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Abstract

Microfacetmodelshaveprovenverysuccessfulor modelinglight relRectiorfromroughsurfacesin this paperwe
review microfacettheoryand demonstatehowit canbeextendedo simulatetransmissiorthrough roughsurfaces
sud as etchedglass.We compae the resultingtransmissiormodelto measued data from several real surfaces
anddiscussappropriatechoicesfor themicrofacetdistribution andshadowingmaskingunctions Sincerendering
transmissionhroughmediarequirestracking light that crossest leasttwo interfaces goodimportancesampling
is a practical necessityTheefore, we alsodescribeefpcientschemedor samplingthe microfacetmodelsandthe

correspondingprobability densityfunctiors.

CatgyoriesandSubjectDescriptorgaccordingo ACM CCS} 1.3.7 [Three-DimensionaGraphicsandRealism]:
Keywomds: Reffaction, MicrofacetBTDF, Cook-DrranceModel,Global lllumination, MonteCarlo Sampling

1. Intr oduction

Transmissiorinto or throughrefractive mediais animpor-
tantcomponenin theappearaneof mary materials,nclud-
ing both largely transparentmedia,suchas glassor water,
and translucentmedia, such as skin or marble. When the
boundaryof amediumis smooth thentransmissioris easily
modeledJsingSr'eII@ law of refraction.However, whenthe
boundaryis rough, thereis a lack of physically basedand
veribedmodelsfor usein computergraphcs.

In this paperwe brstreview microfacettheoryandshav
how, usinga generalizatiorof the half vector it canbeused
to modelboth reRectionandrefractionat roughboundaries
betweenmedia. This provides a completeanalytic BSDF
modelthatcanbeusedto simulateroughtransmissie mate-
rialssuchastheetchedglassglobeshovnin Figurel. Oneof
our goalsis to sene asa complete self-containedeference
for implementorssowe provide all the necessargquations
anddiscussracticalissuessuchaschoicesof distributions,
shadaving-maskingandimportancesampling.Sincetrans-
mitted light mustcrossat leasttwo interfaces,goodimpor
tancesamplingis crucialfor efbcientrendering.

We alsovalidatethe microfacetmodelby comparingit to
measuredransmissiordatafrom four real surfaces.Rough
transmissiorshavs several interestingbehaiors (e.g., see
Figure2) suchasthe strongshift in the peakaway from the
smoothrefractiondirectiontowardsgrazingangles(similar
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to off-speculampeaksn roughrefRection) andthe microfacet
modelsareableto successfullypredictsucheffects.We also
introduceanew microfacetdistribution, whichwecall GGX,
thatprovidesaclosermatchfor someof our surfaceshanthe
standardBeckmanndistribution function

Next we will discussrelatedwork, andthenreview gen-

I

Figure 1: Glasssphee with etthedmapof theworld, simu-
lated usingour microfacetrefraction model(Bedkmanndis-

tribution with roughnessnodulatedoy a texture map).
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Figure 2: Measued transmission(f(i,o,n)|oéan|) for a
rough surface(groundglass)at 0, 30, 60, and 80 degrees
incidenceangle Dashedlines are the refracteddirections
predicted by Snell®law for a smoothsurface Note that
the transmittedlobe grows broader as the incidenceangle
increasesand is shiftedsignibcantlytowards grazing com-
paredto refractionthrougha smoothsurface

eralmicrofacettheoryin Section3. Appropriateexpressions
for the microsurfice (smooth)re3ectionandrefractionare
developedin Section4. We then give the rough surface
reBectionand refraction modelsin Section5 and discuss
choicedfor the microfacetdistribution andrelatedfunctions.
Section6 describesour measuremat apparatusand com-
paresour measurements the bttedmicrofacetmodels Ap-
pendixA reviewsthe Smithshadeving-maskingapproxima-
tion for arbitrarymicrofacetdistributions.

2. Previous Work

Microfacetmodelswereintroducedo graphicsoy Cookand
Torrancg[CT82, basedn earlierwork from optics[TS67,
to modellight reRectionfrom rough surfaces.Mary varia-
tionshave beenproposede.g.,[vSK98KSK01,PK0Z). Mi-
crofacetmodelsarewidely usedin graphicsandhave proven
effectivein modelingmary realsurfaceg NDMO5].

Ward [Lar92 introduced a simpliPed version of the
Cook-Torrancemodel and extendedit to reRRectionsfrom
anisotropicmaterials He alsointroduceda methodfor sam-
pling his model,andBeckmanndistributionsin general put
see[Wal05 for the correctsamplingweights.An alternatve
samplingmethodusingbttedseparabl@pproximationsvas
proposedy Lawrenceetal. [LRRO4].

Schlick [Sch94 usedrational approximationto createa
cheapepproximatiorto the Cook-Torrancemodelinclud-
ing awidely adoptedapproximatiorto the Fresneformula.

AshikhminandShirley [ASO( introducedananisotrgic
rel3ection model using a Phong microfacet distribution
including correct importancesampling. [APS0(Q created
enepgy-conservingrel3ectionmodelsfrom arbitrary micro-
facetdistributions,thoughthis formulationinvolvesnumeri-
cally estimatingntegralswithout closedform sdutions.

Directionfrom whichlight is incident
Directionin whichlight is scattered
Macrosurhcenormal

Microsurfacenormal

Microfacetdistribution function
Bidirectionalshadeving-maskingfunction
Monodirectionakhadaving function
Fresnekerm

fr, f" | RefRectancéBRDF)for macroandmicrosurfice
fs, f&" | Scattering BSDF)for macroandmicrosurfice
fr, f{" | TransmittancBTDF) for macroandmicrosuriice

MT®OU3so—

hy Half-directionfor ref3ection
v h}, Half-directionfor transmission
hr, ht Unnormalizedhalf vectors

! Fractionof incidentenegy scatteredn amode
] Dirac deltafunction
[
1221 Jacobiarof thetransformbetweera andb

$i Index of refractionof themediaon theincidentside
$o, Bt Index of refractionof mediaon thetransmittedside
pm(m) | Probabilityof choosingmicrosuricenormalm
Po(0) Probabilityof choosingscatteredlirectiono
%(a) Equalto oneif a> 0 andzeroif a# 0

sign(a) | Signfunction(1if a$ Oand-1if a< 0)

B

&,& Uniform randomnumbersn [0, 1)
Figure 3: Table of symbols.

