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Abstract
Microfacetmodelshaveprovenverysuccessfulfor modelinglight reßectionfromroughsurfaces.In thispaperwe
review microfacettheoryand demonstratehowit canbeextendedto simulatetransmissionthrough roughsurfaces
such asetchedglass.We compare the resultingtransmissionmodelto measureddata from several real surfaces
anddiscussappropriatechoicesfor themicrofacetdistributionandshadowing-maskingfunctions.Sincerendering
transmissionthroughmediarequirestracking light thatcrossesat leasttwo interfaces,goodimportancesampling
is a practical necessity. Therefore, wealsodescribeefÞcientschemesfor samplingthemicrofacetmodelsandthe
correspondingprobabilitydensityfunctions.

CategoriesandSubjectDescriptors(accordingto ACM CCS): I.3.7 [Three-DimensionalGraphicsandRealism]:
Keywords:Refraction,MicrofacetBTDF, Cook-TorranceModel,Global Illumination,MonteCarlo Sampling

1. Intr oduction

Transmissioninto or throughrefractive mediais an impor-
tantcomponentin theappearanceof many materials,includ-
ing both largely transparentmedia,suchasglassor water,
and translucentmedia,suchas skin or marble.When the
boundaryof amediumis smooth,thentransmissionis easily
modeledusingSnellÕs law of refraction.However, whenthe
boundaryis rough,thereis a lack of physically basedand
veriÞedmodelsfor usein computergraphics.

In this paperwe Þrstreview microfacettheoryandshow
how, usinga generalizationof thehalf vector, it canbeused
to modelboth reßectionandrefractionat roughboundaries
betweenmedia.This provides a completeanalytic BSDF
modelthatcanbeusedto simulateroughtransmissivemate-
rialssuchastheetchedglassglobeshown in Figure1. Oneof
our goalsis to serve asa complete,self-containedreference
for implementors,sowe provide all thenecessaryequations
anddiscusspracticalissuessuchaschoicesof distributions,
shadowing-masking,andimportancesampling.Sincetrans-
mitted light mustcrossat leasttwo interfaces,goodimpor-
tancesamplingis crucialfor efÞcientrendering.

We alsovalidatethemicrofacetmodelby comparingit to
measuredtransmissiondatafrom four real surfaces.Rough
transmissionshows several interestingbehaviors (e.g., see
Figure2) suchasthestrongshift in thepeakaway from the
smoothrefractiondirectiontowardsgrazingangles(similar
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to off-specularpeaksin roughreßection),andthemicrofacet
modelsareableto successfullypredictsucheffects.Wealso
introduceanew microfacetdistribution,whichwecallGGX,
thatprovidesaclosermatchfor someof oursurfacesthanthe
standardBeckmanndistribution function.

Next we will discussrelatedwork, andthenreview gen-

Figure 1: Glasssphere with etchedmapof theworld, simu-
latedusingour microfacetrefractionmodel(Beckmanndis-
tributionwith roughnessmodulatedbya texturemap).
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Figure 2: Measured transmission( ft (i,o,n) |oán|) for a
roughsurface(groundglass)at 0, 30, 60, and 80 degrees
incidenceangle. Dashedlines are the refracteddirections
predictedby SnellÕs law for a smoothsurface. Note that
the transmittedlobe growsbroaderas the incidenceangle
increasesand is shiftedsigniÞcantlytowards grazingcom-
paredto refractionthrougha smoothsurface.

eralmicrofacettheoryin Section3. Appropriateexpressions
for the microsurface(smooth)reßectionandrefractionare
developed in Section4. We then give the rough surface
reßectionand refraction modelsin Section5 and discuss
choicesfor themicrofacetdistributionandrelatedfunctions.
Section6 describesour measurement apparatusand com-
paresourmeasurementsto theÞttedmicrofacetmodels.Ap-
pendixA reviewstheSmithshadowing-maskingapproxima-
tion for arbitrarymicrofacetdistributions.

2. PreviousWork

Microfacetmodelswereintroducedto graphicsby Cookand
Torrance[CT82], basedonearlierwork from optics[TS67],
to model light reßectionfrom roughsurfaces.Many varia-
tionshavebeenproposed(e.g.,[vSK98,KSK01,PK02]). Mi-
crofacetmodelsarewidely usedin graphicsandhaveproven
effective in modelingmany realsurfaces[NDM05].

Ward [Lar92] introduced a simpliÞed version of the
Cook-Torrancemodel and extendedit to reßectionsfrom
anisotropicmaterials.He alsointroduceda methodfor sam-
pling his model,andBeckmanndistributionsin general,but
see[Wal05] for thecorrectsamplingweights.An alternative
samplingmethodusingÞttedseparableapproximationswas
proposedby Lawrenceetal. [LRR04].

Schlick [Sch94] usedrationalapproximationto createa
cheaperapproximationto theCook-Torrancemodelinclud-
ing awidely adoptedapproximationto theFresnelformula.

AshikhminandShirley [AS00] introducedananisotropic
reßection model using a Phong microfacet distribution
including correct importancesampling. [APS00] created
energy-conservingreßectionmodelsfrom arbitrary micro-
facetdistributions,thoughthis formulationinvolvesnumeri-
cally estimatingintegralswithout closedform solutions.

i Directionfrom which light is incident
o Directionin which light is scattered
n Macrosurfacenormal
m Microsurfacenormal
D Microfacetdistribution function
G Bidirectionalshadowing-maskingfunction
G1 Monodirectionalshadowing function
F Fresnelterm

fr , f m
r Reßectance(BRDF) for macroandmicrosurface

fs, f m
s Scattering(BSDF)for macroandmicrosurface

ft , f m
t Transmittance(BTDF) for macroandmicrosurface

hr Half-directionfor reßection
ht Half-directionfor transmission

!"hr ,!"ht Unnormalizedhalf vectors
! Fractionof incidentenergy scatteredin amode
" Diracdeltafunction!

