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Abstract. We consider the problem of estimating the model count
(number of solutions) of Boolean formulas, and presert two techniques
that compute estimates of these counts, as well as either lower or upper
bounds with dierent trade-os between e ciency , bound quality, and
correctnessguarantee. For lower bounds, we use a recert framework for
probabilistic correctness guarantees, and exploit messagepassing tech-
niques for marginal probabilit y estimation, namely, variations of Belief
Propagation (BP). Our results suggestthat BP provides useful informa-
tion even on structured loopy formulas. For upper bounds, we perform
multiple runs of the MiniSat SAT solver with a minor modi cation, and
obtain statistical bounds on the model count basedon the obsenation
that the distribution of a certain quantity of interest is often very close
to the normal distribution. Our experiments demonstrate that our model
counters basedon these two ideas, BPCountand MiniCount, can provide
very good bounds in time signi cantly lessthan alternativ e approaches.

1 Intro duction

The model counting problem for Boolean satis abilit y or SAT is the problem of
computing the number of solutions or satisfying assignmetts for a given Boolean
formula. Often written as#SAT, this problem is #P-complete [21] and is widely
believed to be signi cantly harder than the NP-complete SAT problem, which
seeksan answer to whether or not the formula in satis able. With the amazing
advancesin the e ectiv enessof SAT solvers since the early 90's, these solvers
have cometo be commonly usedin combinatorial application areaslike hardware
and software veri cation, planning, and designautomation. E cien t algorithms
for #SAT will further openthe doorsto a whole new range of applications, most
notably those involving probabilistic inferencel[1, 4, 12, 14, 17, 19].

A number of dierent techniques for model courting have been proposed
over the last few years. For example, Relsat [2] extends systematic SAT solvers
for model counting and usescomponert analysisfor e ciency, Cachet [18] adds
cading schemesto this approad, c2d [3] converts formulas to the d-DNNF form
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which yields the model count asa by-product, ApproxCount [23] and SampleCount
[9] exploit sampling techniquesfor estimating the count, MBound10] relieson the
properties of random parity or xor constraints to produce estimateswith cor-
rectnessguarantees,and the recertly introduced SampleMinisat [8] usessampling
of the badtrack-free seard spaceof systematic SAT solvers. While all of these
approades have their own advantages and strengths, there is still much room
for improvemert in the overall scalability and e ectiv enessof model courters.

We proposetwo new techniquesfor model counting that leveragethe strength
of messagepassingand systematic algorithms for SAT. The rst of theseyields
probabilistic lower bounds on the model court, and for the secondwe intro duce
a statistical framework for obtaining upper bounds.

The rst method, which we call BPCount builds upon a successfubpproad for
model courting using local seard, called ApproxCount. The ideais to e cien tly
obtain a rough estimate of the \marginals" of ead variable: what fraction of
solutions have variable x set to tr ue and what fraction have x setto false ?
If this information is computed accurately enough, it is su cien t to recursively
count the number of solutions of only one of Fj, and Fj. x, and scalethe court
up appropriately. This technique is extended in SampleCount which adds ran-
domization to this processand provides lower bounds on the model count with
high probability correctnessguarantees. For both ApproxCount and SampleCount
true variable marginals are estimated by obtaining seweral solution samplesusing
local seard techniquessud as SampleSat[22] and computing marginals from the
samples.In many caseshowever, obtaining many near-uniform solution samples
can be costly, and one naturally askswhether there are more e cien t ways of
estimating variable marginals.

Interestingly, the problem of computing variable marginals can be formu-
lated as a key questionin Bayesianinference,and the Belief Propagation or BP
algorithm [15], at least in principle, provides us with exactly the tool we need.
The BP method for SAT involves represeting the problem as a factor graph
and passing\messages"back-and-forth betweenvariable and factor nodes until
a xed point is reached. This processis cast asa set of mutually recursive equa-
tions which are solved iterativ ely. From the xed point, one can easily compute,
in particular, variable marginals.

While this soundsencouraging,there are two immediate challengesin apply-
ing the BP framework to model courting: (1) quite often the iterativ e processfor
solving the BP equations does not convergeto a xed point, and (2) while BP
provably computesexact variable marginals on formulas whoseconstraint graph
has a tree-like structure (formally de ned later), its marginals can sometimes
be substartially o on formulas with a richer interaction structure. To address
the rst issue,we usea \messagedamping" form of BP which has better con-
vergenceproperties (inspired by a damped version of BP due to Pretti [16]).
For the secondissue,we add \safety cheds" to prevent the algorithm from run-
ning into a cortradiction by accidertally eliminating all assignmets.! Somewhat

1 A tangential approach for handling such fatal mistakes is incorporating BP as a
heuristic within backtrack seard, which our results suggesthas clear potential.
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surprisingly, avoiding theserare but fatal mistakesturns out to be su cien t for
obtaining very closeestimatesand lower bounds for solution courts, suggesting
that BP doesprovide usefulinformation even on highly structured loopy formu-
las. To exploit this information even further, we extend the framework borrowed
from SampleCountwith the useof biasedcoinsduring randomizedvalue selection.

