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Abstract

Systematicsearchand local searchparadigmsfor
combinatorialproblemsare generallybelieved to
have complementarystrengths. Nevertheless,at-
temptsto combinethepower of thetwo paradigms
have had limited success,due in part to the ex-
pensive information communicationoverheadin-
volved. We proposea hybrid strategy basedon
sharedmemory, ideally suitedfor multi-corepro-
cessorarchitectures.This methodenablescontin-
uous information exchangebetweentwo solvers
withoutslowing down eitherof thetwo. Suchahy-
brid searchstrategy is surprisinglyeffective, lead-
ing to substantiallybetterqualitysolutionsto many
challengingMaximumSatis�ability (MaxSAT) in-
stancesthanwhatthecurrentbestexactor heuristic
methodsyield,andit oftenachievesthiswithin sec-
onds.This hybrid approachis naturallybestsuited
to MaxSAT instancesfor which proving unsatis�-
ability is alreadyhard; otherwisethe methodfalls
backto purelocal search.

1 Intr oduction
BooleanSatis�ability (SAT) solvers have seentremendous
progressin recentyears. Several of the currentbestopen
sourceSAT solvers scaleup to instanceswith over a mil-
lion variablesand several million clauses. Theseadvances
have led to anever growing rangeof applications,suchasin
hardwareandsoftwareveri�cation, andplanning(cf. Hand-
bookof SAT [Biereetal., 2009]). In fact,thetechnologyhas
maturedfrom beinga largely academicendeavor to an area
of researchwith strongacademicandindustrialparticipation.
The currentbestSAT solvers for handling“structured” in-
stancesarebasedon Davis-Putnam-Logemann-Lovelandor
DPLL [Davis and Putnam,1960; Davis et al., 1962] style
complete,systematicsearch.Thecompetingsearchparadigm
for SAT solving is basedon local search(cf. [Hoos and
Stützle,2004]), which performswell in certainproblemdo-
mainsbut, in general,is not aseffective on highly structured
problemdomains.

Determiningwhethera Booleanformula is satis�able or
not is aspecialcaseof themaximumsatis�ability (MaxSAT)

problem,wherethe goal is to �nd an assignmentthat satis-
�es asmany clauses,or constraints,aspossible.Eventhough
MaxSAT is a naturalgeneralizationof SAT, andthusclosely
related,progresshasbeenmuchslower on ef�cient solution
strategiesfor theMaxSAT problem.Thereis agoodexplana-
tion asto why this is thecase.Two key componentsbehind
therapidprogressfor DPLL basedSAT solversare:highlyef-
fective unit propagation,andclauselearning. (Otherfactors
include randomizationand restart strategies, and effective
datastructures.)Bothtechniquesin asensefocusonavoiding
local inconsistencies:whenaunit clauseoccursin a formula,
oneshouldimmediatelyassignatruthvalueto thevariableso
that it satis�estheclause,andwhena branchreachesa con-
tradiction, a no-goodclausecan be derived which captures
thecauseof thelocal inconsistency.

In a MaxSAT setting,thesestrategies,at leastin the con-
text of branch-and-boundtechniques,canbe quite counter-
productive andin fact leadto incorrectresults.For example,
for anunsatis�ableinstance,theoptimalassignment,i.e.,one
satisfyingthemostclauses,maybetheonethatviolatessev-
eralunit clauses.Also, whena contradictionis reached,the
bestsolutionmaybeto violateoneof theclausesthat led to
the contradictionratherthanaddinga no-goodwhich effec-
tively steersthesearchaway from thecontradiction.Hence,
neitherunit propagation nor clauselearningappeardirectly
suitablefor a MaxSAT solver. Unfortunately, taking such
mechanismsoutof theDPLL searchstrategy dramaticallyre-
ducestheeffectivenessof thesearch.This is con�rmed when
oneconsiderstheperformanceof exactsolversfor MaxSAT
that, in effect, employ a branch-and-boundsearchbut do not
have unit propagation or clauseslearningincorporated.Al-
thoughprogresshasbeenmadein theareaof exactMaxSAT
solvers,theinstancesthatcanbesolvedin practicearegener-
ally muchsmallerthaninstancesthatcanbehandledby SAT
solvers. Justasan example,a boundedmodelcheckingin-
stanceconsideredin our experiments,cmu-bmc-barrel6.cnf,
is solved by the state-of-the-artexact MaxSAT solverssuch
asmaxsatz [Li et al., 2007a] andmsuf [Marques-Silva and
Manquinho,2008] in 20-30minuteswhile within only acou-
pleof secondsby anexactSAT solver likeMiniSat [Eénand
Sörensson,2005].