!
! #a

#b

!
!
! Jacobianof thetransformbetweena andb

$i Index of refractionof themediaon theincidentside
$o, $t Index of refractionof mediaon thetransmittedside
pm(m) Probabilityof choosingmicrosurfacenormalm
po(o) Probabilityof choosingscattereddirectiono
%+(a) Equalto oneif a > 0 andzeroif a # 0

sign(a) Signfunction(1 if a $ 0 and-1 if a < 0)
&1,&2 Uniform randomnumbersin [0,1)

Figure3: Tableof symbols.

The closestwork to oursis Stam[Sta01], who derived a
microfacetmodelfor refractionaspartof his layeredmodel
for the reßectanceof skin, and also derived the Jacobian
for refraction.Unlike the presentwork, however, Stamdid
notprovide importancesamplingor verify hismodelagainst
experimentaldata.He alsoomittedtheshadowing-masking
termandusedanon-standardBeckmanndistributionvariant.

Many approximations for the shadowing-maskingterm
have beenproposed(e.g., [TS67, San69, APS00]). We use
an approximationdue to Smith [Smi67], which was orig-
inally derived for gaussiansurfacesand later generalized
[Bro80,BBS02] for arbitrarymicrofacetdistributions.

Wave opticsbasedreßectionmodelshave beenproposed
(e.g.,[HTSG91]) thatcansimulatea wider rangeof surface
effectsthanmicrofacetmodels,but they aremuchmoreex-
pensive to evaluateandlackgoodimportancesampling.

Numericalsimulationsof transmissionfor variousrough
surfacemodelshave alsobeenperformedandcomparedto
measuredresults[RE75,Ger03,SN91,NSSD90].

Notation. In thiswork wewill useboldfacelowercaseletters
(e.g.,i or v) to denoteunit vectorsor directions.Unnormal-
izedvectorswill bewrittenwith anarrow (e.g.,!"h ) to clearly
distinguishthem.Sometimeswewill describedirectionsus-
ing sphericalpolar coordinates(e.g.,v = #' v, ( v$). Thepo-
lar angle ' will alwaystheangle betweenthedirectionand
the macrosurfacenormaln, while the azimuthalangle( is
fromsomecanonicaldirectionperpendicularto n (whichcan
bechosenarbitrarily for theisotropiccaseswe discuss).Al-
thoughwedescribetheBSDFin termsof radiance(i.e. light
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Figure4: Micro vs.macro surface.

ßow), theequationsareidenticalwhenhandlingits dual,im-
portance(i.e. tracingfrom cameras[Vea96]).

3. Micr ofacetTheory

A BSDF(BidirectionalScatteringDistributionFunction)de-
scribeshow light scattersfrom a surface.It is deÞnedasthe
ratio of scatteredradiancein a directiono causedper unit
irradianceincident from direction i, and we will denoteit
as fs(i,o,n) to emphasizeits dependenceon the local sur-
facenormaln. If restrictedto only reßectionor transmission,
it is often calledthe BRDF or BTDF, respectively, andour
BSDFwill bethesumof a BRDF, fr , anda BTDF, ft , term.
Sincewe want to includeboth reßectionandtransmission,
wewill takecarethatourderivationsandequationscancor-
rectlyhandledirectionsoneithersideof thesurface.

In microfacetmodels,a detailed microsurfaceis replaced
by a simpliÞedmacrosurface(seeFigure 4) with a modi-
Þedscatteringfunction (BSDF) that matchesthe aggregate
directionalscatteringof the microsurface(i.e. both should
appearthesamefrom a distance).This assumesthatmicro-
surfacedetail is too small to be seendirectly, so only the
far-Þelddirectionalscatteringpatternmatters.Typically ge-
ometricopticsis assumedandonly singlescatteringis mod-
eled, to simplify the problem.Wave effects and light that
strikes the surfacetwice (or more)are ignoredor mustbe
handledseparately.

Ratherthanworking with a particularmicro-surfacecon-
Þguration,it is assumedthat the microsurfacecanbe ade-
quatelydescribedby two statisticalmeasures,a microfacet
distribution function D anda shadowing-maskingfunction
G, togetherwith amicrosurfaceBSDF f m

s .

3.1. Micr ofacetDistrib ution Function, D

Themicrofacetnormaldistribution,D(m), describesthesta-
tistical distribution of surfacenormalsm over the microsur-
face.GivenaninÞnitesimalsolid angled) m centeredon m,
and an inÞnitesimalmacrosurface area dA, D(m)d) mdA
is the total areaof the portion of the correspondingmicro-
surfacewhosenormalslie within thatspeciÞedsolid angle.
HenceD is a densityfunction with units of 1/steradians.A
plausiblemicrofacetdistributionshouldobey at leastthefol-
lowing properties:

¥ Microfacetdensityis positivevalued:

0 %D(m) %& (1)

m

i

o

Visible VisibleBlocked
Figure 5: Shadowing-maskinggeometry:Threepointswith
thesamemicrosurfacenormalm. Twoarevisiblein boththe
i ando directions,whileoneis blocked(in i in thiscase).By
convention,wealwaysusedirectionswhich pointawayfrom
thesurface.

¥ Total microsurfaceareais at leastas large as the corre-
spondingmacrosurfaceÕsarea:

1 %
Z

D(m)d) m (2)

¥ The (signed)projectedareaof the microsurface is the
sameas the projectedareaof the macrosurfacefor any
directionv:

(v án) =
Z

D(m)(v ám)d) m (3)

andin thespecialcase,v = n:

1 =
Z

D(m)(n ám)d) m (4)

Equationsfor particular microfacet distributions are dis-
cussedin Section5.2.

