Â�ÆXÇ5×�+-380�,\Æ�CY2µ=:3�Ã

α
á

3SõWÂq2©ÊuÄ\Å43SÆWÇ�ÇY3SÃYÎ¨C¦3SõWÂ�Ä\Åi×U+-38=:3SÆq,/ÇI3�Ä\Å4Å�É@ÃY3S3�ÊBÄ\ÃY2µÄ/ÖqÅ©3SC�,/É²ÄªÇY3SÃYÎ
M
ÖE<

FV (M)Ä/Æ�=¢ÇY6q3oÉ@ÃI3�3±Å4,Xå\2µ0�Ä\Å?ÊBÄ/ÃI2µÄ/ÖqÅ©3SC�,/É�Ä�ÇI3�ÃIÎ ÖW<
FVL(M)

×qÁqÃI3�3¯Ò@Å©,\åX2©0SÄ/ÅïÓ�ÊBÄ/ÃI2µÄ/ÖqÅ©3SC�,/É�Ä
0,\ÆWÇI3ÐEÇ

Γ
Ä/ÃI3±=q3�Æq,\ÇY3S=8ÖE<

FV (Γ )
Ò
FVL(Γ )

Ó$Ä/Æ�=8=:3�ú�Æq3S=82©Æ9Ä*Æ?ÄBÇYÂ�ÃIÄ\Å�A'Äu<X×

@�ACB D#EGFIHKJML�NCOQPSRTHKUCEGV
â 6q3²=:3�ÇY3SÃYÎ¯2©Æq2©C1ÇY2µ0(ÃI3S=qÂ�0kÇI24,XÆ¨ÃY3SÅ©Ä/ÇY2©,\Æ → Ä\ÃY2µCY3SC�É@ÃI,\Î ÇY6�3(É@,\Å©Å©,BA)24Æqå�ÃI3S=qÂ�0kÇI24,XÆ¢ÃYÂ�Å435CÄ/Æ�=�3�ÊBÄ/Å©Â�Ä/ÇY2©,\Æ%0,\ÆWÇI3ÐEÇICSË

(λx : φ. M)N →M [x := N ] (λa. M)t→M [a := t] fst(〈M,N〉) →M

case(inl(M), x.N, x.O) → N [x := M ] case(inr(M), x.N, x.O) → O[x := M ]

snd(〈M,N〉) → N let [a, x : φ] = [t,M ] in N → N [a := t][x := M ]

axProp(t, u, axRep(t, u,M)) →M

indφ(a,b)(M, t) → λc. M c (λb.λx : b ∈ c. indφ(a,b)(M, t) b)

[◦] ::= fst([◦]) | snd([◦]) | case([◦], x.M, x.N) | axProp(t, u, [◦])

let [a, y : φ] = [◦] in N | [◦] M | magic([◦])
ÜMÆ9ÇY6q3¦ÃI3S=:Â�0ÇY2©,\ÆªÃIÂqÅ©3SC(É@,\Ã

ind
ÇY3�ÃIÎ¨C�Ý?ÇY6�3*ÊBÄ/ÃI2µÄ/ÖqÅ©3

x
2©C²Æq3�A�×�ÜMÆª,\ÇY6q3SÃ²A',\Ã�=qCSÝqÇY6�3

ÃY35=:Â�0kÇI24,XÆ�ÃI3�ÅµÄBÇI24,XÆ8Ä\ÃY2µCY3SC'ÖE<¢Å©Ä\;�2©Å4<ç3�ÊBÄ/Å©Â�ÄBÇI24Æ�å*ÇI6q3�ÃIÂqÅ435C)Ä/Ö�,BÊ\3X×



t

W E�XYPKN-L�N-OZP[BQA%\^]3_2` ��� ]
M ↓

� ab��c ]3`.]edTfhg �i�-jT�k� ]elmfh] � gn] �e�o� ` �i�����#a ` jTp
M

� ]m`�qpr��� �T� ] �ms \t]u_2` ��� ]
M ↓ v

� a _0]"_ �T�Q�>�ojb���o�T� ] �vc����
v
�w�u��c ] � ]x` py�T� _ cG� g c$��cz�w�

`.]edTfhg �C�-j��b� ]elmfh] � ge] � ]m` pr��� �T� ] �ms \^]{_2` ��� ]
M →∗ M ′

� a
M

`.]edTfhge] �<�|j
M ′

���b�xj�p ]� f pu} ]m` j~a���� ]|� �ms
+í3�=:2µC1ÇY2©Æqå\Âq2µCY6ª03�ÃYÇIÄ\24Æ

λZ
ÇY3SÃYÎ¨C(ÄXC)ÊBÄ/Å©Âq3SCS× â 6q3�ÊBÄ\Å4Âq35C(Ä/ÃI3±å\3SÆq3�Ã�ÄBÇI3S=8ÖE<¢ÇY6�3É@,\Å©Å4,BA)2©Æqå�Ä/Ö?COÇIÃIÄX0kÇ�å\Ã�Ä/Î¯Î¨Ä/Ã5ÝuA)6q3�ÃI3

M
2©C�Ä/Æ¨Ä/ÃIÖq24ÇYÃ�Ä/ÃI<�ÇY3SÃYÎ%×:è�Å435Ä/ÃIÅ4<XÝBÇY6q3SÃY3(Ä\ÃY3)Æ�,

ÃY35=:Â�0kÇI24,XÆ�C$È�,XCIC12©ÖqÅ©3²É@ÃI,\Î ÊuÄ\Å4Â�3SCS×

V ::= λa. M | λx : φ. M | inr(M) | inl(M) | [t,M ] | 〈M,N〉 | axRep(t, u,M)

@�A�� �>���0EGV
â 6q3�ÇO<EÈ?3�CY<:COÇI3�Î"É@,\Ã λZ 2µCx0�,\Æ�C1ÇYÃIÂ�0kÇI3S=%Ä\0S0,XÃI=:2©Æqå*ÇY,¨ÇI6q3�ÈqÃI2©Æ�02©ÈqÅ©3�,/ÉUÇY6q3¦è�Â�ÃYÃI<Wáä(,BA$Ä/Ã�=¨2©CY,\Î¯,XÃYÈq6�2©CYÎ É@,\Ã)ÜYî�Á

−

R

× â <EÈ?35C$Ä/ÃI3²ÜYî�Á
R

É@,\ÃIÎ�ÂqÅµÄ\CS×:è�,XÆWÇY3ÐEÇ�C
Γ
Ä\ÃY3²ú�Æq24ÇY3

C13�ÇIC²,/ÉnÈ�Ä\24Ã�C
(x1, φi)

× â 6q3 ` �T��� ] ,/É'Äç0,XÆWÇY3ÐEÇ Γ 2µC(ÇI6q3¯0,\ÃIÃI3SCYÈ?,XÆ�=:2©Æqå¯ú�Ã�COÇYág,XÃI=:3SÃÅ4,Xå\2µ0¨0,\ÆWÇI3ÐEÇ�ÇY6�Ä/Ç*0,XÆWÇIÄ/2©Æ�C�,XÆqÅ©<ªÉ@,\ÃIÎ�Â�Å©ÄXC�Ä/Æ�=-2µC�=:3SÆq,/ÇI3S=êÖE<
rg(Γ )
× â 6q3¢ÈqÃI,E,/ÉÃYÂqÅ©3SC'É@,XÅ4Å©,BA�Ë

Γ, x : φ ` x : φ

Γ `M : φ→ ψ Γ ` N : φ

Γ `M N : ψ

Γ, x : φ `M : ψ

Γ ` λx : φ.M : φ → ψ

Γ `M : φ Γ ` N : ψ

Γ ` 〈M,N〉 : φ ∧ ψ

Γ `M : φ ∧ ψ

Γ ` fst(M) : φ

Γ `M : φ ∧ ψ

Γ ` snd(M) : ψ
Γ `M : ⊥

Γ ` magic(M) : φ

Γ `M : φ

Γ ` inl(M) : φ ∨ ψ

Γ `M : ψ

Γ ` inr(M) : φ ∨ ψ

Γ `M : φ

Γ ` λa. M : ∀a. φ
a /∈ FVL(Γ )

Γ `M : φ ∨ ψ Γ, x : φ ` N : ϑ Γ, x : ψ ` O : ϑ

Γ ` case(M,x.N, x.O) : ϑ

Γ `M : ∀a. φ

Γ `M t : φ[a := t]

Γ `M : ∃a. φ Γ, x : φ ` N : ψ

Γ ` let [a, x : φ] := M in N : ψ
a /∈ FVL(Γ, ψ)

Γ `M : φ[a := t]

Γ ` [t,M ] : ∃a. φ

â 6q3(ÃIÂqÅ435C�Ä/Ö�,BÊ\3(0�,\ÃIÃY35C1È�,\Æ?=�ÇI,�ÇY6q3(ú�ÃIC1Ç1á�,\Ã�=:3SÃÅ4,Xå\2µ0/×\Á�,\ÃIÎ¯Ä\Å4Å©<\Ý\A�3 d�]-� � ] ÇY6q3xú�Ã�COÇYá,\Ã�=:3�Ã�Å©,\åX2©0¢A�3¢Â?C13¢ÖE<-3�Ã�Ä\CY24Æ�å9Å©Ä\Î�Ö�=qÄBágÇY3SÃYÎ¨C±É@ÃI,\Î�ÇY6q3çÇO<EÈq24Æ�å¨.OÂ�=:åXÎ¦3SÆWÇIC�Ä\Ö?,BÊX3
Ä/Æ�=-ÃI3�ÈqÅµÄ\0�24Æqå%3SÊ\3�ÃI<�0�,\ÆWÇY3�ÐWÇ�ÖE<�24ÇIC�ÃIÄ\Æqå\3X× â 6q3¨ÃY35COÇ�,\É�ÇI6q3¢ÃIÂqÅ©3SC�0,XÃYÃI3SCYÈ�,\Æ�=qC²ÇI,ÜYî�Á

