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D[Æ�1�7�É[7�Ä0É
Ü�Ü�ÜPÝ�Ä®B*35É[Ès46D[D

n ∈ N
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ψ(x)
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∃!x. φ(x)∧ψ(x)
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Ä^È�>
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∃x. φ(x)
3±DWÊsÃJ-CËCÄ0ÛsÇ¬4^â�É[7s4UÈ
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3±D�4UDJD24UÈZÉJ3¬Ä^Ç5Ç¬=:B*7�Ä0É
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Ä0È@>�É[7s4�Ë^4UÃJD[35-ZÈ�B*3cÉJ7
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Ü�áNÈ�ÉJ7s4êÇ¬35É[4�Ã�ÄCÉJÆsÃJ4^â�á[ñ�ØåÆ�D[Æ�Ä^Ç5Ç¬=:>;4�Ès-^É[46D´á[ñ�Ø
C

Ü¥ô�-^É[7�É[7s4U-^ÃJ3546D
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R ` ∀n ∈ N∃m ∈ N. φ(n,m)
Ü�ØsÃJ-^Ð É[7s3±D´ÊsÃ[-F-^Å

Ä�ÊsÃJ-^ë^Ã�Ä0Ðä1�Ä0È§Û�4z4�ÓFÉ[Ã�Ä^1mÉJ4U>���ÉJÄ0EZ4)Ä�È�Ä0É[ÆsÃ�Ä0Ç@ÈYÆ�Ð+Û�4�Ã
n
âY1�-ZÈ�DPÉJÃ[Æ@1mÉ�Ä�Ê�Ã[-F-0Å�á[ñ�Ø
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T
Ü¥í�-ZÐ+Ûs3¬Ès4®É[7�4®Ê�Ã[-F-0Å°D´ÉJ-9ëZ4�É�á[ñ�Ø

R ` ∃m ∈ N. φ(n,m)
Ä^È�>�Ä^ÊsÊsÇ¬=

Î Ò�Ô³É[-&ëZ4�É�ÄæÈFÆsÐêÛ@4UÃ m D[Æ�1�7�É[7�Ä0É�á[ñ�Ø
R ` φ(n,m)
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Γ ` φ → ψ Γ ` φ

Γ ` ψ
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Γ ` φ → ψ

Γ ` φ ∧ ψ

Γ ` φ

Γ ` φ ∧ ψ

Γ ` ψ

Γ ` φ Γ ` ψ

Γ ` φ ∧ ψ
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λZ
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M,N,O, P
Ü��W4�É[É[4�Ã�D

x, y, z
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a, b, c
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M ::= x | M N | λa. M | λx : φ. M | inl(M) | inr(M) | fst(M) | snd(M) | [t,M ]

M t | 〈M,N〉 | case(M,x.N, x.O) | magic(M) | let [a, x : φ] = M in N

indφ(a,b)(M, t) | ind′

φ(a,b)
(M, t, u)

pairProp(t, u1, u2,M) | pairRep(t, u1, u2,M)

unionProp(t, u,M) | unionRep(t, u,M)

sepφ(a,f)Prop(t, u, u,M) | sepφ(a,f)Rep(t, u, u,M)

powerProp(t, u,M) | powerRep(t, u,M)

infProp(t,M) | infRep(t,M)

replφ(a,b,f)Prop(t, u, u) | replφ(a,b,f)Rep(t, u, u)
Â%7s4
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axProp
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ax
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power
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Prop
Ä^È�>

RepÉ[4�ÃJÐ§D*Ä^DUÌ
axProp(t, u,M) | axRep(t, u,M),
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ÛF=
FV (M)Ä0È�>£É[7s4qÅAÃJ4�4�Ç5-Zë^3±1�Ä^Ç@ËCÄ0ÃJ3±Ä0ÛsÇ¬4UD�-0ÅSÄ
ÉJ4�ÃJÐéÛY=

FVL(M)
ÜsØsÃJ4�4ÑÕAÇ¬-^ëZ3¬1UÄ0Ç·×�ËCÄ0ÃJ3±Ä0ÛsÇ¬4UD�-0Å�Ä

1�-^ÈYÉJ4�ÓFÉ
Γ
Ä0ÃJ4�>s4�Ès-^É[4U>9ÛF=

FV (Γ )
Õ
FVL(Γ )
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Ä0È�>�4�ËCÄ0Ç¬Æ�Ä0É[3¬-^È&1�-^ÈYÉJ4�ÓFÉJDUÌ

(λx : φ. M)N →M [x := N ] (λa. M)t→M [a := t]

fst(〈M,N〉) →M snd(〈M,N〉) → N



ú

case(inl(M), x.N, x.O) → N [x := M ] case(inr(M), x.N, x.O) → O[x := M ]

let [a, x : φ] = [t,M ] in N → N [a := t][x := M ]

axProp(t, u, axRep(t, u,M)) →M

indφ(a,b)(M, t) → λc. M c (λb.λx : b ∈ c. ind′

φ(a,b)
(M, t, b))

ind′

φ(a,b)
(M, t, u) →M u (λb.λx : b ∈ u. ind′

φ(a,b)
(M, t, b))