3.2. Shadowing-Masking Function, G

The bidirectional shadowing-masking function G(i,o,m)
describeswhatfractionof themicrosurfacewith normalm is
visible in bothdirectionsi ando (seeFigure5). Typically the
shadowing-maskingfunction has relatively little effect on
theshapeof theBSDF, exceptneargrazinganglesor for very
roughsurfaces,but is neededto maintainenergy conserva-
tion. Someimportantpropertiesthata plausibleshadowing-
maskingfunctionshouldobey are:

¥ Shadowing-maskingis a fractionbetweenzeroandone:

0 %G(i,o,m) %1 (5)

¥ It is symmetricin thetwo visibility directions:

G(i,o,m) = G(o, i,m) (6)

¥ Thebacksurfaceof themicrosurfaceis nevervisiblefrom
directionson thefront sideof themacrosurfaceandvice-
versa(sidednessagreement):

G(i,o,m) = 0 if (i ám)(i án) % 0

or (oám)(oán) % 0 (7)

The shadowing-maskingfunction dependson the details
of the microsurface,andexact expressionsarerarely avail-
able.More typically, approximationsarederivedusingvari-
ousstatisticalmodelsandsimplifying assumptions.SeeSec-
tions5 andAppendixA for morediscussion.
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3.3. MacrosurfaceBSDF Integral

ThemacrosurfaceBSDFis designedto matchtheaggregate
directional(single)scatteringbehavior of themicrosurface.
We can computeit by integrating (i.e. summing) the con-
tributionsover all visible correspondingpartsof themicro-
surface,eachof which scatterslight accordingto themicro-
surfaceÕs BSDF, f m

s . The productof the D andG givesthe
correspondingvisible areaof themicrosurfacefor eachmi-
cronormalm. We also needto apply correctionfactorsto
Þrsttransformincidentirradianceontothemicrosurfaceand
thentransformthe scatteredradiancebackto themacrosur-
face,becausebothirradianceandradiancearemeasuredrel-
ative to a surfaceÕs projectedarea.Theresultingintegral for
themacrosurfaceBSDFis:

fs(i,o,n) =
Z "

"
"
"
i ám
i án

"
"
"
" f m

s (i,o,m)
"
"
"
oám
oán

"
"
"G(i,o,m) D(m)d) m

(8)
To apply this integral, we needequationsfor D, G, and
f m
s . We will assumethat themicrosurfaceis locally smooth

so that f m
s is a sum of terms for ideal (mirror) reßection

andideal(SnellÕs law) refraction,with relative strengthsde-
scribedby aFresneltermF. Theappropriateexpressionsfor
f m
s will bederivedin thenext section.

4. Micr osurfaceSpecularBSDFs

While any BSDFcouldbeusedfor themicrosurfaceBSDF,
most microfacet models assumeideal specularreßection
wherethemicrosurfaceactslikeacollectionof tiny ßatmir-
rors(i.e. themicrofacets).In thiswork weincludebothideal
reßectionandidealrefractionterms.

A genericspecularBSDFscattersa fraction! of theinci-
dentenergy from directioni into a singlespeculardirection
s, (where! andsarefunctionsof i andthelocalsurfacenor-
mal).Wecanwrite suchaspecularBSDFas:

f m
s (i,o,m) = !

" ) o(s, o)
|oám|

(9)

where" ) o(s,o) is a Dirac deltafunction whosevalueis in-
Þnitewhens = o andzerootherwise.Mathematicallydelta
functionsarenot functions,but rathergeneralizedfunctions.
They alwayshaveanassociatedmeasure(e.g.,d) o, thesolid
anglemeasurefor o) andaredeÞnedby their integral with
respectto thismeasure:

Z

*
g(o) " ) o(s,o) d) o =

#
g(s) if s ' *

0 otherwise
(10)

for any functiong().

To usesucha BSDFin Equation8, we needto expressit
in termsof microsurfacenormalsandtheir associatedsolid
anglemeasure.Let us assumethat for any given incident
andoutgoing directions,thereis at mostonemicrosurface
normalthatscattersenergy from i to o, andthatwecancom-

putethatnormalash(i,o), whichwecall thehalf-direction  .
We can then rewrite the BSDF in terms of a delta func-
tion between h and m. However, becausea delta function
is deÞnedwith respectto anintegral,changingits associated
measurerequiresanappropriatecorrectionfactorto preserve
thevalueof theintegral.Using thechangeof variablestheo-
rem,theequivalentof Equation9 is:

f m
s (i,o,m) = ! (i,m)

" ) m(h(i,o), m)
|oám|

!
!
!
!

#) h

#) o

!
!
!
! (11)

where
!
!
! #) h

#) o

!
!
! is theabsolutevalueof thedeterminantof the

Jacobianmatrix for the transformbetweenh and o (using
solid angle measures).For brevity, the latter is often simply
calledtheJacobian.

The Jacobiandescribesthe magnituderelationshipbe-
tweensmall perturbationsin the two spaces.We cancom-
pute it by creatinga small perturbationin the solid angle
of o, which we will denoteasd) o, andÞndingthe induced
solid angleperturbationin h, which we will denoteasd) h
TheJacobianis deÞnedas:

!
!
!
!

#) h

#) o

!
!
!
! = lim

d) o! 0

d) h

d) o
(12)

in thelimit of inÞnitesimalperturbations.Solid anglecorre-
spondsdirectly to areaon a unit sphereandsuchinÞnites-
imal areascanbe treatedasapproximatelyplanar. This al-
lows us to computethe reßectionandrefractionJacobians
geometricallyin Figures6 and7. We createaninÞnitesimal
solid angleperturbationd) o aroundo which is equivalent
to an inÞnitesimalareaon theunit sphereaboutthebaseof
o. We thenproject this areaonto the the unit sphereabout
the baseof h which is thenequivalentto the inducedsolid
angleperturbationd) h abouth, andtheratio betweenthese
inÞnitesimalsolid anglesis equalto theJacobian.TheJaco-
bianscanalsobecomputedalgebraicallyfrom theequations
relatingh ando asin [Sta01].

4.1. f m
r , Ideal Reßection

For ideal reßection,we denotethe half-directionashr and
its unnormalizedversion,thehalf-vector, as!"hr (we will use
ht for the transmissioncase).We usethe standardformula
for !"hr , except that we modulateit by the sign of (i án) so
thatour equationswill work for directionson eithersideof
thesurface(i.e. front or back).Thereßectionhalf-direction
liesmidwaybetweeni ando, andit andits Jacobianare:

hr = hr(i,o) =
!"hr

( !"hr (
where !"hr = sign(i án) (i + o) (13)

!
!
!
!

