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Abstract—This paper presents the performance analysis results
for dual hop MIMO mixed free space optical/radio frequency
(FSO/RF) systems. The FSO system has been modeled by the
Gamma-Gamma fading distribution under the intensity modu-
lation with direct detection (IM/DD). The RF link experiences
Nakagami-m fading. The FSO link utilizes equal gain combiner
(EGC) and MRC has been used in the RF link. The expressions
for outage probability and average bit error rate for various
modulation schemes have been derived in the form of generalized
infinite power series with respect to signal-to-noise ratio using
amplify-forward and channel-state-information (CSI) assisted
relaying. For numerical evaluation, these power series have been
truncated to a finite number of terms and used to verify the
accuracy of the proposed results.

I. INTRODUCTION

In the recent years, there has been a growing interest in
the free space optical technology [1]. Being a LOS system,
it is free from unwanted interference. It also operates in the
unlicensed spectrum range and is suitable for high data rate
and high security communication. The FSO system is being
considered for the backbone link for the future 5G standard.
However, to exit the network, a non LOS RF link must also
be employed along with. Hence, work has been done on
mixed FSO/RF systems using dual hop relays. Relays are
very effective to mitigate the effects of channel fading and
extend the coverage of the received signal. There have been
studies on mixed FSO/RF system using Amplify-Forward and
Decode-Forward relays using both fixed gain and channel state
information assisted relaying [2], [3], [4].

However, there is a strong fading caused due to atmospheric
turbulence in the FSO system. To characterize this, many
distributions have been utilized. However the Gamma-Gamma
distribution being more general than others, can model both
the strong and moderate turbulences with greater accuracy
to the experimental results. A few studies also incorporate
the Pointing errors in the FSO system caused due to the
misalignment of the laser transmitters with respect to the
photo-detectors and its impact on the performance of the FSO
system. A more general Double Gamma distribution can also
be used to model the FSO link along with the Pointing errors
and various turbulence parameters [5]. [4] contains the list of
available literature in an organized tabular form. The RF link
is typically assumed to have Rayleigh, Ricean or Nakagami-m
fading, the latter being more advantageous as it incorporates
the others as its special cases.

To keep up with the high demand standards, the next step
for this technology is the inclusion of multiple transmitters
at the source and receiver. MIMO helps us vastly improve

the performance of the system. The performance of MIMO
FSO system has been analyzed with [6] and without [7]
the use of Pointing errors. The SNR statistics in [6] and
[7] have been presented in the form of generalized power
series owing to the difficulty in the derivation of closed form
expressions for Equal Gain Combining (EGC) or Maximaum
Ratio Combining (MRC) techniques. There has been study of
MIMO RF systems consisting various fading distributions and
beamforming designs incuding MRC and EGC [8], [9], [10].
While the former provides the best possible results in terms
of performance, the latter is much used in practice due to its
ease of implementation and simplicity in analysis.

However, there has not been a study of a dual hop MIMO
system consisting of multiple transmitters at both FSO and
RF links. The same has been addressed in this paper. Closed
form expressions for Outage Probability and Average Bit
Error Rate for various binary modulation schemes have been
derived and mathematically verified by simulations. Since the
derivation of exact results is mathematically intractable, close
bounds have been presented for these quantities. The FSO link
contains multiple lasers and photo-detectors at the transmitter
and receiver respectively with intensity modulation without
direct detection (IM/DD). The FSO receiver employs ECG
for the opto-electric signals and forwards them to users via an
RF link characterized by a Nakagami-m distribution. The RF
transmitter consists of a single antenna and multiple receive
antennas and uses MRC scheme. The expressions derived in
this paper involve power series and hence terms were truncated
for numerical evaluation.

The paper is organized as follows: In Section II, system
model has been presented for both FSO and RF link providing
the distribution of the received SNR. In Section III end-to-end
statistics of the received SNR have been derived, followed by
the performance analysis in Section IV. The numerical results,
conclusion and future work are presented in Sections V, VI
and VII respectively.