[◦] ::= fst([◦]) | snd([◦]) | case([◦], x.M, x.N) | axProp(t, u, [◦])

let [a, y : φ] = [◦] in N | [◦] M | magic([◦])
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(�) w}��~=w ( �3w )}+�#
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ÅA-^Ç¬Ç5-CB*3¬Èsë
Ä0Û@DPÉJÃJÄZ1mÉ�ë^Ã�Ä0ÐÑÐ§Ä0Ã6âwB*7s4�ÃJ4
M
3¬D�Ä0È§Ä0ÃJÛs35É[Ã�Ä0ÃJ=�É[4UÃ[Ð&Ü;í�Ç546Ä0ÃJÇ5=ZâCÉ[7s4UÃ[4)Ä^Ã[4*È�-
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V ::= λa. M | λx : φ. M | inr(M) | inl(M) | [t,M ] | 〈M,N〉 | axRep(t, u,M)
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ÅA-^ÃJÐ+Æ�Ç¬ÄZD�â�Ä^È�>ÖÉ[4�ÃJÐ§D£Ä0ÃJ4
λZÉ[4�ÃJÐ§D�ÜWí�-ZÈZÉJ4�ÓFÉJD

Γ
Ä0ÃJ4�
@Ès3cÉJ4§D24�ÉJDq-0ÅpÊ@Ä03¬ÃJD

(x1, φi)
Ü¥Â%7�4�/2#�(?% w -0Å(Ä�1�-^ÈYÉ[4�ÓYÉ

Γ
3¬D

É[7s4+1�-^ÃJÃ[46D2Ê�-^È@>;35È�ë®áPØF,E�ï1�-ZÈZÉJ4�ÓFÉ*É[7@ÄCÉq1�-^ÈYÉJÄ^35È@D%-^ÈsÇ¬=æÅA-ZÃ[ÐêÆsÇ±Ä^D*Ä0È@>&3¬D´>;4�Ès-^É[46>�ÛF=
rg(Γ )

Ü�Â%7�4�ÊsÃ[-F-^Å�ÃJÆsÇ546D(ÅA-^Ç¬Ç5-CB�Ì

Γ, x : φ ` x : φ

Γ `M : φ→ ψ Γ ` N : φ

Γ `M N : ψ

Γ, x : φ `M : ψ

Γ ` λx : φ.M : φ → ψ

Γ `M : φ Γ ` N : ψ

Γ ` 〈M,N〉 : φ ∧ ψ

Γ `M : φ ∧ ψ

Γ ` fst(M) : φ

Γ `M : φ ∧ ψ

Γ ` snd(M) : ψ

Γ `M : φ

Γ ` inl(M) : φ ∨ ψ

Γ `M : ψ

Γ ` inr(M) : φ ∨ ψ

Γ `M : φ

Γ ` λa. M : ∀a. φ
a /∈ FVL(Γ )

Γ `M : φ ∨ ψ Γ, x : φ ` N : ϑ Γ, x : ψ ` O : ϑ

Γ ` case(M,x.N, x.O) : ϑ

Γ `M : ∀a. φ

Γ `M t : φ[a := t]

Γ `M : φ[a := t]

Γ ` [t,M ] : ∃a. φ
Γ `M : ⊥

Γ ` magic(M) : φ

Γ `M : ∃a. φ Γ, x : φ ` N : ψ

Γ ` let [a, x : φ] := M in N : ψ
a /∈ FVL(Γ, ψ)
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Γ `M : φA(t, u)

Γ ` axRep(t, u,M) : t ∈ tA(u)

Γ `M : t ∈ tA(u)

Γ ` axProp(t, u,M) : φA(t, u)

Γ `M : ∀c. (∀b. b ∈ c→ φ(b, t)) → φ(c, t)

Γ ` ind′

φ(b,c)(M, t, u) : φ(u, t)

Γ `M : ∀c. (∀b. b ∈ c→ φ(b, t)) → φ(c, t)

Γ ` indφ(b,c)(M, t) : ∀a. φ(a, t)
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M
) ~=� {�+�{=#
+

Γ `M : φ ¥x { w / w
Γ = {(xφ, φ) | φ ∈ Γ}
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λaλc.〈λx : c ∈ tA(a). axProp(c, a, x), λx : φA(c, a). axRep(c, a, x)〉

Ä0È�>
λfλx : (∀a.(∀b. b ∈ a→ φ(b, f)) → φ(a, f)). ind(x, f)
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M
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#
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`M : ϑ

��¯0{ w (0°
Í ¤ y

ϑ = φ∨ψ ¥ +�{ w (²±
M = inl(N)

#�( |
` N : φ ³ 1�/�±

M = inr(N)
#
( |

` N : ψ ³ �
Í ¤ y

ϑ = τ ∧ σ ¥ +�{ w ( M = 〈N,O〉
�

Í ¤ y
ϑ = τ → σ ¥ +�{ w ( M = λx : τ. N

�
Í ¤ y

ϑ = ∀a. τ ¥ +�{ w ( M = λa. N
�

Í ¤ y
ϑ = ∃a. φ

+�{ w (
M = [t,N ]

#
( |
` N : φ[a := t]

�
Í ¤ y

ϑ = t ∈ tA(u)
+�{ w (

M = axRep(t, u,N)
#
( |

` N : φA(t, u)
�
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M → N ¥ +�{ w ( Γ ` N : φ
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M → N
âCÆ�D[35Èsë
Ä^ÊsÊsÃJ-^ÊsÃJ3±ÄCÉ[4%D[ÆsÛ�D2É[35É[Æ;ÉJ35-ZÈ