The model cournt can, in fact, also be estimated directly from just one xed
point run of the BP equations, by computing the value of so-called partition
function [24]. In particular, this approad computesthe exact model count on
tree-like formulas, and appearedto work fairly well on random formulas. How-
ever, the count estimated this way is often highly inaccurate on structured loopy
formulas. BPCount aswe will see,makesa much more robust useof the informa-
tion provided by BP.

The secondmethod, which we call MiniCount, exploits the power of mod-
ern DPLL [5, 6] basedSAT solwers, which are extremely good at nding single
solutions to Boolean formulas through backtrack seard.? The problem of com-
puting upper boundson the model count hassofar eluded solution becauseof an
asymmetry which manifestsitself in at least two inter-related forms: the set of
solutions of interesting N variable formulas typically forms a minusculefraction
of the full spaceof 2V variable assignmets, and the application of Markov's
inequality asin SampleCountdoesnot yield interesting upper bounds. Note that
systematic model courters like Relsat and Cachet can also be easily extended
to provide an upper bound when they time out (2N minus the number of non-
solutions encountered), but thesebounds are uninteresting becauseof the above
asymmetry. To addressthis issue,we develop a statistical framework which lets
us compute upper bounds under certain statistical assumptions, which are in-
dependently validated. To the best of our knowledge, this is the rst e ective
and scalable method for obtaining good upper bounds on the model counts of
formulas that are beyond the reach of exact model counters.

More speci cally, we describe how the DPLL-based solver MiniSat [7], with
two minor modi cations, can be usedto estimate the total number of solutions.
The number d of branching decisions(not courting unit propagations and failed
branches) made by MiniSat before reaching a solution, is the main quartity
of interest: when the choice between setting a variable to tr ue or to false
is randomized? the number d is provably not any lower, in expectation, than
log,(model court). This provides a strategy for obtaining upper bounds on the
model court, only if one could e cien tly estimate the expected value, E [d], of
the number of such branching decisions.A natural way to estimate E[d] is to
perform multiple runs of the randomized solver, and compute the averageof d
over theseruns. Howevwer, if the formula has many \easy" solutions (found with
a low value of d) and many \hard" solutions, the limited number of runs one can
perform in a reasonableamount of time may be insu cien t to hit many of the

2 Gogate and Dechter [8] have recertly independertly proposed the use of DPLL
solvers for model counting.
3 MiniSat by default always sets variables to false .
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\hard" solutions, yielding too low of an estimate for E [d] and thus an incorrect
upper bound on the model court.

Interestingly, we show that for many families of formulas, d hasa distribution
that is very closeto the normal distribution. Under the assumption that d is
normally distributed, when sampling various values of d through multiple runs
of the solver, we need not necessarilyencourter high values of d in order to
correctly estimate E [d] for an upper bound. Instead, we can rely on statistical
tests and consenative computations [20, 26] to obtain a statistical upper bound
on E[d] within any speci ed con dence interval.

We evaluated our two approaces on challenging formulas from seeral do-
mains. Our experiments with BPCount demonstrate a clear gain in e ciency,
while providing much higher lower bound counts than exact counters (which of-
ten run out of time or memory) and competitiv e lower bound quality compared
to SampleCount For example,the runtime on seweral di cult instancesfrom the
FPGA routing family with over 10'%° solutions is reduced from hours for both
exact counters and SampleCountto just a few minutes with BPCount Similarly, for
random 3CNF instanceswith around 10?° solutions, we seea reduction in com-
putation time from hours and minutes to seconds.With MiniCount, we are able
to provide good upper bounds on the solution courts, often within secondsand
fairly closeto the true counts (if known) or lower bounds. These experimertal
results attest to the e ectiv enessof the two proposedapproacesin signi cantly
extending the reac of solution counters for hard combinatorial problems.

2 Notation

A Boolean variable x; is one that assumesa value of either 1 or O (tr ue or
false , respectively). A truth assignmen for a set of Boolean variablesis a map
that assignsead variable a value. A Boolean formula F over a set of n suc
variablesis a logical expressionover thesevariables, which represerts a function
f :f0;1g" ! fO0;1g determined by whether or not F ewvaluates to tr ue under
a truth assignmen for the n variables. A special classof such formulas consists
of those in the Conjunctive Normal Form or CNF: F (lq9 _ @i lg )~ oo
(Im1_:::_ lmk, ), Whereead literal Iy is oneof the variables x; or its negation
. X;. Eadh conjunct of such a formula is called a clause.We will be working with
CNF formulas throughout this paper.

