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Abstract

Weshow thatanimportantandcomputationallychallengingsolutionspacefeature
of thegraphcoloringproblem(COL), namelythenumberof clustersof solutions,
canbe accuratelyestimatedby a techniquevery similar to onefor countingthe
numberof solutions. This clustercountingapproachcanbe naturallywritten in
termsof a new factorgraphderived from the factorgraphrepresentingtheCOL
instance.Usinga variantof theBelief Propagation inferenceframework, we can
ef�ciently approximateclustercountsin randomCOL problemsoveralargerange
of graphdensities.We illustratethe algorithmon instanceswith up to 100; 000
vertices.Moreover, we supplya methodologyfor computingthenumberof clus-
tersexactlyusingadvancedtechniquesfrom theknowledgecompilationliterature.
Thismethodologyscalesup to severalhundredvariables.

1 Intr oduction

Messagepassingalgorithms,in particularBelief Propagation (BP), have beenvery successfulin
ef�ciently computinginterestingpropertiesof succinctly representedlarge spaces,suchas joint
probabilitydistributions. Recently, thesetechniqueshave alsobeenappliedto computeproperties
of discretespaces,in particular, propertiesof thespaceof solutionsof combinatorialproblems.For
example,for propositionalsatis�ability (SAT) andgraphcoloring(COL) problems,marginal prob-
ability informationabouttheuniform distribution over solutions(or similar combinatorialobjects)
hasbeenthekey ingredientin thesuccessof BP-like algorithms.Most notably, thesurvey propa-
gation (SP)algorithmutilizes this informationto solve very large hardrandominstancesof these
problems[3, 11].

Earlierwork on randomensemblesof ConstraintSatisfactionProblems(CSPs)hasshown that the
computationallyhardestinstancesoccur nearphaseboundaries,whereinstancesgo from having
many globally satisfyingsolutionsto having no solutionat all (a “solution-focusedpicture”). In
recentyears,thispicturehasbeenre�ned andit wasfoundthatakey factorin determiningthehard-
nessof instancesin termsof searchalgorithm(or samplingalgorithm)is thequestion:howare the
solutionsspatiallydistributedwithin thesearch space?This hasmadethestructureof thesolution
spacein termsof its clusteringpropertiesa key factorin determiningtheperformanceof combina-
torial searchmethods(a “cluster-focusedpicture”). CanBP-likealgorithmsbeusedto providesuch
cluster-focusedinformation?For example,how many clustersaretherein a solutionspace?How
big aretheclusters?How arethey organized?Answersto suchquestionswill shedfurtherlight into
our understandingof thesehardcombinatorialproblemsandleadto betteralgorithmicapproaches
for reasoningaboutthem,beit for �nding onesolutionor answeringqueriesof probabilisticinfer-
enceaboutthesetof solutions.Thestudyof thesolutionspacegeometryhasindeedbeenthefocus

� Thiswork wassupportedby IISI, CornellUniversity(AFOSRgrantFA9550-04-1-0151),DARPA (REAL
grantFA8750-04-2-0216),andNSF(grant0514429).
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of a numberof recentpapers[e.g.1, 2, 3, 7, 9, 11], especiallyby thestatisticalphysicscommunity,
which hasdevelopedextensive theoreticaltools to analyzesuchspacesundercertainstructuralas-
sumptionsandlargesizelimits. Weprovideapurelycombinatorialmethodfor countingthenumber
of clusters,which is applicableevento smallsizeproblemsandcanbeapproximatedvery well by
messagepassingtechniques.

Solutionscanbethoughtof as`neighbors'if they differ in thevalueof onevariable,andthetransitive
closureof theneighborrelationde�nesclustersin anaturalmanner. Countingthenumberof clusters
is achallengingproblem.To begin with, it is notevenclearwhatis thebestsuccinctwayto represent
clusters. One relatively crudebut useful way is to representa clusterby the set of `backbone'
variablesin that cluster, i.e., variablesthat take a �x ed value in all solutionswithin the cluster.
Interestingly, while it is easy(polynomialtime) to verify whethera variableassignmentis indeeda
solutionof CSP, thesamecheckis muchharderfor a candidateclusterrepresentedby thesetof its
backbonevariables.