A morenatural�t for the MaxSAT problemis to uselo-
cal search. Suchmethodsare incompletebut they can �nd
approximatesolutionsfor large probleminstances.The ad-



vantageof a local searchstrategy is that it in a senseop-
eratesin a moreglobal manner, generallyusing the current
numberof unsatis�edclausesas a gradientto guide a fur-
ther descent.In this processlocal searchdoesn't hesitateto
violate unit clausesif that appearsbene�cial. Someof the
earliestlocal searchresultsfor MaxSAT werebasedon the
Walksat procedure[Selmanet al., 1996]. From the per-
spective of local search,the basicSAT andMaxSAT strate-
gies are quite similar. Researchershave recently showed
that more sophisticatedlocal searchstrategies can signi�-
cantly improve upon the Walksat performance. For ex-
ample,two state-of-the-artlocal searchsolvers, which also
work very well for MaxSAT, aresaps [Hutter et al., 2002;
TompkinsandHoos,2003] andadaptg2wsat+p [Li et al.,
2007b].

The performanceof the recentlocal searchmethodson
large hard probleminstances(unsatis�ableinstancesat the
edgeof feasibility for currentSAT solvers)appearsimpres-
sive. For example,on the industrial instancebabic-dspam-
vc973.cnffrom theSAT Race-2008[Sinz(Organizer),2008],
a typical unsatis�able benchmarkinstancewith 900,000+
clauses,Walksat can�nd anassignmentthat leavesaround
35,000clausesunsatis�edbut saps andadaptg2wsat can
�nd solutions with around 1,500 clausesunsatis�ed (see
Table 1). A systematicSAT solver, MiniSat [Eén and
Sörensson,2005], canprove the instanceto be unsatis�able
in around3 hours. The questionremains,how close the
obtainedMaxSAT solution is to the optimal solution? The
fact that different local searchMaxSAT methodsconverge
to roughly the samenumberof unsatis�edclausesandrun-
ning them for many more hours doesnot further improve
the solutionmay leadoneto conjecturethat 1,000might be
closeto optimal. However, onereasonto be lesscon�dent
of the quality of the solution is that local searchmethods
have beenshown to have troubledealingwith long chainsof
dependenciesin structuredprobleminstances,even though
specialencodingsand the addition of inferred clausescan
helpalleviatesomeof theseproblems(e.g.,[Prestwich,2007;
HirschandKojevnikov, 2005]).

The issueof problemstructure,on which DPLL methods
excel but which challengeslocal searchstylemethods,leads
us naturallyto the two main questionsaddressedin this pa-
per: (1) How goodare the current bestsolutionson struc-
turedproblems?(2) Canstate-of-the-artSAT solvers helpon
the MaxSAT problem? As we will demonstrate,the current
bestsolutionson structuredproblemsareoften surprisingly
far from optimal. We show this by �nding solutionswith a
singleunsatis�edclause(andthereforeoptimal) for unsatis-
�able probleminstances,wherethe bestpreviously known
solutionshad hundredsor thousandsof unsatis�edclauses.
For example,theoptimalsolutionfor theinstancementioned
above doesnot have around1,000unsatis�edclausesbut ac-
tually just one(out of 900,000+clausestotal). We demon-
stratethisusinganew solver thatcameforth outof ourstudy
of the secondquestion—canwe useDPLL to boosta local
searchsolver? We introducea hybrid solution strategy,
whereinformationfrom aDPLL SAT solverprovidescontin-
uedguidancefor a localsearchstyleMaxSAT solver. Weuse
MiniSat asour DPLL solver andWalksat asour MaxSAT

solver. Ourhybrid solver is calledMiniW alk. Theintegration
of thesolversis surprisinglyclean,requiringonly a few lines
of code.

Theincremental,systematicsearchapproachbehindback-
tracksearch(asin MiniSat ) andthestochasticlocal search
approach(asin Walksat ) representthe two main combina-
torial searchparadigms.It appearsnaturalto integratethese
approachesto leverageeachother's strengths.In fact, there
have beenvariousattemptsat suchintegration,for example,
usinglocalsearchto �nd goodbranchingvariablesfor DPLL
or to identify minimal unsatis�ablesubsets(e.g.,[Mazureet
al., 1998;Grégoireet al., 2007a]). However, theseattempts,
especiallythosetargetedat traditionalSAT solving,have not
beenaseffective asonewould have hoped. Oneparticular
issuethat hampersintegration of solvers in generalis that
timespentin thelesseffectivesolveris oftenmorecostlythan
the time saved by the fastersolver whenusingthe informa-
tion obtainedwith theslowerone.Moreconcretely, although
Walksat may be ableto provide betterbranchinginforma-
tion leadingto a smallerDPLL tree,the time saved through
thereductionin treesizeis often lessthanthe time spenton
running Walksat . Hence,the issueof how much time to
spendin eachsolver becomesa carefulbalancingact,andis
oftenprobleminstancedependent.