II. SYSTEM MODEL

A. FSO Link

The FSO system consists of N-transmit and M receive
apertures. The received electrical signals obtained at the i-th,
i = 1, ...M receive aperture, following optical to electrical
conversion, can be written as [6]:

yi =
η

N

N∑
j=1

Ii,jx+ ei (1)
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where ei is the zero-mean complex-valued additive white
Gaussian noise (AWGN) of variance σ2; Ii,j is the link
irradiance between the j-th transmit and i- th receive aperture;
and η denotes the optical-to-electrical conversion coefficient.
Ii,j follows Gamma-Gamma distribution along with IM/DD
detection.

The receiver combines the received signals using EGC as
follows:

γEGC =
η2E[|x|2](

∑M
i=1

∑N
j=1 Ii,j)

2

MN2σ2
=
γ̄(
∑M
i=1

∑N
j=1 Ii,j)

2

M
(2)

where γ̄ = η2E[|x|2]/(N2σ2) denotes the average SNR per
transmit aperture.
As shown in [7], the pdf of I =

∑M
i=1

∑N
j=1 Ii,j is given by:

fEGC(I) =

MN∑
k=0

(
MN

k

) ∞∑
j=0

cj(MN − k, k)

Γ(2p)
× I2p−1 (3)

where the p = (j+(MN−k)β+kα)
2 , parameters α > 0 and

β > 0 are related to the scintillation index S.I. ' 1
α + 1

β + 1
αβ

of the FSO link and are adjusted to match the experimentally
measured data; and coefficients cj(MN −k, k) are calculated
as:

cj(µ, ν) = b
(µ)
j (α, β) ∗ b(ν)

j (β, α) (4)

where the superscript y(x)
j denotes that yj is convolved x− 1

times with itself and bj(α, β) is given by:

bj(α, β) =
Γ(j + β)π(αβ)(j + β)

sin[π(α− β)]Γ(α)Γ(β)Γ(j − α+ β + 1)j!
(5)

The pdf of (
∑M
i=1

∑N
j=1 Ii,j)

2 is given by:

fI2(Z) =
1

2

MN∑
k=0

(
MN

k

) ∞∑
j=0

cj(MN − k, k)

Γ(2p)
× Zp−1 (6)

Hence the pdf of the received SNR of the EGC is:

fγEGC
(γ) =

1

2

MN∑
k=0

(
MN

k

) ∞∑
j=0

cj(MN − k, k)Mp

Γ(2p)γ̄p
× γp−1

(7)

Therefore the CDF of the received SNR at the receiver is
given by:

FγEGC
(γ) =

1

2

MN∑
k=0

(
MN

k

) ∞∑
j=0

cj(MN − k, k)Mp

Γ(2p+ 1)γ̄p
× γp

(8)

B. RF Link

The RF Link consists of 1 transmit and L receive antennas
and experience Nakagami-m fading. The pdf of the received
SNR when the receiver uses MRC is given by [9]:

fγ(γ) =
γmL−1

( γ̄m )mLΓ(mL)
exp(−mγ

γ̄
) (9)

and the CDF of the received SNR is given by:

Fγ(γ) =
γ(mL,mγ

γ̄ )

Γ(mL)
(10)

III. END-TO-END SNR STATISTICS

The end-to-end SNR statistics when CSI assisted relaying
scheme is employed is given by [2]:

γ =
γ1γ2

γ1 + γ2 + 1
(11)

The closed form analytic solution for (11) is mathematically
intractable, hence we find upper bound on the end-to-end SNR
is given by:

γb =
γ1γ2

γ1 + γ2 + 1
∼= min(γ1, γ2) (12)

The CDF of γb = min(γ1, γ2) is given by:

Fγb(γ) = Fγ1(γ) + Fγ2(γ)− Fγ1(γ)Fγ2(γ) (13)

where Fγ1 and Fγ2 are the CDFs of γ1 and γ2 respectively.
Substituting (8) and (10), we get the expression for the CDF
of the received SNR.