We proposeoneof the �rst scalablemethodsfor estimatingthenumberof clustersof solutionsof
graphcoloringproblemsusinga belief propagation like algorithm. While thenä�ve method,based
onenumerationof solutionsandpairwisedistances,scalesto graphcoloringproblemswith 50or so
nodesanda recentlyproposedlocal searchbasedmethodprovidesestimatesup to a few hundred
nodegraphs[7], our approach—beingbasedon BP—easilyprovidesfastestimatesfor graphswith
100; 000 nodes. We validatethe accuracy of our approachby also providing a fairly non-trivial
exact countingmethodfor clusters,utilizing advancedknowledgecompilationtechniques. Our
approachworkswith the factorgraphrepresentationof thegraphcoloringproblem. Yedidiaet al.
[12] showed that if onecanwrite the so-called“partition function”, Z , for a quantityof interest
in a factorgraphwith non-negative weights,thenthereis a fairly mechanicalvariationalmethod
derivation that yields belief propagation equationsfor estimatingZ . Undercertainassumptions,
we derive a partition functionstyle quantity, Z ( � 1) , to countthe numberof clusters.We thenuse
thevariationalmethodto obtainBP equationsfor estimatingZ ( � 1) . Our experimentswith random
graphcoloringproblemsshow thatZ ( � 1) itself is anextremelyaccurateestimateof thenumberof
clusters,andsois its approximation,ZBP ( � 1) , obtainedfrom ourBPequations.

2 Preliminaries

Thegraphcoloringproblemcanbeexpressedin the form of a factor graph, a bipartitegraphwith
two kindsof nodes.Thevariablenodes, ~x = (x1; : : : ; xn ), representthevariablesin theproblem(n
verticesto becolored)with theirdiscretedomainDom = f c1; : : : ; ck g (k colors).Thefactornodes,
� ; : : :, with associatedfactor functionsf � ; : : : , representthe constrainsof the problem(no two
adjacentverticeshave thesamecolor). Eachfactorfunction is a Booleanfunctionwith arguments
~x � (asubsetof variablesfrom~x) andrangef 0; 1g, andevaluatesto 1 if andonly if (if f) theassociated
constraintis satis�ed. An edgeconnectsa variablex i with factorf � if f thevariableappearsin the
constraintrepresentedby thefactornode,whichwedenoteby i 2 � . In thegraphcoloringproblem,
eachfactorfunctionhasexactly two variables.

In thefactorrepresentation,eachvariableassignment~x is thoughtof ashaving aweightequalto the
productof thevaluesthatall factorsevaluateto. We denotethis productby F (~x) :=

Q
� f � (~x � ).

In our case,theweightof anassignment~x is 1 if all of thefactorshave valueof 1, and0 otherwise.
Theassignmentswith weight1 correspondpreciselyto legal colorings,or solutionsto theproblem.
Thenumberof solutionscanthusbeexpressedastheweightedsumacrossall possibleassignments.
Wedenotethisquantityby Z , theso-calledpartition function:

Z :=
X

~x 2 D om n

F (~x) =
X

~x 2 D om n

Y

�

f � (~x � ) (1)

Wede�ne thesolutionspaceof agraphcoloringproblemto bethesetof all its legal colorings.Two
legal colorings(or solutions)arecalledneighbors if they differ in thecolorof onevertex.
De�nition 1 (Solution Cluster). A setof solutionsC � S of a solutionspaceS is a clusterif it is
a maximalsubsetsuchthat any two solutionsin C canbe connectedby a sequencefrom C where
consecutive solutionsareneighbors.
In otherwords,clustersareconnectedcomponentsof the “solution graph”which hassolutionsas
nodesandanedgebetweentwo solutionsif they differ in thevalueof exactlyonevariable.
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3 A Partition Function StyleExpressionfor Counting Clusters

In this sectionwe considera methodfor estimatingthe numberof solution clustersof a graph
coloring problem. We brie�y describethe conceptshere; a more in-depthtreatment,including
formal results,may be found in [8]. First let us extendthe de�nition of the function F so that it
may be evaluatedon an extendeddomainDomExt := P(f c1; : : : ; ck g) n ; wherec1; : : : ; ck are
the k domainvalues(colors) of eachof the problemvariables,and P is the power set operator
(so jDomExt j = 2k � 1). Eachgeneralizedassignment~y 2 DomExt n thusassociatesa (non-
empty)setof valueswith eachoriginal variable,de�ning a hypercubein the searchspacefor F .
We generalizeF andf � to this extendeddomainin the naturalway, F 0(~y) :=

Q
~x 2 ~y F (~x), and

f 0
� (~y� ) :=

Q
~x � 2 ~y �

f � (~x � ), wheretherelation2 is appliedpoint-wise,aswill bethecasewith any
relationaloperatorsusedon vectorsin this text. This meansthatF 0 evaluatesto 1 on a hypercube
iff F evaluatesto 1 onall pointswithin thathypercube.