#) hr

#) o

!
!
!
! =

|oáhr|

( !"hr ( 2
=

1
4|oáhr|

(14)

  Thenamecomesfrom reßectionwhereh is thedirectionhalfway
in betweeni ando, but its deÞnitionis differentfor refraction.
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2d! h = d! o

i o

hr

Surface Reflection

hr

Figure 6: Geometryfor ideal reßectionwith half-vector
!"hr = i + o andnormalizedhalf-directionhr = !"hr / ( !"hr ( . To
computetheJacobianwecomputethesolid angleperturba-
tion in the normalizedhalf vector, d) h, inducedby an in-
Þnitesimalsolid angleperturbation, d) o, in o. Solid angle
is directly proportional to area on the correspondingunit
spheres.Only the 2D incidenceplaneslice throughthe full
3D spaceis shown.

A geometricderivationof theJacobianis illustratedin Fig-
ure 6. We have also usedthe facts that ( !"hr ( = (!"hr áhr)
and(oáhr) = (i áhr). The half-directionis undeÞnedwhen
i = ! o, which is never a valid reßectionconÞguration.For
reßectionwe set ! equalto the FresnelfactorF (seeSec-
tion 5.1). Using Equation11, the reßectionmicrosurface
BRDF is:

f m
r (i,o,m) = F(i,m)

" ) m(hr,m)
4(i áhr)2 (15)

for reßectionfrom eithersideof thesurface.Dueto theJa-
cobianterm, f m

r increasesas|i áhr| decreases,andthis is a
principalcauseof theoff-specularreßectionpeakspredicted
by microfacetmodelsandobservedin realsurfaces.

4.2. f m
t , Ideal Refraction

In thecaseof transmissionwe needtheindicesof refraction
on either side of the surface.Let us denotethe indicesas
$i and$o for the incidentandtransmittedsidesof the sur-
face,respectively. Ideal refractionthenfollows SnellÕs law
for Þndingtherefracteddirectiono correspondingto any in-
cidentdirectioni. SnellÕs law canalsobeexpressedusinga
half-directionht deÞnedas:

ht = ht(i,o) =
!"ht

( !"ht (
where !"ht = ! ($i i + $oo) (16)

Themagnitudesof thecomponentsof i ando perpendicular
to m areequalto thesin of theanglesbetweenthemandm.
For refractiondirections,by SnellÕs law, thesecomponents
will exactly cancelin ht, andtheresultingdirection will be
colinearwith m. If we excludethe caseswherei ando lie
on the samesideof the surface,thenwe will have ht = m
if andonly if i ando obey SnellÕs law for refractionwhen
usingm as the surfacenormal.The negative sign in !"ht is
becausewe usethe convention that surfacenormalspoint
into themediumwith thelowerindex of refraction(e.g.,air).
We assumethat the two sidesof the surfacehave different

-nii

ht
i

o

ht

Surface Refraction

-noo

d! o

 = d! h

no d! o
2

|o.ht|
||ht||

2 no d! o
2

ht

Figure 7: Geometryfor ideal refraction with half-vector
!"ht = ! $i i ! $oo and normalized half-direction ht =
!"ht / ( !"ht ( . WecomputetheJacobianbytakinga inÞnitesimal
solid angleperturbationd) o in o, projecting into a pertur-
bation in !"ht and then onto the unit sphere for ht. Only the
2D incidenceplaneslicethroughthefull 3D spaceis shown.

indicesof refraction;otherwiseht becomesill-deÞned.The
correspondingJacobian(seeFigure7) is:

!
!
!
!

#) ht

#) o

!
!
!
! =

$2
o|oáht|

( !"ht ( 2
=

$2
o |oáht|

($i (i áht) + $o(oáht))
2 (17)

We assumeno light is absorbedat the interfaceso the !
for refractionis oneminusthefresnelfactorF. UsingEqua-
tion 11, wecanwrite themicrosurfacerefractionBSDF as:

f m
t (i,o,m) = (1! F(i,m))

" ) m(ht,m) $2
o

($i (i áht) + $o(oáht))2 (18)

NotethatthisBTDF doesnot obey reciprocity, insteadwe
have f m

t (i,o,m)/ $2
o = f m

t (o, i,m)/ $2
i . This is awell-known

propertyof refractive interfaces[Vea96]à andif desiredwe
canrestorereciprocityby trackingradiance/$2 insteadof ra-
diance(sometimescalledbasicradiance).As in reßectance,
theBTDF increasestowardsgrazinganglesdueto theJaco-
bian term which similarly causesoff-specularpeaksin the
refractedlobe.

5. BSDF for RoughSurfaces

Using themicrosurfaceBSDFsfor reßectionandrefraction
togetherwith Equation 8, wecannow write theequationfor
the macrosurfacereßectionandrefractionBSDF fs, which
is sumof BRDF andBTDF terms:

fs(i,o,m) = fr (i,o,m) + ft (i,o,m) (19)

Thereßectiontermis:

fr (i,o,n) =
F(i,hr) G(i,o,hr) D(hr)

4|i án| |oán|
(20)

à While Veachcorrectly pointsout that refractive BTDFs arenot
reciprocal,heincorrectlyclaimsthey arenotself-adjoint.In factthe
equationsaresamewhethertransportingradiance(from lights) or
importance(from cameras).
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This is exactly thesameastheCook-TorranceBSDFexcept
that we have a factorof 4 in the denominatorinsteadof +.
However, the original paperuseda differentnormalization
for D. Othermorerecentpapersagreewith our constantof
four (e.g.,[Sta01]).

Thecorrespondingrefractiontermis:

ft (i,o,n) =
|i áht| |oáht|
|i án| |oán|

$2
o (1! F(i,ht)) G(i,o,ht) D(ht)

($i (i áht) + $o(oáht))
2

(21)
We donÕt get asmuchnice cancellationof termsin the re-
fraction component,but it is still easily implementedand
evaluated.This completesour derivationof thebasicBSDF
equationsfor the microfacetmodel of reßectionandtrans-
missionthroughroughdielectricsurfaces.

