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Abstract

We shav thatanimportantandcomputationallychallengingsolutionspacédeature
of thegraphcoloringproblem(COL), namelythe numberof clustersof solutions,
canbe accuratelyestimatedby a techniquevery similar to onefor countingthe
numberof solutions. This clustercountingapproachcanbe naturallywritten in

termsof a new factorgraphderived from the factorgraphrepresentinghe COL

instance.Using a variantof the Belief Propagtioninferenceframework, we can
ef ciently approximateclustercountsin randomCOL problemsoveralargerange
of graphdensities.We illustrate the algorithmon instanceswith up to 10G 000
vertices.Moreover, we supplya methodologyfor computingthe numberof clus-
tersexactly usingadvancedechniquesrom theknowledgecompilationliterature.
This methodologyscaleaup to severalhundredvariables.

1 Intr oduction

Messagepassingalgorithms,in particularBelief Propagtion (BP), have beenvery successfuln
efciently computinginterestingpropertiesof succinctly representedarge spacessuchas joint
probability distributions. Recently thesetechniquesave alsobeenappliedto computeproperties
of discretespacesin particular propertiesof the spaceof solutionsof combinatorialproblems.For
example for propositionakatis ability (SAT) andgraphcoloring (COL) problemsmaninal prob-
ability informationaboutthe uniform distribution over solutions(or similar combinatorialobjects)
hasbeenthe key ingredientin the succes®f BP-like algorithms. Most notably the suney propa-
gation (SP)algorithmutilizes this informationto solve very large hard randominstancesf these
problemq3, 11].

Earlierwork on randomensemble®f ConstraintSatishction Problems(CSPs)hasshavn thatthe
computationallyhardestinstancesoccur nearphaseboundarieswhereinstancegyo from having
mary globally satisfyingsolutionsto having no solutionat all (a “solution-focusedpicture”). In
recentyears this picturehasbeenre ned andit wasfoundthatakey factorin determininghe hard-
nessof instancesn termsof searchalgorithm(or samplingalgorithm)is the question:howare the
solutionsspatially distributedwithin the seach space?This hasmadethe structureof the solution
spacein termsof its clusteringpropertiesa key factorin determiningthe performancesf combina-
torial searchmethodga“clusterfocusedpicture”). CanBP-like algorithmsbe usedto provide such
clusterfocusedinformation? For example,how mary clustersaretherein a solutionspace?How
big aretheclusters™ow arethey organized?Answersto suchquestionswill shedfurtherlight into
our understandingf thesehardcombinatorialproblemsandleadto betteralgorithmicapproaches
for reasoningaboutthem,beit for nding onesolutionor answeringgueriesof probabilisticinfer-
enceaboutthe setof solutions.The studyof the solutionspacegeometryhasindeedbeenthefocus
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of anumberof recentpaperde.g.1, 2, 3, 7, 9, 11], especiallyby the statisticalphysicscommunity

which hasdevelopedextensve theoreticaltools to analyzesuchspacesundercertainstructuralas-
sumptionsaandlargesizelimits. We provide a purelycombinatoriamethodfor countingthenumber
of clusterswhich is applicableevento small size problemsandcanbe approximatedrery well by

messag@assingechniques.

Solutionscanbethoughtof as neighborsif they differin thevalueof onevariable andthetransitve
closureof theneighborelationde nesclusteran anaturalmanner Countingthenumberof clusters
isachallengingoroblem.To begin with, it is notevenclearwhatis thebestsuccinctwayto represent
clusters. Onerelatively crude but usefulway is to representa clusterby the set of “backbone’
variablesin that cluster i.e., variablesthat take a x ed value in all solutionswithin the cluster
Interestingly while it is easy(polynomialtime) to verify whethera variableassignmenis indeeda
solutionof CSR the samecheckis muchharderfor a candidateclusterrepresentethy the setof its
backbonevariables.