Let us �rst assumethat the solutionspacewe work with decomposesinto a setof separatedhy-
percubes, so clusterscorrespondexactly to the hypercubes;by separatedhypercubes,we mean
that points in one hypercubediffer from points in others in at least two values. E.g., ~y1 =
(f c1g; f c1g; f c1g) and~y2 = (f c2g; f c3g; f c1; c2g) areseparatedhypercubesin threedimensions.
This allows usto developa surprisinglysimpleexpressionfor countingthenumberof clusters,and
wewill laterseethatthesameexpressionapplieswith highprecisionalsoto solutionspacesof much
morecomplex instancesof graphcoloringproblems.Considerthe indicatorfunction � (~y) for the
propertythat~y 2 DomExt n is amaximalsolutionhypercubecontainedin thesolutionspace:

� (~y) := F 0(~y)
| {z }
~y is legal

�
Y

i

Y

v i =2 y i

�
1 � F 0(~y[yi  yi [ f vi g])

�

| {z }
nopoint-wisegeneralizationis legal

Here~y[yi  y0
i ] denotesthesubstitutionof y0

i into yi in ~y. Note that if thesolutionclustersarein
facthypercubes,thenvariablevaluesthatcanbe“extended”independentlycanalsobeextendedall
at once,that is, F 0(~y[yi  yi [ f vi g]) = 1 andF 0(~y[yj  yj [ f vj g]) = 1 implies F (~y[yi  
yi [ f vi g; yj  yj [ f vj g]) = 1. Moreover, any F 0(~y[yi  yi [ f vi g]) impliesF (~y). Usingthese
observations,� (~y) canbereformulatedby factoringout theproductasfollows. Here# o(~y) denotes
thenumberof odd-sizeelementsof ~y, and# e(~y) thenumberof even-sizeones.

� (~y) = F 0(~y)
� X

~y02 (P (D om )) n n~y

(� 1)# o (~y0)
Y

i

Y

v i 2 y0
i

F 0(~y[yi  yi [ f vi g])

| {z }
= F 0(~y [ ~y0) by hypercubeassumption

�

~z:= ~y[ ~y 0

=
X

~z� ~y

(� 1)# o (~zn~y) F 0(~z) = (� 1)# e (~y)
X

~z� ~y

(� 1)# e (~z) F 0(~z)

Finally, to count the numberof maximalhypercubes�tting into the setof solutions,we sumthe
indicatorfunction� (~y) acrossall vectors~y 2 DomExt n :

X

~y

� (~y) =
X

~y

(� 1)# e (~y)
X

~z� ~y

(� 1)# e (~z) F 0(~z) =
X

~z

(� 1)# e (~z) F 0(~z)
� X

; =2 ~y� ~z

(� 1)# e (~y)
�

=
X

~z

(� 1)# e (~z) F 0(~z)
� Y

i

X

; =2 ~y i � ~zi

(� 1)� e (y i )

| {z }
=1

�
=

X

~z

(� 1)# e (~z) F 0(~z)

Theexpressionabove is importantfor ourstudy, andwedenoteit by Z ( � 1) :

Z ( � 1) :=
X

~z2 D omE xt n

(� 1)# e (~z) F 0(~z) =
X

~y2 D omE xt n

(� 1)# e (~y)
Y

�

f 0
� (~y� ) (2)

The notationZ ( � 1) is chosento emphasizeits relatednessto the partition function (1) denotedby
Z , andindeedthetwo expressionsdiffer only in the(� 1) term. It is easilyseenthat if thesolution
spaceconsistsof a setof separatedhypercubes,thenZ ( � 1) exactly capturesthenumberof clusters
(eachseparatedhypercubeis a cluster). Surprisingly, this numberis remarkablyaccurateeven for
randomcoloringproblemsaswewill seein Section6, Figure1.
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4 Exact Computation of the Number of Clustersand Z (� 1)