5.1. ChoosingF, D, and G

UsingEquations20and21, requiresappropriatechoicesfor
theF, D, andG, terms.TheFresnelterm is thebestunder-
stood,andexactequationsareavailablein theliterature.The
Fresneltermis typically smallatnormalincidence(e.g.,0.04
for glasswith $t = 1.5) andincreasesto unity atgrazingan-
glesor for total internalreßection.A convenientexact for-
mulationfor dielectricswith unpolarizedlight is [CT82]:

F(i,m) =
1
2

(g! c)2

(g+ c)2

$

1+
(c(g+ c) ! 1)2

(c(g! c) + 1)2

%

(22)

where g =

&
$2

t

$2
i

! 1+ c2 and c = |i ám|

Notethatif g is imaginary, this indicatestotal internalreßec-
tion andF = 1 in this case.Cheaperapproximationsfor F
arealsosometimesused[CT82,Sch94].

A wide variety of microfacet distribution functions D
havebeenproposed.In thispaper, wediscussthreedifferent
types:Beckmann,Phong,andGGX. The Beckmanndistri-
bution arisesfrom Gaussianroughnessassumptionsfor the
microsurfaceandis widely usedin theopticsliterature.The
Phongdistributionis apurelyempiricalonedevelopedin the
graphicsliterature;however, with suitablechoicesof width
parametersit is very similar to the Beckmanndistribution.
TheGGX distribution is new, andwe developedit to better
matchourmeasureddatafor transmission.Equationsfor the
threedistribution typesandrelatedfunctionsaregivenat the
endof this section.

Theshadowing-maskingtermG dependson thedistribu-
tion function D andthe detailsof the microsurface,so ex-
actsolutionsarerarelypossible.Cook & Torranceuseda G
basedon a 1D modelof parallelgroovesthat guaranteesen-
ergy conservationfor any distribution D, but we do not rec-
ommendusingit becauseit containsÞrstderivative discon-
tinuitiesandotherfeaturesnot seenin realsurfaces.Instead
we will use the Smith shadowing-maskingapproximation
[Smi67]. The Smith G wasoriginally derived for Gaussian

! 40 ! 20 20 40
"m

2
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6

8
MicrofacetDistributions, D!m"

! 90 ! 60 ! 30 30 60 90
"v

0.2
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0.8

1
SmithShadowing! masking, G1

Figure 8: Left: Beckmann(red), Phong(blue), and GGX
(green)distributionfunctionsD(m) with , b = 0.2, , p = 48,
and, g = 0.2 respectively. Beckmannand Phongare nearly
identicalwhileGGXhasanarrowerpeakwithstronger tails.
Right: Smith shadowing-masking term G1(v,n) for same
Beckmann(red) and GGX (green)distributions.G1 is near
oneexceptat grazinganglesandGGXhas more shadowing
dueto its stronger tails.

roughsurfaces,but hassincebeenextendedto handlesur-
faceswith arbitrarydistribution functions[Bro80, BBS02],
thoughin somecases(e.g.,Phong),the resultingintegrals
havenosimpleclosedform solution.

The Smith G approximatesthe bidirectionalshadowing-
maskingas the separableproductof two monodirectional
shadowing termsG1:

G(i,o,m) ) G1(i,m)G1(o,m) (23)

where G1 is derived from the microfacet distribution D
as describedin [Smi67, Bro80, BBS02] and Appendix A.
Smith actually derived two different shadowing functions:
onewhenthemicrosurfacenormalm is known, andanother
averagedover all microsurfacenormals.Althoughthelatter
is morefrequentlyusedin theliterature(e.g.,[HTSG91]), in
microfacetmodels,whereweknow themicrosurfacenormal
of interest,the former is moreappropriateandwe useit in
thispaper.

5.2. SpeciÞcDistrib utions and RelatedFunctions

Below we give theequationsfor theBeckmann,Phong,and
GGX distributionsD (seeFigure8), alongwith theirassoci-
atedSmithshadowing functionsG1, andsamplingequations
to generatemicrosurfacenormalsfrom two uniformrandom
variables&1 and&2 in the interval [0,1). Theprobabilityof
generatingany m usingthegivensamplingequationsis:

pm(m) = D(m) |m án| (24)

Note that ' m is the anglebetweenm andn, ' v between
v and n, and %+(a) is the positive characteristicfunction
(which equalsone if a > 0 and zero if a % 0). Theseare
all heightÞelddistributions(i.e.D(m) = 0 if mán %0), and
anisotropicvariantsexist but will notbediscussedhere.

BeckmannDistrib ution with width parameter, b:

D(m) =
%+(m án)

+, 2
b cos4 ' m

e
" tan2 ' m

, 2
b (25)
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G1(v,m) = %+
' v ám

v án

( 2

1+ erf(a) + 1
a
#

+
e" a2 (26)

with a = (, b tan' v)
" 1

In theG1 equation,theÞrstfactorenforcessidednessagree-
ment(i.e. v mustbe on samesideof the macroandmicro-
surfaces).Becauseit involves the error function, erf(x) =

2#
+

Rx
0 e" x2

dx, this equationcan be expensive to evaluate.
Schlick [Sch94] proposedusinga cheaperrationalapproxi-
mation,but basedit onadifferentshadowing-maskingequa-
tion. Instead,we provide the following rationalapproxima-
tion to the Smith G1 equationabove with relative error of
lessthan0.35%.

G1(v,m) ) %+
' v ám

v án

(
)
*+

*,

3.535a+ 2.181a2

1+ 2.276a+ 2.577a2 if a < 1.6

1 otherwise
(27)

Theequationsfor samplingD(m) |m án| are:

' m = arctan
-

! , 2
b log(1! &1) (28)

( m = 2+&2 (29)

PhongDistrib ution with exponentparameter, p:

D(m) = %+(m án)
, p + 2

2+
(cos' m), p (30)

Note that if we set , p = 2, " 2
b ! 2, then the Phongand

Beckmanndistributionsarevery similar, especiallyfor nar-
row widths (seeFigure 8), and this may help explain the
longevity of the purely empirical Phong distribution. In
graphicsapplications,it is reasonable to choosebetween
them basedon computationalconvenience.Unfortunately
the integralsto computetheSmithG1 have no closedform
solution for the Phongdistribution. Basedon its similarity
to Beckmannand somenumericaltesting, we recommend
insteadusing Equation27 with a =

.
0.5, p + 1/ (tan' v)

for the G1 term for Phong.The equationsfor sampling
D(m) |m án| are:

' m = arccos
/

&
1

, p+ 2

1

0
(31)

( m = 2+&2 (32)

GGX Distrib ution with width parameter, g:

D(m) =
, 2

g %+(m án)

+cos4 ' m (, 2
g + tan2 ' m)2

(33)

G1(v,m) = %+
' v ám

v án

( 2

1+
-

1+ , 2
g tan2 ' v

(34)

TheGGX distribution hasstrongertails thantheBeckmann

andPhongdistributionsandthustendsto have moreshad-
owing. Theequationsfor samplingD(m) |m án| are:

' m = arctan

$
, g

.
&1.