Ç54UÐ®Ð§ÄZD%-^È9É[7s4�B%Äw=^Ü

��oea
oer�rN��a��»^e\�¤ y
`M : φ
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#
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É[7s3±D*1�Ä^Ç¬1�ÆsÇ5Æ@D
λZ
ÜsÂ%7s4�É[4UÃ[Ð§D(-0Å

λZ
Ä^Ã[4që^4UÈs4�Ã�ÄCÉJ4U>æÛY=£É[7s4qÅA-^Ç¬Ç¬-CB*35Èsë®ë^Ã�Ä0ÐÑÐ§Ä0Ã%Ä0È@>

Ä0ÃJ4�>s4�Ès-^É[4U>�ÛF=
ΛZ

ÜsÂ%7�4
D24�É%-^Å
λZ

ËCÄ0Ç¬Æs46D%3¬D*>;4UÈs-0ÉJ4U>9ÛF=
λZv

Ü

M ::= x |M N | λx. M | inl(M) | inr(M) | magic(M) | fst(M) | snd(M) |〈M,N〉

case(M,x.N, x.O) | axRep(M) | axProp(M) | ind(M) | ind′(M)
áNÈ®-^É[7s4UÃSB�-ZÃJ>sDUâ

λZ
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λZ
ÛF=
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ÅAÃJ-^Ð É[4�ÃJÐ§Dz-^Å
λZÉ[-
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x = x M N = M N λa.M = M λx : τ.M = λx. M
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ρ A = [[u1]]ρ ∨ A = [[u2]]ρ

Ü�Â%7s4UÈ 4�35É[7s4UÃ
N ↓

inl(N1) ∧N1 
ρ A = [[u1]]ρ
-^Ã
N ↓ inr(N1) ∧N1 
ρ A = [[u2]]ρ

Ü�ô(=��W4�ÐÑÐ§Ä
�Fâ;3¬È9É[7s4�ÅA-ZÃ[ÐÑ4�Ã)1UÄ^D[4

A ∈ V λ
α1

âs3¬È�ÉJ7s4�Ç±ÄCÉ2ÉJ4�Ã
A ∈ V λ

α2

â�D2-
A ∈ V λ

max(α1,α2)

Ü
Í P (u)

Ü ã ÆsÊsÊ�-ZD[4�É[7�Ä0É N 
ρ ∀c. c ∈ A → c ∈ [[u]]ρ
Ü@Â%7s4UÈ

∀C. N 
ρ C ∈ A →
C ∈ [[u]]ρ

â�D[-
∀C. N ↓ λx. N1

Ä0È�>
∀O. (O 
 C ∈ A) ⇒ N1[x := O] 
ρ C ∈

[[u]]ρ
Ü�Â�Ä^E^4®Ä0ÈF=

(v,B) ∈ A
Ü�Â%7�4�È

v 
ρ B ∈ A
Ü ã - N1[x := v] 
ρ B ∈ [[u]]ρ

Ü
Â%7FÆ�D*Ä0ÈF=æD[Æ�1�7

B
3¬D*3¬È

V λ
α

â�D[-
A ∈ V λ

α+1

Ü
Í ⋃

u
Ü ã ÆsÊ�Ê@-YD24 N 
ρ ∃c. c ∈ [[u]]ρ ∧ A ∈ c

Üsá�É)3¬D%46Ä^D[=§É[-§D[4�4�ÉJ7�ÄCÉ
A ∈ V λ

α

Ü
Í Sφ(a,f)(u, u)

Ü ã ÆsÊsÊ�-ZD[4 N 
ρ A ∈ [[u]]ρ ∧ . . .
Ü�á�É*ÅA-^Ç¬Ç5-CB)D(ÉJ7�ÄCÉ

A ∈ V λ
α1

Ü
Í Rφ(a,f)(u, u)

Ü ã ÆsÊsÊ�-ZD[4

N 
ρ (∀x ∈ [[u]]ρ∃!y. φ(x, y, [[u]]ρ)) ∧ ∃x ∈ [[u]]ρ. φ(x,A, [[u]]ρ)

Â%7s4�È
N ↓ 〈N1, N2〉

Ä^È�>
N2 
ρ ∃x ∈ [[u]]ρ. φ(x,A, [[u]]ρ)

ÜZÂ%7YÆ@DSÉ[7s4UÃ[4*3±D
B
D2Æ@1�7

É[7�Ä0É
N2 
ρ B ∈ [[u]]ρ ∧ φ(B,A, [[u]]ρ)