The closestwork to oursis Stam[Sta01, who derived a
microfacetmodelfor refractionaspartof his layeredmodel
for the reRectanceof skin, and also derived the Jacobian
for refraction.Unlike the presentwork, however, Stamdid
notprovide importancesamplingor verify his modelagainst
experimentaldata.He alsoomittedthe shadeving-masking
termandusedanon-standar@eckmanrdistributionvariant.

Many approximatims for the shadeving-maskingterm
have beenproposed(e.g.,[TS67 San69APS0(). We use
an approximationdue to Smith [Smi67, which was orig-
inally derived for gaussiansurfacesand later generalized
[Bro80,BBS07 for arbitrarymicrofacetdistributions.

Wave opticsbasedreRectionmodelshave beenproposed
(e.g.,[HTSG91]) thatcansimulatea wider rangeof surface
effectsthanmicrofacetmodels but they aremuchmoreex-
pensve to evaluateandlack goodimportancesampling.

Numericalsimulationsof transmissiorfor variousrough
surfacemodelshave alsobeenperformedand comparedo
measuredesultsiRE75 Ger03 SN91,NSSD9(.

Notation. In thiswork we will useboldfacelowercasdetters
(e.g.,i orv) to denoteunit vectorsor directioqs.UnnormaI-
izedvectorswill bewrittenwith anarrow (e.g.,’h ) toclearly
distinguishthem.Sometimesve will describedirectionsus-
ing sphericalpolar coordinatege.g.,v = # v, (v$. The po-
lar angle ' will alwaysthe ande betweerthe directionand
the macrosurdcenormaln, while the azimuthalangle( is
from somecaronicaldirectionperpendiculato n (whichcan
be choserarbitrarily for theisotropiccaseswe discuss)Al-

thoughwe describehe BSDFin termsof radiancei.e. light

Ic TheEurographis Association2007.
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m n
: ; Microsurface
Macrosurface
Figure 4: Micro vs.macio surface

Row), theequatioms areidenticalwhenhandlingits dual,im-
portancg(i.e. tracingfrom cameragVea94).

3. Micr ofacetTheory

A BSDF(BidirectionalScatteringistribution Function)de-
scribeshow light scatterdrom a surface.lt is debPnedasthe
ratio of scatteredradiancein a directiono causedper unit
irradianceincident from directioni, and we will denoteit
as fs(i,0,n) to emphasizéts dependencen the local sur
facenormaln. If restrictedo only relRectionor transmission,
it is often calledthe BRDF or BTDF, respectiely, andour
BSDFwill bethesumof aBRDF, fr, andaBTDF, f;, term.
Sincewe want to include both re3ectionand transmission,
we will take carethatour derivationsandequationsancor
rectly handledirectionson eithersideof the suface.

In microfacetmodels,a detaled microsurficeis replaced
by a simplibedmacrosuréce (seeFigure 4) with a modi-
bedscatteringfunction (BSDF) that matcheghe aggreate
directionalscatteringof the microsurfce (i.e. both should
appeathe samefrom a distance) This assumeshat micro-
surfacedetail is too small to be seendirectly, so only the
far-Pelddirectionalscatteringpatternmatters Typically ge-
ometricopticsis assumeandonly singlescatterings mod-
eled, to simplify the problem.Wave effects and light that
strikes the surfacetwice (or more) areignoredor mustbe
handledseparately

Ratherthanworking with a particularmicro-suriicecon-
bguration,it is assumedhat the microsurfice canbe ade-
quatelydescribeddy two statisticalmeasuresa microfacet
distribution function D and a shadaving-maskingfunction
G, togethemwith a microsurbiceBSDF M.

3.1. Micr ofacetDistrib ution Function, D

Themicrofacetnormaldistribution, D(m), descrikesthesta-
tistical distribution of surfacenormalsm over the microsur

face.Givenaninbnitesimalolid angled) m centereconm,

and an inbnitesimalmacrosuréce area dA, D(m)d) mdA
is the total areaof the portion of the correspondingmicro-
surfacewhosenormalslie within that specibedsolid angle.
HenceD is a densityfunctionwith units of 1/steradiansA

plausiblemicrofacetdistribution shouldobey atleastthefol-

lowing properties:

¥ Microfacetdensityis positive valued:

0%D(m) % & (1)

!c TheEurographic#ssociatior2007.
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Visible Blocked Visible
Figure 5: Shadowing-maskingeometry:Three pointswith
thesamemicrosurfacenormalm. Twoarevisiblein boththe
i ando directionswhile oneis blocked(in i in this case) By
corvention wealwaysusedirectionswhich pointawayfrom
thesurface

¥ Total microsurficeareais at leastaslarge asthe corre-

spondingmacrosuricearea:
z

1% D(m)d) m 2

¥ The (signed)projectedareaof the microsurfce is the
sameas the projectedareaof the macrosurécefor ary

directionv:
z

(vén)=  D(m)(vam)d) m ©))
andin thespecialcasey = n:
Z
1= D(m)(nédm)d) m 4

Equationsfor particular microfacet distributions are dis-
cussedn Section5.2

3.2. Shadaving-Masking Function, G

The bidirectional shadaving-masking function G(i, o, m)
describesvhatfractionof themicrosurficewith normalm is
visiblein bothdirections ando (seeFigure5). Typically the
shadeving-maskingfunction hasrelatively little effect on
theshapeof theBSDF, exceptneargrazinganglesor for very
roughsurfacesbut is neededo maintainenegy consera-
tion. Someimportantpropertieshata plausibleshadaving-
maskingfunctionshouldobey are:

¥ Shadeing-maskings afractionbetweerzeroandone:
0%G(i,o,m) %1 (5)
¥ It is symmetricin thetwo visibility directions:
G(i,0,m) = G(0,i,m) (6)
¥ Thebacksurfaceof themicrosurfceis nevervisible from

directionson the front sideof the macrosurfceandvice-
versa(sidednessagreement):

G(i,oom)= 0 if (idm)(idn) %0
or (oam)(oan) % 0 @)
The shadaving-maskingfunction dependn the details
of the microsurfice,and exact expressionsarerarely avail-
able.More typically, approximationgrederived usingvari-

ousstatisticaimodelsandsimplifying assumptionsSeeSec-
tions5 andAppendixA for morediscussion.
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3.3. MacrosurfaceBSDF Integral

ThemaaosurficeBSDFis designedo matchthe aggrejate
directional(single) scatteringoehaior of the microsurfice.
We can computeit by integrating (i.e. summing) the con-
tributionsover all visible correspading partsof the micro-
surface,eachof which scatterdight accordingto the micro-
surface®BSDF f". The productof the D and G givesthe
correspondingisible areaof the microsurfcefor eachmi-
cronormalm. We also needto apply correctionfactorsto
prsttransformincidentirradianceontothe microsufaceand
thentransformthe scatteredadiancebackto the macrosur
face,becausdothirradianceandradiancearemeasuredel-
ative to a surface®projectedarea.The resultingintegral for

themacrosuriceBSDFis:
Zowgon "o AT
fo(i,0,n) = ZIIS::fsm(i,o,m)"%"G(i,o,m)D(m)d)m
8
To apply this integral, we needequationsfor D, G, and
. We will assumehatthe microsurhceis locally smooth
so that f{" is a sum of termsfor ideal (mirror) reRection
andideal (Snell®law) refraction,with relative strengthsle-
scribedby aFresnetermF. The appropriatexpressiongor
f"will bederivedin thenext section.

4. Micr osurfaceSpecularBSDFs

While any BSDF could be usedfor the microsurhceBSDF,

most microfacet models assumeideal specularref3ection
wherethemicrosurficeactslik e a collectionof tiny Ratmir-

rors(i.e.themicrofacets)In thiswork we includebothideal
reRectionandidealrefractionterms.

A genericspeculaBSDF scattersafraction! of theinci-
dentenegy from directioni into a singlespeculardirection
s, (where! andsarefunctionsof i andthelocal surfacenor-
mal). We canwrite sucha speculaBSDFas:

")o(5.0) ©

fa(i =1
S(I!Oim) Ioé,nl

where"y (s, 0) is a Dirac deltafunction whosevalueis in-

Pnitewhens= 0 andzerootherwise Mathematicallydelta

functionsarenot functions,but rathergeneralizedunctions.

They alwayshave anassociatetheasurde.g.,d) o, thesolid

anglemeasureor 0) andaredebnedby their integral with

respecto thismeasure:
z

#
o
_9(0)") (s,0)d) 0= oy if s

0 otherwise

(10)

for ary functiong().

To usesucha BSDFin Equation8, we needto expressit
in termsof microsurbicenormalsandtheir associatedolid
angle measurelet us assumethat for ary given incident
and outgoing directions,thereis at mostone microsureice
normalthatscatterenegy fromi to o, andthatwe cancom-

putethatnormalash(i, o), which we call thehalf-direction .
We can then rewrite the BSDF in termsof a delta func-
tion between h and m. However, becausea deltafunction
is debPnedvith respecto anintegral, changingts associated
measureequresanappropriateorrectionfactorto presere
thevalueof theintegral. Using the changeof variablesheo-
rem,theequialentof Equation9 is: | |
m: ey (G0, M) ) b
fs (i,0,m) = ! (i,m) loam| | #)0!
| |
wherei %L';i is the absolutevalueof the determinanof the
Jacobiammatrix for the transformbetweenh ando (using
solid ande measures)ror brevity, the latteris often simply
calledthe Jacobian.

(11)

The Jacobiandescribesthe magnituderelationshipbe-
tweensmall perturbationsn the two spacesWe cancom-
puteit by creatinga small perturbationin the solid angle
of o, which we will denoteasd) o, andbndingtheinduced
solid angleperturbationin h, which we will denoteasd) ,
TheJacobiarnis d(labneqas:

PAhl _ d) n

o' T 9o d)o (12)
in thelimit of inPnitesimalperturbationsSolid anglecorre-
spondsdirectly to areaon a unit sphereand suchinbnites-
imal areascan be treatedas approximatelyplanar This al-
lows us to computethe ref3ectionand refraction Jacobians
geometricallyin Figures6 and7. We createaninpnitesimal
solid angleperturbationd) o, aroundo which is equialent
to aninbnitesimalareaon the unit sphereaboutthe baseof
0. We then projectthis areaonto the the unit sphereabout
the baseof h which is thenequivalentto the inducedsolid
angleperturbatiord) , abouth, andtheratio betweerthese
inPnitesimakolid anglesis equalto the JacobianThe Jaco-
bianscanalsobecomputedalgebraicallyfrom theequations
relatingh ando asin [Sta0].

4.1. f" |deal ReRection

For ideal re3ection we denotethe half-dirq,ctionas hy and
its unnormalizedrersion,the haf-vector ashy (wewill use
ht fpr the transmissiorcase).We usethe standardormula
for hr, exceptthatwe modulateit by the sign of (i an) so
thatour equationswill work for directionson eitherside of
the suface(i.e. front or back). Theref3ectionhalf-direction
lies midway between ando, andit andits Jacobiarare:
r
hr = he(i,0) = (ﬂ:L( where hr = signian) (i+0) (13)
r

1 1
Ly ! Jodh 1
| he | r
r, = = — 14
"o T (h(2 ~ 4oan] (14)

Thenamecomesrom reRectionwhereh is thedirectionhalfway
in between ando, but its depbnitionis differentfor refraction.

Ic TheEurographis Association2007.
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q! o

lo-hyl
IRI?

