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Abstract: Typical models of strategic interactions in computer sogense simultaneous move games.
However, in applications simultaneity is often hard or iregible to achieve. In this paper, we study the
robustness of the Nash Equilibrium when the assumptionnofilsaneity is dropped. In particular we pro-
pose studying the sequential price of anarchy: the quafityubcomes of sequential versions of games
whose simultaneous counterparts are prototypical in gfgoic game theory. We study different classes of
games with high price of anarchy, and show that the subganfiecpequilibrium of their sequential version
is a much more natural prediction, ruling out unreasonaflglieria, and leading to much better quality
solutions.

We consider three examples of such games: Cost Sharing Gametated Machine Scheduling Games
and Consensus Games. Hdachine Cost Sharing Gamethe sequential price of anarchy is at most
O(log(n)), an exponential improvement of tli&(n) price of anarchy of their simultaneous counterparts.
Further, the subgame perfect equilibrium can be computea ppglynomial time greedy algorithm, and is
independent of the order the players arrive. Baorelated Machine Scheduling Games show that the
sequential price of anarchy is bounded as a function of tmeben of jobsn. and machinen (by at most
O(m2™)), while in the simultaneous version the price of anarchynisaunded even for two players and two
machines. FoConsensus Gamesge observe that the optimal outcome for generic weightsdsuthique
equilibrium that arises in the sequential game. We alsoydhelrelatedCut Gameswhere we show that the
sequential price of anarchy is at mdstin addition we study the complexity of finding the subgamedequ:
equilibrium outcome in these games.
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1 Introduction

A powerful line of algorithmic research over the past dechde developed techniques for analyzing
systems composed of self-interested agents. Typical maddhe strategic interactions of agents use si-
multaneous move games: each player or participant, simadtzsly chooses an action, such as submitting
a bid in an auction, or simultaneously selecting strateigi@srouting game. However, simultaneity is often
hard or impossible to achieve in implementations. In thiggpawe propose studying the sequential price
of anarchy: the quality of outcomes of sequential versidngames whose simultaneous counterparts are
prototypical in algorithmic game theory.

We consider games with high price of anarchy. In many suchegaime equilibria resulting in the high
price of anarchy require “unnatural” coordination from piayers. A typical example arises in cost-sharing:
when players control a job to be scheduled, it might be uoregse to ask them simultaneously to decide
which machine they will use, and unnatural to expect that thidl all select the same expensive machine,
even if this is an equilibrium of the game. It is more natucahtiow players to select machines sequentially.
We will show that the sequential decision making helps abeid equilibria in this game and a number of
other games, and results in exponential (or better) impnevd in the price of anarchy.

We consider full information sequential games, and meaguadity of outcomes usingubgame perfect
equilibrium (SPE), capturing sequential rationality of the players. Thara iarge body of work on online
games (see [22] for a survey), where players have to makegittalecisions without having any information
about the future. Sequential games model the strategiovtoelaf agents who anticipate future strategic
opportunities. While the full information assumption wekaanay be too strong in many applications,
participants often do have knowledge about their futuréooptand strategically anticipate opportunities, in
a way not possible in online games. Studying sequential ganfiers insight in the effect of the sequential
rationality of the players. Full information sequentiahgass model scenarios in distributed systems where
the game is close to simultaneous: players choose stratiegi@st succession, but sequential choices allow
the players to avoid unfortunate equilibria.

Subgame perfect equilibrium in games with a single playéngdn each step has the nice feature of
generally producing an unigue outcome, and we show herentheiny games this outcome has good quality.
Unfortunately, this outcome can be hard to compute in someega However, despite the high worst case
complexity, calculating subgame perfect equilibrium i®ag studied problem in the Al literature. Many
methods were developed to play board games like chess aokecthavhich are sequential in nature. An
example is the celebratedpha-beta searchirst documented in Hart and Edwards [15], but whose origins
date back to undocumented sources in the 50's, as descrilzeslirvey by Knuth and Moore [17].