−

R

Ä/Ð:24,XÎ¯CSË

Γ `M : φA(t, u)

Γ ` axRep(t, u,M) : t ∈ tA(u)

Γ `M : t ∈ tA(u)

Γ ` axProp(t, u,M) : φA(t, u)

Γ `M : ∀c. (∀b. b ∈ c→ φ(b, t)) → φ(c, t)

Γ ` indφ(b,c)(M, t) : ∀a. φ(a, t)

� EG�!�!��B��n��HKR�R�� �n�3OG���zRTF�N-V�OZ�!OhR��Y�KNCV��S��A�� a
Γ ` O : φ

��c ] � �e� � −

R+rg(Γ ) `
φ
s � a �e� � −

R+Γ ` φ � �vc ] �$�vc ]m`.]"].� �w���-�#�*� ]m` p
M

� fhg c���ch�T�
{(xφ, φ) | φ ∈ Γ} `

M : φ
s



�
� ` j�j~axs Þ ÇYÃ�Ä/2©å\6WÇ1É@,XÃYA$Ä/Ã�=�×G,xCY3

λaλc.〈λx : c ∈ tA(a). axProp(c, a, x), λx : φA(c, a). axRep(c, a, x)〉
Ä/Æ�=

λfλx : (∀a.(∀b. b ∈ a → φ(b, f)) → φ(a, f)). indφ(b,c)(x, f)
ÇY,¨A)24ÇYÆq35CYC(ÜYî�Á

−

RÄBÐ:24,XÎ¨C�×
� EG�!�!�����n���hPKOZPKNCJM��U �|OQR��$V��TA2¡Qf���� jT� ]

M
�w���u¢T�T£ fh] �T� d

`M : ϑ
s9¤ c ] � ¥

Ì � a
ϑ = φ∨ψ � ��c ] ��¦

M = inl(N)
��� d

` N : φ § j ` ¦M = inr(N)
�T� d

` N : ψ § sÌ � a
ϑ = ∃a. φ

�vc ] �
M = [t,N ]

�T� d
` N : φ[a := t]

s
Ì � a

ϑ = t ∈ tA(u)
�vc ] �

M = axRep(t, u,N)
�T� d

` N : φA(t, u)
s

� EG�!�!�¨@©�«ª�R�OZ¬QR�EGV�V��TA0� a
` M : φ � �vc ] � ] ���vc ]m`

M
�w�u�"¢���£ fh] j ` ��c ]x`n] �w�^�

N� fhg cb�vc����
M → N

s
� ` j�j~axs²ô�<ç24Æ�=qÂ�0kÇI24,XÆ8,XÆ

`M : φ
×

� EG�!�!�*®�n¯�HK° ±�EGJ�L^RTEGFKHIJ�L�N-OZPY�TAK� a
Γ `M : φ

�T� d
M → N � �vc ] � Γ ` N : φ

s
� ` j�j~axs²ô�<*24Æ?=:Â�0kÇI24,XÆ¯,\Æ*ÇY6q3(=:3�ú�Æq24ÇY2©,\Æ¯,/É

M → N
ÝBÂ�CY24Æqå�Ä\ÈqÈqÃI,\ÈqÃI2µÄBÇY3$CYÂqÖ�C1ÇY24ÇYÂ:ÇI24,XÆ

Å43SÎ¦Î¨ÄXC$,\Æ8ÇY6q3±A$Äu<\×
��OQRTOQUCU-�zR��²BQA�� a

`M : φ
��� d

M ↓ v � �vc ] � ` v : φ
��� d

v
�w���u¢T�T£ fh] s

³ ´18�:2;1À«µ�:Y¶²À«;YÀMº�·�¸�¼�»ý¸z'¹(
−

R

ÜMÆ�ÇI6q2µC(C1350kÇI24,XÆ�A'3±A�,XÃYD¨2©Æ�î�Á'×
+í3¢Â?C13¯ÇI3�ÃIÎ¯C�,/É$ÇO<EÈ?3�áiÉ@ÃI3�3¨ÊX3�Ã�C12©,\Æ-,/É$Å©Ä\Î�Ö�=qÄª0SÄ/Åµ0ÂqÅ©Â�C±É@,XÃ�ÃY35Ä/Å©24;S3�Ã�C�×�+-3ç0�Ä\Å4Å

ÇY6q2µC)0�Ä\Å©0�ÂqÅ4Â?C
λZ
× â 6q3±ÇY3SÃYÎ¨C',/É λZ Ä\ÃY3oå\3SÆq3�Ã�ÄBÇI3S=çÖW<¢ÇY6q3oÉ@,\Å©Å©,BA)24Æqå¦å\Ã�Ä/Î¯Î¨Ä/Ã$Ä/Æ?=Ä/ÃI3±=q3�Æq,\ÇY3S=�ÖE<
ΛZ

× â 6�3�C13�Ç$,\É λZ ÊBÄ/Å©Âq35C$2©C)=:3SÆq,/ÇI3S=8ÖE< λZv

×

M ::= x |M N | λx. M | inl(M) | inr(M) | magic(M) | fst(M) | snd(M) |〈M,N〉

case(M,x.N, x.O) | axRep(M) | axProp(M) | ind(M) | app(M,N)

â 6q3oÇY3�ÃIÎ app(M,N)
=:3�Æq,\ÇY35C)0�Ä/Å©Å4ágÖE<WágÊBÄ\Å4Âq3oÄ/ÈqÈ�Å42µ0�Ä/ÇY2©,\ÆçA)24ÇY68ÇI6q3±3�ÊBÄ/Å©Â�ÄBÇI24,XÆ80�,\Æ:á

ÇY3ÐEÇ
app(M, [◦])

Ä/Æ�=oÇI6q3nÃI3S=qÂ�0kÇI24,XÆ�ÃYÂ�Å43
app(M, v) →M v

×SÏ�CYCY3�ÆWÇY2µÄ/Å©Å©<\Ý
λZ
ÃY35C1Â�ÅaÇ�C

É@ÃY,XÎ
λZ
ÖE<93�Ã�Ä\CY24Æqåç,/É�Ä\Å4Å�ú�Ã�COÇYág,XÃI=:3SÃx2©Æ:É@,\ÃIÎ¨ÄBÇI24,XÆà× â 6�2©C±0�Ä\Æ�Ö�3*Î¨ÄX=:3�ÈqÃI3S0�2©CY3�ÖE<ÇY6q3�=:3�ú�Æq24ÇY2©,\Æ%,/É�ÇY6q3�3SÃIÄXC1Â�ÃY3oÎ¨Ä/È

M
É@ÃI,\Î ÇI3�ÃIÎ¨C$,/É

λZ
ÇI,
λZ
Ë

x = x M N = M N λa.M = M λx : τ.M = λx. M inl(M) = inl(M)

[t,M ] = M 〈M,N〉 = 〈M,N〉 inr(M) = inr(M) fst(M) = fst(M)

snd(M) = snd(M) magic(M) = magic(M) let[a, y] = M in N = app(λy. N,M)

axRep(t, u,M) = axRep(M) axProp(t, u,M) = axProp(M)

indφ(M, t, u) = ind(M)
+í3¨0�Ä\Å4ÅÄ

λZ
ÃI3S=:Â?0kÇY2©,\Æº�T�ojTp^� g 24É�24Ç±2µCo,/É�ÇY6q3¦É@,\ÃIÎ

(λa. M) t → M [a := t]
×

â 6q3*ÃI3S=qÂ�0kÇI24,XÆªÃYÂ�Å435CxÄ/Æ?=ªÊBÄ/Å©Âq3SC²2©Æ λZ Ä\ÃY3*24Æ�=qÂ�035=924Æ-Ä/Æª,XÖEÊW2©,\Â?CxA$Äu<çÉ@ÃI,\Î λZ
Ý

C1,¦ÇY6?ÄBÇ(24É
M →M ′

2µC)Ä¯Æq,\Æ�Ä/ÇY,XÎ¦2µ0²ÃY35=:Â�0kÇI24,XÆ�2©Æ
λZ
Ý:ÇI6q3�Æ

M →M ′
Ý:24É

M →M ′2©C�Ä/Æ¢ÄBÇI,\Î¯2µ0)ÃY35=:Â�0ÇY2©,\Æ¯24Æ
λZ
Ý/ÇI6q3�Æ

M = M ′
Ä/Æ�=¯24É

M
2©C�Ä�ÊBÄ/Å©Âq3(2©Æ

λZ
Æq,/Ç',/É�ÇY6q3

É@,\ÃIÎ
λa. N
ÝWÇY6q3SÆ

M
2µC$Ä�ÊBÄ/Å©Âq3²24Æ

λZ
×EÜMÆçÈ�Ä\Ã1ÇI2©0�ÂqÅµÄ/Ã

ind(M) →M (λx. ind(M))
×



»
� EG�!�!��¼�A{� a

M
�Zj ` pu�T£���½ ] � � �mj d j ] � M s

� ` j�j~axs²ð(ÆE<*2©Æ:ú�Æ�2aÇI3x0�6�Ä/2©Æ¯,/É�ÃI3S=:Â�0ÇY2©,\Æ�CnCOÇ�Ä/ÃYÇY2©Æqå±É@ÃY,XÎ
M
Î�Â�C1Ç�0�,\ÆWÇIÄ\24Æ¨Ä/Æ¯2©Æ:ú�Æq24ÇY3

ÆWÂ�Î�Ö�3�Ã�,\É(Æq,\Æ?ÄBÇY,XÎ¯2©0¨ÃI3S=qÂ�0kÇI24,XÆ�C�Ý�A)6q2µ0�6¶Î¨Ä/ÈêÇY,íÃY35=:Â�0ÇY2©,\Æ�C�24Æ
M
2©Æ°Ä9Æ?ÄBÇYÂ�ÃIÄ\Å

A'Äu<X×
+í3�Æq,BAÚÎ¦,BÊX3oÇY,¦ÇY6q3�=q3ú�Æq24ÇY2©,\Æ%,\É�ÇI6q3�Å©Ä\Æqå\Â?Ä/å\3xÉ@,\Ã)ÇI6q3±ÃY35Ä/Å©24;5Ä/Öq2©Å©2aÇO<¢ÃI3�ÅµÄBÇI24,XÆà×