Obtainingthe exact numberof clustersfor reasonablesizeproblemsis crucial for evaluatingour
proposedapproachbasedon Z ( � 1) andthecorrespondingBP equationsto follow in Section5. A
nä�ve way is to explicitly enumerateall solutions,computetheir pairwiseHammingdistances,and
infer theclusterstructure.Not surprisingly, this methoddoesnot scalewell becausethenumberof
solutionstypically grows exponentiallyasthenumberof variablesof thegraphcoloringproblems
increases.We discussherea muchmorescalableapproachthat usestwo advancedtechniquesto
this effect: disjunctive negationnormalform (DNNF) andbinarydecisiondiagrams(BDDs). Our
methodscalesto graphcoloringproblemswith a few hundredvariables(seeexperimentalresults)
for computingboththeexactnumberof clustersandtheexactvalueof Z ( � 1) .

Both DNNF [5] andBDD [4] aregraphbaseddatastructuresthathave provento bevery effective
in “knowledgecompilation”, i.e., in converting a 0-1 function F into a (potentiallyexponentially
long,but oftenreasonablysized)standardform from which variousinterestingpropertiesof F can
beinferredeasily, often in linear time in thesizeof theDNNF formulaor BDD. For our purposes,
we useDNNF to succinctlyrepresentall solutionsof F anda setof BDDs to representsolution
clustersthatwe createaswe traversetheDNNF representation.Theonly relevantdetailsfor usof
thesetwo representationsarethe following: (1) DNNF is representedasanacyclic directedgraph
with variablesandtheirnegationsat theleavesandtwo kindsof internalnodes,“or” and“and”; “or”
nodessplit thesetof solutionssuchthatthey differ in thevalueof thevariablelabelingthenodebut
otherwisehave identicalvariables;“and” nodespartitionthespaceinto disjointsetsof variables;(2)
BDDs representarbitrarysetsof solutionsandsupportef�cient intersectionandprojection(ontoa
subsetof variables)operationson thesesets.

Weusethecompilerc2d [6] to obtaintheDNNF form for F . Sincec2d worksonBooleanformulas
andour F often hasnon-Booleandomains,we �rst convert F to a Booleanfunction F 0 usinga
unaryencoding,i.e.,by replacingeachvariablex i of F with domainsizet with t Booleanvariables
x0

i;j ; 1 � j � t , respectingthesemantics:x i = j iff x i;j = 1. In orderto ensurethatF andF 0 have
similar clusterstructureof solutions,we relax the usualcondition that only oneof x i; 1; : : : ; x i;t
may be 1, thus effectively allowing the original x i to take multiple valuessimultaneously. This
yieldsageneralizedfunction: thedomainsof thevariablesof F 0 correspondto thepowersetsof the
domainsof therespective variablesof F . This generalizationhasthefollowing usefulproperty: if
two solutions~x (1) and~x (2) areneighborsin thesolutionspaceof F , thenthecorrespondingsolutions
~x0(1) and~x0(2) arein thesameclusterin thesolutionspaceof F 0.

Computing the number of clusters.GivenF 0, werunc2d onit to obtainanimplicit representation
of all solutionsasa DNNF formula F 00. Next, we traverseF 00 from the leaf nodesup, creating
clustersaswe go along. Speci�cally, with eachnodeU of F 00, we associatea setSU of BDDs,
onefor eachclusterin the sub-formulacontainedunderU. The setof BDDs for the root nodeof
F 00thencorrespondspreciselyto thesetof solutionclustersof F 0, andthusof F . TheseBDDs are
computedasfollows. If U is a leaf nodeof F 00, it representsa Booleanvariableor its negationand
SU consistsof thesingleone-nodeBDD correspondingto this Booleanliteral. If U is an internal
nodeof F 00labeledwith thevariablexU andwith childrenL andR, thesetof BDDsSU is computed
asfollows. If U is an“or” node,thenwe considertheunionSL [ SR of thetwo setsof BDDs and
mergeany two of theseBDDs if they areadjacent,i.e.,have two solutionsthatareneighborsin the
solutionspace(sincetheDNNF form guaranteesthat theBDDs in SL andSR alreadymustdiffer
in thevalueof thevariablexU labelingU, theadjacency checkis equivalentto testingwhetherthe
two BDDs, with xU projectedout, have a solutionin common;this is a straightforwardprojection
and intersectionoperationfor BDDs); in the worst case,this leadsto jSL j + jSR j clusterBDDs
in SU . Similarly, if U is an “and” node,thenSU is constructedby consideringthe crossproduct
f bL and bR j bL 2 SL ; bR 2 SR g of thetwo setsof BDDs andmerging adjacentresultingBDDs as
before;in theworstcase,this leadsto jSL j � jSR j clusterBDDs in SU .