Our Results

In section 3 we consideM achine Cost Sharing Games.  Players correspond to jobs, and decide
sequentially on a machine to assign their job to . Each madh&s a cost (possibly a cost increasing with
congestion), and the players selecting a machine shareofiecgenly. This congestion game has been
extensively studied [2] for the social welfare, the totastcof all machines. It is known to have price of
anarchyn, the number of players; while the price of stabilityi§, = O(logn). We show that there is
a unigue ®E under generic costs, and show that the Price of Anarchy ajasuk perfect equilibrium is
bounded byH,, = O(log n). The sequential reasoning guarantees that the agentstheoixhd equilibria,
resulting in an exponential improvement over the simulbaiseversion. We also show that the subgame
perfect equilibrium can be computed in polynomial time, &émel equilibrium doesn’t depend on the order
the players arrive.

In section 4 we considddnrelated Machine Scheduling: Each player controls a job that has a (poten-
tially) different processing time on each machine. Plagergedule jobs in one ofi machines sequentially
and experience the total processing time of their chosermimacWe evaluate the system using the classi-
cal measure of the makespan, the total processing time ah#éohine with maximum load. The classical



simultaneous version of this game has unbounded Price ofcApgeven forn = m = 2). Sequential
reasoning helps agents to evade from bad equilibria. Fayasub perfect equilibrium, we prove that the
price of anarchy is bounded as a function of the number of joaad number of machines, giving an
upper bound oO(m - 2™), and a lower bound af on the sequential price of anarchy.

In section 5 we consideConsensus and Cut Games. There are some parties (say red or blue). Players
affiliate to one of the parties one by one. In ttansensus ganpayers incur a cost from the players in the
different party. The simultaneous version of consensusheag arbitrarily bad equilibria [5]. Generically,
the only equilibrium of the sequential version is the optis@ution. We also study the version of the game
when players derive utilities, rather than costs, from tlaggrs in the other party, which we calit game
This class of games were introduced in [11] as party-affiliagames and revisited many times later, as for
example in [5]. We show that the price of anarchy of the setjalerersion is bounded by 4.

At last, in section 6 we study the complexity of computing Agame perfect equilibrium. Recall that
for the machine cost-sharing problem studied in sectionedutique subgame perfect equilibrium can be
computed in polynomial time. Unfortunately, for other piehs finding the subgame perfect equilibrium
can be hard. We show that for the unrelated machine schedatid general congestion games computing a
subgame perfect equilibrium is PSPACE-complete.

Related Work

We consider classes of games with bad price of anarchy, wiretelieve that the bad equilibria require
unnatural coordination from the players. Machine costislyagames are a special case of the network cost
sharing introduced by Anshelevich et al. [2], and are samegialso called set-cover games, for example,
in [4], and have a price of anarchy equal to the number of ptaydachine Scheduling Games, also called
Load Balancing Games, are among traditional applicatidri2rice of Anarchy analysis - they are studied
in the seminal paper of Koutsoupias and Papadimitriou [4B8Y in the general form have an unbounded
price of anarchy even for two jobs and two machines. Consegames were introduced in [5], who show
an arbitrarily bad price of anarchy.

In all of the above games, the examples with bad price of &yaappear to require rather unnatural
coordination from the players. Giving a solution concepttfese games with better price of anarchy is an
important open problem in the area. There have been sevwerais in the literature to introduce solution
concepts that rule out the bad examples, and results in & grical of anarchy.

Solution Concepts with Improved Price of Anarchy. Andelman et al. [1] proposed the study of
Strong Nash Equilibria; outcomes that are stable undengdeviations. They showed that for the unrelated
machine scheduling games the Strong Price of Anarchy is at a0 — 1, wherem is the number of
machines and that strong equilibria always exist. Latest&ip et al. [10] showed that the Strong Price
of Anarchy of cost sharing gamesi$, = O(logn), same as our bound for Subgame Perfect Equilibria.
Strong Equilibria assume collective rationality, and rieggiplayers to collaborate, whilee§ assumes only
individual rationality. Moreover, unlike Subgame PerfEquilibria, Strong Equilibria are not guaranteed to
exist, which limits its applicability.