Fortunately, the computeparadigmbasedon multi-core
processorseliminatesmuchof thesedif�culties. In particular,
in our hybrid solver, we run bothMiniSat andWalksat at
full speedin parallelontwo differentcoresof astandarddual-
coreprocessor. During the run, MiniSat writes its current
branchinginformation into a sharedmemory. More specif-
ically, this memorycontainsthe valuesof all variablesthat
areset in the currentbranchof the DPLL search.Running
ontheotherprocessor, before�ipping thevalueof avariable,
Walksat “peeks”at thesharedmemoryandonly makesthe
�ip if the variableis not set on the DPLL branchor if the
�ip will set the variableon the branchto its currentvalue.
(Stateddifferently, Walksat doesnot �ip any variableto a
settingcon�icting with thatof thecurrentDPLL branch.)In
this setting,informationfrom DPLL continuouslysteersthe
Walksat searchstrategy. And, as we will see,the DPLL
searchfrequentlysteersWalksat to extremelypromisingre-
gionsof thesearchspace,wherenear-satisfyingassignments
exist. Moreover, without theguidance,Walksat or otherlo-
cal searchmethodsdo not appearto reachsuchpromising
areasof the searchspace. We will discussthe searchbe-
havior of our hybrid strategy in moredetail in the text. We
will seethatourhybrid searchprogressesin amannernotob-
servedin any non-hybrid searchstrategy. Weagainstressthat
thedual-coremechanismis akey factorbehindthesuccessof
ourapproach,becauseit eliminatestheneedfor intricatetime
allocationsfor thetwo typesof search.

In summary, our results show that DPLL can provide
highly effective guidancefor a local searchstyle solver for
the MaxSAT problem, leading to the optimal solution on
many structuredinstances.FromtheSAT Race-2008bench-
mark set,we �nd a provably optimal solution(oneunsatis-
�ed clause)on 37 of the 52 unsatis�ableinstances,1 while

1We have recentlybeenableto further improve uponthis using



the currentbestalternative approachessuggesthundreds,if
not thousands,of unsatis�edclausesin the bestsolutionsto
thesevery instances.This work thereforeprovidesa stepto-
wardsclosingtheperformancegapbetweenSAT solversand
MaxSAT solvers.Theresultsalsodemonstratethatthereis a
realpotentialin usingmulti-coreprocessorsin combinatorial
search,wheresharedmemoryis usedto provide a low-cost
communicationchannelbetweentheprocesses.

We note that the focus of our hybrid approachis natu-
rally on instancesthatarenon-trivial for bothDPLL andlo-
cal searchsolvers. Most of the MaxSAT benchmarkscur-
rentlyavailable,suchastheonesusedin MaxSAT Evaluation
2007[Argelich et al., 2007], aretargetedtowardsthe scala-
bility region of exactMaxSAT solvers,andarethustoo easy
for DPLL-basedSAT solverssuchasMinisat . On suchin-
stances,the DPLL part of our hybrid solver, MiniWalk , of-
ten terminateswithin a second,providing little guidanceto
the local searchpart. The hybrid methodthereforeessen-
tially fallsbackto purelocalsearch,performingnobetter(but
alsonoworse)thanalternativeapproachesontheseinstances.
To illustrate the strengthand promiseof our approach,we
performan evaluationon all unsatis�ableinstancesusedin
SAT Race-2008,which arechallengingnot only asMaxSAT
instancesbut also as satis�ability instances. We hopeour
positive resultswill encouragethe developmentof MaxSAT
benchmarksthatarenon-trivial to prove unsatis�able.

We alsonotethatgiventheperformanceof otherMaxSAT
solversontheSAT Race-2008instances,it is quitesurprising
thatall but oneof theseinstanceshave only a singleunsatis-
�ed clausein theoptimalMaxSAT solution.This clausecan
bethoughtof asa “bottleneckconstraint”for theinstance.In
fact,by runningour solver multiple timeswith differentran-
domseeds,we canidentify severaldifferentbottleneckcon-
straints,relaxingany oneof which will turn theinstanceinto
asatis�ableone.In thissense,bottleneckconstraintsprovide
a form of explanationof unsatis�ability, complementingthe
informationprovidedby otherconceptsbeingexploredin the
literaturesuchasminimalunsatis�ablecores,minimalsetsof
unsatis�abletuples,etc.(cf. [Marques-SilvaandManquinho,
2008;Grégoireet al., 2007a;2007b]). Thekind of informa-
tion providedby thesingleviolatedconstraintobviously de-
pendson theproblemencoding.In thestandardAI planning
encodingsbasedon theSatplan/Blackboxframework [Kautz
andSelman,1998], wefoundthat,contraryto whatonemight
expect,thebottleneckconstraintis oftennotsimply the“goal
predicate”that is beingviolated. It is, in fact,morecommon
to �nd clausesencodingconstraintsin theintermediatesteps
of the plan. The semanticmeaningof the violation of the
constraintis tightly tiedto theproblemdomainandits encod-
ing. Oftenhow onemayphysically“�x” theissuehighlighted
by theviolatedbottleneckconstraintis not obvious. Design-
ing specialencodingswhereviolatedconstraintsdo indicate
waysto �x theunderlyingissueis aninterestingdirectionfor
futureresearch.