We proposeoneof the rst scalablemethodsfor estimatingthe numberof clustersof solutionsof
graphcoloring problemsusinga belief propagtionlik e algorithm. While the nave method based
onenumeratiorof solutionsandpairwisedistancesscalego graphcoloringproblemswith 50 or so
nodesanda recentlyproposedocal searchbasedmethodprovidesestimatesup to a few hundred
nodegraphg 7], our approach—beingpasedon BP—easilyprovidesfastestimatesor graphswith
100 000 nodes. We validatethe accurag of our approachby also providing a fairly non-trivial
exact countingmethodfor clusters,utilizing advancedknowvledge compilationtechniques. Our
approachworkswith the factorgraphrepresentationf the graphcoloring problem. Yedidiaet al.
[12] shaved thatif one canwrite the so-called“partition function”, Z, for a quantity of interest
in a factorgraphwith non-neative weights,thenthereis a fairly mechanicalariationalmethod
derivation that yields belief propagtion equationsfor estimatingZ. Under certainassumptions,
we derive a partition function style quantity Z ,), to countthe numberof clusters. We thenuse
the variationalmethodto obtainBP equationdor estimatingZ . 1). Our experimentswith random
graphcoloring problemsshaw thatZ 4 itself is anextremelyaccurateestimateof the numberof
clustersandsois its approximationZgp  ,, , obtainedrrom our BP equations.

2 Preliminaries

The graphcoloring problemcanbe expressedn the form of a factor graph a bipartitegraphwith

two kindsof nodes.Thevariablenodesx = (X1;:::;Xy), representhevariablesn the problem(n
verticesto becolored)with theirdiscretedomainDom = fcy;:::; cg (k colors). Thefactornodes
; .11, with associatedactor functionsf ;:::, representhe constrainsof the problem (no two

adjacentverticeshave the samecolor). Eachfactorfunctionis a Booleanfunctionwith arguments
* (asubsebf variablefromx) andrangef 0; 1g, andevaluatedo 1 if andonly if (iff) theassociated
constraintis satis ed. An edgeconnectsa variablex; with factorf iff the variableappearsn the
constraintrepresentety thefactornode whichwe denotebyi 2 . In thegraphcoloringproblem,
eachfactorfunctionhasexactly two variables.

In thefactorrepresentatioreachvariableassignmenk is thoughtof ashaving aweigh@qualto the
productof the valuesthatall factorsevaluateto. We denotethis productby F (%) := f(x).
In our casetheweightof anassignmen is 1 if all of thefactorshave valueof 1, andO otherwise.
Theassignmentwiith weight1 correspongreciselyto legal colorings,or solutionsto the problem.
Thenumberof solutionscanthusbe expressedstheweightedsumacrossll possibleassignments.
We denotethis quantityby Z, the so)—(callemartition fy(nctio\r;

Z = F(¢) = foCe) Q)

x2Dom" x2Dom"

We de ne thesolutionspaceof agraphcoloringproblemto bethesetof all its legal colorings.Two
legal colorings(or solutions)arecalledneighbos if they differ in the color of onevertex.

De nition 1 (Solution Cluster). A setof solutionsC S of asolutionspacesS is a clusterif it is
a maximalsubsetsuchthatary two solutionsin C canbe connectedyy a sequencdérom C where
consecutie solutionsareneighbors.

In otherwords, clustersare connecteccomponent®f the “solution graph” which hassolutionsas
nodesandanedgebetweerntwo solutionsif they differ in thevalueof exactly onevariable.
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3 A Partition Function Style Expressionfor Counting Clusters