Evaluating Z ( � 1) . Theexactvalueof Z ( � 1) on F 0 canalsobeevaluatedeasilyoncewe have the
DNNF representationF 00. In fact, asis re�ected in our experimentalresults,evaluationof Z ( � 1)

is a muchmorescalableprocessthancountingclustersbecauseit requiresa simpletraversalof F 00

without theneedfor maintainingBDDs. With eachnodeU of F 00, we associatea valueVU which
equalspreciselythe differencebetweenthe numberof solutionsbelow U with an even number
of positive literals and thosewith an odd numberof positive literals; Z ( � 1) then equals(� 1)N
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times the value thus associatedwith the root nodeof F 00. Thesevaluesare computedbottom-
up as follows. If U is a leaf nodelabeledwith a positive (or negative) literal, then VU = � 1
(or 1, resp.). If U is an “or” nodewith children L and R, then VU = VL + VR . This works
becauseL andR have identicalvariables.Finally, if U is an “and” nodewith childrenL andR,
thenVU = VL VR . This last computationworksbecauseL andR areon disjoint setsof variables
andbecauseof the following observation. SupposeL hasV e

L solutionswith an even numberof
positive literals andV o

L solutionswith an odd numberof positive literals; similarly for R. Then
VU = (V e

L V e
R + V o

L V o
R ) � (V e

L V o
R + V o

L V e
R ) = (V e

L � V o
L )(V e

R � V o
R ) = VL VR .

5 Belief PropagationInfer encefor Clusters

We presenta versionof theBelief Propagationalgorithmthatallows usto dealwith thealternating
signsof Z ( � 1) . Thederivationfollows closelytheonegivenby Yedidiaet al. [12] for standardBP,
i.e.,wewill writeequationsfor astationarypointof KL divergenceof twosequences(notnecessarily
probabilitydistributionsin ourcase).SincetheZ ( � 1) expressioninvolvesbothpositiveandnegative
terms,wemustappropriatelygeneralizesomeof thesteps.

Given a function p(~y) (the target function, with real numbersas its range)on DomExt n that is
known up to a normalizationconstantbut with unknown marginal sums,we seeka function b(~y)
(thetrial function)to approximatep(~y), suchthatb'smarginalsumsareknown. Thetargetfunction
p(~y) is de�ned asp(~y) := 1

Z ( � 1)
(� 1)# e (~y) Q

� f 0
� (~y� ). We adoptpreviously usednotation[12]:

~y� arevaluesin ~y of variablesthatappearin factor(i.e. vertex) f 0
� ; ~y� i arevaluesof all variables

in ~y exceptyi . The marginal sumscanbe extendedin a similar way to allow for any numberof
variables�x edin ~y, speci�edby thesubscript.Whenconvenient,we treatthesymbol� asa setof
indicesof variablesin f 0

� , to beableto index them.Webegin by listing theassumptionsusedin the
derivation,boththeonesthatareusedin the“standard”BP, andtwo additionalonesneededfor the
generalization.An assumptiononb(~y) is legitimateif thecorrespondingconditionholdsfor p(~y).

Assumptions:Thestandard assumptions,presentin thederivationof standardBP [12], are:

� Marginalization:bi (yi ) =
P

~y � i
b(~y) andb� (~y� ) =

P
~y � �

b(~y). This conditionis legitimate,
but cannotbeenforcedwith apolynomialnumberof constraints.Moreover, it mighthappenthat
thesolutionfoundby BPdoesnotsatisfyit, which is aknown problemwith BP [10].

� Normalization:
P

y i
bi (yi ) =

P
~y �

b� (~y� ) = 1. This is legitimateandexplicitly enforced.

� Consistency: 8� ; i 2 � ; yi : bi (yi ) =
P

~y � n i
b� (~y� ). This is legitimateandexplicitly enforced.