Chekuri et al. [8] study the case where players arrive sdiglignplaying myopically and then perform
best response until they reach a Pure Nash Equilibrium. Tpheye that for the case of Multicast Cost
Sharing on an undirected network the price of anarchy of amg Riash Equilibrium reached by the above
process isO(y/nlog?(n)) times the optimal. This was later improved @{log®(n)) by Charikar et al
[7]. While their model is similar to ours, as it also incorpt@s the fact that players act sequentially, they
assume that players are myopic. In contrast, we assumeplargestrategic and choose their current actions
taking into account future implications. Moreover, due tgapic playing their analysis doesn't carry over
to the machine cost sharing games that we analyze. In fdstedsy to find examples where the price of
anarchy remain®(n) even when players arrive sequentially and play myopicallyen the optimal solution
involves large number of players sharing a machine, myalgiggps do not find this solution.



In some cases noisy best response is also known to lead tovetpprice of anarchy. Chung et al. [9]
study the price of anarchy of stochastically stable state®isy imitation dynamics. They show that the
price of anarchy of such states is bounded in the case ofataceinachine scheduling. Montanari et al. [20]
study the speed of convergence of logit dynamics (noisy ftesgtonse) in network coordination games, a
model similar to consensus games, to the optimal outcomishvigh the unique stochastically stable state.
However, most of these dynamics have a very slow speed oéogence in the models that we study. Balcan
et al [6] shows that there are instances of machine costrghgames where no type of noisy dynamics can
achieve a price of anarchy smaller thaplog(n) in a polynomial number of steps. The prediction that a
stochastically stable state will arise is not applicabledees where convergence is slow, as is the case in
some of the games that we study.

To avoid the slow convergence Balcan et al [6] consider thse eghen a central authority advertises
strategies and players either adopt them with some cortabability or play best response. They showed
that for cost sharing games the dynamics will reach statésprice of anarchy at mo$bg(n) log(nm) in
a polynomial number of steps and for consensus games thealaiutcome will arise if players adopt the
advertised strategy with probability at least2. However, Balcan [5] showed that this approach fails for
the case of unrelated machines. Moreover, this technigsienass the existence of a central authority that
computes optimal strategy profiles and that players trusbrate level.

Extensive Form Games. In this paper we study the price of anarchy for sequentiaivarof the above
games. The study of extensive form games dates back to thdofinsal studies of Game Theory. The
extensive form predates even the normal form. Starting fitwarfirst formal work on chess by Zemelo [27]
and then by von Neumann [26] who first introduced the extenfsivm for games with perfect information.
A detailed exposition of classic literature on extensiverfgames and multi-stage games can be found in
[12].

Some previous works in the literature have studied effigigncextensive form games, especially in
the context of auctions (e.g. [3]). Also, in a work currentlysubmission [21], we analyze the quality of
outcomes in sequential auctions. In the setting considéeyé, players have valuation over bundles of items
and the auctioneer holds a first-price auction for one iteattahe. We analyze existence of equilibrium and
quality of outcomes for different classes of valuation fimts. The techniques in [21] are, however, very
different from those in the current paper.

Sequential games studied here have unique equilibriarfasgugeneric costs), and in this sense are
analogous to equilibrium refinement. Like our subgame pedquilibrium, many equilibrium refinements,
such as those of Harsanyi-Selten [14], or Homotopy methd@k fvere recently shown by Goldberg, Pa-
padimitrious and Savani [13] to be PSPACE-complete. Istargly though, for machine cost-sharing games
the SPEis easy to find.

2 Sequential Games

We consider games that happen in a sequence of rounds, wsiagteaplayer acts in each round. Given
n players with action setd,, ..., 4,, utility functionsu; : x;A; — R for each player and an ordering of
the players, say playdr, 2, ..., n.