Ü ã - N2 ↓ 〈N21, N22〉
â
N21 
ρ B ∈ [[u]]ρÄ0È�>

N22 
ρ φ(B,A, [[u]]ρ)
Ü�,¦4£Ä^Ç¬D[-æ7�ÄwËZ4

N1 
ρ ∀x ∈ [[u]]ρ∃!y. φ(x, y, [[u]]ρ)
Ü

ã - ÅA-^Ã­Ä^Ç5Ç C â N1 ↓ λx. O
Ä0È�> ÅA-^Ã­Ä^Ç5Ç

P 
ρ C ∈ [[u]]ρ
â
O[x := P ] 
ρ

∃!y. φ(C, y, [[u]]ρ)
Ü ã -¨ÉJÄ0EF3¬Èsë C = B

Ä0È�>
P = N21

â�É[7�4�ÃJ493±D
D
D[Æ�1�7 É[7�Ä0É

N1 ↓ λx. O
Ä^È�>

O[x := N21] 
ρ φ(B,D, [[u]]ρ) ∧ ∀e. φ(B, e, [[u]]ρ) → e = D
Ü

Â%7s4�ÃJ4�ÅA-ZÃ[4
(N1, (N21, B)) ∈ G

ÅAÃ[-ZÐ É[7�4Ñ>s4�
�Ès35É[3¬-^È¨-^Å
γ
â¥D2-�É[7s4UÃ[4Ñ3±D

D ∈ V λ
γD2Æ@1�7§É[7�Ä0É

N1 ↓ λx.O
Ä^È�>

O[x := N21] 
ρ φ(B,D, [[u]]ρ)∧∀e. φ(B, e, [[u]]ρ) →

e = D
Ü ã - O[x := N21] ↓ 〈O1, O2〉

Ä0È@>
O2 
ρ ∀e. φ(B, e, [[u]]ρ) → e = D

Ü
Â%7s4�ÃJ4�ÅA-ZÃ[4Zâ

O2 ↓ λx. Q
Ä^È�>

Q[x := N22] 
ρ A = D
Üsô(=��W4�ÐÑÐ§Ä��Fâ

A ∈ V λ
γ

Ü

Î -CB B�4z1UÄ0È®ÉJÄZ1�EFÇ54 ω ÜYØs-^Ã�É[7s4)Ç¬4�Å·É[çkÉJ-0ç�Ã[3¬ë^7YÉp>;3¬ÃJ4U1mÉJ35-ZÈ¥â0-ZÛYËF3¬-^Æ�D[Ç¬= M = infRep(N)
Ü

Øs-^Ã%ÉJ7s4
1�Ç±Ä03¬Ð Ä^Û@-ZÆ;É
N
B(4�ÊsÃJ-F1�4�46>æÛF=æ3¬È�>;Æ@1mÉ[3¬-^È9-^È9ÉJ7s4
>;4�
@Ès3cÉJ35-ZÈ&-0Å

ω′
Ì

Í Â%7s4ÑÛ�Ä^D[4§1�ÄZD24ZÜ�Â%7�4�È
N ↓ inl(O)

Ä0È�>
O 
ρ A = 0

â¥D[-
N 
ρ A = 0 ∨ ∃y ∈

ω′. A = S(y)
Ü

Í áNÈ�>;Æ�1�É[3¬Ë^4£D2É[4UÊ¥ÜWÂ%7s4UÈ
N ↓ inr(O)

â
O ↓ 〈M ′, P 〉

â
(M ′, B) ∈ ω′+ â P 
ρ A =

S(B)
Ü�Â%7s4�ÃJ4�ÅA-ZÃ[4�ÉJ7s4�ÃJ4+3±D

C
ÕAÈ�Ä^Ð®4UÇ5=

B
×zD2Æ@1�7:É[7�Ä0É

M ′

ρ C ∈ ω′

Ä^È�>
P 
ρ

A = S(C)
Ü�Â%7FÆ�D

〈M ′, P 〉 
ρ ∃y. y ∈ ω′ ∧ A = S(y)
â�D[-

N 
ρ A = 0 ∨ ∃y ∈
ω′. A = S(y)

Ü
Øs-^Ã�ÉJ7s4£ÃJ35ëZ7YÉ2çiÉ[-0ç�Ç¬4�Å·É
>;3¬Ã[461mÉ[3¬-^ÈWâ¥D2ÆsÊ�Ê@-YD24

N 
ρ A = 0 ∨ ∃y. y ∈ ω′ ∧ A = S(y)
Ü

Â%7s4�È¶4U3cÉJ7s4�Ã
N ↓ inl(O)

-^Ã
N ↓ inr(O)

ÜSáNÈïÉ[7�4£ÅA-^ÃJÐÑ4�Ã®1�Ä^D[4^â
O 
ρ A = 0

Ä0È@>
ÛY=Î�¥4�ÐÑÐ§Ä��

A ∈ V λ
ω

Ü�áNÈÖÉ[7s4&Ç±ÄCÉ[É[4�Ã6â
O 
ρ ∃y. y ∈ ω′ ∧ A = S(y)

Ü ã -¦É[7s4UÃ[43¬D
B
D2Æ�1�7ÖÉ[7@ÄCÉ

O 
ρ B ∈ ω′ ∧ A = S(B)
Ü ã - O ↓ 〈M ′, P 〉

â
(M ′, B) ∈ ω′+Ä0È�>

P 
ρ A = S(B)
Ü�Â%7s3±D§3±D§4�ÓsÄZ1mÉ[Ç¬=¶ÉJ7s4­3¬È�>;Æ�1�É[3¬Ë^4­D2É[4UÊå-0ÅqÉ[7s4­>;4�
�Ès35É[3¬-^Èå-^Å

ω′
â�D2-:35É+ÃJ4�Ð§Ä03¬È�DqÉ[-¦D27s-CBÏÉ[7�Ä0É

A ∈ V λ
ω

Ü ã 3¬È�1�4 (M ′, B) ∈ ω′+ â�ÉJ7s4�ÃJ4£3±D
Ä7
�Ès35É[4
-^Ã�>;35È@Ä0Ç

α
D2Æ�1�7 ÉJ7�ÄCÉ

B ∈ V λ
α

Ü Î -CB�âpD[ÆsÊsÊ�-ZD[4 (M,C) ∈ [[{B, {B,B}}]]ρ
Ü�Â%7s4UÈ

M = pairRep(N)
Ä0È�>

N 
ρ C = B ∨ C = [[{B,B}]]ρ
Ü�Â%7FÆ�D)4U3cÉJ7s4�Ã

N ↓ inl(N1)Ä0È�>
N1 
 C = B

â�-ZÃ
N ↓ inr(N1)