[l p=

d!o

hr = i+ o andnormalizedhalf-directionhy = hy/ (hr(. To
computethe Jacobianwe computethe solid angleperturba-
tion in the normalizedhalf vector d) y,, inducedby an in-
Pnitesimalsolid angle perturbatian, d) o, in 0. Solid angle
is directly proportional to area on the correspondingunit
sphees.Only the 2D incidenceplaneslice throughthe full
3D spaceis shown.

A geometricderivation of the Jacobiaris illpstrateq,in Fig-
ure 6. We have also usedthe factsthat (hr( = (hr ahy)
and(oéhr) = (i ahr). The half-directionis undebnedvhen
i = ! o, whichis never avalid reRectionconbgurationFor
relRectionwe set! equalto the Fresnelfactor F (seeSec-
tion 5.1). Using Equation11, the reRectionmicrosurfice
BRDFis:

") m(hr,m)
4(i éhy)2
for re3ectionfrom eitherside of the surface.Dueto the Ja-
cobianterm, f{" increasess|i | decreasesandthisis a

principalcauseof the off-speculare3ectionpeakspredicted
by microfacetmodelsandobsenredin realsurfaces.

f(i,0,m) = F(i,m) (15)

4.2. f{", Ideal Refraction

In the caseof transmissiowe needtheindicesof refraction
on either side of the surface.Let us denotethe indicesas
$i and$, for the incidentandtransmittedsidesof the sur
face,respectiely. Ideal refractionthenfollows Snell®law
for Pndingtherefracteddirectiono correspondingo ary in-
cidentdirectioni. Snell®law canalsobe expressedisinga
half-directionh; debnedas:
v
he = hy(i, 0) = (ﬂl‘]&( where h = | ($ii+ $00)  (16)
t

The magnitude®f the component®f i ando perpendicular
to m areequalto the sin of theanglesbetweerthemandm.
For refractiondirections,by Snell®law, thesecomponents
will exactly cancelin ht, andthe resultingdirection will be
colinearwith m. If we excludethe caseswvherei ando lie
on the sameside of the surface,thenwe will have h = m
if andonly if i ando obey Snell®law for refractionv,vhen
usingm asthe surfacenormal. The negative signin ht is
becausene usethe convention that surface normalspoint
into themediumwith thelowerindex of refraction(e.g.,air).
We assumehat the two sidesof the surfacehave different

!c TheEurographic#ssociatior2007.

(o}

Surface Refraction

|,:igure 7. Geometryfor ideal refraction with half-vector
‘ht = ! $ii! $o0 and normalized half-direction ht =
ht/ (‘ht (. We computethe Jacobianby takinga inPnitesimal
solid angteperturbationd) o in 0, projectinginto a pertur
bationin hy andthen onto the unit sphee for ht. Only the
2D incidenceplaneslicethroughthefull 3D spaceis shown.

indicesof refraction;otherwiseh; becomesll-debned.The
correspondingacobiar(seeFigure?) is:
| |
g#) h‘g _ S$pjodh| _ $3 lodh|
“#)o (he(2 ($i(isny) + $o(0d))?

17)

We assumeno light is absorbedht the interfaceso the !
for refractionis one minusthefresnelfactorF. Using Equa-
tion 11, we canwrite themicrosurficerefractionBSDF as:

"y (ht,m) $3
(i (i &) + $o(0dht))2

fM(i,0,m) = (1! F(i,m)) (18)

Notethatthis BTDF doesnot obey reciprocity insteadwve
have f{(i,0,m)/ $3 = f™(0,i,m)/ $?. Thisis awell-known
propertyof refractive interfaces]Vea94® andif desiredwe
canrestorereciprocityby trackingradiance‘ls2 insteadof ra-
diance(sometimegalledbasicradiance)As in ref3ectance,
the BTDF increasesowardsgrazinganglesdueto the Jaco-
bian term which similarly cawsesoff-specularpeaksin the
refractedobe.

5. BSDFfor Rough Surfaces

Usingthe microsurbiceBSDFsfor ref3ectionandrefraction
togethewith Equdion 8, we cannow write theequationfor
the macrosurfcere3ectionandrefractionBSDF fs, which
is sumof BRDF andBTDF terms:

fs(i,0,m) = fr(i,0,m)+ ft(i,0,m) (29)

ThereRectiontermis:
F(i,hr) G(i,0,hr) D(hy)
4lién| |oén|

f(i,o,n) = (20)

a While Veachcorrectly pointsout that refractve BTDFs are not
reciprocal heincorrectlyclaimsthey arenotself-adjoint.In factthe
equationsare samewhethertransportingradiance(from lights) or
importancegfrom cameras).
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Thisis exactly the sameasthe Cook-TorranceBSDF except
thatwe have a factorof 4 in the denominatoinsteadof +.
However, the original paperuseda differentnormalization
for D. Othermorerecentpapersagreewith our constantof
four (e.g.,[Sta0]).

Thecorrespondingefractiontermis:
i ahe|Jodhe] $3(1! F(i,h)) G(i, 0, ht) D(ht)

fii,on) = T
{0 = ianoml — (si(ian) + So(oah)?

We don®get as much nice cancellationof termsin the re-
fraction componentput it is still easilyimplementedand
evaluated.This completesour derivation of the basicBSDF
equationdor the microfacetmodel of reRectionandtrans-
missionthroughroughdielectricsurfaces.

5.1. ChoosingF, D, and G

Using Equations20 and21, requiresappropiate choicesfor
theF, D, andG, terms.The Fresneltermis the bestunder
stood,andexactequationsreavailablein theliterature.The
Fresnetermistypically smallatnormalincidencge.g.,0.04
for glasswith $t = 1.5) andincreaseso unity atgrazingan-
glesor for total internalref3ection.A corvenientexact for-
mulationfor dielectricswith unpolarizedight is L;:TSZJ:
0

F(my= 1@ 97 4, e+t v

(22)

2 (ggj 0)? (c(g! ©)+ 1)?
_ %2 5 Cia
whereg = ?! 1+ c4 andc= |iam|

Notethatif gisimaginarythisindicatedotalinternalreRec-
tion andF = 1 in this case.Cheapempproximationdor F
arealsosometimesised[CT82 Sch94.