The restof the paperis organizedas follows. After dis-

a “relaxedDPLL” approach,whichshows thatin factasmany as51
out of the52 unsatis�ableSAT Race-2008instanceshave only one
unsatis�edclausein theoptimalsolution[Kroc etal., 2009].

cussingsomebasicconcepts,we presentour hybrid solver,
MiniWalk , in moredetailin Section3. In Section4, weeval-
uatetheperformanceof MiniWalk andcompareit with other
state-of-the-artMaxSAT solvers. In Section5, we show how
thesearchperformedby MiniWalk differsqualitatively from
thatof othersearchmethods.Finally, we provide concluding
remarksin Section6.

2 Preliminaries
Let V be a set of propositional(Boolean)variables,which
take valuein the set f 0;1g. We think of 1 asTrue and0 as
False. Let F be a propositionalformula over V. A solution
to F (alsoreferredto asa satisfyingassignmentfor F) is a
0-1 assignmentto all variablesin V suchthatF evaluatesto
1. PropositionalSatis�ability or SAT is thedecisionproblem
of determiningwhetheraninput formulaF hasany solutions.
This is thecanonicalNP-completeproblem.In practice,one
is alsointerestedin �nding asolution,if thereexistsone.

Instancesof the SAT problemare often speci�ed in the
Conjunctive NormalForm (CNF). HereF is givenasa con-
junction of clauses, eachclauseis a disjunctionof literals,
andeachliteral is eithera variableor its negation.For exam-
ple,F = (a_ : b) ^ (: a_ c) is aCNF formula.

Whena CNF formula F is unsatis�able,i.e., thereis no
truth assignmentto the variablesin V for which all clauses
of F aresatis�ed,oneis ofteninterestedin solvingtheprob-
lem asmuchaspossible. Formally, MaximumSatis�ability
or MaxSAT is theoptimizationproblemof �nding a truthas-
signmentthatsatis�esasmany clausesof aninput formulaF
aspossible.We will refer to suchtruth assignmentsasopti-
malMaxSAT solutions. Onenaturalquantityof interestwhen
performinga searchfor an optimal MaxSAT solution is the
numberof unsatis�edclausesfound at the end of a search
procedure.As we will seein Section4, theoptimalMaxSAT
solutionsfor many interestingindustrial probleminstances
happento have only oneunsatis�edclause,andtheproposed
hybrid methodis often ableto �nd suchsolutionsvery ef�-
ciently.

Mostof thesuccessfulsearchmethodsfor SAT canbeclas-
si�ed into two categories: systematiccompletesearchand
heuristiclocal search.For SAT, systematiccompletesearch
takesthe form of the Davis-Putnam-Logemann-Lovelandor
DPLL procedure[Davis and Putnam,1960; Davis et al.,
1962]. The idea is to do a standardbranch-and-backtrack
searchin the spaceof all partial truth assignments.Heuris-
tics areusedto setvariablesto promisingvaluesuntil either
a solutionis foundor a contradictionis reached;in thelatter
case,thesolverbacktracks,�ips thevalueof avariablehigher
up in thesearchtree,andsystematicallycontinuesthesearch
for a solution—now in a previously unexplored part of the
searchspace.ModernSAT solversbasedon DPLL employ
additionaltechniquessuchasclauselearning,restarts,highly
ef�cient datastructures,etc. While the systematicsolver,
Minisat , that forms onehalf of our hybrid approachdoes
implementtheseadvancedtechniques,the details of these
techniquesarenot crucial for understandingthe restof this
paper.

Local searchSAT solvers,alsoreferredto asstochasticlo-



cal searchor SLS solvers,work with completetruth assign-
mentswhich, of course,violatesomenumberof clausesbe-
fore a solutionis found. The ideahereis to do local modi�-
cationsto the currentcompletetruth assignment,guidedes-
sentiallyby thecurrentlyunsatis�edclauses.Thelocal mod-
i�cations often take the form of heuristicallyselectingone
variable to �ip , basedoften on how many of the currently
unsatis�edclauseswill becomesatis�ed and how many of
the currentlysatis�ed clauseswill becomeunsatis�ed. Re-
�ned local searchsolversemploy techniquessuchasselect-
ing variablesmostlyonly from currentlyunsatis�edclauses,
clausere-weightingandstochasticnoiseto escapelocalmin-
ima,adaptively adjustingthenoiselevel, etc.

3 UsingDPLL to Guide Local Search
Our hybrid MaxSAT solver, MiniWalk , hastwo partsthat
are very independentexcept for sharinga small amountof
memoryfor informationexchange:a DPLL solver anda lo-
cal searchsolver. Themain ideais the following: MiniSat
informsthe local search which part of thesearch spaceit is
currently searching in, and Walksat looselyrestrains itself
to thesamepart of thesearch spaceby not �ipping a literal
againstMiniSat .

BothDPLL andlocalsearchareperformedsimultaneously,
so thereare literally two processes(solvers) running at the
sametime. This doesnot slow down theperformanceof ei-
ther, giventhemulti-corearchitecturethatis becomingastan-
dardin thecomputerindustryandthevery low communica-
tion overheadinvolved. The detailswill follow shortly, but
let us remarkalreadythatany DPLL heuristicandany local
searchheuristiccanbeinstrumentedto createahybrid solver
in this fashion,andtheactualimplementationrequiresonly a
few additionallinesof code.