W E�XYPKN-L�N-OZPk��A¹¾ � ] �
A

�w�%�
λ
q � �Tp ] � ¿

A
�w�%�$� ] �#j~a � �T� ` �

(v,B)
� fhg cÀ��ch�T�

v ∈ λZv

�T� d
B

�w���
λ
q �Z��p ] s

ÜMÆ�,\ÇY6q3SÃ)A�,XÃI=qCSÝ
λ
ágÆ�Ä\Î¯3SC)Ä/ÃI3±C13�ÇIC)6q3SÃY35=:24ÇIÄ/ÃI2©Å4<¨ÅµÄ/Ö�3�Å©Å435=8ÖW<

λZ
ÊBÄ\Å4Âq35C�×

W E�XYPKN-L�N-OZPº@�A ¤ c ]^g £Á���e�rj~a
λ
q �Z��p ] �)�w� d�] � jT� ]ed }mÂ

V λ
s

Áq,\ÃIÎ¨Ä/Å©Å4<XÝ
V λ
2©C'å\3SÆq3�Ã�ÄBÇI3S=¯ÖE<¯ÇY6�3xÇIÃIÄ\Æ�COú?Æq2aÇI3²2©Æ�=:Â?0kÇY2©Ê\3±=:3�ú�Æq24ÇY2©,\Æç,XÆ¢,\Ã�=:2©Æ�Ä/ÅµCSË

V λ
α =

⋃

β<α

P (λZv × V λ
β ) V λ =

⋃

α∈ORD

V λ
α

â 6q3 λ qo` ���GÃ�,\ÉUÄ λ ágÆ�Ä\Î¯3 A 2µC'ÇY6q3�CYÎ¨Ä/Å©Å435COÇ α C1Â�0�6�ÇY6?ÄBÇ A ∈ V λ
α

×
W E�XYPKN-L�N-OZP1ÄA¹� j ` �T�QÂ

A ∈ V λ � A+ dM] �Zj�� ] �
{(M,B) | M ↓ v ∧ (v,B) ∈ A}

s
W E�XYPKN-L�N-OZPk¼�A¹¾ ¦ g £����e� q ����½ ]ed § �Å` ��� q j `.dM]m` £������ f �m� ]

L
� ` �w� ] �Æ}mÂ ] � ` � g cG���G�À�vc ]

�e� �
R

������� �T� fz`.]¹_ ���vc g j������|���h�C�Yaxj ` �T£�£
λ
q � �Tp ] �ms

ÁqÃI,\Î Æ�,BAü,XÆ9ÂqÆWÇY2©ÅàÇY6�3�3�Æ?=%,/É�ÇY6q2µCxCY3S0ÇY2©,\ÆàÝ?C1<EÎ�Ö�,\ÅµC
M,N,O, P

Ã�Ä/Æ�å\3�3Ðq0�Å4Â:á
C12©Ê\3SÅ4<í,BÊ\3�Ã

λZ
ágÇY3SÃYÎ¨CSÝàÅ©3Ç1ÇI3�Ã�C

a, b, c
ÊBÄ/ÃI<�,BÊX3�Ã�Å©,\åX2©0SÄ/ÅÊBÄ/ÃI2©Ä\ÖqÅ©3SC±2©ÆêÇY6q3¢ÅµÄ/Æ�å\Â�Ä\å\3\Ý

Å43�Ç1ÇY3SÃIC
A,B,C

ÊBÄ/ÃI<¦,BÊ\3�Ã
λ
á�Æ�Ä/Î¯35CnÄ/Æ?=¯Å43�Ç1ÇY3SÃ

ρ
ÊBÄ/ÃI2435C,BÊ\3SÃú�Æq24ÇY3²È�Ä/ÃYÇY2µÄ/Å�É@ÂqÆ�0kÇI24,XÆ�C

É@ÃY,XÎ�Å4,Xå\2µ0oÊuÄ\ÃY2µÄ/Ö�Å435C�2©Æ
L
ÇY,
V λ ×q+-3�0�Ä\Å4ÅàCYÂ�0�6�É@ÂqÆ�0kÇI24,XÆ�C ] �h¢�� ` jT�Qp ] �h�C�k×

W E�XYPKN-L�N-OZPºÇ�A¹� j ` �T�QÂ�axj ` p f £��
φ
j~a
L � �T�QÂ*� ]x` p

t
j~a
L

�T� d
ρ
dM]C� � ]nd jT�º�T£�£

a `.]e] ¢T� ` �-��}x£ ] �rj~a
φ
�T� d

t � _0]rdM]C� � ] }xÂup ] �|��£ ] ¢ ] £�p f � f �T£ ��� dTfhg �C�-j��%� `n] ��£���½��M}m��£����iÂ
`.] £Á�T�i�-jT�

M ρ φ
���È�T� ] �h¢�� ` jT�Qp ] �h�

ρ
�T� d �Æp ] �T�h���G�ºj~a%�$� ]m` p

[[t]]ρ
�������

] �Q¢�� ` j��hp ] �Q�
ρ
¥

É s
[[a]]ρ ≡ ρ(a)Ê s
[[A]]ρ ≡ AË s
[[ω]]ρ ≡ ω′ � _ c ]m`.] ω′

�w� dM]C� � ]ed }mÂr�vc ] p ] �T�h�{j~a{��� dTfhg �C��¢ ]¹dM]C� �Q���C�-j��Z¥
ω′

�w�>�vc ]��pt��£�£ ] ���4� ] �4� fhg c3��ch�T�o¥
Ì (infRep(N), A) ∈ ω′

� a
N ↓ inl(O) � O  A = 0

��� d
A ∈ V λ

ω

s
Ì � a

(M,B) ∈ ω′+ � �vc ] � (infRep(N), A) ∈ ω′
� a
N ↓ inr(O) � O ↓ 〈M,P 〉 �

P  A = S(B)
�T� d

A ∈ V λ
ω

s
� �{�w� ] �T��Â*�|j3� ]n] �vc��T���T�QÂ ] £ ] p ] �Q��j«a

ω′
�w�	���

V λ
α

axj ` �mj�p ]>� �Q��� ]
α
��� d �mj

��ch�T�
ω′ ∈ V λ

ω+1

s
Ì s

[[tA(u)]]ρ ≡ {(axRep(N), B) ∈ λZv × V λ
γ | N ρ φA(B, [[u]]ρ)}Í s

M ρ ⊥ ≡ ⊥Î s
M ρ t ∈ s ≡M ↓ v ∧ (v, [[t]]ρ) ∈ [[s]]ρ



s

Ï s
M ρ φ ∧ ψ ≡M ↓ 〈M1,M2〉 ∧M1 ρ φ ∧M2 ρ ψÐ s
M ρ φ ∨ ψ ≡ (M ↓ inl(M1) ∧M1 ρ φ) ∨ (M ↓ inr(M1) ∧M1 ρ ψ)Ñ s
M ρ φ → ψ ≡ (M ↓ λx. M1) ∧ ∀N. (N ρ φ) → (M1[x := N ] ρ ψ)É�Ò s
M ρ ∀a. φ ≡ ∀A ∈ V λ. M ρ φ[a := A]É�É s
M ρ ∃a. φ ≡ ∃A ∈ V λ. M ρ φ[a := A]

Í ,/ÇI3oÇY6�Ä/Ç M ρ A ∈ B
2�


(M,A) ∈ B+ ×
â 6q3¦=q3ú�Æq24ÇY2©,\Æ-,/É�ÇY6q3¯,XÃI=:2©Æ�Ä\Å γ 2©Æí24ÇY3SÎÓ�%=:3�È�3�Æ?=qC±,\Æ

tA(u)
× â 6q2µC²,XÃI=q24Æ�Ä\Å�2©C0Å©,XCY3)ÇY,�ÇI6q3xÃ�Ä/Æ�D�,/É�ÇI6q3²CY3Ç�=q3�Æq,\ÇY3S=¢ÖW<

tA(u)
Ä/Æ�=¯2µC'0�6q,XCY3�Æ¨CY,�ÇY6�Ä/Ç4�à3SÎ¯Î¯Ä�ÿ�0�Ä\Æ

Ö?3�ÈqÃI,BÊ\3SÆà×z�à3�Ç
α = rank([[u]]ρ)

×�è'ÄXC13
tA(u)
,/ÉOË

Ì {u1, u2}


γ = max(α1, α2)Ì P (u)


γ = α+ 1
×

Ì ⋃
u


γ = α
Ì Sφ(a,f)(u, u)


γ = α1

×
Ì Rφ(a,b,f)(u, u)

× â 35=:2©,\Â�CS×h,xCY3¦è�,XÅ4Å©3S0ÇY2©,\Æ%24Æ%ÇI6q3�Î¯3Ç�ÄBÇI6q3�,XÃY<çÇY,¨å\3�Ç)ÇY6q3¦Ä/ÈqÈ�ÃY,\á
ÈqÃI2©Ä/ÇY3±,\Ã�=:2©Æ�Ä/Åg× Ù 3�ÇIÄ\24ÅµC)0�Ä\Æ8Ö�3oÉ@,\ÂqÆ?=�2©Æêö �/øg×