The constraint graph of a CNF formula F has variables of F as vertices
and an edgebetweentwo verticesif both of the corresponding variables appear
together in someclauseof F. When this constraint graph has no cycles(i.e., it
is a collection of disjoint trees), F is called a tree-like or poly-tree formula.

The problem of nding atruth assignmen for which F evaluatesto tr ue is
known as the propositional satis ability problem, or SAT, and is the canonical
NP-complete problem. Such an assignmet is called a satisfying assignmentor a
solution for F. In this paper we are concernedwith the problem of courting the
number of satisfying assignmets for a given formula, known asthe propositional
model counting problem. This problem is #P-complete [21].
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3 Lower Bounds Using BP Marginal Estimates

In this section, we develop a method for obtaining a lower bound on the solu-
tion count of a given formula, using the framework recertly usedin the SAT

model courter SampleCount[9]. The key di erence between our approach and
SampleCountis that instead of relying on solution samples,we use a variant of
belief propagation to obtain estimatesof the fraction of solutionsin which a vari-

able appearspositively. We call this algorithm BPCount After describingthe basic
method, we will discusstwo techniques that improve the tightness of BPCount
boundsin practice, namely, biaseal variable assignmentsand safety checks

3.1 Counting using BP: BPCount

We begin by recapitulating the framework of SampleCountfor obtaining lower
bound model counts with probabilistic correctnessguararntees. A variable u will
be called balanoad if it occurs equally often positively and negatively in all solu-
tions of the givenformula. In general,the marginal probability of u beingtr ue in
the set of satisfying assignmeits of a formula is the fraction of such assignmers
where u = tr ue. Note that computing the marginals of ead variable, and in
particular identifying balanced or near-balancedvariables, is quite non-trivial.
The model cournting approaceswe describe attempt to estimate such marginals
using indirect techniquessud as solution sampling or iterativ e messagepassing.
Given a formula F and parameterst; z2 Z*; > 0, SampleCountperformst
iterations, keepingtrack of the minimum count obtained over theseiterations. In
ead iteration, it samplesz solutions of (potentially simplied) F, identi es the
most balancedvariable u, uniformly randomly setsu to tr ue or false , simpli es
F by performing any possibleunit propagations, and repeats the process.The
repetition endswhen F is reducedto a sizesmall enoughto be feasiblefor exact
model counters like Cachet. At this point, let s denote the number of variables
randomly setin this iteration before handing the formula to Cachet, and let M ©
be the model court of the residual formula returned by Cachet. The count for
this iteration is computedto be 2° M % (where isa\slack" factor pertaining
to our probabilistic con dence in the bound). Here 2° can be seenas scaling up
the residual count by a factor of 2 for every uniform random decisionwe made
when xing variables. After the t iterations are over, the minimum of the counts
over all iterations is reported asthe lower bound for the model count of F, and
the correctnesscon dence attached to this lower boundis 1 2 ! . This means
that the reported court is a correct lower bound with probability 1 2 t.
The performance of SampleCountis enhancedby also considering balanced
variable pairs (v;w), where the balance is measured as the di erence in the
fractions of all solutions in which v and w appear with the samesign vs. with
di erent signs. When a pair is more balancedthan any single literal, the pair
is used instead for simplifying the formula. In this case,we replace w with v
or : v uniformly at random. For easeof illustration, we will focus here only on
identifying and randomly setting balancedor near-balancedvariables.
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The key obsenation in SampleCountis that when the formula is simpli ed by
repeatedly assigninga positive or negative polarity to variables, the expected
value of the court in ead iteration, 25 M9 (ignoring the slack factor ), is
exactly the true model count of F, from which lower bound guarartees follow.
We refer the readerto Gomeset al. [9] for details. Informally, we can think of
what happenswhen the rst sud balanced variable, say u, is set uniformly at
random. Let p 2 [0; 1]. SupposeF hasM solutions, Fj, haspM solutions, and
Fj.w has(1 p)M solutions. Of course,when setting u uniformly at random,
we don't know the actual value of p. Nonetheless,with probability a half, we
will recursively court the seard spacewith pM solutions and scaleit up by a
factor of 2, giving a net count of pM:2. Similarly, with probability a half, we
will recursively get a net court of (1 p)M:2 solutions. On average,this gives
5:pM:2+13:(1 pM:2= M solutions.

Interestingly, the correctnessguarantee of this processholds irrespective of
how good or bad the samplesare. However, when balancedvariablesare correctly
identi ed, we have p 5 in the informal analysis above, so that for both
coin ip outcomeswe recursively seardh a spacewith roughly M =2 solutions.
This reducesthe variance tremendously, which is crucial to making the process
e ectiv e in practice. Note that with high variance, the minimum count over t
iterations is likely to be much smaller than the true count; thus high variance
leadsto poor quality lower bounds.