1! &1

%

(35)

( m = 2+&2 (36)

5.3. Samplingand Weights

To samplethe BSDF, we assumethat we are given a di-
rection i andwe want to generatescattereddirectionso in
a patternthat closelymatchesfs(i,o,n) |oán|. In general,a
microfacetBSDFcannotbesampledexactly. Our approach
will beto Þrstsampleamicrosurfacenormalm, andthenuse
it to generatescattereddirectionso. To computetheweights
for thecorrespondingsamples,we alsoneedto computethe
probabilitydensitypo of thesampledirections.Theresulting
weightswill be:

weight(o) =
fs(i,o,n) |oán|

po(o)
(37)

wherewewantto choosethesamplingto minimizethevari-
ancein theresultingweights.

If we choosethe microfacetnormalm with someprob-
ability pm andinvert thehalf-directionformulas(i.e. Equa-
tion 13 or 16) to generatethecorresponding scattereddirec-
tion o, thenthe resultingprobability will includethe Jaco-
bianof thehalf-directiontransform(e.g.,see[Wal05]):

po(o) = pm(m)

!
!
!
!

#) h

#) o

!
!
!
! (38)

Using the samplingequationsfrom Section5.2, we can
generatesampledmicrofacet normalsm accordingto the
probability pm(m) = D(m) |m án|. Wecanthenevaluatethe
Fresnelterm F(i,m) anduseit to selectbetweenreßection
and refraction,thus also folding the Fresnelterm into the
probability. For reßection,thescattereddirectionor is:

or = 2 |i ám| m ! i (39)

andfor transmissionthescattereddirectionot is:

ot =
/

$ c! sign(i án)
-

1+ $(c2 ! 1)
0

m ! $ i

with c = (i ám) and $ = $i / $t (40)

And in eithercasethe resultingweight for thescattereddi-
rectionis:

weight(o) =
fs(i,o,n) |oán|

po(o)
=

|i ám| G(i,o,m)
|i án| |m án|

(41)

At normalincidence(i.e. |i án| ) 1) this is a nearlyperfect
sampling.At grazingangles,it is still agoodsamplingbut it
is possibleto producesampleweightsashighashundredsto
millions dependingon thechoicesandparametersfor D and
G. While suchhigh weightsareunlikely (worst for retrore-
ßectionat grazingwhere fs is very small), they cancause
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smooth
spherical
surface

optical
contact

planar
sample
surface

Figure 9: Measurementsetup: We bondeda glass hemi-
sphere to the back of our samples,to allow us to observe
transmissionevenat grazingangles.

problemsfor methodsthatassumesuchhigh weightsnever
occur(e.g.,mostparticletracingmethods).We cangreatly
reducethemaximumweight by modifying thesamplingdis-
tributionslightly. For example,with theBeckmanndistribu-
tion, we caninsteadsamplea slightly wideneddistribution
givenby ,  

b = (1.2! 0.2
.

|i án|), b. This reducesthemaxi-
mumsampleweightto roughlyfour, asigniÞcantreduction.

6. Measurements

In order to validate our scatteringmodel, we mademea-
surementsof transmissionthrough several different types
of roughglasssurfaces.This measurementcannotbemade
simply by illuminating a plateof rough-surfacedglassand
measuringthescatteredlight, becausethelight cannotbedi-
rectly observed insidethe glass,andinternalreßectionwill
prevent light that scattersinto relatively grazingdirections
from escapingto where it can be measured.At the same
time, the large amountof internally reßectedlight will re-
illuminate the roughsurfacefrom the inside,producingan
unacceptableamountof straylight.

In orderto directlyobservethetransmittedlight, weelim-
inate the secondinterface by cementinga plano-convex
lens that is nearly a hemisphereto the back of the sam-
ple (Figure9). This conÞgurationwasinspiredby thework
of [NN04]. Thesampleis illuminatedfrom theroughsurface
andviewedfrom arangeof anglesthroughthesphericalsur-
face,with thecenterof rotationof theapparatusalignedwith
thecenterof thesphericalsurfacesothat theview direction
is alwaysperpendicularto the surface. This way, the scat-
teredlight exits thesurfacewith minimal lossdueto Fresnel
reßection.Also, relatively little light is reßectedbackonto
the areanearthe centerof the sample,sincethe reßection
pathsoff thehemispherearenearlyperpendicularto thesur-
face.This greatlyreducesthestray-lightproblemcompared
with aßatsample.

In our setup, a 100mmsquaresampleis cementedusing
index-matchedadhesive¤ to a 75mmdiameter, 75mmfocal

¤ All thesamplesaresoda-limeglass(thecommercialsamplesare

lengthplano-convex lens,which is nearlyahemisphere.For
samplesof about6mm thickness,the centerof the lensÕs
sphericalsurfaceis ontheroughsurface.However, oursam-
plesareof varying thickness,sothemethod musttoleratea
distanceof a few mm betweenthesurfaceandthecenter.

Thesampleis illuminatedfrom theroughsideby theend
of a6mm circularÞberoptic light guideatadistanceof 610
mm (illumination solid angle:.000076sr). The light source
wasa DC regulatedÞberilluminator, providing stableand
ßicker-freeillumination over theentiresamplesurface.The
transmittedlight wassensedby acooledCCDcameraview-
ing thesamplefrom thehemisphericalsidefrom a distance
of 885 mm througha 35mm imaging lensat f/5.6 (receiv-
ing solidangle:.000039sr).Themeasurementwasmadeby
averagingthepixel valuesin a Þxedrectanglein thecamera
imagecorrespondingto anareaon thesphericalsurfaceup
to approximately3mmx 10mm.¦

Becausethe measuredareais deÞnedby a Þxed areain
the image,the measurementsare proportionalto the radi-
anceobserved by the camera.Sinceradianceis preserved
(up to a constantfactor)underrefraction,this arrangement
producesasignalproportionalto theBTDF timesthecosine
of the incidentangle.It is importantto illuminate from the
front and view from the back to have this property; if the
samplewasßood-illuminatedfrom the hemisphericalside,
thelenswould focusthelight into anonuniformdistribution
of irradiancethatwould make thesystemsensitive to exact
alignmentbetweenthespherecenterandthesurface.