A wide variety of microfacet distribution functions D
have beenproposedin this paperwe discusshreedifferent
types:Beckmann Phong,and GGX. The Beckmanndistri-
bution arisesfrom Gaussianroughnesassumptiongor the
microsuriiceandis widely usedin the opticsliterature.The
Phongdistributionis apurelyempiricalonedevelopedn the
graphicsliterature;however, with suitablechoicesof width
parameterdt is very similar to the Beckmanndistribution.
The GGX distribution is new, andwe developedit to better
matchour measueddatafor transmissionEquaticnsfor the
threedistribution typesandrelatedfunctionsaregivenatthe
endof this section.

The shadaving-maskingterm G dependsn the distribu-
tion function D andthe detailsof the microsurace,so ex-
actsolutionsarerarely possible Cook & Torranceuseda G
basedon a 1D modelof parallelgroosesthat guaranteesn-
ergy conserationfor ary distribution D, but we do notrec-
ommendusingit becausét containsbrstderivative discon-
tinuitiesandotherfeaturesmot seenin realsurfacesInstead
we will usethe Smith shadawing-maskingapproximation
[Smi67. The Smith G wasoriginally derived for Gaussian

MicrofacetDistributions D!m" Smith Shadowing masking G;
8 — 1 —
(/7 A\
I/ 0.8 A\
If \
I 06 \
\ I\ 0.2 ll

!4077/1 20 ‘ 20 40 ™ 190 160 !30 30 60 90
Figure 8: Left: Bedkkmann(red), Phong (blue), and GGX
(green)distribution functionsD(m) with, = 0.2,, p= 48,
and, g = 0.2 respectivelyBedmannand Phongare nearly
identicalwhile GGX hasa narrowerpeakwith stronger tails.
Right: Smith shadowing-msking term G1(v,n) for same
Bedkmann(red) and GGX (green)distributions.G; is near
oneexceptat grazinganglesand GGX has more shadowing

dueto its stronger tails.

rough surfaces,but hassincebeenextendedto handlesur
faceswith arbitrary distribution functions[Bro80, BBS03,
thoughin somecases(e.g., Phong),the resultingintegrals
have no simpleclosedform solution.

The Smith G approximateghe bidirectionalshadeving-
maskingas the separableproductof two monodirectional
shadaving termsG;y:

G(i,0,m)) Gi(i,m)G1(0,m) (23)

where G; is derived from the microfacet distribution D

as describedin [Smi67 Bro80, BBS0Z and Appendix A.

Smith actually derived two different shadeving functions:
onewhenthemicrosurcenormalm is known, andanother
averagedover all microsurbcenormals.Althoughthe latter
is morefrequentlyusedin theliterature(e.g.,[HTSG91), in

microfacetmodels wherewe know themicrosuricenormal
of interest,the formeris more appropriateandwe useit in

this paper

5.2. Specibdistrib utions and Related Functions

Below we give the equationdor the BeckmannPhong,and
GGX distributionsD (seeFigure8), alongwith their associ-
atedSmithshadwving functionsG;, andsamplingequations
to generatemicrosurcenormalsfrom two uniformrandom
variables& and& in theinterval [0, 1). The probability of

generatingary m usingthe givensamplingequationss:

pm(m) = D(m) [man| (24)

Note that' m is the anglebetweenm andn, ' y between
v andn, and %(a) is the positive characteristidunction
(which equalsoneif a> 0 andzeroif a % 0). Theseare
all heightbelddistributions(i.e. D(m) = 0if méan %0),and
anisotropicvariantsexist but will notbediscussedere.

Beckmann Distrib ution with width parameter p:
" tarf'

9% (m an) 2 (25)

D(m) = +’t2’CT'm
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-
vem 2 . (26)

Gy(v,m) = % —=
(v m) van 1+ erf(a)+ A e @

with a= (, ptan' v)" 1

In the G; equationthe brstfactorenforcessidednessagree-
ment(i.e. v mustbe on sameside of the macroand micro-
surfgces).Becauseit involves the error function, erf(x) =
X % dx, this equationcan be expersive to evaluate.
Schlick[Sch94 proposedusinga cheaperrationalapproxi-
mation,but basedt onadifferentshadaving-maskingequa-
tion. Instead we provide the following rationalapproxima-
tion to the Smith G; equationabove with relative error of
lessthan0.35%.

)
% 3535+ 2.181a°

" vam( if a< 1.6

Gi(v,m)) % YA 1+2276+ 2577

vén * .
' 1 otherwise
(27)
Theequationdor samplingD(m) |m an| are:

"m = arctan !, 2log(1! &) (28)
(m= 2+& (29)

PhongDistrib ution with exponentparameter p:

+

2 oo
S (cosm) P (30)

D(m) = %(mén)

Note that if we set, p = 2, LZ! 2, then the Phongand
Beckmanndistributionsarevery similar, especiallyfor nar
row widths (seeFigure 8), and this may help explain the
longevity of the purely empirical Phong distribution. In
graphicsapplications,it is reasomable to choosebetween
them basedon computationalconvenience.Unfortunately
theintegralsto computethe Smith G; have no closedform
solutionfor the Phongdistribution. Basedon its similarity
to Beckmannand somenumericaltesting we recommend
insteadusing Equation27 with a= = 0.5, p+ 1/ (tan' )
for the G; term for Phong. The equationsfor sampling
D(m) |mén| are:
/.0
arccos & " (31)

m

(m = 2t& (32)

GGX Distrib ution with width parameter g:

- 12 %(mé’])
D(m) = +cod' m(, §+ tar?' m)? (33)
" vam(
Gi(v,m) = 96 YN T (34)
VAN 1+ 1+, tary

The GGX distribution hasstrongettails thanthe Beckmann

!c TheEurographic#ssociatior2007.