In this sectionwe considera methodfor estimatingthe numberof solution clustersof a graph
coloring problem. We brie y describethe conceptshere; a more in-depthtreatment,including
formal results,may be foundin [8]. Firstlet us extendthe de nition of the function F sothatit
may be evaluatedon an extendeddomainDomExt := P(fcy;:::;cQ) n; wherecs;:::;c are
the k domainvalues(colors) of eachof the problemvariables,and P is the power setoperator
(sojDomExtj = 2¢ 1). Eachgeneralizedassignmeny 2 DomExt" thusassociates (non-
empty) setof valueswith eachoriginal variable,de ning a hypecubein the seq@cmpacefor F.
We genera(gzeF andf to this extendeddomainin the naturalway, F qy) := X2y F (%), and
foy )= 7, 2y T (x ), wheretherelation2 is appliedpoint-wise,aswill bethecasewith ary

relationaloperatorausedon vectorsin this text. This meansthatF © evaluatesto 1 on a hypercube
iff F evaluatego 1 onall pointswithin thathypercube.

Let us rst assumehat the solution spacewe work with decomposefto a setof sepaated hy-
percubes so clusterscorrespondexactly to the hypercubes;by separatechypercubeswe mean
that points in one hypercubediffer from points in othersin at leasttwo values. E.g., y¥1 =
(fcig;feig;feig) andy, = (fcog;fesg;fer;cog) areseparatedhypercubesn threedimensions.
This allows usto developa surprisinglysimpleexpressiorfor countingthe numberof clustersand
wewill laterseethatthesameexpressiorapplieswith high precisionalsoto solutionspace®f much
more comple instanceof graphcoloring problems. Considerthe indicatorfunction (y) for the
propertythaty 2 DomEXxt" is amaxi\r(nalﬁ(olutionhypercubenontainedn the solutionspace:

» = Fi 1 FUy il fug)

v 2y
{z }
no point-wisegeneralizatioris legal

¥y is legal |

Hereyly; y] denoteghe substitutionof y2 into y; in y. Notethatif the solutionclustersarein
facthypercubesthenvariablevaluesthatcanbe “extended’independentlganalsobe extendedall
atonce,thatis, FAyly,  vi [ fvig) = 1andF%yly, v [ fyvjg]) = 1impliesF (yly,

vil fvig;y; vy [ fvidl) = 1. Moreover,ary FU¥ly;  vi[ fvig]) impliesF (¥). Usingthese
obsenations, (¥) canbereformulatedy factoringouttheproductasfollows. Here# ,(¥) denotes
thenumberof odd-sizeelements.))<f ¥, and# ¢(y) thenumberof even-sizeones.

0
(¥) = FAy ( 1)Fe0) Flyi  vi [ fvid)
¥92 (P (D om)) " ny i vi2y?

I {z }

=Fo(y[ y9 by hypercubeassumption

2= y[ y° X # 0 s X # 0
B4 ( 1) CMEYz) = ( 1)Fe® ( 1) @Fqz)
zy z Yy

Finally, to countthe numberof maximal hypercubestting into the setof solutions,we sumthe
indic):zltorfunctiog\( (y) acrossall vectorsy 2 DomExt":

X
M= (9 ()PFY= () PF%2) ()™
¥y Xy zy v X z X 2y 2
- ( 1)#e(2)|:0(,-_¢) ( 1) e(yi) = ( 1)#e(2)|:0(2)
z i i%y. Zi {Z } z
=1

Theexpressiorabore is im)Portantfor our study andwe d)%noteit byzZ, y:

Z( q = ( "®F%) = ( DFO £0%y) 2
z2DomE xt" y2DomE xt"
ThenotationZ 1y is chosento emphasizaéts relatednesso the partition function (1) denotedby
Z, andindeedthetwo expressiongliffer only in the( 1) term. It is easilyseenthatif the solution
spaceconsistf a setof separatedtypercubesthenz 4y exactly captureghe numberof clusters
(eachseparatedhypercubes a cluster). Surprisingly this numberis remarkablyaccurateaven for
randomcoloring problemsaswe will seein Section6, Figurel.
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4 Exact Computation of the Number of Clustersand Z 1