The idea of BPCountis to \plug-in" belief propagation methads in place of
solution samplingin the SampleCountframework,in order to estimate \ p" in the
intuitiv e analysis above and, in particular, to help identify balanced variables.
As it turns out, a solution to the BP equations [15] provides exactly what we
need: an estimate of the marginals of eat variable. This is an alternative to
using sampling for this purpose,and is often orders of magnitude faster. One
bottleneck, however, is that the basic belief propagation processis iterativ e and
doesnot even corvergeon most formulas of interest. We therefore usea\message
damping" variant of standard BP, very similar to the one introduced by Pretti
[16]. This variant is parameterizedby 2 [0;1], and has the property that as

decreasesthe dynamics of the equations go from standard BP (for = 1)
to a damped variant with assuredconvergence(for = 0). The equations are
analogousto standard BP for SAT (seee.g.[13] Figure 4 with = 0 for a
full description), di ering only in the added exponert in the iterativ e update
equation asshawn in Figure 1. We useits output asan estimate of the marginals
of the variablesin BPCount Note that there are se\eral variants of BP that assure
corvergence,such asby Yuille [25] and Hsu and Mcllraith [11]; we chosethe \ "
variant becauseof its good scaling behavior.

Given this processof obtaining marginal estimatesfrom BP, BPCountworks
almost exactly like SampleCountand providesthe samelower bound guarantees.

Using Biased Coins. We can improve the performance of BPCount(and also
of SampleCoun) by using biased variable assignmeis. The idea here is that
when xing variablesrepeatedly in ead iteration, the valuesneednot be chosen
uniformly. The correctnessguarantees still hold even if we use a biased coin
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Q 3
Y bzcg(i)(l bl i)
al i = 4 Q Q
j2V (a)ni b2C§(i)(1 b! i) + DZCg(i)(l b! i)

Notation. V(a): all variables in clausea. C;(i);i 2 V (a): clauseswhere i appears
with the opposite sign than it hasin a. C3(i);i 2 V(a): clauseswhere i appears
with the samesign asit hasin a (except for a).

Fig. 1. BP( ) update equation

and set the chosenvariable u to tr ue with probability g and to false with
probability 1 g, for any q 2 (0;1). Using earlier notation, this leads us to
a solution spaceof size pM with probability g and to a solution spaceof size
(1 p)M with probability 1 g. Now, instead of scaling up with a factor of
2 in both cases,we scale up basedon the bias of the coin used. Speci cally,
with probability g, we go to one part of the solution spaceand scaleit up by
1=qg and similarly for 1 . The net result is that in expectation, we still get
agpM=q+ (1 q:(1 pM=1 g = M solutions. Further, the variance is
minimized when g is setto equal p; in BPCount q is setto equalthe estimate of p
obtained using the BP equations.To seethat the resulting varianceis minimized
this way, note that with probability g, we get a net count of pM =g and with
probability (1 @), we get a net court of (1 p)M=(1 (); these balance out
to exactly M in either casewhen q = p. Hence, when we have con dence in
the correctnessof the estimates of variable marginals (i.e., p here), it provably
reducesvarianceto usea biasedcoin that matchesthe marginal estimatesof the
variable to be xed.
Safety Checks. One issuethat ariseswhen using BP techniquesto estimate
marginals is that the estimates, in some case,may be far o from the true
marginals. In the worst case,a variable u identied by BP asthe most balanced
may in fact be a badkbone variable for F, i.e., may only occur, say, positively in
all solutionsto F. Setting u to false basedon the outcome of the corresponding
coin ip thusleadsoneto a part of the seart spacewith no solutions at all, so
that the court for this iteration is zero, making the minimum over t iterations
zeroaswell. To remedythis situation, we usesafety cheds using an o -the-shelf
SAT solver (Minisat or Walksat in our implementation) before xing the value
of any variable. The idea is to simply ched that u can be set both ways before
ipping the randomcoinand xing uto tr ue orfalse . If Minisat nds, e.g.,that
forcing u to betr ue makesthe formula unsatis able, we canimmediately deduce
u = false , simplify the formula, and look for a di erent balancedvariable. This
safety chedk prevents BPCountfrom reaching the undesirable state where there
are no remaining solutions at all.

In fact, with the addition of safety cheds, we found that the lower bounds
on model cournts obtained for someformulas were surprisingly good even when
the marginal estimateswere generatedpurely at random, i.e., without actually



134 L. Kroc, A. Sabharwal, and B. Selman

running BP. This can perhaps be explained by the errors introduced at eadh
step somehav canceling out when seeral variables are xed. With the use of
BP, the quality of the lower boundswas signi cantly improved, showing that BP
doesprovide usefulinformation about marginals even for loopy formulas. Lastly,
we note that with SampleCount the external safety ched can be consenatively
replacedby simply avoiding thosevariablesthat appearto be badkbonevariables
from the obtained samples.