and Phongdistributions and thustendsto have more shad-
owing. Theequationdor samplingD(m) |[m &n| are:
$ . _ %
g &
1 &
(m= 2+& (36)

m arctan -

(35)

5.3. Samplingand Weights

To samplethe BSDF, we assumethat we are given a di-

rectioni andwe wantto generatescattereddirectionso in

a patternthat closelymatchesfs(i,0,n) |oan|. In generala
microfacetBSDF cannotbe sampledexactly. Our approach
will beto Prstsampleamicrosuracenormalm, andthenuse
it to generatescatteredlirectionso. To computetheweights
for the correspondingampleswe alsoneedto computethe
probabilitydensitypo of thesampledirections Theresulting
weightswill be:

fs(i,0,n) |Jodan|
Po(0)

wherewe wantto choosehe samplingto minimizethevari-
ancein theresultingweights.

weight(0) = (37)

If we choosethe microfacetnormalm with someprob-
ability pm andinvert the half-directionformulas(i.e. Equa-
tion 13 or 16) to generatahe corresponihg scatteredlirec-
tion o, thenthe resultingprobability will include the Jaco-
bianof the half-directiontransforw(e.g.l ,see[Wal05):

L #) nl

Po(0) = pm(m) | o (38)

Using the samplingequationsfrom Section5.2, we can
generatesampledmicrofacet normalsm accordingto the
probability pm(m) = D(m) |m &n|. We canthenevaluatethe
Fresnelterm F(i,m) anduseit to selectbetweernrel3ection
and refraction, thus also folding the Fresnelterm into the
probability. For reRectionthe scatteredlirectionor is:

o = 2]iam|m! i (39)

andfor trr;msmissionhescattered:lirectior(l)ot is:
o= $c! signian) 1+$(c2! 1) m! $i
with ¢= (iam) and $= $;/ %t (40)
And in eithercasethe resultingweightfor the scatteredli-

rectionis:

o igi,o,n)|odn| _ iam|G(i,0,m)
e = e T aman @Y

At normalincidence(i.e. [ian| ) 1) thisis a nearlyperfect
sampling At grazinganglesit is still agoodsamplingbut it
is possibleto producesampleweightsashigh ashundred to
millions dependingn the choicesandparameter$or D and
G. While suchhigh weightsare unlikely (worstfor retrore-
Bectionat grazingwhere fs is very small), they cancause
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/ optical \

NV contact .
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Figure 9: Measuementsetup: We bondeda glass hemi-
sphee to the badk of our samplesto allow usto observe
transmissiorevenat grazingangles.

problemsfor methodghat assumesuchhigh weightsnever
occur (e.g., mostparticletracing methods) We cangreatly
reducethe maximumweight by modifying the samplingdis-
tribution slightly. For example,with the Beckmanndistribu-
tion, we caninsteadsamplea slightly wideneddistribution
givenby, , = (1.2! 0.2 [idn]), p. Thisreduceshemaxi-
mum sampleweightto roughlyfour, asigniP@ntreduction.

6. Measurements

In order to validate our scatteringmodel, we made mea-
surementf transmissionthrouch several different types
of roughglasssurfaces.This measurememntannotbe made
simply by illuminating a plate of rough-suracedglassand
measuringhescatteredight, becausehelight cannotbedi-
rectly obsenedinsidethe glass,andinternalref3ectionwill
prevent light that scattersnto relatively grazingdirections
from escapingto whereit can be measuredAt the same
time, the large amountof internally reBectedight will re-
illuminate the rough surfacefrom the inside, producingan
unacceptablamountof straylight.

In orderto directly obsere thetransmittedight, we elim-
inate the secondinterface by cementinga plano-conex
lens that is nearly a hemisphereo the bad of the sam-
ple (Figure9). This conbguratiorwasinspiredby the work
of [NNO4]. Thesamplds illuminatedfrom theroughsuirface
andviewedfrom arangeof angleghroughthe sphericakur
face with thecenterof rotationof theapparatuslignedwith
the centerof the sphericalsurfacesothatthe view direction
is always perpendiculato the surface This way, the scat-
teredlight exits the surfacewith minimallossdueto Fresnel
relBection.Also, relatively little light is reRectedback onto
the areanearthe centerof the sample,sincethe re3ection
pathsoff the hemispherarenearlyperpendiculato the sur
face.This greatlyreduceghe stray-lightproblemcompared
with aBatsample.

In our setp, a 100mmsquaresampleis cementedising
index-matchedadhesie” to a 75mmdiametey 75mmfocal

2 All thesamplesaresoda-limeglass(the commercialsamplesre

lengthplano-cawex lens,whichis nearlyahemispheref-or
samplesof about6mm thickness,the centerof the lens®
sphericaburfaceis ontheroughsurface However, our sam-
plesareof varying thicknesssothe mettod musttoleratea
distanceof afew mm betweerthe surfaceandthecenter

The sampleis illuminatedfrom theroughsideby theend
of a6mm circular bberopticlight guideat a distanceof 610
mm (illumination solid angle:.000076sr). The light source
was a DC regulatedbberilluminator, providing stableand
Ricker-freeillumination over the entiresamplesurface.The
transmittedight wassensedy a cooledCCD cameraview-
ing the samplefrom the hemisphericasidefrom a distance
of 885 mm through a 35mm imaginglens at f/5.6 (recev-
ing solid angle:.000039sr). Themeasurememnwasmadeby
averagingthe pixel valuesin a bxedrectanglan thecamera
imagecoarrespondingo an areaon the sphericalsufaceup
to approximately3mmx 10mm!

Becausehe measuredareais debnedby a bxed areain
the image, the measurementare proportionalto the radi-
anceobsenred by the camera.Sinceradianceis presered
(up to a constantfactor) underrefraction,this arrangement
produces signalproportionalto the BTDF timesthe cosine
of theincidentangle.lt is importantto illuminate from the
front and view from the backto have this property;if the
samplewas 3ood-illuminatedfrom the hemisphericakide,
thelenswould focusthelight into a nonuniformdistribution
of irradiancethat would make the systemsensitve to exact
alignmentbetweerthe spherecenterandthe surface.