� Tree-like decomposition:saysthattheweightsb(~y) of eachcon�gurationcanbeobtainedfrom
the marginal sumsas follows (di is the degreeof the variablenodeyi in the factor graph):
jb(~y)j =

Q
� j b� (~y � ) jQ

i j bi (y i ) jd i � 1 . (Thestandardassumptionis without theabsolutevalues.)Thisassump-
tion is not legitimate,andit is built-in, i.e., it is usedin thederivationof theBPequations.

To appropriatelyhandlethesignsof b(~y) andp(~y), we have two additionalassumptions. Theseare
necessaryfor theBPderivationapplicableto Z ( � 1) , but not for thestandardBPequations.

� Sign-correspondence:For all con�gurations~y, b(~y) andp(~y) have thesamesign(zero,beinga
singularcase,is treatedashaving apositivesign).This is abuilt-in assumptionandlegitimate.

� Sign-alternation:bi (yi ) is negative iff jyi j is even, andb� (~y� ) is negative iff # e(~y� ) is odd.
This is alsoa built-in assumption,but not necessarilylegitimate;whetheror not it is legitimate
dependson thestructureof thesolutionspaceof aparticularproblem.

The Sign-alternationassumptioncanbe viewed asan applicationof the inclusion-exclusionprin-
ciple, and is easyto illustrateon a graphcoloring problemwith only two colors. In this case,if
F 0(~y) = 1, thenyi = f c1g meansthat yi canhave color 1, yi = f c2g that yi canhave color 2,
andyi = f c1; c2g thatyi canhave bothcolors. Thethird event is includedin the �rst two, andits
probabilitymustthusappearwith anegative signif thesumof probabilitiesis to be1.

Kullback-Leibler divergence:TheKL-divergenceis traditionallyde�ned for probabilitydistribu-
tions, for sequencesof non-negative termsin particular. We needa moregeneralmeasure,asour
sequencesp(~y) andb(~y) havealternatingsigns.But usingtheSign-correspondenceassumption,we
observe thattheusualde�nition of KL-divergenceis still applicable,sincethetermin thelogarithm
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is non-negative: D (b k p) :=
P

~y2 D omE xt n b(~y) log b(~y)
p(~y) =

P
~y2 D omE xt n b(~y) log j b(~y) j

jp(~y) j . More-
over, thefollowing Lemmashows thatthetwo propertiesof KL-divergencethatmake it suitablefor
distance-minimizationarestill valid.

Lemma 1. Letb(:) andp(:) be(possiblynegative)weightfunctionsonthesamedomainD, with the
propertythat they agreeon signsfor all states(i.e., 8~y 2 D : sign(b(~y)) = sign(p(~y)) ), andthat
they sumto thesameconstant(i.e.,

P
~y b(~y) =

P
~y p(~y) = c). ThentheKL-divergenceD(b k p)

satis�esD(b k p) � 0 andD(b k p) = 0 , b � p.

Theproof is essentiallyidenticalto theequivalentstatementmadeaboutKL-divergenceof proba-
bility distributions.Weomit it herefor lackof space.

Minimizing D(b k p): We write p(~y) = sign(p(~y)) � jp(~y)j, andanalogouslyfor b(~y). This allows
us to isolatethe signs,andthe minimizationfollows exactly the stepsof standardBP derivation,
namelywe write a setof equationscharacterizingstationarypointsof D(b k p). At theend,using
theSign-alternationassumption,weareableto implantthesignsback.

BP equations:Theresultingmodi�ed BPupdates(denotedBP( � 1) ) are,for yi 2 DomExt :

ni ! � (yi ) =
Y

� 3 i n�

m� ! i (yi ) (3)

m� ! i (yi ) /
X

~y � n i 2 D omE xt j � j� 1

f 0
� (~y� )

Y

j 2 � ni

(� 1)� ( j y j j is even) nj ! � (yj ) (4)

(Almost equivalent to standardBP, except for the (� 1) term.) Onewould iteratetheseequations
from asuitablestartingpoint to �nd a�x edpoint,andthenobtainthebeliefsbi (yi ) andb� (~y� ) (i.e.,
estimatesof marginal sums)usingtheSign-alternationassumptionandthestandardBPrelations:

bi (yi ) / (� 1)� ( j y i j is even)
Y

� 3 i

m� ! i (yi ) b� (~y� ) / (� 1)# e (~y � ) f 0
� (~y� )