In each round, playeri observes the actions chosen by player, ... ,i — 1 and chooses an action
a; € A;. Therefore, the strategy of playeis a mappings; : A1 x ... x A;_1 — A,.

Given the strategies, the outcome- (a1, ..., a,) is defined recursivelya; = s1(0), a2 = s2(ay1), a3 =
s3(a1.2), - .., a; = si(a1.s—1). Playeri then experiences utility;(a,..,), wherea;_; is the vectoa;, a;11, ..., a;).

Given a prefix(ay. ) € A1 x ... x Ay for somek < n, it defines an induced subgame for players
k+1,...,ninthe natural way: we define the outcome tabe= s;(a1 .k, ax+1.;—1) and players experience
utilities ui(al..k,ak+1_.n).

A set of strategiessy, .. ., s, ) is asubgame perfect equilibrium (SPE) if it is simultaneously an equi-



librium of all subgames defined by its prefixes. Clearly a suthg perfect equilibrium is a Nash equilibrium
of the original sequential game since it corresponds to thfixpggame with empty prefix.

Subgame perfect equilibria always exist, and can be easilyd by backwards, induction: Lét(a;_ ;)
be the outcome in the subgame defined by the prefix. Now we have that,,(a;. ,,) = 0, and for
i=n—1n-2,...,1, we define

hi(a1.;) = (sit1(a1.4), hiti(ar i, si(ai.4)))

si(a1.i-1) € argmax.c 4 ui(a1.i—1,2, hi(ai.i-1, 7))

Note that if the utility functions are such that the argmaa &ngle element (say for example if the entries
of the utility matrix are all different), then therP& is unique. The concepts presented above are a special
case ofextensive form games (see [12] for a comprehensive treatment and a more gendaitida).

Given a welfare functio®V : x;A; — R™, we quantify thesequential price of anarchy (SPoA) of
the game as the ratio between the optimal solution (measuredms of W) and the quality of the worse
subgame perfect equilibrium. Iff& C x;A; are the action profiles that can happen in a subgame perfect
equilibrium andiW* = max,ex,4, W (a), then we define:

*

SPoA = —
acore W (a)
If the game is defined in terms of a cost function (where tharaph is the solution of minimum cost) then
we simply invert the numerator and denominator.

3 Machine Cost Sharing Games

Consider the following cost sharing game: there is a\seff n jobs and a seR of m machines. Each
job i has a set of machinds; from which he can choose and each machiieassociated with a decreasing
cost functiony, (z). The game played is the following: each job is a player andtitstegy is to choose a
machines; € R;. The cost of a player in a strategy profilés then given by:

¢i(s) = vs,(ns;) Wheren, = |{j € N; sj = r}|

A very well studied case is that of fair cost allocation, whére cost function of a machinehas the
form: ~,.(x) = ¢./z, capturing the case where each machine has a fixed cost thao e covered by
the people using it and this cost is equally split among tlggas. In general, we can think of the cost of
running a machine with congestionz asc,(z) = zv,(z), and then the cost of a player is the fair share
v (z) = ¢ (z)/z. We will assume that the cost (x) satisfies a natural economy of scale and is decreasing
in .

This class of games was introduced by Anshelevich et alwBf study a simultaneous move game and
show that the Price of Anarchy iswhile the Price of Stability of this game 3(log n) under the social cost
functionC(s) = >, ci(s), when the machine cost functions have the forrfx) = ¢, (x)/2 with a concave
functionc, (z). above.

The worst case ®A example is when there are two machines of cdsts e andn and each player
can have access to both of these machines. It is a Nash eiguilitior all players to choose the machine
that costsn since all the players have cobktand they don’t want to switch alone and increase their cost
to 1 + e. This worst case example breaks if players arrive sequigntitaformally, they can choose the
cheaper machine and rely on the rationality of the followjtayers that they will do the same. In fact, if
players arrive in some fixed order and play ameSwve show that the worst possible efficiency deterioration
is exponentially better than that in the simultaneous mevrsign.