Ä0È�>
N1 
 C = [[{B,B}}]]ρ

ÜWáNÈïÉJ7s4£ÅA-ZÃ[ÐÑ4UÃ
1�Ä^D[4^â;ÛF=7�¥4�ÐÑÐ§Ä��

C ∈ V λ
α

Ü�áNÈ�ÉJ7s4�Ç±ÄCÉ2ÉJ4�Ã6â�D[ÆsÊsÊ�-ZD[4
(O,D) ∈ [[{B,B}}]]ρ

Ü@Â%7s4�È&35É
D23¬ÐÑ35Ç±Ä0ÃJÇ5=�ÅA-ZÇ5Ç¬-CB)D�É[7@ÄCÉ

D ∈ V λ
α

âZD2-
[[{B,B}}]]ρ ∈ V λ

α+1

â0D[-qÛF=��W4�ÐÑÐ§Ä��Fâ
C ∈ V λ

α+1

Ü
Â%7s4�ÃJ4�ÅA-ZÃ[4

[[{B, {B,B}}]]ρ ∈ V λ
α+2

Ä0È�>�ÛF=R�¥4UÐ®Ð§ÄR�;â
A ∈ V λ

α+2

Ü
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� `ibdbd�´á]\
[[t[a := s]]]ρ = [[t]]ρ[a:=[[s]]ρ]

#
( |
M 
ρ φ[a := s]

' Æ
M 
ρ[a:=[[s]]ρ] φ

�
§-/21�1�y��záNÈ�>;Æ�1�É[3¬-^È&-^È&>;4�
@Ès3cÉJ35-ZÈ&-0Å�É[4�ÃJÐ§D*Ä0È�>æÅA-^ÃJÐ+Æ�Ç¬ÄZD�Ü
� `ibdbd��^�â]\

[[t[a := s]]]ρ = [[t[a := [[s]]ρ]]]ρ
#�( |

M 
ρ φ[a := s]
' Æ
M 
ρ φ[a :=

[[s]]ρ]
�

§-/21�1�y��záNÈ�>;Æ�1�É[3¬-^È&-^È&>;4�
@Ès3cÉJ35-ZÈ&-0Å�É[4�ÃJÐ§D*Ä0È�>æÅA-^ÃJÐ+Æ�Ç¬ÄZD�Ü
� `ibdbd��^�^�\E¤ y

(M 
ρ φ)
+�{ w (

M ↓
�

§-/21�1�y�� ã É[Ã�Ä03¬ë^7YÉ2ÅA-ZÃ[B%Ä0Ã�>§3¬È�>;Æ�1�É[3¬-^È&-^È φ Ü
� `ibdbd��^*f�\E¤ y

M →∗ M ′
+�{ w (

M ′

ρ φ

' Æ
M 
ρ φ

�
§-/21�1�y��záNÈ�>;Æ�1�É[3¬-^Èï-^È

φ
Ü�á�Å

φ
>;-F4UD[È�� ÉêD2ÉJÄ0Ã[É
B*35É[7

∀, ∃
â¥ÉJ7s4�È¨ÉJ7s4£ÃJ4�Ç±ÄCÉ[3¬-^È

M 
ρ φ>;4�Ê�4�È�>�D´-ZÈsÇ¬=:-^È­Ès-ZÃ[Ð§Ä^Ç53¬<UÄ0É[3¬-^È:-0Å
M

Ä0È�>:É[7s4®Û@4U7�ÄwËF35-ZÆsÃq-0Åp35ÉJDqËCÄ0Ç¬Æs4^â�Ä0È@>:É[7�4UD[4
ÊsÃ[-ZÊ@4UÃ2ÉJ3546D+>;-¦Ès-0ÉÑ1�7�Ä0È�ë^4£B*35É[7¶ÃJ4U>sÆ�1mÉJ35-ZÈ¥Ü�Â%7�4�õYÆ�Ä0ÈYÉJ3!
�4UÃê1UÄ^D[4UD+Ä^Ã[4�DPÉJÃJÄ^35ëZ7ZÉ[ÅA-^Ã[ç
B(Ä^ÃJ>�Ü
� `ibdbd��^��]\E¤ y

M 
ρ φ → ψ
#�( |

N 
ρ φ ¥ +�{ w ( M N 
ρ ψ
�

§-/21�1�y��zá�Å
M 
ρ φ → ψ

âsÉJ7s4�È
M ↓ (λx. O)

Ä^È�>9ÅA-^ÃqÄ0Ç¬Ç
P 
ρ φ

â
O[x := P ] 
ρ ψ

Ü
ã 35È@1�4 M N →∗ (λx. O)N → O[x := N ]

â*�¥4UÐ®Ð§Ä&û�5
ëZ35ËZ4UD%Æ�D(ÉJ7s4
1�Ç±Ä03¬Ð&Ü

ã ä ½�¼=å©XQA2Á:¾�X�»sÁ2½pº
áNÈ�ÉJ7s3¬D§D[4U1�É[3¬-^È¥â�4UÈFËY3¬ÃJ-^ÈsÐÑ4�ÈYÉ�D

ρ
Ð§Ä^Ê�Ç±Ä0Ð+Û�>sÄ.ËCÄ0ÃJ3¬Ä^ÛsÇ¬4UDêÉ[-

λZ
ÉJ4�ÃJÐ§D®Ä^È�>ÖÇ5-Zë^3±1

ËwÄ^Ã[3±Ä0Û�Ç546D+ÉJ-ïD24�ÉJDÑ3¬È
V λ
Ü�òzÈY= D2Æ@1�7�4�ÈFËF3¬Ã[-ZÈsÐÑ4�ÈYÉÑ1UÄ0È Û@4&Æ�D[4U> Ä^D§Ä¦ÃJ4UÄ0Ç¬3¬<UÄ0Û�35Ç¬3cÉP=