Obtainingthe exact numberof clustersfor reasonablesize problemsis crucial for evaluatingour

proposedapproactbasedon Z ;) andthe correspondinddP equationdo follow in Section5. A

nave way is to explicitly enumerateall solutions,computetheir pairwiseHammingdistancesand
infer the clusterstructure.Not surprisingly this methoddoesnot scalewell becaus¢he numberof

solutionstypically grows exponentiallyasthe numberof variablesof the graphcoloring problems
increases.We discussherea much more scalableapproachthat usestwo adwvancedtechniquego

this effect: disjunctive neggation normalform (DNNF) andbinary decisiondiagrams(BDDs). Our

methodscalesto graphcoloring problemswith a few hundredvariables(seeexperimentalresults)
for computingboththe exactnumberof clustersandthe exactvalueof Z ;).

Both DNNF [5] andBDD [4] aregraphbaseddatastructureghathave provento be very effective
in “knowledgecompilation”,i.e., in corvertinga 0-1 function F into a (potentially exponentially
long, but oftenreasonablysized)standardorm from which variousinterestingpropertiesof F can
beinferredeasily oftenin lineartime in the sizeof the DNNF formulaor BDD. For our purposes,
we use DNNF to succinctlyrepresentll solutionsof F anda setof BDDs to represensolution
clustersthatwe createaswe traversethe DNNF representationThe only relevantdetailsfor us of
thesetwo representationarethe following: (1) DNNF is represente@dsan agyclic directedgraph
with variablesandtheir negationsattheleavesandtwo kindsof internalnodes;'or” and“and”; “o
nodessplit the setof solutionssuchthatthey differ in the valueof thevariablelabelingthe nodebut
otherwisehave identicalvariables;'and” nodespartitionthe spacanto disjoint setsof variablesy2)
BDDs representrbitrary setsof solutionsandsupportef cient intersectionandprojection(onto a
subseDf variables)operation®n thesesets.

We usethecompilerc2d [6] to obtainthe DNNF form for F. Sincec2d worksonBooleanformulas
andour F often hasnon-Booleandomains,we rst convert F to a Booleanfunction F ° usinga
unaryencodingj.e., by replacingeachvariablex; of F with domainsizet with t Booleanvariables
x0 1 it respectinghesemanticsx. =jiffx; = 1 In orderto ensurehatF andFOha/e

may be 1, thus effectively allowing the original x; to take multiple vaIuessmuItaneoust This
yieldsa genealizedfunction thedomainsof thevariablesof F ° correspondo the power setsof the
domainsof therespectie variablesof F. This generalizatiorhasthe following usefulproperty: if

two solutionsc® andx® areneighborsn thesolutionspaceof F , thenthecorrespondingolutions
x1) andx%® arein the sameclusterin the solutionspaceof F°.

Computing the number of clusters. GivenF © werunc2d onit to obtainanimplicit representation
of all solutionsasa DNNF formula F % Next, we traverseF ®°from the leaf nodesup, creating
clustersaswe go along. Speci cally, with eachnodeU of F % we associatea setSy of BDDs,
onefor eachclusterin the sub-formulacontainedunderU. The setof BDDs for the root nodeof
F “thencorrespondgreciselyto the setof solutionclustersof F °, andthusof F. TheseBDDs are
computedasfollows. If U is aleafnodeof F % it represents Booleanvariableor its negationand
Sy consistsof the singleone-nodeBDD correspondindo this Booleanliteral. If U is aninternal
nodeof F ®labeledwith thevariablex andwith childrenL andR, thesetof BDDs Sy, is computed
asfollows. If U is an“or” node,thenwe considettheunionS, [ Sg of thetwo setsof BDDs and
meige ary two of theseBDDs if they areadjacentj.e., have two solutionsthatareneighborsn the
solutionspace(sincethe DNNF form guaranteethatthe BDDs in S| andSgr alreadymustdiffer
in the valueof the variablex labelingU, the adjaceng checkis equivalentto testingwhetherthe
two BDDs, with xy projectedout, have a solutionin common;this is a straightforvard projection
andintersectionoperationfor BDDs); in the worst case,this leadsto jS, j + jSg]j clusterBDDs
in Sy. Similarly, if U is an“and” node,thenSy is constructedby consideringthe crossproduct
fhhandbg jb 2 S.;br 2 Sgg of thetwo setsof BDDs andmemging adjacentesultingBDDs as
before;in theworstcasethisleadsto jS, j jSrj clusterBDDsin Sy .