A DPLL solver proceedsby successively selectingvari-
ablesandtheirpolarities(truthvalues),�xing thosevariables
accordingly, andsimplifying theinstance.A lot of effort has
beeninvestedin designingheuristicsthat guide the search
into partsof the searchspacewheresolutionsare likely to
be found. A good DPLL heuristicoften guidesthe search
in thedirectionwhereasmany clausesaspossiblearesatis-
�ed. We usethis searchbiaseven on formulasthat arenot
satis�able,assumingthat goodnear-solutionswill lie in the
regionsthat look attractive to a DPLL heuristic. The infor-
mationaboutthe region of the searchspacethat the DPLL
solver is currentlyexploring is communicatedusinga shared
memoryarray. In this arraysharedbetweenthe two solver
processes,eachvariableof theprobleminstancehaseitherthe
value“unassigned”or thepolarity(0 or 1) thatis currentlyas-
signedto it by theDPLL search.Theonly changeto thecode
of the DPLL solver is thusa line that writes the correctpo-
larity every time a variableis �x ed(branchedon or set,e.g.,
by unit propagation). Thevariablevaluein thesharedarray
is revertedbackto “unassigned”uponbacktracking.2

Onthelocal searchside,themodi�cation is alsoonly very
slight. Thestandardlocalsearchprocedurehastwo stepsthat
keeprepeating:pick a variableto �ip, and�ip the selected

2Thereare a few lines of initial codefor declaringthe shared
memoryarray;seeAppendixfor completeness.

variable. The only modi�cation we make is in the second
step: we �ip the truth value of a variableonly if the new
valuedoesnotviolatethesettingtheDPLL searchhasfor that
variablein thesharedarray. In otherwords,we�ip avariable
from, say, TRUE to FALSE only if it is eitherunassignedby
theDPLL searchor is assignedFALSE. Otherwisewesimply
donothingandWalksat selectsadifferentvariableto �ip in
thenext step.This is depictedformally asAlgorithm 1. The
two stepsmarkedwith “***” areliterally theonly changethat
needsto bemadeto pureWalksat .

Algorithm 1: Hybrid-Walksatpartof Miniwalk

begin
*** Initialize sharedmemoryarrayM
s  a randomlygeneratedtruthassignmentfor F
for j  1 to MAX-FLIPS do

if s satis�esF then return s
Selectavariablev usingaheuristic
*** if M[v] 6= value(v) then

Flip thevalueof v in s

end

Thisway, theinformation�o wsonly in onedirection:from
DPLL to the local search. The local searchis responsible
for reportingthebest-so-farachievedassignment,which is in
turnusedasanestimatedsolutionto theMaxSAT instance.If
theDPLL search�nishesveryquickly (i.e.,easilydetermines
unsatis�ability within a few seconds),then the local search
hasno time to take advantageof the guidanceprovided by
the sharedarray, and the hybrid methoddoesnot improve
upon plain local search. If, on the other hand,we have a
suf�ciently hardinstanceat hand,we foundthatthis strategy
is remarkablysuccessfulat �nding verygoodsolutions.

Thereis, of course,thequestionof which DPLL andlocal
searchsolvers to select. The Minisat andWalksat com-
binationturnedout to performthebest. We alsoconsidered
Rsat DPLL solver, which addstheconceptof “restartmem-
ory” to thesearch.While successfulfor SAT, we found that
Rsat did not performaswell asMinisat for our purposes,
perhapsbecausethe memoryconstrainedthe searchto too
local a region and also becauseRsat generallyterminates
quicker thanMinisat , providing lessguidanceto Walksat .
On the local searchside, we tried using more powerful al-
gorithms, namely adaptg2wsat+p and saps , which per-
formedbeston our problemsuiteasstand-alonelocal search
solvers(seeSection4). But we foundthatneitherperformed
aswell asWalksat whencoupledwith a DPLL solver, pre-
sumablybecausetheir decisions/�ips were much more fo-
cusedthan Walksat 's, and it washarderfor the solvers to
follow theDPLL guidance.

4 Experimental Results
We conductedexperimentson all 52 unsatis�ableformulas
from theSAT Race-2008suite[Sinz(Organizer),2008]. The
reasonfor choosingtheseinstancesratherthantheMax-SAT
Evaluation2007[Argelich et al., 2007] instancesis that the
latter areall too easyfor MiniSat , thuslimiting the DPLL



Table1: Comparisonof MAXSAT resultsfor exact,localsearch,andhybrid methods.Timelimit: 1 hour. If asureoptimumwas
achieved(i.e.,1 unsatis�edclause),thetime is reportedin parenthesis.Note: thesuperscript“ (2)” for babic-dspam-vc973.cnf
denotesthat this instancegetsdown to 267 unsatis�edclausesusing MiniWalk in the 1 hour time limit, and is solved to
optimalitywithin threehours.