� EG�!�!�¨ÇÄA ¤ c ]^d�]-� �h���i�-jT��j~a `.] ��£���½��M}m��£����CÂ"�w� _0] £�£ q axj f � d�]nd s
� ` j�j~axs>,xCY3¯ÇY6q3¨Î¯3SÄXC1Â�ÃY3¦É@ÂqÆ�0ÇY2©,\Æ

m
A)6q2µ0�6-ÇIÄ\D\3SC�Ä%0�Å©Ä\Â�C13¨2©Æ-ÇY6q3¢=q3ú�Æq24ÇY2©,\ÆìÄ\Æ�=

ÃY3�ÇYÂqÃIÆ�C)Ä*ÇYÃI24È�Å43�,\É�2©ÆXÇI3�åX3�Ã�C�Ý:A)24ÇY6%Å©3Ð:2©0�,\åXÃIÄ\Èq6q2µ0�Ä/Å�,\Ã�=:3SÃ'2©Æ
N

3 ×

Ì m(M ρ φ) Ô Ò©ÕOÆEÂqÎ*Ö?3SÃ²,\É0�,\Æ�C1ÇIÄ\ÆWÇIC ω 2©Æ φ Ø�Ý:ÕOÆEÂqÎ*Ö?3SÃx,\ÉÉ@ÂqÆ�0kÇI24,XÆ�CY<WÎ*Ö?,XÅ©C24Æ
φ
ØkÝXÕ1C1ÇYÃIÂ�0ÇYÂqÃ�Ä/Å�0,XÎ¯ÈqÅ43�Ð:2aÇO<¢,\É

φ
Ø1Ó

Ì m([[t]]ρ) Ô Ò4Õ1ÆEÂqÎ�Ö�3�Ã),\ÉU0,XÆ�C1ÇIÄ/ÆWÇ�C ω 24Æ t Ø�Ý\Õ1ÆEÂqÎ�Ö�3�Ã),\É�É@ÂqÆ?0kÇY2©,\Æ%CY<WÎ*Ö?,XÅ©C$2©Æ t Ø�Ý?XÓ
Þ 24Æ?03oÇY6q3�=q3ú�Æq24ÇY2©,\Æ%2µC)A'3�Å©ÅaágÉ@,\ÂqÆ?=:3S=�ÝàÒ¬Î¯3ÇIÄ\Å43SÊ\3SÅµÓ'2©Æ�=:Â�0ÇY2©Ê\3�ÈqÃI,E,/É¬C',\Æ8ÇI6q3�=:3Éïá24Æq24ÇY2©,\Æ%,\É�ÃI3SÄ/Å©2©;SÄ/Ö�24Å©2aÇO< Ä/ÃI3'.OÂ�C1ÇY24ú�3S=�×

� EG�!�!��Õ�A{� a
A ∈ V λ

α � �vc ] �3��c ]x`n] �w�
β < α

� fhg cÖ�vc����haxj ` ��£�£
B � � a M ρ B ∈ A ���c ] �

B ∈ V λ
β

s ¾ £��xj � � a M ρ B = A � ��c ] � B ∈ V λ
α

s
â 6q3±É@,\Å©Å4,BA)2©Æqå¦Å43SÎ¯Î¯Ä¨C1ÇIÄ/ÇY35C'ÇY6q3�0�ÃYÂ�0�2©Ä\Å�ÈqÃY,XÈ?3SÃ1ÇO<ç,/É�ÇI6q3�ÃI3SÄ/Å©2©;SÄ/Ö�24Å©2aÇO<¨ÃI3�ÅµÄBÇI24,XÆà×
� EG�!�!�¨×ÄA

(M,A) ∈ [[tA(u)]]ρ
� ¿
M = axRep(N)

�T� d
N ρ φA(A, [[u]]ρ)

s
� ` j�j~axs²Áq,\Ã±Ä/Å©Å�ÇY3�ÃIÎ¨C±Ä/È�Ä\Ã1Ç(É@ÃI,\Î

ω
Ý�ÇY6�3*Å©3ÉïÇYáiÇI,/á�ÃY2©å\6WÇ²=:2©ÃI3S0kÇI24,XÆª2µC²2©Î¯Î¯3S=:2µÄBÇI3\×�Áq,XÃ

ÇY6q3¨ÃI24åX6WÇ1ágÇY,/á�Å©3ÉïÇ�=:24ÃI3S0ÇY2©,\ÆàÝàCYÂqÈqÈ�,XCY3
N ρ φA(A, [[u]]ρ)

Ä\Æ�=
M = axRep(N)

× â ,C16q,BA ÇI6�ÄBÇ
(M,A) ∈ [[tA(u)]]ρ

ÝWA'3xÆq3S3S=¯ÇI,�C16�,BA�ÇI6�ÄBÇ
A ∈ V λ

γ

× â 6q3²ÈqÃI,W,\É�ÈqÃY,:0�3�3S=�C
ÖW<�0�Ä\CY3�Ä/Æ�Ä\Å4<:CY2©C',XÆ

tA(u)
×h��3Ç

α = rank([[u]]ρ)
×?è'ÄXC13

tA(u)
,/ÉOË

Ì {u1, u2}
× Þ Â�ÈqÈ?,WC13ªÇY6�Ä/Ç N ρ A = [[u1]]ρ ∨ A = [[u2]]ρ

× â 6q3SÆû3�24ÇY6q3SÃ N ↓
inl(N1) ∧N1 ρ A = [[u1]]ρ

,\Ã
N ↓ inr(N1) ∧N1 ρ A = [[u2]]ρ

×�ô'<"��3�Î¯Î¨Ä
�EÝ:2©Æ8ÇY6q3±É@,XÃYÎ¯3�Ã(0SÄ\CY3

A ∈ V λ
α1

Ýq2©Æ�ÇI6q3�ÅµÄBÇ1ÇI3�Ã
A ∈ V λ

α2

Ý�C1,
A ∈ V λ

max(α1,α2)

×
Ì P (u)

× Þ ÂqÈqÈ�,XCY3±ÇY6�Ä/Ç N ρ ∀c. c ∈ A → c ∈ [[u]]ρ
× â 6q3SÆ ∀C. N ρ C ∈ A →

C ∈ [[u]]ρ
Ý�CY,

∀C. N ↓ λx. N1
Ä/Æ�=

∀O. (O  C ∈ A) ⇒ N1[x := O] ρ C ∈
[[u]]ρ
× â Ä\D\3¦Ä/ÆE< (v,B) ∈ A

× â 6�3�Æ v ρ B ∈ A
× Þ , N1[x := v] ρ B ∈ [[u]]ρ

×
â 6EÂ�C)Ä/ÆE<çCYÂ�0�6 B 2©C)2©Æ V λ

α

Ý�CY,
A ∈ V λ

α+1

×



Ø

Ì ⋃
u
× Þ ÂqÈ�È?,WC13 N ρ ∃c. c ∈ [[u]]ρ ∧ A ∈ c

×qÜ�Ç(2©C$35Ä\CY<¨ÇY,¨CY3�3±ÇI6�ÄBÇ
A ∈ V λ

α

×
Ì Sφ(a,f)(u, u)

× Þ ÂqÈqÈ�,XCY3 N ρ A ∈ [[u]]ρ ∧ . . .
×�Ü�Ç)É@,\Å©Å4,BA(C'ÇI6�ÄBÇ

A ∈ V λ
α1

×
Ì Rφ(a,f)(u, u)

× â 35=:2©,\Â�CS×qÁq,XÃ(=:3Ç�Ä/2©Å©CSÝqC13S3¨ö �/øg×
Áq,\Ã

ω
Ý/É@,\Ã�ÇY6q3(Å©3ÉïÇYáiÇI,/á�ÃY2©å\6WÇn=:2©ÃI3S0kÇI24,XÆ¯ÈqÃY,:0�3�3S=¦ÖE<�2©Æ�=:Â?0kÇY2©,\Æç,\Æ¦ÇY6q3²=:3ú�Æ�2aÇI24,XÆ¨,/É

ω′
×

â 6q3�ÃY2©å\6WÇYáiÇI,/á�Å43�ÉïÇ$=:2©ÃI3S0kÇI24,XÆ�2µC)35Ä\CY<\ÝEÂ�CY24Æqå	��3�Î¯Î¨Ä	�E×
â 6q3nÉ@,XÅ4Å©,BA)2©Æqå²CY3SõWÂq3SÆ�03�,/É�Å©3�Î¯Î¨Ä\CUÅµÄu<EC�å\ÃI,\Â�Æ�=±É@,\ÃUÇI6q3�Æ�,\ÃIÎ¯Ä\Å42©;SÄ/ÇY2©,\Æ�ÇI6q3�,XÃY3SÎ%×

â 6q3�<%Ä/ÃI3±ÈqÃY,BÊX3�Æ83�24ÇY6q3SÃxÖE<ç2©Æ�=:Â?0kÇY2©,\Æ9,XÆ8ÇY6q3�=q3ú�Æq24ÇY2©,\Æ9,\É�ÇY3�ÃIÎ¨C(Ä/Æ?=8É@,\ÃIÎ�ÂqÅµÄ\C$,XÃÖW<ç24Æ�=qÂ�0kÇI24,XÆ8,XÆçÇI6q3�=:3�ú�Æq24ÇY2©,\Æ%,/É�ÃY35Ä/Å©24;5Ä/Öq2©Å©2aÇO<X×
� EG�!�!�¨ÙÄA

[[t[a := s]]]ρ = [[t]]ρ[a:=[[s]]ρ]
�T� d

M ρ φ[a := s]
� ¿
M ρ[a:=[[s]]ρ] φ

s
� EG�!�!��BzÚÄA

[[t[a := s]]]ρ = [[t[a := [[s]]ρ]]]ρ
��� d

M ρ φ[a := s]
� ¿
M ρ φ[a :=

[[s]]ρ]
s

� EG�!�!��BZBZA{� a
(M ρ φ)