We measuredour samplesof glasswith rough surfaces
generatedby different processesOne was commercially
producedground glasscreatedby sandblastingsoda-lime
glasswith 120 abrasie (ground 1/16 inch thickness)One
samplewaspreparedn our lab by acid-etchingone side of
aplateof soda-limeglass(etched 3/16inch thickness)The
lasttwo arelesswell characterizedcommerciallyavailable
frostedglass(frosted 1/8 inch thickness)andcommercially
availableantigare glassfor pictureframing (antiglare, 1/16
inchthickness)All samplesiad3atpolishedsurfacesonthe
reverseside exceptthe antiglareglass,which wasroughon
both sides;we assumehat the adhesie Plls in the surface
sothatthe extra roughinterfaceis not relevant (andin fact,
thereis no visible evidenceof anair layer).

The measurementsonsistentlyshav a clearshift in the
peakof the scatteredobe away from the expectedrefrac-
tion direction.Whentheroughnesss low, asin theantiglare
glass the peakis neartheideal refractionangle,but for the
roughersanplesit is substantiallyshifted toward grazing.

assumedo be), with refractive index around1.51. The spherical
lensesare BK7 optical glass,with refractive index 1.52, and the
curedadhesie hasspecibedefractive index 1.50. The slight dif-

ferencein index createonly negligible ref3ectionover the rangeof

angleswve measured.

1 Smallerareaswere usedfor less-difusing samplesjn orderto

ensuregthe signalwasrelatively constanbverthemeasuredrea.

Ic TheEurographis Association2007.
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Measurediatavs. modelfor !; " 0, 30,60, 80j

120 150 180 210 240 270 °

RelativedistributionD!m": datavs. fitted

!
15 30 45 60 75 90"

Figure 10: GroundglasssampleTopis BTDF btandbottom
is the btto the empiricalmicrofacetdistribution D. Redline
is Bed&kmannbtandgreenis GGXbt.

For this reasormary of the featuresof theserough-suréce
BTDFsaredifbcultto obsere directly in a Ratplate.As we
shav next, our microfacetmocelspredictthis behaior well.

6.1. SampleResults

For eachof our four sampleave bttedour microfacetBTDF
to our measuredransmissiordatafor normalincidenceus-
ing both the Beckmannand GGX distributions (see Fig-
ure 12). For all samplesve assumednindex of refractin
of 1.51.This givesustwo free parameterso bt: thedistribu-
tion width paramete(, ,, or, g) andanoverall scalingfacor
to mapour measurement® anabsolutescale.

To testour BTDF model,we shaw two plotsfor eachsam-
ple. Thebrstshaws ft(i, 0,n) |oan| asafunctionof thetrans-
mitted angle' o. We shav both the normalincidencecase
(" i = 0),wherewe performedhebtting,andthreeadditioral
incidenceandes (' i = 30,60, 80$) to testthe modelsability
to extrapolateto theseangles.

The secondplot directly estimategpointsin the micro-
facet distribution function D from the data. Since the G
term is closeto one except at grazing angles,if we only
usedatapointsfar from grazing(i.e. whereli an| > 0.5 and
|oan| > 0.5), andassumes(i, 0,m) = 1 for thesepoints,we
cansolve Equation21 for thecorrespondingalues of D(ht).
We alsoexcludedpointswith very low measured/aluesas

!c TheEurographic#ssociatior2007.

Measurediatavs. modelfor 6, =0, 30, 60, 80j

VA ! 0
120 150 180 210 240 270 °

RelativedistributionD!m": datavs. fitted

15 30 45 60 75 90"

Figure 11: Frostedsample Top is BTDF bt and bottomis
the btto the empirical microfacetdistribution D. Redline is
Bedkmannbtandgreenis GGXbt.

theseareeasilyaffectedby straylight. If the databtsa mi-
crofacetmodel, then thesepoints shouldall lie closeto a
cunvewhichis thesurface€microfacetdistribution function.
Note thatin both plots the modelshave beenscaledby the
bttedscalingfactorsto enablecompaison with the relative
measuredlata.

The dataand model btsfor the groundglasssampleare
shawvn in Figure 10. We canseethatthe GGX distribution
providesan excellentbt to the dataandis muchcloserthan
the Beckmannbt. The only signibPcantdifferencesccurat
neargrazinganglesvherethemicroface assumptionsf ge-
ometric optics and single scatteringmay be lessvalid. We

BeckmanrfFit GGXFit
Sample | scale scale g
ground | 0.542 0.344| 0.755 0.3%
frosted | 0.629 0.400| 0.861 0.4%4
etched | 0.711 0.493| 0.955 0.5
antiglare | 0.607 0.023 | 0.847 0.0Z

Figure 12: Fitted coefxientsfor our four samples\We bt-
ted the measued data for normal incidenceto our BTDF
usingboththe Beckkmannand GG X microfacetdistributions.
In eadh casewe btboththedistributionwidth parameterand
an ovenall scalingfactor (becausewe haverelative rather
thanabsolutemeasuements).
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Measuredlatavs. modelfor !; " 0, 30,60, 80j

3.5
2.5
15

0.5

120 150 ' T240 270 °

RelativedistributionD(m): datavs. fitted

15 30 45 60 75 90

Figure 13: Etched sample Top is BTDF bt and bottomis
the ptto theemprical microfacetdistribution D. Redline is
Bedkmannbtandgreenis GGXbt.

developedthe GGX distribution specibcallyto bt this sam-
ple after we discoveredthat the Beckmanndistribution did
not matchthe inferred microface distribution asshavn in
thebottomplot.

The plots for the frostedglassand etchedglasssamples
areshowvn in Figures11 and13. For both sampleshoth the
Beckmannand GGX btsdo a reasonablgob of matching
the measuredransmissiorpattern,but nether is ableto ex-
actly matchthe empirical microfacetdistribution functions
asshown in the lower plots. Most likely we could geteven
bettermatchesy Pndingdistribution functionswith beha-
ior somavherebetweerthatof BeckmanrandGGX.