Y

i 2 �

ni ! � (yi ) (5)

To approximatelycountthe numberof clustersin large problemsfor which exact clustercountor
exactZ ( � 1) evaluationis infeasible,weemploy thegenericBP( � 1) schemederivedabove. Wesub-
stitutetheextendedfactorsf 0(~y� ) into Equations(3) and(4), iteratefrom a randominitial starting
point to �nd a �x edpoint,andthenuseEquations(5) to computethebeliefs.Theactualestimateof
Z ( � 1) is obtainedwith thestandardBP formula(with signsproperlytakencareof), wheredi is the
degreeof thevariablenodeyi in thefactorgraph:

logZBP ( � 1) := �
X

�

X

~y �

b� (~y� ) log jb� (~y� )j +
X

i

(di � 1)
X

y i

bi (yi ) log jbi (yi )j (6)

6 Experimental Evaluation

We empiricallyevaluatetheaccuracy of our Z ( � 1) andZBP ( � 1) approximationson anensembleof
randomgraph3-coloringinstances.Theresultsarediscussedin thissection.

Z ( � 1) vs.thenumber of clusters.Theleft panelof Figure1comparesthenumberof clusters(onthe
x-axis,log-scale)with Z ( � 1) (onthey-axis,log-scale)for 2; 500colorablerandom3-COLinstances
ongraphswith 20, 50, and100verticeswith averagevertex degreerangingbetween1:0 and4:7 (the
thresholdfor 3-colorability). As canbeseen,theZ ( � 1) expressioncapturesthenumberof clusters
almostexactly. The inaccuraciescomemostly from low graphdensityregions;in all instanceswe
tried with density> 3:0, the Z ( � 1) expressionwasexact. We remarkthat althoughuncolorable
instanceswerenot consideredin thiscomparison,Z ( � 1) = 0 = num-clustersby construction.

It is worth notingthat for tree-structuredgraphs(with morethanonevertex), theZ ( � 1) expression
gives 0 for any k � 3 colors althoughthereis exactly one solution cluster. Moreover, given a
disconnectedgraphwith at leastonetreecomponent,Z ( � 1) alsoevaluatesto 0 asit is theproduct
of Z ( � 1) valuesover differentcomponents.We have thusremoved all treecomponentsfrom the
generatedgraphsprior to computingZ ( � 1) ; tree componentsare easily identi�ed and removing
themdoesnotchangethenumberof clusters.For low graphdensities,therearestill someinstances
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between1:0 � 4:7. Right: clustermarginalsvs. Z ( � 1) -marginals
for oneinstanceof random3-COLproblemwith 100vertices.
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Figure 2: AverageZBP ( � 1)

andZ ( � 1) for 3-COL vs. av-
eragevertex degreesfor small
andlargerandomgraphs.

for which Z ( � 1) evaluatesto 0; theseinstancesarenot visible in Figure1 dueto the log-log scale.
In fact, all our instanceswith fewer than 5 clustershave Z ( � 1) = 0. This is becauseof other
substructuresfor which Z ( � 1) evaluatesto 0, e.g.,cordlesscyclesof lengthnot divisible by 3 (for
k = 3 coloring)with attachedtrees.Thesestructures,however, becomerareasthedensityincreases.

Z ( � 1) marginals vs. clustersmarginals. For a givenprobleminstance,we cande�ne thecluster
marginal of a variablex i to be the fractionof solutionclustersin which x i only appearswith one
particularvalue(i.e.,x i is abackboneof thecluster).SinceZ ( � 1) countswell thenumberof clusters,
it is naturalto askwhetherit is alsopossibleto obtainthe marginalsinformationfrom it. Indeed,
Z ( � 1) doesprovide anestimateof theclustermarginals,andwe call themZ ( � 1) -marginals. Recall
thatthesemanticsof factorsin theextendeddomainis suchthatavariablecanassumeasetof values
only if everyvaluein thesetyieldsa solutionto theproblem.This extendsto theZ ( � 1) estimateof
thenumberof clusters,andonecanthereforeusetheprincipleof inclusion-exclusionto computethe
numberof clusterswherea variablecanonly assumeoneparticularvalue. Thede�nition of Z ( � 1)
convenientlyprovidesfor correctsigns,andthe numberof clusterswherex i is �x ed to vi is thus
estimatedby

P
y i 3 v i

Z ( � 1) (yi ), whereZ ( � 1) (yi ) is themarginalsumof Z ( � 1) . TheZ ( � 1) -marginal
is obtainedby dividing thisquantityby Z ( � 1) .