�vc ] �
M ↓

s
� EG�!�!��B���A{� a

M →∗ M ′
�vc ] �

M ′
ρ φ

� ¿
M ρ φ

s
� EG�!�!��Bz@ÄA{� a

M ρ φ → ψ
��� d

N ρ φ � ��c ] � M N ρ ψ
s

Û Üü¼�»hÝ�:2;1À«µ�:�ºqÀ1¼n¹
ÜMÆ°ÇI6q2©C¨CY3S0ÇY2©,\ÆàÝ3SÆEÊW2©ÃI,\ÆqÎ¯3�ÆWÇ�C

ρ
Î¨Ä\È°ÅµÄ/Î�Ö�=qÄ-ÊBÄ/ÃI2©Ä\ÖqÅ©3SC*ÇY,

λZ
ÇI3�ÃIÎ¨C¦Ä\Æ�=�Å4,Xå\2µ0

ÊuÄ\ÃY2µÄ/Ö�Å435C�ÇI,ìC13�ÇIC¯2©Æ
V λ
×�ðxÆW< C1Â?0�6°3�ÆEÊE2©ÃY,XÆqÎ¯3�ÆWÇ¯0SÄ/Æ Ö?3%Â�CY3S= Ä\C¨ÄíÃI3SÄ/Å©2©;SÄ/Ö�24Å©2aÇO<

3�ÆEÊE24ÃI,\ÆqÎ¯3SÆXÇ)ÖE<¢2©å\Æq,XÃY2©Æqå*ÇY6q3�Î¨Ä\ÈqÈq2©Æqå¯,/É�Å©Ä\Î�Ö�=qÄ¦ÊuÄ\ÃY2µÄ/Ö�Å435C�×
W E�XYPKN-L�N-OZPkÕ�A¹� j ` �¨� ]elxfh] �h�

Γ ` φ � ρ |= Γ ` φ
p ] �����#�vc����

ρ : FV (Γ, φ) →
(V λ∪ΛZ) � axj ` ��£�£ a ∈ FVL(Γ, φ) � ρ(a) ∈ V λ

�T� d axj ` �T£�£
(xi, φi) ∈ Γ � ρ(xi) ρ φi

s
Í ,/ÇI3±ÇY6�Ä/Ç(2aÉ ρ |= Γ ` φ

ÝqÇI6q3�Æ8É@,XÃxÄ/ÆE<¨ÇI3�ÃIÎ
t
2©Æ
Γ, φ
Ý
[[t]]ρ
2©Cx=:3ú�Æ�3S=9Ä/Æ?=8CY,¯2©C

ÇY6q3�ÃI3SÄ\Å42©;SÄ\Öq24Å©24ÇO<¨ÃY3SÅ©Ä/ÇY2©,\Æ
M ρ φ

×
W E�XYPKN-L�N-OZPº×�A¹� j ` �"� ]elmfh] �Q�

Γ ` φ � � a ρ |= Γ ` φ
��� d

M ∈ ΛZ � �vc ] � M [ρ]
�w�

M [x1 := ρ(x1), . . ., xn := ρ(xn)]
s

�¹�KEGOQRTE��ÞBQA)� a
Γ `M : ϑ

�vc ] �raxj ` �T£�£
ρ |= Γ ` ϑ � M [ρ] ρ ϑ

s
� ` j�j~axs²Áq,\Ã±Ä/ÆE<

λZ
ÇI3�ÃIÎ

M
Ý
M ′
2©ÆªÇY6�3*ÈqÃI,E,/Én=:3SÆq,/ÇI3SC

M [ρ]
Ä/Æ�=�ÜOäßÄ\ÖqÖqÃI3�ÊE2©Ä/ÇY35C

24Æ�=qÂ�0kÇI24ÊX386E<EÈ�,/ÇY6�3SCY2©CS×�+-3%ÈqÃI,E0�3�35=¶ÖE<ìÎ¯3ÇIÄ\Å43SÊ\3SÅ'2©Æ�=:Â?0kÇY2©,\Æ ,\Æ
Γ ` M : ϑ

×+í3
C16q,BAÚÇY6q3�2©ÆWÇY3SÃY35COÇI24Æqå¯0�ÄXC135C�×?è'ÄXC13

Γ `M : ϑ
,/ÉOË

Ì
Γ `M : φA(t, u)

Γ ` axRep(t, u,M) : t ∈ tA(u)
ô'<xÜOä�Ý

M ′
ρ φA(t, u)

×Sô'<>��3�Î¯Î¨Ä±÷�?�ÇY6q2µCà2µC�35õXÂ�24ÊBÄ/Å©3�ÆWÇ�ÇI,
M ′

ρ φA([[t]]ρ, [[u]]ρ)
×

ô'<b��3�Î¯Î¨Äçÿ
(axRep(M ′), [[t]]ρ) ∈ [[tA(u)]]ρ

Ý�C1,
axRep(M ′) ρ t ∈ tA(u)

Ý�CY,
Ä/ÅµC1,

axRep(t, u,M)[ρ] ρ t ∈ tA(u)
×



peß

Ì
Γ `M : t ∈ tA(u)

Γ ` axProp(t, u,M) : φA(t, u)
ô'<�ÜOä�Ý

M ′
ρ t ∈ tA(u)

× â 6q2©C�Î¦35Ä/Æ�CoÇI6�ÄBÇ M ′ ↓ v
Ä\Æ�=

(v, [[t]]ρ) ∈ [[tA(u)]]
×

ô'<#�à3SÎ¦Î¨Ä¦ÿqÝ
v = axRep(N)

Ä/Æ�=
N ρ φA([[t]]ρ, [[u]]ρ)

×qô'<	�à3SÎ¦Î¨Ä8÷�?�Ý
N ρ

φA(t, u)
×S7ª,\ÃI3�,BÊ\3SÃSÝ

axProp(t, u,M) = axProp(M ′) →∗ axProp(axRep(N)) →
N
×h��3�Î¯Î¨Ä�÷��*å\2©Ê\3SC'Â�C'ÇI6q3�0ÅµÄ/2©Î%×

Ì
Γ `M : φ

Γ ` λa. M : ∀a. φ
ô'<ìÜOä�Ý�É@,\Ã¨Ä\Å4Å

ρ |= Γ ` M : φ
Ý
M [ρ]  φ

×�+-3%Æq3�35=ìÇY,ìCY6q,BA ÇY6?ÄBÇ¯É@,\Ã¯Ä/Å©Å
ρ |= Γ ` λa. M : ∀a. φ

Ý
λa. M = M [ρ] ρ ∀a. φ(a)

× â Ä\D\3¯Ä/ÆE<ªC1Â?0�6 ρ ×�+í3Æq3�35=ìÇI,íCY6q,BA ÇY6�Ä/Ç
∀A. M [ρ] ρ φ[a := A]

× â Ä/DX3�Ä/ÆE< A ×ô'<��à3�Î¯Î¨Ä�þ�Ý�2aÇ
C1Â��¨0�3SCxÇY,8C16q,BAòÇI6�ÄBÇ

M [ρ] ρ[a:=A] φ
×�ä(,BA'3�ÊX3�Ã5Ý

ρ[a := A] |= Γ ` M : φ
Ý�C1,

A�3±åX3Ç)ÇY6�3�0ÅµÄ/2©Î�ÖE<¢ÜOä�×
Ì

Γ `M : ∀a. φ

Γ `M t : φ[a := t]
ô'<�ÜOä�Ý

M ′
ρ ∀a. φ

Ý�CY,
∀A.M ′

ρ φ[a := A]
×�2©Æ-È?Ä/ÃYÇY2µ0ÂqÅµÄ/Ã

M ′
ρ φ[a :=

[[t]]ρ]
Ý�CY,¯ÖW<"�à3�Î¯Î¨Ä%÷�?

M ′ = (M t)[ρ] ρ φ[a := t]
×

Ì
Γ `M : ∀c. (∀b. b ∈ c→ φ(b, t)) → φ(c, t)

Γ ` indφ(b,c)(M, t) : ∀a. φ(a, t)
+í3nÆq3�35=xÇI,xCY6q,BAªÇI6�ÄBÇ

ind(M ′) ρ ∀a. φ(a, t)
ÝÇY6?ÄBÇ�2µC�ÝÇY6�Ä/Ç�É@,\Ã�Ä\Å4Å

A
Ý
ind(M ′) ρ

φ(A, t)
×S+í3�È�ÃY,:03S3S=²ÖE<x2©Æ�=:Â�0ÇY2©,\Æ�,\Æ

λ
ágÃ�Ä/Æ�Dx,/É

A
× Þ 24Æ?03 ind(M ′) →M ′ (λx. ind(M ′))

Ý
ÖE<1��3�Î¯Î¨Äû÷��ê2aÇ9CYÂz�¢03SCçÇY, C16�,BA"ÇI6�ÄBÇ

M ′ (λx. ind(M ′)) ρ φ(A, t)
×'ô'<

ÜOä�Ý²A�3ì6�ÄuÊX3
M ′

ρ ∀c. (∀b. b ∈ c → φ(b, t)) → φ(c, t)
Ý²CY, É@,\Ã�Ä\Å4Å

C
Ý

M ′
ρ (∀b. b ∈ C → φ(b, t)) → φ(C, t)

×�Ü�É�A'3�Ç�Ä/DX3
C = A

Ý?ÇY6�3�Æ�ÖE<3�à3SÎ¯Î¯Ä
÷��924Ç*CYÂz�¢035C�ÇY,-C16�,BA³ÇI6�ÄBÇ

λx. ind(M ′) ρ ∀b. b ∈ A → φ(b, t)
× â Ä/D\3�Ä/ÆE<

B
×�Ü�ÇçCYÂz�¢035C¦ÇY,¶CY6q,BA�ÇI6�ÄBÇ

λx. ind(M ′) ρ B ∈ A → φ(B, t)
× â Ä/DX39Ä/ÆE<

N ρ B ∈ A
×qô'<#�à3SÎ¦Î¨Äu�EÝEÇI6q3

λ
á�ÃIÄ\ÆqD¨,/É

B
2µC$C1Î¨Ä\Å4Å©3�Ã'ÇY6?Ä/Æ�ÇY6q3

λ
ágÃ�Ä/ÆqD¨,\É

AÄ/Æ�=�C1,¢ÖE<824Æ�Æq3�Ã²24Æ�=qÂ�0kÇI24ÊX3�6E<EÈ?,\ÇY6q35C12µC
ind(M ′) ρ φ(B, t)