Evaluating Z; ;). Theexactvalueof Z 3 on F°canalsobe evaluatedeasilyoncewe have the
DNNF representatiofir °© In fact, asis re ected in our experimentalresults,evaluationof Z y
is amuchmorescalableprocesghancountingclustersbecausét requiresa simpletraversalof F %©
without the needfor maintainingBDDs. With eachnodeU of F % we associate valueVy which
equalspreciselythe differencebetweenthe numberof solutionsbelov U with an even number
of positive literals and thosewith an odd numberof positie literals; Z ;) thenequals( N
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times the value thus associatedvith the root nodeof F% Thesevaluesare computedbottom-
up asfollows. If U is aleaf nodelabeledwith a positive (or negative) literal, thenVy = 1
(or 1, resp.). If U is an“or” nodewith childrenL andR, thenVy = V + VRr. This works
becausd. andR have identicalvariables. Finally, if U is an“and” nodewith childrenL andR,
thenVy = V_ Vr. Thislastcomputationworks becausd. andR areon disjoint setsof variables
and becauseof the following obsenation. Suppose. hasV,® solutionswith an even numberof
positive literals and V,° solutionswith an odd numberof positive literals; similarly for R. Then
Vu = (VEVE + VOVY)  (VEVS+ VOVE) = (V& VO(VE  VY) = VL k.

5 Belief Propagationinfer encefor Clusters

We presenta versionof the Belief Propagtion algorithmthatallows usto dealwith thealternating
signsof Z 4. Thederiationfollows closelythe onegivenby Yedidiaetal. [12] for standardBP,
i.e.,wewill write equationgor astationarypointof KL divergenceof two sequencefhotnecessarily
probabilitydistributionsin ourcase).SincetheZ  ,y expressiorinvolvesbothpositive andnegative
terms,we mustappropriatelygeneralizesomeof the steps.

Given a function p(¥) (the target function, with real numbersasits range)on DomExt" thatis
known up to a normalizationconstantout with unknovn maginal sums,we seeka function b(y)
(thetrial function)to approximate(y), sucl@hatbs maiginal sumsareknown. Thetargetfunction

p(y) is de ned asp(y) = ﬁ( 1)#() = §0(y ). We adoptpreviously usednotation[12]:

y arevaluesin y of variablesthatappeaiin factor(i.e. vertex) f ©; ¥ ; arevaluesof all variables
in y excepty;. The maginal sumscanbe extendedin a similar way to allow for any numberof
variablesx edin ¥, speci ed by the subscript. Whencorvenient,we treatthe symbol asa setof
indicesof variablesin f °, to beableto index them.We begin by listing the assumptionsisedin the
derivation, boththe onesthatareusedin the “standard”BP, andtwo additionalonesneededor the
generalizationAn assumptioron b(y) is legitimateif the correspondingonditionholdsfor p(y).

Assumptions: The standad assumptiongpresenin thederivationof standardBP [12], are:

P P
Marginalization:bi(y;) =,  b(y) andb (¥ ) = , b(y). This conditionis legitimate,
but cannotbe enforcedwith a polynomialnumberof constraintsMoreover, it mighthapperthat
thesolutionfoqu by BP doe?gotsatisfyit, whichis aknown problemwith BP [10].

Normalization: | b(yi)= b ) = 1. Thisis legitimateandexplicitly enforced.

Consisteng: 8 ;i 2 ;yi:h(yi) = ¢ o b (y ). Thisis legitimateandexplicitly enforced.