4�ÈFËF35ÃJ-^ÈsÐÑ4UÈZÉ*ÛF=£3¬ë^Ès-ZÃ[3¬ÈsëêÉ[7s4�Ð§Ä^ÊsÊs3¬ÈsëÑ-0ÅSÇ¬Ä^Ð+Û�>sÄ®ËwÄ^Ã[3±Ä0Û�Ç546D�Ü
s `?tFplnNm�nNo�p�ß�\�Ì 1
/�#´) w}��~=w (=+

Γ ` φ ¥ ρ |= Γ ` φ
4 w #�(*)R+�{*#�+

ρ : FV (Γ, φ) →
(V λ∪ΛZ) ¥ y�1
/�#�®�® a ∈ FVL(Γ, φ) ¥ ρ(a) ∈ V λ

#
( | y�1
/�#
®�®
(xi, φi) ∈ Γ ¥ ρ(xi) 
ρ φi

�
Î -0ÉJ4�É[7�Ä0É)3cÅ ρ |= Γ ` φ

âsÉJ7s4�È9ÅA-ZÃzÄ0ÈF=§ÉJ4�ÃJÐ
t
3¬È
Γ, φ

â
[[t]]ρ

3¬Dz>;4�
�È�4U>:Ä0È@>9D[-Ñ3¬D
É[7s4�ÃJ4UÄ^Ç53¬<UÄ^Ûs35Ç¬35ÉP=§Ã[4UÇ¬Ä0É[3¬-^È

M 
ρ φ
Ü

s `?tFplnNm�nNo�pBà�\�Ì 1
/�#�) w}��~=w (e+
Γ ` φ ¥ ' y ρ |= Γ ` φ

#�( |
M ∈ ΛZ ¥ +�{ w ( M [ρ]

'�)
M [x1 := ρ(x1), . . ., xn := ρ(xn)]

�
_� l`ioea
`?bæ^e\K¤ y

Γ `M : ϑ
+�{ w (�y�1�/�#
®�®

ρ |= Γ ` ϑ ¥ M [ρ] 
ρ ϑ
�

§-/21�1�y��´Øs-^Ã&Ä0ÈF=
λZ

É[4�ÃJÐ
M
â
M ′

3¬È É[7s4.ÊsÃJ-Y-^Å+>;4�È�-0É[46D
M [ρ]

Ü%,.4¦ÊsÃJ-;1�4U4U>åÛF=
Ð®4�ÉJÄ^Ç54UË^4�ÇS3¬È�>;Æ�1�É[3¬-^È.-^È

Γ ` M : ϑ
Ü�,¦4§D[7s-CBÏD[-^ÐÑ4®35ÈYÉ[4UÃ[46DPÉJ35È�ë&1UÄ^D[4UDUÜ�í(ÄZD24

Γ `
M : ϑ

-0ÅPÌ

Í
Γ, x : φ ` x : φ

Â%7s4�È
M ′ = ρ(x)

â�É[7s4
1�Ç¬Ä^35Ð�ÅA-^Ç¬Ç5-CB)DUÜ



r�x

Í
Γ `M : φ → ψ Γ ` N : φ

Γ `M N : ψ
ô(=:35È�>sÆ�1mÉJ35ËZ4ê7F=FÊ@-^É[7s46D23±DUâ

M ′

ρ φ → ψ

Ä0È�>
N ′


ρ φ
Ü��¥4UÐ®Ð§Ä¦û�	æë^3¬Ë^4UDzÉ[7�4

1�Ç±Ä03¬Ð&Ü
Í

Γ, x : φ `M : ψ

Γ ` λx : φ. M : φ → ψ
,¦4�È�4�4U>�ÉJ-ÑD[7s-CBßÉ[7�Ä0É*ÅA-^Ã)Ä0ÈF=

N 
ρ φ
â
M ′[x := N ] 
ρ ψ

ÜsÂ�Ä0EZ4�Ä^ÈF=æD2Æ@1�7
N
Ü

�¥4�É
ρ′ = ρ[x := N ]

ÜFÂ%7s4�È
ρ′ |= Γ, x : φ

âFD2-+ÛY=®3¬È�>;Æ�1�É[3¬Ë^4z7F=FÊ�-0É[7�4UD[3¬D
M [ρ′] 
ρ′

ψ
Ü�è)-CB(4�Ë^4UÃUâ

M [ρ′] = M [ρ][x := N ] = M ′[x := N ]
â�D[-

M ′[x := N ] 
ρ′ ψ
Ü

ô(Æ;É
ρ′
Ä0ë^ÃJ4�46D(B*3cÉJ7

ρ
-ZÈ&Ç5-Zë^3±1zËCÄ0ÃJ3±Ä0ÛsÇ¬4UDUâ;D2-

M ′[x := N ] 
ρ ψ
Ü

Í
M : ⊥

Γ ` magic(M) : φ
ô(=®3¬È�>;Æ@1mÉ[3¬Ë^4q7F=FÊ@-^É[7s46D23±D�â

M ′

ρ ⊥

âYB*7s3±1�7£3±D�È�-0ÉpÉJ7s4�1�Ä^D[4^âYD2-®Ä0ÈF=YÉ[7s3¬Èsë
7�-^Ç±>sD�â
35È&Ê�Ä^Ã2ÉJ3¬1�ÆsÇ±Ä0Ã