Theright panelof Figure1 showstheresultsononerandom3-COLproblemwith 100vertices.The
plot shows clustermarginalsandZ ( � 1) -marginalsfor onecolor; the pointscorrespondto individ-
ual variables.The Z ( � 1) -marginalsarecloseto perfect. This is a typical situation,althoughit is
importantto mentionthatZ ( � 1) -marginalsarenot alwayscorrect,or evennon-negative. They are
merelyanestimateof the trueclustermarginals,andhow well they work dependson thesolution
spacestructureat hand.They areexactif thesolutionspacedecomposesinto separatedhypercubes
and,asthe�gure shows,remarkablyaccuratealsofor randomcoloringinstances.

The number of clustersvs. ZBP ( � 1 ) . Figure3 depictsa comparisonbetweenZBP ( � 1) andZ ( � 1)
for the 3-COL problemon colorablerandomgraphsof varioussizesandgraphdensities.It com-
paresZ ( � 1) (on thex-axis, log-scale)with ZBP ( � 1) (y-axis, log-scale)for 1; 300colorable3-COL
instancesonrandomgraphswith 50, 100, and200vertices,with averagevertex degreerangingfrom
1:0 to 4:7. Theplotsshows thatBP is quiteaccuratein estimatingZ ( � 1) for individual instances,
which in turn capturesthenumberof clusters.Instanceswhich arenot 3-colorablearenot shown,
andBP in generalincorrectlyestimatesanon-zeronumberof clustersfor them.

Estimateson very large graphs and for various graph densities. Figure 2 shows similar data
from a differentperspective: whatis shown is a rescaledaverageestimateof thenumberof clusters
(y-axis)for averagevertex degrees1:0 to 4:7 (x-axis).Theaverageis takenacrossdifferentcolorable
instancesof agivensize,andtherescalingassumesthatthenumberof clusters= exp(jV j � �) where
� is aconstantindependentof thenumberof vertices[3]. Thethreecurvesshow, respectively, BP's
estimatefor graphswith 100; 000vertices,BP'sestimatefor graphswith 100vertices,andZ ( � 1) for
thesamegraphsof size100. Theaveragesarecomputedacross3; 000instancesof thesmallgraphs,
andonly 10 instancesof thelargeoneswheretheinstance-to-instancevariability is practicallynon-
existent.Thefactthatthecurvesnicely overlayshows thatBP( � 1) computesZ ( � 1) very accurately
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Figure3: ZBP ( � 1) comparedto Z ( � 1) for 3-COL problemon randomgraphswith 50, 100and200
verticesandaveragevertex degreein therange1:0 � 4:7.

on averagefor colorableinstances(wherewe cancompareit with exact values),andthat theesti-
materemainsaccuratefor large problems.Note that the Survey Propagation algorithmdeveloped
by Braunsteinet al. [3] alsoaimsat computingthenumberof certainclustersin thesolutionspace.
However, SPcountsonly the numberof clusterswith a “typical size”, andwould show non-zero
valuesin Figure 2 only for averagevertex degreesbetween4:42 and4:7. Our algorithmcounts
clustersof all sizes,andis veryaccuratein theentirerangeof graphdensities.

7 Conclusion

We discussa purely combinatorialconstructionfor estimatingthe numberof solutionclustersin
graphcoloringproblemswith veryhighaccuracy. Thetechniqueusesahypercube-basedinclusion-
exclusionargumentcoupledwith solutioncounting,andlendsitself to anapplicationof a modi�ed
belief propagation algorithm. This way, the numberof clustersin hugerandomgraphcoloring
instancescanbe accuratelyandef�ciently estimated.Our preliminary investigation hasrevealed
thatit is possibleto usecombinatorialargumentsto formally prove thattheclustercountsestimated
by Z ( � 1) areexactoncertainkindsof solutionspaces(notnecessarilyonly for graphcoloring).We
hopethatsuchinsightsandthecluster-focusedpicturewill leadto new techniquesfor solvinghard
combinatorialproblemsandfor boundingsolvability transitionsin randomproblemensembles.
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