To simplify the presentation, we will focus on the simpleeca$fair cost sharingy.(z) = ¢, /x) and it
is easy to see that they extend to the more general case.

We say that the machines have generic costs/if # ¢,. /K’ for two different machines # 7’ and any
1 < k, k' < n. Any cost vector can be made generic with a small random perturbation.

Theorem 1 For any machine cost sharing game with fair cost allocation generic costs, there is a unique
Spe and it is within anO(log n) factor from the optimal. Moreover, it can be computed by airatgreedy
algorithm. When the costs are not generic, there may be rhereaneSpE but the Price of Anarchy bound
still holds.

Proof. For simplicity we will consider generic costs only. Notitgt the problem of finding to minimize
C'(s) can be modeled as set cover: the players are elements ancheabine is represented by the set of
players it can serve. So, the objective is to find the set ohinas minimum cost that covers all the players.
There is a classi©(log n) greedy approximation algorithm for this problem: whilerdhare elements that
are not covered, pick the set that has the smallest ratiosttosmumber of uncovered elements.

We show that the outcome of this greedy algorithm is the unisubgame perfect equilibrium of this
game. To solve the game, we calculate#fes n,n — 1,...,1 the best move playerhas on each node, a
unigue move by the generic costs assumption. Now, we shawirthiae backwards-induction solution, all
players play according to the greedy algorithm. tgt-, ..., r; be the machines in the order picked by the
greedy algorithm and IV be the players that were first allocated to machipe

To show the greedy outcome is the backwards-inductionisalittsuffices to show that no player wants
to deviate on its turn. First, consider the players\in They have cost,, /|N1|. Notice that this is the
smallest cost any player can incur, so the lag¥into play will definitely choose;, given that the previous
players inN; did so. Now, consider the second to last playeiNin Given that all previous players iNy
playedr;, he also prefers to play;, since he knows that by doing so, the last player will playoo, giving
him coste,, /| V1. Continuing this argument, it is easy to see that all players; will chooser; regardless
of what the players outsid¥; do.

Now we look at the players itV,. Since we proved that all the playersiy will chooser; regardless
of what all the other players do, by the definition of the gseaftjorithm the best possible cost for players
in Ny is ¢, /| N2|. Again we can employ the same argument: the last play8kiwill chooser, given that
the previous players did so. The second to last player wilbskr; if the previous players did so, since he
knows the next player will do so, etc. [ |

Syrgkanis [24] has recently shown the outcome of the grekgyithm for this problem is a high quality
Nash equilibrium. Our result strengthens this by showirag the outcome of the greedy algorithm is also a
subgame perfect equilibrum of the sequential game.

Observation 2 The subgame perfect equilibrium outcome is independeiieabrder in which the players
move. Moreover, the players don't need to know the order iichwtine rest of the players act to find their
optimal move. Consequently, the subgame perfect equitibis also a Nash equilibrium of the game.

Notice that the greedy algorithm is still well-defined forngeal decreasing cost functions: at each
moment pick the machine with minimum~,.(d,.), whered, is the number of uncovered players that can
be allocated to that machine. The outcome of the greedyitigostill captures the backwards-induction
solution (which is unique in case of no ties). In this moreaggahcase using the results in [24] we get that
the social cost of any#E is at most the potential of the optimal outcome. Hence, femttore general case
of cost functions our result implies that the &®is at most the best upper bound on theSPthat could be
derived by the Potential Method [2].

Theorem 3 For machine cost sharing games with arbitrary decreasingt ¢onctions the social welfare of
any SPE is at most the potential of the optimal solution.
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Figure 1: Price of Anarchg)(m) when jobs (circles) arrive from left to right.

4 Unrelated Machine Scheduling

Consider a sed/ of m unrelated machines andplayers each holding a jopb Lett;; be the processing
time of jobj in machinei. We consider the classical optimization problem assatiaith this setting: assign
jobs to machines so as to minimize the makespag;c Zj;d)(j):i tj;. Lenstra, Shmoys and Tardos [19]
give a2-approximation to this problem based on rounding the limgagramming solution.