× Þ 2©Æ�0�3 x 2µC(Æ�3�AÛ2©ÆÇY6q3�ÃI3S=qÂ�0kÇI24,XÆ�ÃIÂqÅ©3\Ý
ind(M ′) = ind(M ′)[x := N ]

Ä\Æ�=�A�3±å\3�Ç$ÇY6q3�0�Å©Ä\24Î%×
��OQRTOQUCU-�zR��º�à�«á3OhRT�!�hU-N-â��zL�NCOQP2��AI� a

`M : φ � �vc ] � M ↓
s

� ` j�j~axs²ô�< â 6q3�,XÃY3SÎ�÷\Ý/É@,\Ã�Ä/ÆE< ρ |= (`M : φ)
Ý\A'3)6�ÄuÊ\3

M [ρ] ρ φ
× â Ä/DX3)Ä/ÆE<�CYÂ�0�6

ρ
Ý:É@,XÃ)3ÐqÄ/Î¯ÈqÅ©3�Î¨Ä/ÈqÈ�24Æqå¨Ä\Å4Å�É@ÃI3�3�Å©,\åX2©0oÊBÄ/ÃI2µÄ/ÖqÅ©3SC',/É

M
Ä\Æ�=

φ
ÇI,

∅
×�ô'<#��3�Î¯Î¨Ä%÷\÷\Ý

M [ρ] ↓
ÝqÄ\Æ�=�CY2©Æ�03

M = M [ρ]
Ý
M ↓
×���3�Î¯Î¨Ä	�*å\2©Ê\3SC'Â�C)ÇY6q3�0�Å©Ä\24Î%×

ðxCnÇY6q3oÃY35=:Â�0ÇY2©,\ÆçCY<:COÇI3�Î 2µC�=:3�ÇY3SÃYÎ¯2©Æq2©C1ÇY2µ0/ÝWÇI6q3o=q2©C1ÇY2©Æ�0kÇI24,XÆ¢Ö�3ÇOA'3�3�Æ8COÇIÃY,XÆqå�Ä\Æ�=
A�35Ä/D-Æq,\ÃIÎ¨Ä/Å©24;5ÄBÇY2©,\Æ¶=q,W35C�Æ�,/Ç¯3Ð:2©C1ÇS×UÜ�É(ÇI6q3çÃI3S=:Â?0kÇY2©,\Æ�C1<:C1ÇY3�Î 2µC*3ÐEÇY3SÆ�=:3S=ìÇY,êÄ/Å4á
Å4,BA ÃI3S=:Â�0ÇY2©,\Æ�C*Ä/ÆE<EA)6q3�ÃI3¢2©Æ�CY2©=:3ç,/É)ÇY6�3¢ÇY3SÃYÎ%Ý�ÇY6q39è�,\ÃI,\Å©Å©Ä\ÃY<��9CY6q,BA(C�,XÆqÅ4<-A'3SÄ/D
Æq,\ÃIÎ¨Ä/Å©24;5ÄBÇY2©,\Æ�× Þ ÇYÃI,\Æqå¨Æq,XÃYÎ¨Ä\Å42©;SÄ/ÇY2©,\Æ¢ÇI6q3�Æ�Ý?CYÂqÃYÈ�ÃY2µC12©ÆqåXÅ4<XÝE=q,W35C)Æq,\Ç(6q,\Åµ=�×Z�²Æq3±ÃI3SÄ/áC1,XÆàÝ�ÇIÃY2©ÊE2©Ä\ÅiÝ�Ä/ÃI3

ind
ÇI3�ÃIÎ¨C�×�ä(,BA'3�ÊX3�Ã5Ý�3�ÊX3�Æ9A)24ÇY6q,XÂ:ÇoÇY6q3SÎ8Ý�ÇI6q3¦CY<:COÇI3�Î A',\ÂqÅµ=9Æq,\Ç



pSp

COÇIÃY,XÆqå\Å©<íÆ�,\ÃIÎ¯Ä\Å42©;�3XÝUÄXC�ÇI6q3çÉ@,XÅ4Å©,BA)2©Æqåí0�,\ÂqÆWÇY3SÃY3�ÐqÄ/Î¯ÈqÅ©3\Ý�2©ÆEÊ\3SÆXÇI3S=ìÖE<°è�Ã�Ä/ÖqÖZã�Ä\Æ�=
Ä\=qÄ\È:ÇY35=¢ÇI,¨,\ÂqÃ'É@Ã�Ä/Î¯3�A',\ÃID¢C16�,BA(C�Ë

�¹�KEGOQRTE��ä�©�.��RT�z°K°4åQæÁV>J�OQHIP L�E�RTE�ç������YU-E���A ¤ c ]m`.] �w�>�0axj ` p f £��
φ
�T� d � ]x` p

M� fhg cb�vc����
`M : φ

��� d
M

d j ] �)�Zj��0��� ` jT�G��£�Â^� j ` pu�T£���½ ] s
� ` j�j~axs>�à3Ç

t = {x ∈ 0 | x ∈ x→ ⊥}
×?è�,XÆ�CY2©=:3SÃ$ÇY6q3±ÇI3�ÃIÎ¨C�Ë

N ≡ λy : t ∈ t. snd(sepProp(t, 0, y)) y M ≡ λx : t ∈ 0. N (sepRep(t, 0, 〈x,N〉))

â 6q3�Æ924Çx2µC)3SÄXC1<¨ÇI,çCY3�3±ÇY6?ÄBÇ ` N : t ∈ t → ⊥
Ý
` M : t ∈ 0 → ⊥

Ä/Æ?=8ÇY6�Ä/Ç
M
=:,E35C

Æq,/ÇxC1ÇYÃI,\ÆqåXÅ4<¨Æ�,\ÃIÎ¯Ä\Å42©;�3X×

79,\ÃI3�,BÊX3�Ã5Ý�ÄêC1Å©2©å\6WÇªÒïÉ@ÃI,\Î ÄêCY3�Î¨Ä/ÆWÇY2µ08È?,X24ÆWÇ¨,/ÉoÊE243SAxÓ¦Î¦,:=:24ú?0SÄBÇY2©,\Æ�ÇY,êÜYî�Á
−

R

Ý
Æ�Ä/Î¯3�Å©<�Î¨Ä/DE2©Æqå±2aÇ�Æ�,\Æ:á�A�3SÅ4Å4ágÉ@,\ÂqÆ�=q3S=�ÝBÃI3SCYÂqÅ4ÇIC�2©Æ¦Ä�CY<:COÇI3�Î A)6q2µ0�6¦2©CÆ�,/Ç3�ÊX3�Æ¦A�35Ä/DEÅ4<
Æq,\ÃIÎ¨Ä/Å©24;S24Æqå?×WðòÊX3�ÃI<¢C1Î¨Ä/Å©Å�É@ÃIÄ\å\Î¯3�ÆWÇ'2©C)CYÂz�¢02©3�ÆWÇ'É@,\Ã'ÇY6q2µC$3x
�3S0Ç$ÇY,¨Ä/ÃI2©CY3\×G�à3�Ç

T
Ö�3

Ä/Æ824ÆWÇYÂ�2aÇI24,XÆq2©C1ÇY2µ0�CY3Ç)ÇY6�3�,\ÃI<ç0�,\Æ�CY2©C1ÇY2©Æqå¦,/ÉÅ�¦ÄBÐ:24,XÎ¨C�Ë
Ì Ògè$Ó ∀a. a ∈ c↔ a = c
Ì Ò Ù Ó ∀a. a ∈ d↔ a ∈ c ∧ a ∈ a→ a ∈ a

×

â 6q3�0�,\Æ�C1ÇIÄ\ÆXÇ c =:3SÆq,/ÇI3SC¦ÄªÆq,XÆ:ágA'3�Å©Å4áiÉ@,XÂqÆ�=:35=¶C13�ÇS× â 6q3ç3�Ð:2©C1ÇY3SÆ�038,/É d 0�Ä\Æ¶Ö?3=:3�ÃI24ÊX3S=¶É@ÃY,XÎ C13SÈ�Ä/Ã�ÄBÇI24,XÆ°ÄBÐ:2©,\Î%Ë
d = {a ∈ c | a ∈ a → a ∈ a}

× â 6�3�ÅµÄ/Î*Ö�=qÄ0�Ä/Åµ0Â�Å4Â�C)0�,\ÃIÃY35C1È�,\Æ?=:24Æ�å�ÇI,
T
2µC)=:3ú�Æ�3S=*.OÂ�C1ÇxÄ\C'É@,\Ã)ÜYî�Á

−

R

×

�¹�KEGOQRTE��è@�A ¤ c ]m`.] �w�Ö�^axj ` p f £��
φ
��� d � ]x` p

M
� fhg c!�vc����

`T M : φ
��� d

Md j ] �)�Zj�� _0] ��ÃT£�Â#�Zj ` pu�T£���½ ] s
� ` j�j~axsxÜ�Çç2©C¢ÃY3SÅ©Ä/ÇY2©Ê\3�Å©<°35Ä\CY<ìÇY,¶ú�Æ�=ýÄêÇY3SÃYÎ

N
C1Â�0�6ýÇI6�ÄBÇ

`T N : d ∈ c
× â Ä/DX3

φ = d ∈ d→ d ∈ d
× â 6q3oÇI3�ÃIÎ M Ö�3�Å©,BAÚÈqÃI,BÊ\35C�ÇY6q3�0�Å©Ä\24Î%×

O ≡ λx : d ∈ d. snd(dRep(d, c, x)) x M ≡ O (dProp(d, c, 〈N,O〉)).