The antiglareglasshasa much lower surfaceroughness
thanthe other samplesand corsequentlya much narraver
lobe asshawvn in Figure 14. Becausdts so narrav, we get
relatively few sampleswithin thelobeandhadmoretrouble
in estimatingits width. In this caseboth the Beckmannand
GGX btsperformequallywell.

Usingour BTDF modelandsamplingechniqueswe have
renderedsimulatians of the antiglare,ground,and etched
samplesin Figure 15. Theseimagesdo a goodjob of du-
plicatingtheir differentappearancegsndtheir ahility to ob-
scurepatternsanddiffuselight. A simulationof an pattern-
etchedglassglobeis shawvn in Figurel.

Measuredlatavs. modelfor !; " 0, 30,60, 80j

1200
1000
800
600 .
400
200

lo

120 150 180 210 240 270

400 RelativedistributionD!m"; datavs. fitted

300
200

100

L _

15 30 45 60 75 90"

Figure 14: Antiglare sample Top is BTDF btand bottomis
the btto the empirical microfacetdistribution D. Redline is
Bedmannbtandgreenis GGXbt.

7. Conclusions

In this paper we have provided a comprehensk review of

microfacettheoryandshavn how it canbe extendedo han-
dletransmissie materialswith rough surfacesWe have vali-

datedtheresuting BTDF modelsagainstmeasueddataand
shavn thatthey can predictthe refractionbehaior of real

surfaces We developeda new microfacetdistribution func-

tion (the GGX distribution) andshavn thatat leastfor some
surfacest providesaclosermatchto themeasurediatathan
thestandardBeckmanrdistribution. We have alsodescribed
how to efbcientlyimportancesamplethe microfacetmodel
which is essentialvhenrendeing transmittedight. We be-

lieve thesetechniquesanprove usefulin enablingsimula-
tion of awider rangeof materialsincludingimproved mod-

elsof translucenmaterialssuchasskin, marde, andpaint.
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Appendix A: Deriving the Smith Shadaving, G1

This appendixbrieRy reviews deriving the Smith shadav-
ing function G1 from the microfacetdistribution D; seethe
referencegor moredetails.Originally createdfor Gaussian
randomsurfaced Smi67, theSmithG; hasbeengeneralized
to othermicrofacetdistributions[Bro80, BBS0J.

Let us assumewe can representhe microsurbce as a
randomheightpbeldrelative to the macrosurdce character
izedby two probaility distributions:Py(&) for height& and
P>2(p, q) for the microsurfice2D slopesp andqg, measured
perpendicularand parallel to the incidenceplane respec-
tively. P, canbeary probalility functionwithout changing
the result. The 2D slope probability P>, canbe computed
from D usingtherelation:

P22(p,q) = D(m) cos" m (42)

wherethe cosinefactorsare dueto the changeof measure
(solid angle vs. slopes)and projectiononto the macrosur
face.For the Beckmanndistribution, it is easilyshavn that
(usingtherelationtarf' m= p®+ q7) Py, is just a standard
2D GaussianThe 1D distribution of slopesq in the inci-
denceplane,P;, is:

Z o

P>(q) = P22(p, ) dp (43)

(]

Let S(&, 1) be the probability that a randompoint on
the microsurficewith height& is visible from directionv,
wherepis the slopeof thevisibility ray (seeFigure16):

i = |cot'y| (44)

Parameterizingthe ray by its projecteddistance- on the
macrosurice theray®heightat- is &+ p-. Letg(-) .- be
thefractionof previously unocludedraysthatprstintersect
themicrosurfcein theintenal [-,- + .- ], sothat:

R
S, =€ o I (45)

whereg actssimilarly to the attenuatiorcoetcientin vol-
ume rendering.To computeg, we assumethat the suface
heightandslopedistributionsareindepenéntandthatg can
beapprximatedas:whatfractionof theraysthatstartthein-
terval above the surfacearebelow the surfaceattheendof it

Microsurface

Macrosurface

Figure 16: Geometryfor Smithshadwing-maskings; for
direction v, correspondig to a visibility ray has starting
height& andslopep. At distance- (measuedalongmacio-
surface) themicrosurfacehasheight&andslopeq.

(andhenceintersectedhe surlacesomeavherein [-,-+ .- ]).
If &andq arethe heightandslopeof the surfaceat -, then
therayis above thesurfaceat- if &+ p- > &andbelow the
surfaceat-+.- if (q! W.- > (&+ K-)! & Thusweget:

Rog
w (@l WPL(&+ p-)P2(g)dq

o) = &t b ()d&
_ HP1(& + p-)
wheref(2) is theprobability zis above the surface,and/ is:
4
f(2 = ’ P1(& d& 47)
%
I = o (a! WP(dg)dq (48)

We cansolve Equationd5 by notingthatthe numeratoiin
Equationd6 is thederivative of its denominatoto that:

&, 1) = d (Wlogf(&) _ f(&))/ (K (49)

andthenwe integrateover all startingheights&g to PndS(l),
theaveragevisibility over all startingmicrosurfaceheights:
Z o
_ _ 1
W=, S WP =

wherewe usedthefactthatthederivative of f(&) is P1(&).

(50)

Finally we addatermto checkthatv startedonthecorrect
sideof themicrosurfice(i.e. sidednesagreementjo getthe
Smithmonodirectionakhadaving term:

" vam( " vam(
vam _ vam 1
v SW=% Ta0 1+7 (1)

Using theseequationswe can derive G; for ary micro-
facetdistribution D (thoughtheintegral in Equation48 has
no closedform solution for some D) and togetherwith
Equation23 pndthecorrespondindidirectional shadaving-
maskingterm.

Gy(v,m) = % (51)

Oftenanotheiintegrationoverall m is performedo getan
averageshadaving over the whole microsurace,but this is
neithermeededor desirablefor usewith microfacetmodels.
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