4 Upp er Bound Estimation

We now describe an approac for estimating an upper bound on the solution
count. We usethe reasoningdiscussedfor BPCount and apply it to a DPLL style
seard procedure. There is an important distinction betweenthe nature of the
bound guarantees preseried here and earlier: here we will derive statistical (as
opposedto probabilistic) guarartees,and their quality may depend on the par-
ticular family of formulas in question. The applicability of the method will also
be determined by a statistical test, which succeededn most of our experiments.

4.1 Counting using Backtrac k Search: MiniCount

For BPCount we used a bactrack-lessbranching seard processwith a random
outcomethat, in expectation, givesthe exact number of solutions. The ability to
randomly assignvaluesto selectedvariableswas crucial in this process.Here we
extend the sameline of reasoningto a seard processwith badktracking, and ar-
guethat the expectedvalue of the outcomeis an upper bound on the true court.
We extend the MiniSat SAT solwver [7] to compute the information neededfor
upper bound estimation. MiniSat is a very e cient SAT solver employing con-
ict clauselearning and other state-of-the-art techniques,and hasoneimportant
feature helpful for our purposes:whene\er it choosesa variable to branch on, it
is left unspeci ed which value should the variable assumerst. One possibility is
to assignvaluestr ue or false randomly with equal probability. Since MiniSat
doesnot useany information about the variable to determine the most promising
polarity, this random assignmet in principle doesnot lower MiniSat 's power.

Algorithm  MiniCount: Givenaformula F, run MiniSat with no restarts, choos-
ing a value for a variable uniformly at random at ead choice point (option
-polarity-mode=rnd ). When a solution is found, output 29 where d is the num-
ber of choice points on the path to the solution (the nal decision level), not
courting those choice points where the other branch failed to nd a solution.

The restriction that MiniCount cannot use restarts is the only changeto the
solver. This limits somewhatthe range of problems MiniCount can be applied to
comparedto the original MiniSat , but is a crucial restriction for the guarantee of
an upper bound (as explained below). We found that MiniCount is still e cient
on a wide range of formulas. Since MiniCount is a probabilistic algorithm, its
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output, 29, on a given formula F is a random variable. We denote this random
variable by # Fpyinicoun t, @nd use# F to denote the true number of solutions of
F. The following proposition forms the basis of our upper bound estimation.

Prop osition 1. E[# Fuinicoun t] #F.

Proof. The proof follows a similar line of reasoningas for BPCount and we give
a sketch of it. Note that if no backtracking is allowed (i.e., the solver reports 0
solutionsif it nds a cortradiction), the result follows, with strict equality, from
the proof that BPCount(or SampleCoun) provides accurate courts in expectation.
We will show that the addition of badtracking can only increasethe value of
E [# Fwminicoun t], by looking at its e ect on any choice point. Let u be any choice
point variable with at least one satis able branch in its subtree, and let M

be the number of solutions in the subtree, with pM in the left branch (when
u=false) and (1 p)M in the right branch (when u =tr ue). If both branches
under u are satis able, then the expected number of solutions computed at u
is 5:.pM:2+13:(1 p)M:2= M, which is the correct value. Howewer, if either
branch is unsatis able, then two things might happen: with probability half
the seard processwill discover this fact by exploring the contradictory branch
rst and u will not be courted as a choice point in the nal solution (i.e., its
multiplier will be 1), and with probability half this fact will go unnoticed and u
will retain its multiplier of 2. Thus the expected number of reported solutions at
uis :M:2+13:M = 3M, which is no smallerthan M. This nishes the proof.

The reasonrestarts are not allowed in MiniCount is exactly Proposition 1.
With restarts, only solutions reachable within the current setting of the restart
threshold can be found. This biasesthe seart towards \easier" solutions, since
they are given more opportunities to be found. For formulas where easiersolu-
tions lie on paths with fewer choice points, MiniCount with restarts could under-
court and thus not provide an upper bound in expectation.

With enoughrandom sampleoutputs, # Fuinicoun t,» Obtained from MiniCount ,
their average value will eventually corvergeto E [# Fuminicoun t] by the Law of
Large Numbers, thereby providing an upper bound on # F becauseof Proposi-
tion 1. Unfortunately, providing a useful correctnessguarartee on such an upper
bound in a manner similar to the lower bounds seenearlier turns out to be
impractical, becausethe resulting guarantees, obtained using a reverse variant
of the standard Markov's inequality, are too weak. Further, relying on the sim-
ple averageof the obtained output samplesmight also be misleading, sincethe
distribution of # Fuinicoun t IS Often heavy tailed, and it might take very many
samplesfor the samplemeanto becomeas large as the true solution court.