+í3¨Ö�3�Å©243SÊ\3¢Ä\Å4ÅÇI6q3SCY3¨ÃI3SCYÂqÅaÇ�C�0,XÂqÅµ=íÖ�3¨É@,XÃYÎ¨Ä/Å©2©;�3S=í2©ÆìÜYî�Á
C

Ò�è�,\Å©Å4350kÇI24,XÆêCY3�3SÎ¨C
ÇY,�Ö�38Æq3S0�3SCICYÄ\ÃY<�É@,\Ã*ÇY6q38=:3ú�Æ�2aÇI24,XÆ°,/É)ÇI6q38ÃY35Ä/Å©24;5Ä/Öq2©Å424ÇO<íCY3Ç¯0,XÃYÃI3SCYÈ?,XÆ�=:2©Æqå9ÇI,ªÇY6�3
ñ)3�ÈqÅµÄ\0�3�Î¯3�ÆWÇ¦ÇY3SÃYÎ 2©Æ Þ 3S0kÇI24,XÆÆ�EÓk×�Ñ�,BA�3SÅ4Å$6�ÄXC¯C16q,BA)Æ�24Æüö4÷X÷ø$ÇY6?ÄBÇ¯ÇY6q3%Æq,\ÇY2©,\Æ�,/É
ÃIÄ\ÆqD�0�Ä\ÆêÖ?3¢=:3�ú�Æq35=êÎ¦35Ä/Æq2©Æqå\É@ÂqÅ4Å©<�2©Æê24ÆWÇIÂq2aÇI24,XÆq2µCOÇI2©0¢CY3Ç�ÇI6q3�,XÃY2©3SCSÝàCY,824Ç*CY6q,\Â�Å©=-Ö�3
È?,WCYCY24Ö�Å43¦ÇY,ª0SÄ/ÃIÃY<9,XÂ:Ç�ÇY6�3¢=:3�ÊX3�Å©,\ÈqÎ¯3�ÆWÇ�C±24Æ Þ 350kÇY2©,\Æ%�9A)24ÇY6-ÇY6q3¨Æ�,/ÇY2©,\Æ-,/É

λ
ágÃ�Ä/ÆqD

A)6q2©0�6%Î¨Ä/DX3SC$CY3�Æ�CY3±24Æ%ÜYî�Á
C

×:+-3�6�ÄuÊ\3SÆ�+ Ç)0SÄ/ÃIÃY2©3S=ç,\Â:Ç)ÇI6q3�=:3�ÇIÄ/2©Å©3S=80�6q3S0�D�ÝEÇY6�,\ÂqåX6à×

é ê1ë>ë>;1ÀY¿ :Uº:À1¼n¹<=

â 6q3�Æq,\ÃIÎ¨Ä/Å©24;5ÄBÇI24,XÆ¢ÇY6�3�,\ÃI3�Î ÈqÃY,BÊE2µ=:3SC'2©Î¯Î¦35=:2µÄBÇY3SÅ4<�C13SÊ\3�Ã�Ä/Å�ÃI3SCYÂqÅ4ÇICS×

��OQRTOQUCU-�zR��1@�� W NCVi±�HIPKJML�NCOQPìª�RTOh�4E�R�Le�K��Au� a �e� � −

R` φ ∨ ψ � �vc ] � �e� � −

R` φ
j `

�e� � −

R` ψ
s



p ù

� ` j�j~axs Þ ÂqÈqÈ�,XCY3�ÜYî�Á −
R` φ∨ψ

×\ô'<*è�ÂqÃIÃY<WáMä(,BA$Ä/Ã�=²2µCY,\Î¯,\ÃIÈq6q2µC1Î%ÝSÇY6q3SÃY3'2µCÄ
λZ
ÇY3�ÃIÎ

M
CYÂ�0�6çÇI6�ÄBÇ

`M : φ ∨ ψ
×�ô'<�è�,\ÃI,\Å©Å©Ä\ÃY<%÷XÝ

M ↓ v
Ä/Æ�=

` v : φ ∨ ψ
×qô'<8è'Ä\Æq,\Æq2µ0�Ä\Å

Áq,\ÃIÎ¨C�Ý?3�24ÇY6q3SÃ
v = inl(N)

Ä\Æ�=
` N : φ

,\Ã
v = inr(N)

Ä/Æ�=
` N : ψ

×�ô�<%Ä/È�ÈqÅ4<E2©Æqå
ÇY6q3�,\ÇY6q3SÃ(=:24ÃI3S0ÇY2©,\Æ8,/Énè�ÂqÃIÃY<WáMä(,BA$Ä/Ã�=¯2©CY,\Î¯,\ÃIÈq6q2µCYÎ A�3±å\3�Ç)ÇY6q3�0�Å©Ä\24Î%×

��OQRTOQUCU-�zR��S©�«�4E�RT�äí<ç�NCVmL�E�PIJME¨ª�R�OQ�0E�R�Le�K��A4� a �e� � −

R` ∃x. φ(x) � �vc ] ���vc ]m`.] �w��u� ]x` p
t
� fhg cb�vc���� ��� � −

R` φ(t)
s

� ` j�j~axs²ô�<�è�ÂqÃIÃI<XáMä(,BA$Ä/Ã�=�2©CY,\Î¯,\ÃIÈq6q2µCYÎ8Ý?ÇY6�3�ÃI3�2µC²Ä
λZ
áiÇI3�ÃIÎ

M
CYÂ�0�69ÇI6�ÄBÇ

` M :
∃x. φ
×Wô'<¯Æq,\ÃIÎ¨Ä/Å©24;S24Æ�å

M
Ä\Æ�=¨Ä/ÈqÈ�Å4<E2©Æqå¦è'Ä/Æ�,\Æq2µ0�Ä\Å�Áq,XÃYÎ¨CSÝ\A'3(å\3�Ç

[t,N ]
C1Â�0�6¯ÇI6�ÄBÇ

` N : φ(t)
×?Ä\Æ�=¢ÇI6EÂ�C)ÖE<8è�ÂqÃIÃY<WáMä(,BA$Ä/Ã�=¯2©CY,\Î¯,XÃYÈq6�2©CYÎ�ÜYî�Á

−

R` φ(t)
×

��OQRTOQUCU-�zR��º¼à�n¯�E�L9í>ç�N-V�L�EGPIJME�ª�RTOQ�0E�R�Ln�K�TAQ� a �e��� −

R` ∃x. φ(x)
�T� d

φ(x)
�w�/� ]x` p qa `.]e] � �vc ] �*�vc ]m`.] �w�¹�	� ]m` p q a `.]e] axj ` p f £��

ψ(x)
� fhg cb�vc���� �e��� −

R` ∃!x. φ(x) ∧ ψ(x)
s

� ` j�j~axs â Ä\D\3 t É@ÃY,XÎ â 3SÃYÎ Ï�ÐE2µC1ÇY3�Æ?03oÑ�ÃY,XÈ?3SÃ1ÇO<X×EÜ�Ç$2µC'Æq,/Ç)=:2��¢0ÂqÅ4Ç$ÇY,¨C13S3xÇI6�ÄBÇ'ÇY6�3�ÃI32©C²Ä¯ÇY3SÃYÎ¦ágÉ@ÃY3S3±É@,\ÃIÎ�ÂqÅµÄ
ψ(x)
Ý�=:3�ú�Æq2©Æqå

t
Ý?CY,¯ÇY6?ÄBÇ²ÜYî�Á

−

R` (∃!x. ψ(x)) ∧ ψ(t)
× â 6q3�ÆÜYî�Á

−

R` ∃!x. φ(x) ∧ ψ(x)
0�Ä\Æ�Ö�3�3SÄXC12©Å4<¢=q3�ÃI24ÊX3S=�×

â ,8C16q,BA Í Ï�Ñ�Ý�A�3�ú�Ã�COÇ�=:3ú?Æq3¦Ä\Æª3ÐEÇIÃIÄX0kÇY2©,\ÆªÉ@ÂqÆ�0kÇI24,XÆ F A)6�2©0�6�ÇIÄ/DX3SC²ÄçÈqÃI,E,/É
`M : t ∈ ω

Ä/Æ�=8ÃI3ÇYÂ�ÃYÆ�C)Ä¦Æ�Ä/ÇYÂqÃ�Ä/Å�ÆEÂqÎ*Ö?3SÃ
n
×
F
A',\ÃID:C$Ä\C'É@,\Å©Å©,BA(C�Ë

Ü�Ç*Æq,XÃYÎ¨Ä/Å©2©;�3SC
M
ÇY,

natRep(N)
×�ô�<°è'Ä\Æq,\Æq2µ0�Ä\ÅnÁq,XÃYÎ¨CSÝ

` N : t = 0 ∨ ∃y ∈
ω. t = S(y)

×
F
ÇY6�3�ÆýÆq,\ÃIÎ¨Ä/Å©24;S3SC

N
ÇY,ê3S2aÇI6q3�Ã

inl(O)
,XÃ

inr(O)
×�ÜMÆ ÇY6�3%É@,\ÃIÎ¦3SÃ

0�Ä\CY3\Ý
F
ÃI3ÇIÂqÃYÆ?C

0
×àÜMÆ-ÇY6q3çÅ©Ä/Ç1ÇY3SÃSÝ

` O : ∃y.y ∈ ω ∧ t = S(y)
× Í ,\ÃIÎ¨Ä/Å©24;S24Æ�å O 24Çå\3Ç�C

[t1, P ]
Ý�A)6q3SÃY3

` P : t1 ∈ ω ∧ t = S(t1)
× Í ,\ÃIÎ¨Ä/Å©24;S24Æ�å P 2aÇoå\3�ÇIC Q CYÂ�0�69ÇI6�ÄBÇ

` Q : t1 ∈ ω
× â 6q3SÆ F ÃY3�ÇYÂqÃIÆ�C F (` Q : t1 ∈ ω) + 1

×
â ,�CY6q,BAßÇY6�Ä/Ç F ÇI3�ÃIÎ¦2©Æ�Ä/ÇY3SC�É@,\Ã¦Ä/Å©Ån24ÇIC¦Ä/ÃIå\ÂqÎ¯3�ÆWÇ�C�Ý�0�,\Æ�CY2µ=:3�Ã�ÇI6q3�CY3SõWÂq3SÆ�03ç,/ÉÇY3�ÃIÎ¨C
t, t1, t2, . . .