Here, we consider the game-theoretical version of thislpmb Each player (job) has as action space
the set of machines and as utility function the load of thehireche is in. A traditional ordinal potential
function argument [25] shows that a pure Nash equilibrivwess exists. However, the makespan of a Nash
equilibrium of this game can be arbitrarly worse then thenoat makespan. The traditional example is two
jobs and two machines whetg, = tos = 1 andtys = to; = L > 1. One Nash equilibrium is jol in
machine2 and job2 in machinel. It is easy to see this bad example is easily avoidable wheyye act
sequentially.

Here, we show an upper bound ©{m - 2™) for the Sequential Price of Anarchy and a lower bound
of Q(n). It is an improvement that the bound depends only(@nn) and not on the numerical data of
the problem. The example wit(n) SPOA is a generalization of the example given in Figure 1 wbbs
(circles) arrive from left to right. The only SPE is alwaysdooose their right option, which ends up with
makesparB (and makespan in general), instead of 4 ¢, which is the optimal. Now, we show an upper
bound on the SPoA:

Theorem 4 TheSPoA for unrelated machines scheduling is boundedigyn - 2™).

— . : _— , =
Proof. Let Ly be a vector inR%! representing an initial load on each of the machine=(5y, k) be the

makespan of the SPE we get when players+1, . .., n play starting from Ioacfg and Iett;f = min;e s tji.
We will do induction onk from 1 to n using the unduction hypothesis that:

n
— — —
VLo € RY : SPE(Lj, k) < | Lolloo + 27 %) £
j=k

Then the theorem follows by taki@ — 0 andk = 1 and noticing thaE?:1 t7 is smaller thann
times the optimal makespan.

Now we proceed to the induction. Fbr= n, this is trivial, because if just one player plays, he defigit
will choose an option of optimal makespan and we know thatiehine on which he has weigtjt will
lead to makespan at mq1sf(§||oo +t.

Suppose the hypothesis holds fo#- 1, ..., n. Playerk has the option of playing the machine in which
he hag; load. LetL;* be the load on the machines after such a move. Appargily,| < t; + HL_SHoo-
Moreover, by the induction hypothesis, the makespan anehlyeplayerk’s cost in the end is at most
|1 oo +277F=1 S50 ¢ which is at most; + || Lo lw + 277 F"1 S0 5,

Now, if player k& chooses some other machinthen it must be that it yields for him a smaller or equal

— o . . ,
cost. LetL; be the load vector aftdr plays maching. Player:'s cost oni is at leastZ;. Hence,

n
; —
Ly <tp+ | Lolloe + 27771 > 45
j=k+1



. -/ -/ . — —
and sincel! = L} for any other machiné, we get that|L1 || oo < || Lojoo + 2771 >_j—1 ;- Therefore:
n n
— — — e N — _ .
SPE(Lo, k) = SPE(L1, k +1) < [[Lifloc + 2" > 8 < [[Lofloc + 277> 8
j=k+1 j=k

5 Consensusand Cut Games

In consensus and cut games we consid@tayers which are vertices of a given weighted gréph-
(V, E,w), wherew : E — R,. The action set of each player is binaty; = { R, B}, which corresponds
to choosing a color (red and blugfonsensus Games are cost games where the cost of playerthe sum
of weights of edges from to players of different colorCut Games, are utility games where the utility of
playeri is the sum of weights of edges franto players of a different color. We say that the weight veator
is generig if no weightw; is 0. Any weight vectow can be made generic with a small random perturbation
In consensus games, the optimal outcome corresponds tp @eger choosing the same color. In the
simultaneous version, it is easy to see that there are westegdmitting non-optimal Pure Nash Equilibria.
However, we observe the following for the sequential versio

Observation 5 The uniqueSPE in generic consensus games is the optimal outcome.

We also study the closely related cut games. It is well kndve the simultaneousdA for Pure Nash
Equilibria is2. Here we show that for this class of games sequential rdiipries not improve the price
of anarchy. We show an upper bound4bn the SB®A (notice that the 8 might not be a pure Nash
equilibrium, so the bound & doesn’t necessarily carry over), and a lower bound of 2.