ExactMethods LocalSearchMethods Hybrid
#unsat best#unsat best#unsat

Instance #vars #clauses maxsatz Adapt- SAPS Walksat MiniWalk
or msuf g2wsat+p

anbul-dated-5-15-u 152K 687K — 12 22 266 1 (15m)
een-pico-prop05-75 77K 248K — 2 47 325 1 (4s)
fuhs-aprove-15 21K 74K — 35 31 430 1 (0s)
fuhs-aprove-16 52K 182K — 437 246 1993 1 (1s)
ibm-2002-25r-k10 61K 302K — 111 95 1122 1 (9s)
ibm-2002-311r3-k30 44K 194K — 78 101 182 1 (2s)
ibm-2004-29-k25 17K 78K — 14 12 170 1 (6m)
manol-pipe-c10nidi 253K 751K — 678 695 5211 1 (20m)
manol-pipe-c10nidw 434K 1292K — 1013 1363 22554 1 (16s)
manol-pipe-c6bidwi 96K 284K — 239 274 924 1 (24s)
manol-pipe-c8nidw 269K 800K — 697 742 13463 1 (7s)
manol-pipe-c9ni 35K 104K — 214 66 184 1 (3s)
manol-pipe-g10bidi 266K 792K — 723 822 7622 1 (103s)
post-cbmc-aes-d-r2 278K 1608K — 834 734 5234 1 (69s)
post-cbmc-aes-ee-r2 268K 1576K — 839 760 5160 1 (37s)
post-cbmc-aes-ee-r3 501K 2928K — 1817 1822 10776 1 (37m)
schup-l2s-abp4-1-k31 15K 48K — 7 16 155 1 (0s)
schup-l2s-bc56s-1-k391 561K 1779K — 5153 26312 12882 1 (168s)
velev-vliw-uns-4.0-9-i1 96K 1814K — 12 10 7 1 (23s)
velev-vliw-uns-4.0-9 154K 3231K — 2 3 3 1 (10s)
babic-dspam-vc1080 118K 375K — 728 306 11857 20
babic-dspam-vc973 274K 908K — 2112 1412 32783 1(2)

ibm-2002-22r-k60 209K 851K — 198 409 2204 10
ibm-2002-24r3-k100 148K 550K — 205 221 1294 2
manol-pipe-f7nidw 310K 923K — 810 797 15431 7
manol-pipe-f9b 183K 547K — 756 600 9827 177
manol-pipe-g10nid 218K 646K — 585 727 6047 27
manol-pipe-g8nidw 121K 358K — 356 336 1151 7
simon-s03-�fo8-400 260K 708K — 89 289 5939 13
goldb-heqc-dalumul 9426 60K — 11 10 1 (48m) 1 (0s)
goldb-heqc-frg1mul 3230 21K — 1 (0s) 1 (0s) 1 (0s) 1 (0s)
goldb-heqc-x1mul 8760 56K — 1 (0s) 1 (0s) 1 (0s) 1 (0s)
post-c32s-ss-8 54K 148K — 1 (2s) 1 (8s) 1 (4s) 1 (0s)
simon-s02-f2clk-50 35K 101K — 1 (110s) 32 652 1 (12s)
velev-vliw-uns-2.0-iq1 25K 261K — 1 (40m) 4 1 (22s) 1 (0s)
velev-vliw-uns-2.0-iq2 44K 542K — 2 2 1 (6s) 1 (1s)
velev-vliw-uns-2.0-uq5 152K 2466K — 40 11 1 (310s) 1 (18s)
aloul-chnl11-13 286 1742 — 4 4 4 4
hoons-vbmc-lucky7 8503 25K — 1 (0s) 3 1 (0s) 9
post-c32s-col400-16 286K 840K — 88 111 973 698
post-c32s-gcdm16-23 136K 404K — 25 225 3038 127
post-cbmc-aes-ele 277K 1601K — 864 781 5390 2008
cmu-bmc-barrel6 2306 8931 1 (19m) 1 (0s) 1 (0s) 1 (0s) 1 (0s)
cmu-bmc-longmult13 6565 20K 1 (171s) 5 12 36 1 (1s)
cmu-bmc-longmult15 7807 24K 1 (137s) 6 4 41 1 (5s)
goldb-heqc-alu4mul 4736 30K 1 (14m) 1 (105s) 1 (47m) 45 1 (1s)
jarvi-eq-atree-9 892 3006 1 (158s) 1 (0s) 1 (0s) 1 (0s) 1 (0s)
marijn-philips 3641 4456 1 (336) 1 (0s) 1 (0s) 1 (0s) 1 (0s)
post-cbmc-aes-d-r1 41K 252K 1 (177s) 7 10 30 1 (1s)
velev-engi-uns-1.0-4nd 7000 68K 1 (76s) 1 (3s) 2 1 (19m) 1 (0s)
babic-dspam-vc949 113K 360K 1 (315s) 797 216 11818 250
een-pico-prop00-75 94K 324K 1 (253s) 23 108 1334 276