magic(M ′) 
ρ φ
Ü

Í
Γ `M : τ Γ ` N : σ
Γ ` 〈M,N〉 : τ ∧ σ

ò)Ç¬Ç%B�4�Ès4�46>ïÉ[-.D27�-CB É[7�Ä0É
M ′


ρ τ
Ä^È�>

N ′

ρ σ

âSB*7s3±1�7¶B�4�ë^4�ÉêÅAÃJ-^ÐÙÉ[7�4
35È@>;Æ�1mÉJ35ËZ4�7F=YÊ�-0ÉJ7s4UD[3±D�Ü

Í
Γ `M : τ

Γ ` inl(M) : τ ∨ σ
òzD%ÉJÃ[3¬ËF3¬Ä^Ç¥Ä^D(ÉJ7s4�ÊsÃJ4�ËF35-ZÆ�D(-^Ès4ZâsD23¬ÐÑ35Ç±Ä0ÃJÇ¬=§ÅA-^Ã

inr
Ü

Í
Γ `M : τ ∧ σ
Γ ` fst(M) : τ

ô(=ï35È�>sÆ�1mÉJ35ËZ497F=FÊ�-0É[7�4UD[3¬DUâ
M ′


ρ τ ∧ σ
â�D2-

M ′ ↓ 〈M1,M2〉
Ä0È�>

M1 
ρ τ
Ü

Â%7s4�ÃJ4�ÅA-ZÃ[4
fst(M) →∗ fst(〈M1,M2〉) → M1

Üe�W4�ÐÑÐ§Ä:û�5®ëZ35ËZ4UD%ÉJ7s4ê1�Ç¬Ä^35Ð&Ü@Â%7�4
1�ÄZD24qÅA-^Ã

snd
B(-^ÃJE;D�ÉJ7s4
D[Ä^ÐÑ4^Ü

Í
Γ `M : φA(t, u)

Γ ` axRep(t, u,M) : t ∈ tA(u)
ô(=¦3¬È�>;Æ�1�É[3¬Ë^4£7F=FÊ�-0É[7�4UD[3¬DUâ

M ′

ρ φA(t, u)

ÜSô�=²�¥4UÐÑÐÑÄ¨û��9É[7s3±D
3±D
46õYÆs35ËCÄ^Ç54UÈZÉ
É[-

M ′

ρ φA([[t]]ρ, [[u]]ρ)

Ü)ô�=»�¥4�ÐÑÐ§Ä ý
(axRep(M ′), [[t]]ρ) ∈ [[tA(u)]]ρ

â)D[-
axRep(M ′) 
ρ t ∈ tA(u)

â@D2-§Ä0Ç±D[-
axRep(t, u,M)[ρ] 
ρ t ∈ tA(u)

Ü
Í

Γ `M : t ∈ tA(u)

Γ ` axProp(t, u,M) : φA(t, u)
ô(=ï35È�>sÆ�1mÉJ35ËZ4�7F=FÊ@-^É[7s46D23±DUâ

M ′

ρ t ∈ tA(u)

Ü�Â%7s3¬D®ÐÑ4UÄ^È�D+É[7�Ä0É
M ′ ↓ v

Ä0È@>
(v, [[t]]ρ) ∈ [[tA(u)]]

ÜWô(=W�¥4�ÐÑÐ§Ä:ýsâ
v = axRep(N)

Ä0È�>
N 
ρ φA([[t]]ρ, [[u]]ρ)

Ü
ô(=��¥4UÐÑÐÑÄÑû��sâ

N 
ρ φA(t, u)
ÜY8:-^ÃJ4�-CËZ4�Ã6â

axProp(t, u,M) = axProp(M ′) →∗

axProp(axRep(N)) → N
Ü*�W4�ÐÑÐ§Ä�û�5êë^3¬Ë^4UD(Æ�D*É[7s4
1�Ç¬Ä^35Ð&Ü



rJt

Í
Γ `M : φ

Γ ` λa. M : ∀a. φ
ô(=£35È@>;Æ�1mÉJ35ËZ4�7Y=FÊ�-0ÉJ7s4UD[3¬DUâYÅA-^Ã)Ä^Ç5Ç

ρ |= Γ `M : φ
â
M [ρ] 
 φ

Ü�,¦4�Ès4U4U>æÉ[-§D27�-CB
É[7�Ä0É�ÅA-^Ã�Ä0Ç¬Ç

ρ |= Γ ` λa. M : ∀a. φ
â
λa. M = M [ρ] 
ρ ∀a. φ(a)

ÜWÂ�Ä^E^4ÑÄ0ÈF=
D2Æ@1�7

ρ
ÜU,¦4(Ès4U4U>qÉ[-qD27�-CB¦ÉJ7�ÄCÉ

∀A. M [ρ] 
ρ φ[a := A]
ÜwÂ�Ä0E^4�Ä0ÈF=

A
Ü6ô(=��¥4UÐ®Ð§Ä
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−

R` (∃!x. ψ(x))∧ψ(t)
Ü^Â%7�4�È
á[ñ�Ø

−

R` ∃!x. φ(x)∧
ψ(x)
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` M : t ∈ ω
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natRep(N)
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` N : t = 0 ∨ ∃y ∈
ω. t = S(y)
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` O : ∃y.y ∈ ω ∧ t = S(y)
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[t1, P ]
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` P : t1 ∈ ω ∧ t = S(t1)