,\Ö:Ç�Ä/2©Æq3S=9ÇY6qÃI,\ÂqåX6q,\ÂqÇ(ÇY6q3*Å424É@3¦,/É
F
×�+í3*6�ÄuÊ\3�ÜYî�Á

−

R` t = S(t1)
Ý

ÜYî�Á
−

R` t1 = S(t2)
Ä\Æ�=êC1,9,XÆà× â 6EÂ�CSÝàÇI6q3¨Å43SÆqå/ÇI6ì,/É$ÇY6�3¢C135õXÂ�3�Æ�0�3¨2©C*ÄBÇ�Î¯,XC1Ç�ÇY6�3ÃIÄ\ÆqD*,\É�ÇY6q3±CY3Ç'=q3�Æq,\ÇY3S=¢ÖW<

t
Ý:CY,

F
Î�Â�C1Ç'ÇY3�ÃIÎ¯24Æ?ÄBÇY3oÄBÉïÇI3�Ã�Ä/Ç�Î¯,XC1Ç

rank([[t]])
COÇI3�È�CS×

��OQRTOQUCU-�zR��1Ç��«á3HK�$E�RTNCJM��U�E�ç�NCVmL�E�PIJMEt�IRTOh�4E�R�Le�K��A�� a �e� � −

R` ∃x ∈ ω. φ(x) � ��c ] ���c ]x`.] �w���u� �T� fz` �T£�� f pt} ]m`
n
��� d � ]m` p

t
� fhg cb�vc��T� �e� � −

R` φ(t) ∧ t = n
s

� ` j�j~axs²ðxC�Ö�3É@,XÃY3XÝ/Â�CY3²è�ÂqÃIÃY<WáMä(,BA$Ä/Ã�=�2µC1,XÎ¦,XÃYÈ�6q2©CYÎÛÇI,�å\3�ÇnÄ±ÊuÄ\Å4Â�3
[t,M ]
C1Â?0�6*ÇI6�ÄBÇ

` [t,M ] : ∃x. x ∈ ω ∧ φ(x)
× â 6EÂ�C M ` t ∈ ω ∧ φ(t)

ÝnCY,
M ↓ 〈M1,M2〉

Ä\Æ�=
` M1 : t ∈ ω

× â Ä\D\3 n = F (` M1 : t ∈ ω)
×�Ü�Ç�+ C(3SÄXC1<¢ÇY,¢CY3�3oÇY6�Ä/ÇxÈ�Ä/ÇI0�6q2©Æqå¦ÇY,Xå\3ÇI6q3�Ã

24ÆêÄ/Æ-Ä/ÈqÈqÃI,\È�ÃY2µÄBÇI3�A'Äu<9È�ÃY,E,/É¬C²,\ÖqÇIÄ/2©Æq35=9ÇY6�ÃY,XÂqå\6q,XÂ:ÇoÇY6q3¯3Ð:350Â:ÇI24,XÆ�,/É
F
ÝàÄçÈqÃI,E,/É

,/É
t = n
É@,\Ã(CY,\Î¯3±Æ�Ä/ÇYÂqÃ�Ä/Å�ÆEÂqÎ�Ö�3�Ã

n
0�Ä\Æ�Ö�3�ÈqÃI,:=:Â�035=�×

â 6q2©C¢Ê\3�Ã�CY24,XÆ�,\É Í Ï�Ñ =:2�
�3�Ã�C¯É@ÃY,XÎ ÇI6q3ª,XÆq39Â�CYÂ�Ä/Å©Å4<°É@,\ÂqÆ?=ý24ÆýÇI6q3ªÅ©2aÇI3�Ã�ÄBÇYÂ�ÃY3XÝA)6q3�ÃI3924ÆûÇY6q3ª3SÆ�=
φ(n)
2µCç=q3�ÃI24ÊX3S=�×näx,BA�3SÊ\3SÃSÝÜYî�Á

−

R

=q,W35C¨Æq,\Çç6�ÄuÊ\3%ÇI6q3¨��3�2©ÖqÆq2©;
ÄBÐ:24,XÎ³É@,XÃnÇI6q3(ú?Æ�Ä/Å�COÇI3�Èà×E+-3²0�,\ÆB.O350kÇYÂ�ÃY3xÇY6�Ä/Ç�24Ç�2µC�ÇI6q3²,XÆqÅ©<¦ÊX3�Ã�C12©,\Æ¯A)6q2µ0�6¢6q,XÅ©=�Cn2©Æ
Æq,\Æ:á�3ÐEÇI3�Æ�CY24,XÆ�Ä/Å�CY3Ç)ÇI6q3�,XÃY2©3SCS×



p�v

î ïÖð ºz8�¹<=EÀO¼�¹9:2;�¸�')(
R

+í3�A)2©Å4Å�C16q,BAûÇY6�Ä/Ç(A�3�0�Ä\Æ%3ÐEÇY3SÆ�=ç,XÂqÃ)ÃI3SCYÂqÅaÇ�C'ÇY,¯É@ÂqÅ©ÅàÜYî�Á
R

×q+-3�A�,XÃYD¨2©Æ%ÜYî�Á
−

R

×
� EG�!�!��BGKA�ñòlmf �T£����iÂ	�w���T� ]elxf ��¢T�T£ ] � ge]�`.] £��T�i�-jT� s
W E�XYPKN-L�N-OZPºÙ�A¹¾ � ] �

C
�w�r�àá�C1ÇIÄ\ÖqÅ43 � � a A ∈ C

��� d
A = B

��p � £�� ] �
B ∈ C

s
W E�XYPKN-L�N-OZP[BGÚÄA�¾ � ] �

C
�w�±ÇYÃ�Ä/Æ�CY24ÇY2©Ê\3�Å©<t��áMCOÇ�Ä/ÖqÅ©3"¦m¤ ó ¡ ¦eô § c�jT£ d � § � a>���2�w�òó q ���|��}x£ ]�T� d"] ¢ ]m` Â ] £ ] p ] �Q�/j«a

C
�w�)� ` ���������i��¢ ] £�Âró q ���o�M}m£ ] s

â 6q2©C�=:3�ú�Æq24ÇY2©,\Æ¦2©C�É@,XÃYÎ¨Ä/Å©2©;�3S=�24Æ¯ÄoCOÇ�Ä/Æ�=qÄ\ÃI=�A'Äu<XÝSÂ?C12©Æqå²ÇYÃ�Ä/Æ�CY2aÇI24ÊX3'0�Å4,WC1Â�ÃY3XÝ5ÄuÊBÄ/2©Å4áÄ/ÖqÅ©3*2©Æ-ÜYî�Á
−

R

ÝàÄ\C±CY6q,BA)Æª3\× å�×�2©Æ°ö �/ø�×�+-3¯=q3�Æq,\ÇY3*ÇY6q3¨0ÅµÄ\CICo,/É�ÇIÃIÄ\Æ�CY2aÇI24ÊX3�Å©<*��áMCOÇ�Ä/ÖqÅ©3
C13�ÇIC¦ÖE<

T
× â 6q3%C1ÇIÄBÇI3�Î¯3�ÆWÇ V = T

Î¯3SÄ\Æ�C�ÇI6�ÄBÇ
∀A. TLS(A)

×�è�Å©ÄXCYC
T
2©Æ°ÜYî�Á

−

RÈqÅ©Äu<:C(Ä¨CY2©Î¦2©ÅµÄ/Ã)ÃI,\Å©3±ÇY,¨ÇI6q3�0ÅµÄ\CIC),/ÉA'3�Å©ÅaágÉ@,\Â�Æ�=:3S=%CY3Ç�C)24Æíî�Á¶A)24ÇY6q,XÂ:Ç²Áq,XÂqÆ�=qÄ/ÇY2©,\Æà×
ô�<

∈
ág2©Æ�=:Â�0ÇY2©,\Æ%A'3±0SÄ/Æ%ÈqÃI,BÊ\3XË

� EG�!�!��B�¼�A{�e���
R` V = T

s
â 6q3�ÃI3SC1ÇYÃI2µ0kÇY2©,\Æ*,/É?Ä²É@,XÃYÎ*ÂqÅ©Ä φ ÇY, T ÝB=:3SÆq,/ÇI3S=�ÖW< φT

ÝB2©C=q3ú�Æq35=�ÄXC�Â?C1Â�Ä\ÅiÝuÇ�Ä/DE2©Æqå
24ÆWÇY,¨ÄX0�0,XÂqÆWÇ$ÇY6q3±É@,XÅ4Å©,BA)24Æ�å�ÇIÃIÄ\Æ�C1ÅµÄBÇI24,XÆ�,\É�ÇI3�ÃIÎ¯CSË

aT ≡ a {t, u}T ≡ {tT , uT } ωT ≡ ω (
⋃
t)T ≡

⋃
tT (P (t))T ≡ P (tT )∩T

(Sφ(a,f)(u, u))
T ≡ SφT (a,f)(u

T , uT ) (Rφ(a,b,f)(t, u))
T ≡ Rb∈T∧φT (a,b,f)(t

T , uT )

â 6q3�Æq,/Ç�ÄBÇI24,XÆ T |= φ
Î¯35Ä/Æ�C'ÇI6�ÄBÇ

φT
6q,XÅ©=�C�×:Ü�Ç(2µC)Æq,\Ç$ÊX3�ÃI<ç=:2��¢0ÂqÅ4Ç)ÇY,¨CY6q,BA�Ë
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