guidanceprovided to the hybrid methodto just a few sec-
onds,turning it into essentiallylocal search.TheSAT Race
instanceswell illustratethestrengthsandpromisesof theap-
proach,andby usingall unsatis�ableones,we did not bias
our selectionto only “good” instances.Although not tradi-
tionalin theMaxSAT domain,webelievethatusefulinforma-
tion canbeobtainedfrom thenear-solutionswhich our tech-
nique�nds. Theusefulnessof suchinformation,in thesense
of identifying bottleneckconstraints,is relatively limited if
theminimumnumberof unsatis�edclausesis large. That is
why we do not discussin depththe performanceof our al-
gorithmon instanceswith no “nearsolutions,” i.e.,wherethe
optimalsolutionhasa largenumberof unsatis�edclauses.

Thesolversusedin thecomparisonwerefrom threefam-
ilies: exactMaxSAT solversmaxsatz [Li et al., 2007a] and
msuf [Marques-Silva and Manquinho,2008]; local search
SAT solverssaps , adaptg2wsat+p , andwalksat ; andour
hybrid solver MiniWalk . We useda clusterof 3.8 GHz In-
tel XeoncomputersrunningLinux 2.6.9-22.ELsmp.Thetime
limit for themainexperimentswassetto 1 hourandthemem-
ory limit to 2 GB. Themain�ndings arereportedin Table1.

The two local search algorithms saps and
adaptg2wsat+p were selected as the best performing
oneson our suitefrom a wide pool of choicesofferedby the
UBCSATsolver [TompkinsandHoos,2004]. PureWalksat
was addedto contrastperformanceof an unguidedlocal
searchwith the guided version introduced in this paper.
Threerunsfor eachproblemandalgorithmwereperformed
with default parameters(or thoseusedin the accompanying
papersfor thesolvers,e.g.,a = 1:05 for saps ), andthebest
run is reported.

The exact MaxSAT solvers selectedwere thosethat per-
formedexceptionallywell in Max-SAT Evaluation2007,on
industrial instancesin particular. Nevertheless,only 10 in-
stancesin our suiteweresmallenoughto besolvedby these
solvers,andarereportedasthebottomtwo setsof instances
in the table. While 8 of thesearestill solvedby MiniWalk ,
such instancesare often too easyfor MiniSat to provide
morethana coupleof secondsof usefulguidancein thehy-
brid strategy.

More interestingly, out of the 42 remaining harder in-
stances,MiniWalk is the only solver that found surelyop-
timal solutions(i.e., with 1 unsatis�edclause)in asmany as
20 instances,out of which 13 instancesweresolvedby it in
underaminute.Thesearereportedasthe�rst setof instances
in Table 1. Note that the previously bestknown MaxSAT
solutionsfor, e.g., schup-12s-bc56s-1-k391andpost-cbme-
aes-ee-r3hadover 5,000and1,000unsatis�edclauses,resp.
Thesecondsetof instancesincludesthe9 instancesonwhich
MiniWalk wasableto �nd signi�cantly betterquality solu-
tionsthanany othertechnique,oftenwith two ordersof mag-
nitudefewerunsatis�edclauses.

Thethird setof instancesin Table1 includes9 instanceson
which other local searchmethodswereable to �nd equally
good solutions as MiniWalk , although sometimestaking
muchlonger. Finally, for the fourth setwith 4 instances,ei-
thersaps or adaptg2wsat+p wasableto �nd abetterqual-
ity solutionthanMiniWalk .

In summary, weseethatonavastmajorityof theinstances,

the hybrid MaxSAT solver, MiniWalk , performedthe best.
It solved 37 out of the 52 unsatis�ableSAT-Race2008 in-
stances,i.e.,71%,to optimality.3 In contast,all othersolvers
could solve to optimality somewherebetween7 and12 in-
stances,i.e., only 13%-21%. Finally, 29 out of the 52 in-
stances,i.e., 56%, weresolved by MiniWalk in underone
minute,highlightingtheef�ciency of thehybrid method.

5 Further Insights: Hybrid Search Pattern

We now explore a little deeperinto the searchbehavior of
MiniWalk and contrastit with the local searchheuristics
(adaptg2wsat+p and saps heuristics). Figure 1 shows a
comparisonof the behavior for the babic-dspam-vc973in-
stancefrom our suite,with x-axis showing the time elapsed
since the solver startedand the y-axis the numberof un-
satis�ed clausesat a given time (log-scale). The instance
was chosenbecauseit highlights someof the key features
of the searchmethods. It is solved to optimality (one un-
satis�ed clause)by MiniWalk within a few hours,although
the datashown in the plot hasit comedown to two unsatis-
�ed clauses.Thethreecurvesthat level-off represent,in de-
scendingorder, Walksat , saps , andadaptg2wsat+p . The
remainingcurve with steepdropsdepictsMiniWalk . While
the local searchalgorithmsinitially descentrapidly andthen
stabilizeat around1,000unsatis�edclauseswith somenat-
ural noise, the hybrid methodstaysrelatively high during
the entiresearch(ashigh asthe unguidedWalksat , nearly
35,000unsatis�ed clauses),with occasionalbut extremely
steepdropsinto promisingregions.Theseregionsareexactly
wherethebestsolutionsarefound,thanksto theDPLL guid-
ance. While the local searchoften getsstuck in a plateau,
the hybrid methodkeepstrying new promising regions as
theDPLL searchcontinuesits systematicexploration. Even
DPLL doesnotmake very informedchoicesat thebeginning
of its search,but dueto restarts,which areanintegral partof
thestate-of-the-artDPLL solvers,thesedecisionsarerevised
andapromisingregion is foundrelatively quickly. (A similar
plot for aninstanceonwhichMiniWalk �nishes muchfaster
maybefoundin theAppendix.)