4.2 Estimating the Upp er Bound

In this section,we develop an approac basedon statistical analysisof the sample
outputs that allows oneto estimate the expectedvalue of # Fpinicoun t, and thus
an upper bound with statistical guarantees, using relatively few samples.
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Assuming the distribution of # Fyinicoun t IS known, the samplescan be used
to provide an unbiased estimate of the mean, along with con dence intervals
on this estimate. This distribution is of course not known and will vary from
formula to formula, but it can again be inferred from the samples.We obsened
that for many formulas, the distribution of # Fyinicoun t IS Well approximated by
a log-normal distribution. Thus we dewelop the method under the assumption
of log-normality, and include techniquesto independerily test this assumption.
The method hasthree steps:

1. Generaten independert samplesfrom # Fyinicoun t by running MiniCount n
times on the sameformula.

2. Test whether the samplescomefrom a log-normal distribution (or a distri-
bution su cien tly similar).

3. Estimate the true expected value of # Fyinicoun t from the samples,and cal-
culatethe (1 )% con dence interval for it, using the assumptionthat the
underlying distribution is log-normal. We set the con dence level to 0:01,
and denote the upper bound of the resulting con dence interval by Cmax -

This process,someof whosedetails will be discussedshortly, yields an upper
bound cnhax along with a statistical guarartee that cmax  E [# Fuminicoun t] and
thuscmax #F:

Prlcmax #F] 1

The caveat in this statemernt (and, in fact, the main di erence from the similar
statemert for the lower bounds for BPCountgiven earlier) is that it is true only
if our assumption of log-normality holds.

Testing for Log-Normalit y. By de nition, a random variable X has a log-
normal distribution if the random variable Y = logX hasa normal distribution.
Thus a test whether Y is normally distributed can be used, and we use the
Shapiro-Wilk test [cf. 20] for this purpose.In our case,Y = log(# Fminicoun t)
and if the computed p-value of the test is below the con dencelevel = 0:05,we
concludethat our samplesdo not comefrom a log-normal distribution; otherwise
we assumethat they do. If the test fails, then there is su cien t evidencethat the
underlying distribution is not log-normal, and the con dence interval analysis
to be described shortly will not provide any statistical guarantees. Note that
non-failure of the test doesnot meanthat the samplesare actually log-normally
distributed, but inspecting the Quantile-Quantile plots (QQ-plots) often sup-
ports the hypothesisthat they are. QQ-plots compare sampled quartiles with
theoretical quartiles of the desireddistribution: the more the samplepoints align
on a line, the more likely it is that the data comesfrom the distribution.

We found that a surprising number of formulas had log, (# Fuinicoun t) Very
closeto being normally distributed. Figure 2 showvs normalized QQ-plots for
Owminicoun t = 109,(# Fuminicoun t) Obtained from 100to 1000runs of MiniCount on
various families of formulas (discussedin the experimental section). The top-left
QQ-plot shows the best t of normalized dyinicoun ¢ (Obtained by subtracting
the averageand dividing by the standard deviation) to the normal distribution:
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Fig. 2. Sampled and theoretical quantiles for formulas described in the experimental
section (top: alu2 _gr_rcs w8 lang19; bottom: 2bitmax _6, wff-3-150-525 , Is11-norm ).

(normalized dyinicoun ¢ = d)  pi-e 92 The “supernormal' and “subnormal
lines shaw that the t is much worse when the exponert of d is, for example,
1:5 or 2:5. The top-right plot shows that the corresponding domain (Langford
problems) is somewhat on the border of being log-normally distributed, which
is re ected in our experimental results to be described later.

Note that the nature of statistical tests is suc that if the distribution of
E [# Fuminicoun t] iS Not exactly log-normal, obtaining more and more sampleswill
evertually lead to rejecting the log-normality hypothesis. For most practical
purposes,being \close" to log-normally distributed su ces.
Condence Interval Bound. Assuming the output samplesfrom MiniCount
upper bound cnax Of the con dence interval for the mean of # Fyinicoun t- The
exact method for computing cnax for a log-normal distribution is complicated,
and seldomusedin I:practice. We usea consenative bound computgtion [26]: let

yi = log(a),y= 2 L, yi denotethe samplemean,ands? = 1= L (y; y)?
the samplevariance. Then the consenative upper bound is constructed as
s
= V+ i + —n 1 f 1+ f
Gmax =Y+ 5 Z(n 1) 2 2
where 2(n 1) is the -percerile of the chi-square distribution with n 1

degreesf freedom. Sinceemax
1

Cmax WE still have Pr [%ax E [# Fminicoun t]]
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The main assumption of the method described in this section is that the
distribution of # Fuinicoun t €an be well approximated by a log-normal. This, of
course,dependson the nature of the seart spaceof MiniCount on a particular
formula. As noted before, the assumption may sometimesbe incorrect. In par-
ticular, one can construct a pathological seard spacewhere the reported upper
bound will be lower than the actual number of solutions. Consider a problem P
that consistsof two non-interacting subproblemsP; and P,, whereit is su cien t
to solve either one of them to solve P. SupposeP; is very easyto solve (e.g.,
requires few choice points that are easyto nd) comparedto P,, and P; has
very few solutions comparedto P,. In such a case,MiniCount will almost always
solve P; (and thus estimate the number of solutions of P;), which would leave
an arbitrarily large number of solutions of P, unaccourted for. This situation vi-
olates the assumption that # Fuinicoun ¢ IS 10g-normally distributed, but it may
be left unnoticed. This possibility of a false upper bound is a consequenceof
the inability to prove from samplesthat a random variable is log-normally dis-
tributed (one may only disprove this assertion). Fortunately, asour experiments
suggest,this situation is rare and doesnot arise in many real-world problems.