Ü Î -^ÃJÐ§Ä0Ç¬35<U35È�ë P 3cÉqë^4�ÉJD
Q
D[Æ�1�7:ÉJ7�ÄCÉ

` Q : t1 ∈ ω
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F
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F (` Q : t1 ∈ ω) + 1
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t, t1, t2, . . .
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F
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−

R` t = S(t1)
â

á[ñ�Ø
−

R` t1 = S(t2)
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t
â;D[-
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R` ∃x ∈ ω. φ(x) ¥ +�{ w (+�{ w / w '�)�#�(0#
+ ~ /2#
®�( ~ 4�� w /
n

#�( | + w /�4
t
) ~=� {z+�{*#
+ ¤}Ï0Ì −

R` φ(t) ∧ t = n
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[t,M ]
D2Æ@1�7êÉJ7�ÄCÉ

` [t,M ] : ∃x. x ∈ ω ∧ φ(x)
ÜpÂ%7FÆ�D

M ` t ∈ ω ∧ φ(t)
âpD[-

M ↓ 〈M1,M2〉
Ä^È�>

` M1 : t ∈ ω
Ü�Â�Ä^E^4

n = F (` M1 : t ∈ ω)
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t = n
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−

R
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R
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B ∈ C

�
s `?tFplnNm�nNo�pu^iâ]\�Å ) w +

C
'�)ÑÉ[Ã�Ä0È�D[35É[3¬Ë^4�Ç¬=z��çNDPÉ�Ä0ÛsÇ¬4�' y�'�+6'�)KùQ��)�+�#&��® w #�( |Lw ­ w /�É w ® w �4 w (=+«1�y

C
'�)K+�/2#
(=)}'�+�'�­ w ®ÑÉ�ùQ��)�+�#&��® w �

Â%7s3¬DS>;4�
�Ès35É[3¬-^È®3¬D�ÅA-ZÃ[Ð§Ä0Ç¬3¬<�4U>+35ÈÑÄqDPÉ�Ä0È�>sÄ^ÃJ>+B(Äw=ZâUÆ@D23¬Èsë´É[Ã�Ä0È�D[3cÉJ35ËZ4(1�Ç5-YD2Æ�Ã[4Zâ6ÄwËCÄ03¬Ç5ç
Ä0ÛsÇ¬4§35È¨á[ñ�Ø

−

R

â�Ä^D
D[7s-CB*È.3kÜ 4^Ü¥3¬È ÿ ò´ó��sû��iÜW,¦4£B*ÃJ35É[4
TLS(A)

ÉJ-:4�Ó;ÊsÃJ4UDJDzÉJ7�ÄCÉ
A
3±D

É[Ã�Ä0È�D[3cÉJ35ËZ4�Ç¬=���çNDPÉ�Ä0ÛsÇ¬4zÄ0È@>æ>;4UÈs-0ÉJ4zÉJ7s4q1�Ç¬ÄZD[Dp-0Å¥ÉJÃJÄ^È�D[3cÉJ35ËZ4�Ç¬=$�¥ç�D2ÉJÄ^ÛsÇ54qD24�ÉJD(ÛF=
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R ` V = T
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aT ≡ a {t, u}T ≡ {tT , uT } ωT ≡ ω (
⋃
t)T ≡

⋃
tT (P (t))T ≡ P (tT )∩T

(Sφ(a,f)(u, u))
T ≡ SφT (a,f)(u

T , uT ) (Rφ(a,b,f)(t, u))
T ≡ Rb∈T∧φT (a,b,f)(t

T , uT )
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t(a, f) ¥ T |= ∀a, b, f. a = b→ t(a, f) = t(b, f)
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t(a, f) ¥ ∀a, f ∈ T. tT (a, f) ∈ T

�
� `ibdbd�¨f�f�\
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t, s
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A,B ∈ T
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A = B
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tT (A,F ) ∈

sT (A,F )
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tT (B,F ) ∈ sT (B,F )
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tT (A,F ) = tT (B,F )
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R ` ∀a. tT (a) = t(a)
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R ` ∀a. φT (a) ↔ φ(a)
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R ` φ ∨ ψ
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T ∨ ψT Ü�ô�= Þ ÔÅA-^Ã*á[ñ�Ø

−

R
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−
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R ` ψ
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R` ∃x. x ∈
T ∧ x ∈ ωT . φT (x)
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−

R` ∃x ∈ ωT . x ∈ T ∧ φT (x)
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R` ∃x. φT (x) ∧ x = n
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φ(a,f)

×
∀f∀a∀c. c ∈ Sφ(a,f)(a, f) ↔ c ∈ a ∧ φT (c, f)ÕAÔ«,*,åÒpó�� ×
∀a∀c.c ∈ P (a) ↔ c ∈ T ∧ ∀b. b ∈ c→ b ∈ aÕ°ó)Ò�ÔO�D�

φ(a,b,f)

×
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(∃x ∈ a. φT (x, c, f))Õ°Âzí%×
∀a, c. c ∈ TC(a) ↔ (c ∈ a∨∃d ∈ TC(a). c ∈ d)∧∀d. PTC(a, d) → c ∈ d
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