We measuredfour samplesof glasswith roughsurfaces
generatedby different processes.One was commercially
producedground glasscreatedby sandblastingsoda-lime
glasswith 120 abrasive (ground, 1/16 inch thickness).One
samplewaspreparedin our lab by acid-etchingonesideof
a plateof soda-limeglass(etched, 3/16inch thickness).The
last two arelesswell characterized:commerciallyavailable
frostedglass(frosted, 1/8 inch thickness)andcommercially
availableantiglareglassfor pictureframing(antiglare, 1/16
inchthickness).All sampleshadßatpolishedsurfacesonthe
reversesideexcepttheantiglareglass,which wasroughon
both sides;we assumethat the adhesive Þlls in the surface
so that theextra roughinterfaceis not relevant (andin fact,
thereis novisibleevidenceof anair layer).

The measurementsconsistentlyshow a clearshift in the
peakof the scatteredlobe away from the expectedrefrac-
tion direction.Whentheroughnessis low, asin theantiglare
glass,thepeakis nearthe ideal refractionangle,but for the
roughersamples it is substantiallyshifted toward grazing.

assumedto be), with refractive index around1.51. The spherical
lensesare BK7 optical glass,with refractive index 1.52, and the
curedadhesive hasspeciÞedrefractive index 1.50.The slight dif-
ferencein index createsonly negligible reßectionover therangeof
angleswemeasured.
¦ Smallerareaswereusedfor less-diffusing samples,in order to
ensurethesignalwasrelatively constantover themeasuredarea.
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Figure10: Groundglasssample. Topis BTDFÞtandbottom
is theÞtto theempiricalmicrofacetdistribution D. Redline
is BeckmannÞtandgreenis GGXÞt.

For this reasonmany of the featuresof theserough-surface
BTDFsaredifÞcultto observe directly in a ßatplate.As we
show next, ourmicrofacetmodelspredictthisbehavior well.

6.1. SampleResults

For eachof our four samplesweÞttedourmicrofacetBTDF
to our measuredtransmissiondatafor normalincidenceus-
ing both the Beckmannand GGX distributions (seeFig-
ure12). For all sampleswe assumedan index of refraction
of 1.51.Thisgivesustwo freeparametersto Þt: thedistribu-
tion width parameter(, b or , g) andanoverallscalingfactor
to mapourmeasurementsto anabsolutescale.

To testour BTDF model,weshow two plotsfor eachsam-
ple.TheÞrstshows ft (i,o,n) |oán| asafunctionof thetrans-
mitted angle' o. We show both the normal incidencecase
(' i = 0),whereweperformedtheÞtting,andthreeadditional
incidenceangles(' i = 30,60,80$) to testthemodelsability
to extrapolateto theseangles.

The secondplot directly estimatespoints in the micro-
facet distribution function D from the data. Since the G
term is close to one except at grazingangles,if we only
usedatapointsfar from grazing(i.e. where|i án| > 0.5 and
|oán| > 0.5), andassumeG(i,o,m) = 1 for thesepoints,we
cansolveEquation21for thecorrespondingvaluesof D(ht).
We alsoexcludedpointswith very low measuredvaluesas

120 150 180 210 240 270
Θo

1

2
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4

5
Measureddatavs.modelfor Θi "0, 30,60,80¡

15 30 45 60 75 90
! m

0.2

0.4

0.6

0.8

1

1.2

1.4
RelativedistributionD!m": datavs. fitted

Figure 11: Frostedsample. Top is BTDF Þt and bottomis
theÞtto theempirical microfacetdistribution D. Redline is
BeckmannÞtandgreenis GGXÞt.

theseareeasilyaffectedby straylight. If thedataÞtsa mi-
crofacetmodel, then thesepoints shouldall lie closeto a
curvewhichis thesurfaceÕsmicrofacetdistributionfunction.
Note that in both plots the modelshave beenscaledby the
Þttedscalingfactorsto enablecomparisonwith the relative
measureddata.

The dataandmodelÞtsfor the groundglasssampleare
shown in Figure10. We canseethat the GGX distribution
providesanexcellentÞt to thedataandis muchcloserthan
the BeckmannÞt. The only signiÞcantdifferencesoccurat
near-grazingangleswherethemicrofacet assumptionsof ge-
ometricopticsandsinglescatteringmay be lessvalid. We

BeckmannFit GGX Fit
Sample scale , b scale , g

ground 0.542 0.344 0.755 0.394

frosted 0.629 0.400 0.861 0.454

etched 0.711 0.493 0.955 0.553

antiglare 0.607 0.023 0.847 0.027

Figure 12: Fitted coefÞcientsfor our four samples.We Þt-
ted the measured data for normal incidenceto our BTDF
usingboththeBeckmannandGGXmicrofacetdistributions.
In each caseweÞtboththedistributionwidth parameterand
an overall scaling factor (becausewe haverelative rather
thanabsolutemeasurements).
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Figure 13: Etched sample. Top is BTDF Þt and bottomis
theÞtto theempirical microfacetdistribution D. Redline is
BeckmannÞtandgreenis GGXÞt.

developedtheGGX distribution speciÞcallyto Þt this sam-
ple after we discoveredthat the Beckmanndistribution did
not matchthe inferredmicrofacet distribution asshown in
thebottomplot.

The plots for the frostedglassandetchedglasssamples
areshown in Figures11 and13. For bothsamples,both the
Beckmannand GGX Þts do a reasonablejob of matching
themeasuredtransmissionpattern,but neither is ableto ex-
actly matchthe empiricalmicrofacetdistribution functions
asshown in the lower plots.Most likely we couldgeteven
bettermatchesby Þndingdistribution functionswith behav-
ior somewherebetweenthatof BeckmannandGGX.