Tree-like decompositionsaysthatthe weightsb(y) of eachcon guration canbe obtainedfrom
the margir@l sumsas follows (d; is the degree of the variable nodey; in the factor graph):

jb(y)j = % (The standarcassumptioris without the absolutevalues.)Thisassump-

tion is notlegitimate,andit is built-in, i.e.,it is usedin the derivation of the BP equations.

To appropriatelyhandlethe signsof b(y) andp(y), we have two additionalassumptionsTheseare
necessarjor the BP derivationapplicableto Z 1y, but notfor the standardBP equations.

Sign-correspondencé&or all con gurationsy, b(y) andp(y) have the samesign(zero,beinga
singularcasejs treatedashaving a positive sign). This is a built-in assumptiorandlegitimate.
Sign-alternation:b (y;) is negative iff jy;j is even,andb (y ) is negative iff # ¢(y ) is odd.
Thisis alsoa built-in assumptionbut not necessarilyegitimate; whetheror notit is legitimate
depend®n the structureof the solutionspaceof a particularproblem.

The Sign-alternatiorassumptiorcan be viewed as an applicationof the inclusion-eclusion prin-
ciple, andis easyto illustrate on a graphcoloring problemwith only two colors. In this case,if
FY¥) = 1, theny; = fc,g meansthaty; canhave color 1, y; = fc,g thaty; canhave color 2,
andy; = fcy;cegthaty; canhave bothcolors. Thethird eventis includedin the rst two, andits
probabilitymustthusappeamith a negative signif thesumof probabilitiesis to be 1.

Kullback-Leibler divergence:The KL-divergenceis traditionallyde ned for probability distribu-
tions, for sequencesf non-ngative termsin particular We needa more generalmeasureasour
sequencep(y) andb(y¥) have alternatingsigns.But usingthe Sign-correspondenassumptionye
obsenre thattheusualde nition of KL-divergencds still applicable sincethetermin thelogarithm
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over, thefollowing Lemmashaows thatthetwo propertieof KL-divergencethatmale it suitablefor
distance-minimizatiomrestill valid.

Lemmal. Leth(:) andp(:) be(possiblyngyative)weightfunctionsonthesamedomainD, with the
propertythat they agreeon signsforall states(i., 8y 2 D : sign(b(y)) = sign(p(y))), andthat
they sumto the sameconstant(i.e., v b(y) = v p(¥) = c). Thenthe KL-divergenceD (b k p)

satisesD(bkp) OandD(bkp)=0, b p.

The proof is essentiallyidenticalto the equivalentstatemenmadeaboutKL-divergenceof proba-
bility distributions.We omitit herefor lack of space.

Minimizing D (bk p): Wewrite p(y) = sign(p(y¥)) jp(¥)j, andanalogouslyfor b(y¥). Thisallows
us to isolatethe signs,andthe minimization follows exactly the stepsof standardBP derivation,
namelywe write a setof equationsharacterizingtationarypointsof D (b k p). At the end,using
the Sign-alternatiormssumptionyve areableto implantthe signsback.

BP equations: Theresultingmodi ed BP updategdenotedBP 1y ) are,fory; 2 DomExt:

Y

niv (yi) = om, i (Vi) 3)
3in X Y o

moilyi) / oy ) (1) (widiseenpn, o (y;) (4)
¥ ni2DomE xti I 1 j2 ni

(Almost equialentto standardBP, exceptfor the ( 1) term.) Onewould iteratetheseequations
from asuitablestartingpointto nd a x edpoint,andthenobtainthebeliefsb; (y;) andb (y ) (i.e.,
estimate®f maginal sums)usingthe Sign-alternatiorassumptiorandthe standar®BP relations:

A Y Y
b(y)/ (1) 0viseed  moy(y) b(y)/ ( "% ) ni (i) (5
3i i2

To approximatelycountthe numberof clustersin large problemsfor which exact clustercountor
exactZ 1y evaluationis infeasible we employ thegenericBP, 1) schemederivedabove. We sub-
stitutethe extendedfactorsf Yy ) into Equationg(3) and(4), iteratefrom a randominitial starting
pointto nd a x edpoint,andthenuseEquationg5) to computethe beliefs. The actualestimateof
Z 1) is obtainedwith the standardBP formula (with signsproperlytaken careof), whered; is the
degreeof thevariablenodey; in thefactorgraph:
X X X X
logZgp, ,, = b (y)logjb (¥ )i+ (d 1) b(y)logjb(y)i  (6)
¥ [ yi

6 Experimental Evaluation

We empirically evaluatethe accurag of ourZ( 1) andZgp, ,, approximationsnanensemblef
randomgraph3-coloringinstancesTheresultsarediscussedh this section.

Z 1y vs.the number of clusters. Theleft panelof Figurel compareshenumberof clustergonthe
x-axis,log-scalewith Z 4y (onthey-axis,log-scalefor 2, 500colorablerandom3-COL instances
ongraphswith 20, 50, and100verticeswith averagevertex degreerangingbetweerl:0 and4:7 (the
thresholdfor 3-colorability). As canbeseentheZ 1) expressioncaptureghe numberof clusters
almostexactly. Theinaccuraciegsomemostlyfrom low graphdensityregions;in all instancesve
tried with density> 3:0, the Z( ;) expressionwas exact. We remarkthat althoughuncolorable
instancesverenot consideredn thiscomparisonZ 1y = 0= num-clustersy construction.

It is worth notingthatfor tree-structuregraphs(with morethanonevertex), theZ ;) expression
gives O for ary k 3 colors althoughthereis exactly one solution cluster Moreover, given a
disconnectegraphwith atleastonetreecomponentZ ;) alsoevaluategto 0 asit is the product
of Z ;) valuesover differentcomponents.We have thusremoved all tree componentdrom the
generatedgraphsprior to computingZ ,); tree componentsare easily identi ed and remaving
themdoesnot changehe numberof clusters.For low graphdensitiestherearestill someinstances
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Figurel: Left: Z ;) vs. numberof clustersin random3-COL  Figure 2: AverageZgp
problemswith 20, 50 and100vertices andaveragevertex degree  andZ ;) for 3-COL vs. av-
betweenl:0 4:7. Right: clustermanginalsvs. Z( jy-maginals eragevertex degreesfor small
for oneinstanceof random3-COL problemwith 100vertices. andlargerandomgraphs.

for whichZ 1) evaluategto O; theseinstancesarenot visible in Figure 1 dueto thelog-log scale.
In fact, all our instanceswith fewer than5 clustershave Z( ;) = 0. This is becauseof other
substructure$or which Z 4y evaluatego 0, e.g.,cordlesscyclesof lengthnot divisible by 3 (for

k = 3coloring)with attachedrees.Thesestructureshowever, becomeareasthedensityincreases.

Z( 1y marginals vs. clustersmarginals. For a given probleminstancewe cande ne the cluster
marginal of a variablex; to bethe fraction of solutionclustersin which x; only appearswith one
particularvalue(i.e.,x; is abackbonef thecluster).SinceZ 1y countswell thenumberof clusters,
it is naturalto askwhetherit is alsopossibleto obtainthe maginalsinformationfrom it. Indeed,
Z 1) doesprovide anestimateof the clustermaminals,andwe call themZ 1)-maminals Recall
thatthesemantic®f factorsin theextendeddomainis suchthatavariablecanassume setof values
only if everyvaluein thesetyieldsa solutionto the problem.This extendsto theZ . ;) estimateof
thenumberof clustersandonecanthereforeusetheprincipleof inclusion-eclusionto computethe
numberof clusterswherea variablecanonly assumeoneparticularvalue. Thede nition of Z 1

convenientlyprovidesfor correctsigns,andthe numberof clusterswherex; is x edto v; is thus
estimatedy vizv ZC 1) (yi), whereZ  4y(y;) isthemamginalsumofZ qy. TheZ  1j-mamginal
is obtainedby dividing this quantityby Z ;).