5 Exp erimen tal Results

We conducted experiments with BPCountas well as MiniCount, with the primary

focus on comparing the results to exact courters and the recert SampleCount
algorithm providing probabilistically guaranteed lower bounds.We useda cluster
of 3.8 GHz Intel Xeon computersrunning Linux 2.6.9-22.ELsmp.The time limit

was set to 12 hours and the memory limit to 2 GB.

We considerproblemsfrom v edi erent domains, many of which have previ-
ously beenusedashbendmarks for evaluating model courting techniques: circuit
synthesis, random k-CNF, Latin square construction, Langford problems, and
FPGA routing instancesfrom the SAT 2002competition. The resultsare summa-
rized in Table 1. The columns show the performance of BPCountand MiniCount ,
comparedagainstthe exact solution counters Relsat , Cachet, and c2d (we report
the best of the three for ead instance;for all but the rst instance, c2d exceeded
the memory limit) and SampleCount The table shows the reported bounds on
the model counts and the corresponding runtime in seconds.

For BPCount the damping parameter setting (i.e., the  value) we use for
the damped BP marginal estimator is 0:8, 0:9, 0:9, 0:5, and either 0:1 or 0:2
for the v e domains, respectively. This parameter is chosen(with a quick man-
ual seard) as high as possibleso that BP cornvergesin a few secondsor less.
The exact courter Cachet is called when the formula is su cien tly simpli ed,
which is when 50 to 500 variables remain, depending on the domain. The lower
bounds on the model court are reported with 99% con dence. We seethat a
signi cant improvemen in e ciency is achieved when the BP marginal estima-
tion is usedthrough BPCount comparedto solution sampling asin SampleCount
(alsorun with 99% correctnesscon dence). For the smaller formulas considered,
the lower bounds reported by BPCountborder the true model counts. For the



Table 1. Performance of BPCountand MiniCount. [R] and [C] indicate partial counts obtained from Cachet and Relsat , respectively.
c2d was slower for the rst instance and exceededthe memory limit of 2 GB for the rest. Runtime is in seconds.