IV. PERFORMANCE ANALYSIS

A. Outage Probability

Outage probability is defined as the probability such that
the received SNR falls below a certain level γth, hence it is
given by:

Pout = Fγb (14)

B. Average Bit-Error Rate

The average bit-error rate of a variety of modulation
schemes is given by [2]:

P̄b =
1

2Γ(a)

∫ ∞
0

Γ(a, bγ)fγ(γ)dγ (15)

which is also equivalent to:

P̄b =
ba

2Γ(a)

∫ ∞
0

γa−1e−bγFγ(γ)dγ (16)

where a and b represent different binary modulation schemes.
Substituting the value of Fb(γ) in (17), we get a lower

bound for average bit error rate as [11]:

P̄b =
ba

2Γ(a)
(J1 + J2 − J3) (17)

where J1, J2 and J3 are as follows:

J1 =
(mγ̄ )mLΓ(a+mL)

Γ(mL)mL(mγ̄ + b)a+mL 2F1(1, a+mL;mL+1;

m
γ̄

m
γ̄ + b

)

(18)
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Fig. 1. The end-to-end Outage probability for FSO/RF system is plotted with
respect to normalized average SNR for various combination of transmitters
and receivers.

Fig. 2. The ABER is plotted for FSO/RF system with respect to average FSO
hop SNR for CBPSK modulation and various combination of transmitters and
receivers.

J2 =
1

2

MN∑
k=0

(
MN

k

) ∞∑
j=0

cj(MN − k, k)Mp

Γ(2p+ 1)γ̄p
× Γ(a+ p)

ba+p

(19)

J3 =
1

2

MN∑
k=0

(
MN

k

) ∞∑
j=0

cj(MN − k, k)Mp

Γ(2p+ 1)γ̄p
× Y (20)

where Y equals:

Y =
(mγ̄ )mLΓ(a+ p+mL)

Γ(mL)mL(mγ̄ + b)a+p+mL
×

2F1(1, a+ p+mL;mL+ 1;

m
γ̄

m
γ̄ + b

) (21)

V. NUMERICAL RESULTS

The generalized power series was truncated to 120 terms
keeping in view the computational ability and the accuracy
of the desired expressions at hand. A moderate turbulence
environment was modeled for the FSO link with α = 2.1
and β = 2 respectively. The RF link was assumed to have
fading parameter m = 2.5. The end-to-end Outage probability
has been plotted in Fig.1 for various values of N , M and L
respectively. It can be clearly seen that increasing any of the
antenna number improves the Outage Probability by several
orders of magnitude. For plotting the Fig. 1, normalized
average SNR of the both the links (γ̄1 and γ̄2) was varied.
As can be seen from the figure, at γ̄i

γth
= 40 dB, the Outage

probability improves from 1.9× 10−3 to 1.8033× 10−13 for
(N,M,L) = (1, 1, 1) and (2, 2, 2) respectively.

The average bit error rate is plotted in Fig.2 for CBPSK
modulation scheme varying the average FSO link SNR (γ̄1).

Fig. 3. The ABER is plotted for FSO/RF system with respect to average FSO
hop SNR for DBPSK modulation and various combination of transmitters and
receivers.

The parameters remain the same as for the outage probability.
However the RF link average SNR was kept at constant value
of 30 dB. There is an improvement in performance with the
increase in the number of antennas. The value of ABER for
(1, 1, 1) system at 40 dB is 8.2965 × 10−4 and for (2, 2, 2)
system is 3.5088 × 10−12. It can also be observed that for
a fixed RF configuration, increasing the FSO antennas can
decrease the ABER upto value 2.9692 × 10−7. To further
improve the performance the number of antennas at the RF
link receiver (L) had to be increased. Similar results are
obtained in Fig.3 for DBPSK modulation scheme.

VI. CONCLUSION

The paper presents closed form expressions of closed
bounds for Outage Probability and Average Bit Error Rate
for various binary modulation schemes employed in a MIMO
mixed dual hop FSO/RF system. It was observed that the
performance increases manifold with the increase in the num-
ber of transmitters on either side of the links. Also in the
case of ABER for both the observed modulation schemes -
CBPSK and DBPSK, increase in transmitters only on FSO will
increase the performance until a saturation value depending
on the fading parameter of the RF hop. Improving the RF
link by increasing the receiver antennas will further allow
improvement in the performance.

VII. FUTURE WORK

Work is being done on finding tighter bounds on the Outage
Probability and ABER using fixed gain and CSI assisted
relaying. Exact analysis may be possible for a Rayleigh RF
link. Also, closed form expression for the end-to-end Ergodic
Capacity of the system is being worked upon. Furthermore,
various combining schemes other than MRC or EGC can be
studied and analyzed.
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