Figure2 shows a moredetailedlook at theinternalsof the
hybrid solver. They-axisshowsacomparisonof thedepthof
the DPLL search(numberof choicepoints,scaleddown by
a constantfactor)and the quality of the currentassignment
found by the solver (numberof unsatis�edclauses).The x-
axisis againtimeandtheinstanceis, asbefore,babic-dspam-
vc973(althoughthedatais from a different,shorterrun than
in Figure1). The curvesshow someamountof correlation
betweentheDPLL depthandthequalityof solution,suggest-
ing that indeedwhena brandnew region is exploredby the
DPLL search,agoodqualitysolutioncanbediscovered.

Relative speedof the two solversplaysan importantrole
in the process. The slower the DPLL search,the more
time the local searchhas to explore given regions, but on
the other hand, the whole searchspaceis traversedmore

3As notedearlier, we have beenableto improve thesenumbers
to 51 out of the 52 instanceshaving only oneunsatis�edclausein
theoptimalsolution[Kroc etal., 2009].
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DPLL searchdepthvs. time in babic-dspam-vc973.cnf.

slowly. Weexperimentedwith thiseffectby arti�cially slow-
ing down MiniSat , andrunningthe resultingsolver on the
instances.Thereappearedto be no obvious settingthat is
clearly betterthanall others,andwe usedthe default speed
of Minisat in theresultspresentedhere.It is thecase,how-
ever, that someinstancesweresolvedbetterwhenMiniSat
wassloweddown. Otherparametersof theDPLL solver (the
restartfrequency in particular)have alsomixedeffect on the
results.Weleft theseparametersto MiniSat 'sdefaultsetting
in ourexperiments.

6 Conclusion
This paperpresentsa novel approachto solving MaxSAT
instancesthat combinesstrengthsof both DPLL and local
searchSAT solvers. Theproposedhybrid solver canbeeas-
ily constructedfrom any pair of suchsolvers,andwe found
that Minisat andWalksat work exceptionallywell, solv-
ing many hardproblemsto optimality that werenot solved
by any otherstate-of-the-arttechnique.The ideaspresented
herecan be explored also for other relatedproblems,such
asweightedandpartial MaxSAT. Thereis a clearpotential
of using the DPLL searchto satisfyall hardconstraints(or
thosewith largeweight)andleaving the“�ne tuning” of the
lower-weightconstraintsto the local search.Finally, further
explorationof information�o w in theotherdirection—from
local searchto DPLL—beyondwhat is known in thecontext
of SAT (e.g.,[Mazureetal., 1998]) is left asfuturework.
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A Appendix
A.1 UsingSharedMemory Array
WeusetheIPCsharedmemoryframework in bothsystematic
andlocal searchsolverasfollows (aC codesnippet):
#include <sys/shm.h>
int *sharedMem = NULL;
long shmKey = 0x11112222; //any unique id
int shmId = shmget( shmKey, \

sizeof(int)*(nVars+1), IPC_CREAT|0600 );
sharedMem = (int*)shmat( shmId, NULL, 0 );

This memorycannow bewritten to (within DPLL) andread
from (within local search)by sharedMem[verId] . At
theendof eachprogram,shmctl(shmid, IPC_RMID, 0)
freesup thesharedmemory.

A.2 Additional InstanceAnalysis
Figure 3 shows the comparisonbetweenlocal searchand
MiniWalk (the bottom-mostcurve, �nishing early), this
time for the ibm-2002-311r3-k30instance.This instanceis
onewhereMiniWalk is clearly the bestapproachandvery
quickly discovers an assignmentwith only one unsatis�ed
clause(andthusanoptimalMaxSAT solutionfor this unsat-
is�able instance).In fact, this is themorecommonmodeof
operationof thehybrid solver: it is ableto very quickly �nd
assignmentsthatareoptimalor closeto optimal.
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Figure3: Qualitative searchbehavior in termsof thenumber
of unsatis�edclauses(y-axis,log scale)vs. runtime(x-axis).
Both state-of-the-artpure local searchmethods,unguided
Walksat andMiniWalk areshown. Note the uniquesteep
dropsof MiniWalk . Instance:ibm-2002-311r3-k30.cnf.