Cachet / Relsat / c2d SampleCount BPCount MiniCount
# of True Count (exact counters) (99% con dence) (99% con dence) S-w (99% con dence)
Instance vars  (if known) Mo dels Time LWR-b ound Time LWR-b ound Time |Test Average UPR-b ound Time
CIR CUIT SYNTH.
obitmax 6 252 2.1 102%|| 21 1029 2sed®!| 24 1028  29sec|| 2:8 1028 5sec|” 35 1030 43 1032 2 sec
RANDOM  k-CNF
w-3-3.5 150 1.4 10| 14 10 7min@ | 16 1013  4min|| 1.6 1011 3sec|” 43 1014 67 1015 2 sec
w-3-15 100 18 102Y|| 18 1021 3ms@ | 16 1020  amin|| 1:0 1020 1sec|? 12 1021 48 1022 2 sec
W -4-5.0 100 | 1:0 104 122ms®| 80 10  2min| 2.0 1015 2sec| P 28 106 57 1028 2 sec
LATIN SQUARE
Is8-norm 301 54 101 17 108 12ms®I| 31 100 1omin|| 19 1019 12 sec|P &4 1012 1:8 1014 2 sec
Is9-norm 456 38 10Y7| 70 107 12hs®I| 14 108 32min| 1.0 120 11 sec|” 69 1202 2.1 102t 3 sec
lsi0-norm 657 7:6 1024 &1 107 12hs®I| 27 102 s9min| 1.0 12028 22 sec|P 43 10% 7.0 1030 7 sec
lstl-norm 910 54 1033 47 107 12hs®I| 12 1030 eomin| 64 12030 1min [P 17 103 516 1040 35 sec
Isl2-norm 1221 | 46 107 122nms®!| 69 1037 somin|| 20 1204 70 sec|? 91 10 36 1052 4 min
Is13-norm 1596 | 21 107 12nms®!| 30 10%° 67 min|| 40 1205 emin|” 1.0 10% 86 1089 42 min
Isl4-norm 2041 | 26 107 12hrs®!| 9.0 1090 44min| 1.0 1057  amin |P 32 1088  1:3 1086 75 hrs
LANGF ORD PROBS.
lang-2-12 576  1:0 10° 10 10° 15min®!| 43 1202  32min| 23 10% 50 sec| 52 106 10 107 25 sec
lang-2-15 1024 3.0 107 1:8 10° 12hs®1| 1.0 120° 60min| 55 10° 1min | P 10 108 9.0 108 8 sec
lang-2-16 1024  3:2 108 1:8 10° 12hs®1| 1.0 10 65min| 32 10° 1 min 1:1 1010 11 1010 7.3 sec
lang2-19 1444 2.1 1011|| 2.4 10° 12hsRY| 33 109  e2min| 47 107 26 min 1:4 1010 &7 1012 37 sec
lang-220 1600 2:6 10%2| 1.5 105 12ms®!| 58 102 s4amin| 71 104 22 min | P 14 102 94 102 3 min
lang-2-23 2116 37 108°| 12 10° 12hsR!| 1:6 1011 gsmin|l 1:5 120° 15 min 35 1012 1.4 1013 23 min
lang-2-24 2304 | 41 10° 12hs®Y| 41 1013 gomin| 89 107 18 min 27 1013 1.9 1016 25 min
FPGA routing (SAT2002)
apex7_*_w5 1983 | 45 1047 12nsR1| 88 1085 20min|l 3:0 12082 3 min [P 73 10% 59 1019 2 min
9symml * w6 2604 | 5.0 1030 12 hs®R1| 2.6 1047 6hrs|| 1:8 1204  emin | P 33 109 558 1004 24 sec
c880* w7 4592 | 14 108 12msRl| 23 10273 shes|| 729 10258 18 min | P 1.0 10264 63 10326 26 sec
alu2 * w8 4080 | 18 109 12 hsRI| 24 10220 143 min|| 2:0 10295 16 min [P 14 10220 7.2 10258 16 sec
vda_*_.w9 6498 | 14 108 12hs®I| 14 10326 11hs|| 3:8 10289 s min [P 16 10305 25 10399 42 sec
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larger onesthat could only be courted partially by exact courters in 12 hours,
BPCountgave lower bound courts that are very competitiv e with those reported
by SampleCount while the running time of BPCountis, in general, an order of
magnitude lower than that of SampleCount often just a few seconds.

For MiniCount, we obtain n = 100 samplesof the estimated cournt for eath
formula, and usetheseto estimate the upper bound statistically using the steps
described earlier. The test for log-normality of the sample courts is done with
a rejection level 0:05, that is, if the Shapiro-Wilk test reports p-value below
0:05, we conclude the samplesdo not come from a log-normal distribution, in
which caseno upper bound guarartees are provided (MiniCount is \unsuccess-
ful"). When the test passed,the upper bound itself was computed with a con -
dencelevel of 99% using the computation of Zhou and Sujuan [26]. The results
are summarizedin the last set of columnsin Table 1. We report whether the log-
normality test passed,the averageof the counts obtained over the 100runs, the
value of the statistical upper bound cnax , and the total time for the 100runs. We
seethat the upper bounds are often obtained within secondsor minutes, and
are correct for all instanceswhere the estimation method was successful(i.e.,
the log-normality test passed)and true cournts or lower bounds are known. In
fact, the upper bounds for these formulas (except lang-2-23 ) are correct w.r.t.
the best known lower bounds and true counts even for those instances where
the log-normality test failed and a statistical guarantee cannot be provided. The
Langford problem family seemsto be at the boundary of applicability of the
MiniCount approad, asindicated by the alternating successeand failures of the
test in this case.The approac is particularly successfulon industrial problems
(circuit synthesis, FPGA routing), where upper bounds are computed within
secondsOur results alsodemonstrate that a simple averageof the 100runs pro-
vides a very good approximation to the number of solutions. Howewer, simple
averaging can sometimeslead to an incorrect upper bound, asseenin wff-3-1.5 ,
Is13-norm, alu2 gr rcs w8 and vda.gr rcs w9 where the simple averageis be-
low the true court or a lower bound obtained independertly. This justi es our
statistical framework, which as we seeprovides more robust upper bounds.

6 Conclusion

This work brings together techniques from messagepassing, DPLL-based SAT
solvers, and statistical estimation in an attempt to solve the challenging model
counting problem. We showv how (a damped form of) BP can help signi cantly
boost solution courters that produce lower bounds with probabilistic correct-
nessguaranees. BPCountis able to provide good quality bounds in a fraction
of the time comparedto previous, sample-basedmethods. We also describe the
rst e ectiv e approac for obtaining good upper bounds on the solution court.
Our framework is generaland enablesoneto turn any state-of-the-art complete
SAT/CSP solver into an upper bound counter, with very minimal modi cations
to the code. Our MiniCount algorithm provably corvergesto an upper bound,
and is remarkably fast at providing good results in practice.
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