Theright panelof Figurel shawvs theresultson onerandom3-COL problemwith 100vertices.The
plot shaws clustermaginalsandZ 1)-mamginalsfor onecolor; the pointscorrespondo individ-
ual variables. The Z ;y-maminalsare closeto perfect. This is a typical situation,althoughit is
importantto mentionthatZ ;y-mamginalsarenot alwayscorrect,or evennon-ngative. They are
merelyan estimateof the true clustermamginals,andhow well they work dependwon the solution
spacestructureat hand.They areexactif the solutionspacedecomposemto separatediypercubes
and,asthe gure shavs, remarkablyaccuratealsofor randomcoloringinstances.

The number of clustersvs.Zgp , ,,. Figure3 depictsa comparisorbetweenZgp ,, andZ y
for the 3-COL problemon colorablerandomgraphsof varioussizesandgraphdensities.It com-
paresZ( iy (onthex-axis,log-scaleywith Zgp , (y-axis,log-scale)for 1; 300 colorable3-COL
instance®nrandomgraphswith 50, 100, and200verticeswith averagevertex degreerangingfrom
1:0 to 4:7. The plots shavs that BP is quite accuraten estimatingZ 4y for individual instances,
whichin turn captureghe numberof clusters.Instancesvhich are not 3-colorableare not shavn,
andBP in generaincorrectlyestimates non-zeronumberof clustersfor them.

Estimateson very large graphs and for various graph densities. Figure 2 shavs similar data
from adifferentperspectie: whatis shavn is arescaledaverageestimateof the numberof clusters
(y-axis)for averagevertex degreesl:0to 4.7 (x-axis). Theaveragds takenacrosdlifferentcolorable
instance®f agivensize,andtherescalingassumethatthenumberof clusters= exp(jVj ) where
is aconstanindependentf thenumberof vertices[ 3]. Thethreecurvesshaw, respectiely, BP's
estimatefor graphswith 100 000vertices BP's estimatefor graphswith 100verticesandZ ¢ 4y for
thesamegraphsof size100. Theaveragesarecomputedacross3; 000instance®f thesmallgraphs,
andonly 10instance®f thelarge oneswheretheinstance-to-instanceariability is practicallynon-
existent. Thefactthatthe curvesnicely overlay shavs thatBP, 1) computesZ( ;) very accurately
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Figure3: Zgp ,, comparedo Z( 4y for 3-COL problemon randomgraphswith 50, 100and200
verticesandaveragevertex degreein therangel:0  4:7.

on averagefor colorableinstancegwherewe cancomparet with exactvalues),andthatthe esti-
materemainsaccuratefor large problems. Note thatthe Survey Propagtion algorithmdeveloped
by Braunsteiret al. [3] alsoaimsat computingthe numberof certainclustersin the solutionspace.
However, SP countsonly the numberof clusterswith a “typical size”, andwould shav non-zero
valuesin Figure 2 only for averagevertex degreesbetweend:42 and4:7. Our algorithm counts
clustersof all sizes,andis very accuratén the entirerangeof graphdensities.

7 Conclusion

We discussa purely combinatorialconstructionfor estimatingthe numberof solution clustersin
graphcoloringproblemswith very high accurag. Thetechniquausesa hypercube-baseiclusion-
exclusionargumentcoupledwith solutioncounting,andlendsitself to anapplicationof amodi ed
belief propagtion algorithm. This way, the numberof clustersin huge randomgraph coloring
instancescan be accuratelyand ef ciently estimated. Our preliminary investigation hasrevealed
thatit is possibleto usecombinatoriabrgumentgo formally prove thatthe clustercountsestimated
by Z( 1) areexacton certainkindsof solutionspacegnotnecessarilynly for graphcoloring). We
hopethatsuchinsightsandthe clusterfocusedpicturewill leadto new techniquesor solvinghard
combinatoriabroblemsandfor boundingsolvability transitionsin randomproblemensembles.
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