The antiglareglasshasa much lower surfaceroughness
than the othersamplesandconsequentlya muchnarrower
lobe asshown in Figure14. Becauseits so narrow, we get
relatively few sampleswithin thelobeandhadmoretrouble
in estimatingits width. In this caseboth theBeckmannand
GGX Þtsperformequallywell.

UsingourBTDFmodelandsamplingtechniques,wehave
renderedsimulations of the antiglare,ground,and etched
samplesin Figure 15. Theseimagesdo a good job of du-
plicatingtheir differentappearances,andtheir ability to ob-
scurepatternsanddiffuselight. A simulationof anpattern-
etchedglassglobeis shown in Figure1.
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Figure 14: Antiglare sample. Top is BTDF Þtandbottomis
theÞtto theempirical microfacetdistribution D. Redline is
BeckmannÞtandgreenis GGXÞt.

7. Conclusions

In this paper, we have provided a comprehensive review of
microfacettheoryandshown how it canbeextendedto han-
dletransmissivematerialswith roughsurfaces.Wehavevali-
datedtheresulting BTDF modelsagainstmeasureddataand
shown that they canpredict the refractionbehavior of real
surfaces.We developeda new microfacetdistribution func-
tion (theGGX distribution)andshown thatat leastfor some
surfacesit providesaclosermatchto themeasureddatathan
thestandardBeckmanndistribution.Wehavealsodescribed
how to efÞcientlyimportancesamplethe microfacetmodel
which is essentialwhenrendering transmittedlight. We be-
lieve thesetechniquescanprove usefulin enablingsimula-
tion of a wider rangeof materialsincludingimprovedmod-
elsof translucentmaterialssuchasskin,marble, andpaint.
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Appendix A: Deriving theSmithShadowing, G1

This appendixbrießy reviews deriving the Smith shadow-
ing functionG1 from themicrofacetdistribution D; seethe
referencesfor moredetails.Originally createdfor Gaussian
randomsurfaces[Smi67], theSmithG1 hasbeengeneralized
to othermicrofacetdistributions[Bro80,BBS02].

Let us assumewe can representthe microsurface as a
randomheightÞeldrelative to the macrosurfacecharacter-
izedby two probability distributions:P1(&) for height&, and
P22(p,q) for themicrosurface2D slopesp andq, measured
perpendicularand parallel to the incidenceplane respec-
tively. P1 canbeany probability functionwithout changing
the result.The 2D slopeprobability P22 can be computed
from D usingtherelation:

P22(p,q) = D(m) cos4 ' m (42)

wherethe cosinefactorsaredueto the changeof measure
(solid angle vs. slopes)and projectiononto the macrosur-
face.For theBeckmanndistribution, it is easilyshown that
(usingtherelationtan2 ' m = p2 + q2) P22 is just a standard
2D Gaussian.The 1D distribution of slopesq in the inci-
denceplane,P2, is:

P2(q) =
Z %

"%
P22(p,q) dp (43)

Let S(&0,µ) be the probability that a randompoint on
the microsurfacewith height&0 is visible from direction v,
whereµ is theslopeof thevisibility ray (seeFigure16):

µ = |cot' v| (44)

Parameterizingthe ray by its projecteddistance- on the
macrosurface,therayÕsheightat - is &0 + µ-. Let g(- ) .- be
thefractionof previouslyunoccludedraysthatÞrstintersect
themicrosurfacein theinterval [- , -+ .- ], sothat:

S(&0,µ) = e"
R∞

0 g(- ) d- (45)

whereg actssimilarly to the attenuationcoefÞcientin vol-
ume rendering.To computeg, we assumethat the surface
heightandslopedistributionsareindependentandthatg can
beapproximatedas:whatfractionof theraysthatstartthein-
terval abovethesurfacearebelow thesurfaceat theendof it

n

vMicrosurface

Macrosurface

! 0

"##

$v

!

q" #
! 0+µ#

Visibility 
Ray

Figure 16: Geometryfor Smithshadowing-maskingG1 for
direction v, corresponding to a visibility ray has starting
height&0 andslopeµ. At distance- (measuredalongmacro-
surface),themicrosurfacehasheight&andslopeq.

(andhenceintersectedthesurfacesomewherein [- , - + .- ]).
If &andq arethe heightandslopeof the surfaceat - , then
theray is above thesurfaceat - if &0 + µ- > &andbelow the
surfaceat -+ .- if (q! µ).- > (&0 + µ-) ! &. Thusweget:

g(- ) =

R%
µ (q! µ)P1(&0 + µ-)P2(q)dq

R&0+ µ-
"% P1(&)d&

= / (µ)
µP1(&0 + µ-)

f (&o + µ-)
(46)

wheref (z) is theprobabilityz is abovethesurface,and/ is:

f (z) =
Z z

"%
P1(&) d& (47)

/ (µ) =
1
µ

Z %

µ
(q! µ)P2(q) dq (48)

WecansolveEquation45by notingthatthenumeratorin
Equation46 is thederivativeof its denominatorto that:

S(&0,µ) = e/ (µ) log f (&0) = f (&0)/ (µ) (49)

andthenweintegrateoverall startingheights&0 to ÞndS(µ),
theaveragevisibility overall startingmicrosurfaceheights:

S(µ) =
Z %

"%
S(&0,µ)P1(&0)d&0 =
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whereweusedthefactthatthederivativeof f (&0) is P1(&0).

Finally weaddatermto checkthatv startedonthecorrect
sideof themicrosurface(i.e.sidednessagreement)to getthe
Smithmonodirectionalshadowing term:
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Using theseequationswe can derive G1 for any micro-
facetdistribution D (thoughthe integral in Equation48 has
no closed form solution for some D) and togetherwith
Equation23Þndthecorrespondingbidirectionalshadowing-
maskingterm.

Oftenanotherintegrationoverall m is performedto getan
averageshadowing over thewholemicrosurface,but this is
neitherneedednordesirablefor usewith microfacetmodels.
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