Theorem 6 TheSPoA of sequential cut games is at mdst

Proof. Consider the players in the order they arrive. Egt= {(7, k)|i < k} be the set of edges of playkr
to all players that arrived previously.

Let A, B be the two partitions of the nodes in thets Consider the decision problem of playerwlog
we can assume that the weight of the edges of playerpredecessor players in partitiehis more than
that to predecessor players in partitiBn w(E, N A) > w(EyNB) > %w(Ek). Hence, the utility of player
k when choosings is at leastsw(E},). Thus,u,(SPE) > sw(Ej). Summing up over alt, we get:

1 1 1
2SPE =) uy > 5 > w(Ey) = Sw(E) > SOPT
k K

|
However, we conjecture that the true Sequential Price ofémnafor Cut Games i8. Moreover, as the
following example shows it cannot be better ttzan

Example. In the following example we show that the 8R is at least2. We consider the Sequential Cut
Game that is implied by the following symmetric (almost bifia) weighted graph:

0 € 1 1
€ 0 14+¢ 1+¢
W= 1 1+4c¢€ 0 0

I 1+¢ 0 0

The unique 8k of the above game is for playets3 and4 to go to one partition and playergo to the other.
This leads to a social welfare 8f+ 3¢. The optimal is for player$ and2 to go to one partition leading to a
social welfare off + 2e. [
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Figure 2: Simulating a NAND gate with selfish unrelated maetgcheduling.

6 Complexity of Computing a SPE

In this section we address the complexity of computingra i the games that we study and generally
in congestion games. Specifically we show PSPACE complssefoe Unrelated Machine Scheduling and
for General Congestion Games. Our proofs are based on reasi¢tom the Quantified Boolean Formula
problem and the main technical aspect of them is the idearaflating NAND circuits with our games. Our
Unrelated Machine Scheduling reduction introduces a nsiwalilation of NAND circuits, while the general
congestion games proof uses techniques from Skopalik g13l.

Theorem 7 Computing aSPE in Unrelated Machine Scheduling is PSPACE-complete.

Proof. We will prove completeness via a reduction from the QuantiBeolean Formula (QBF) problem,
which is the most basic PSPACE-complete problem. QBF asletheh a quantified form over a set of
Boolean variables is true or false. It is easy to see that atingpa SPE of a succintly represented zero-sum
game is PSPACE-complete. We can achieve this by creatinglayers: played manages all the boolean
variables associated with an existential quantifier anggpla manages those assocaited with universal
guantifiers. The strategy of each player is some booleagramsint to the variables he controls. Given a
strategy profile the utility function of playeris 1 if the corresponding boolean assignment is a satisfying
assignment and-1 otherwise. If one could compute the SPE outcome then he dmulde whether QBF is
true or false according to whether playleor player2 it the winner.

Now the main problem of our reduction is simulating the typetdity function described above through
an Unrelated Machine Scheduling (UMS) game. In other wondsnga boolean formula we have to create
a UMS instance such that the players controlling existyteguantified variables will have a higher cost
when the outcome of the formula corresponding to the custategy profile is true and lower otherwise.
Respectively for the players controlling universally quided variables. Wlog we can assume that the QBF
instance is given in prenex normal form and that the booleamdila consists of only NAND operations
(Any QBF instance can be transformed to the above form inruotyial time).

The main idea of the reduction is the following: We will creat player for each boolean variable. Each
such input player will have two possible machines he can bigyred to. His) and his1 machine, each
representing the corresponding boolean assignent of tlebi@acontrolled by the player. We will then create
circuit players and machines such that given the stratefiesen by the input players, in the only dominant
strategy remaing the circuit players simulate the ciroetihantics. Hence the last circuit player will play his
0 strategy if the outcome of the boolean circuit/formulé end1 otherwise. Now the last circuit player will
trigger some feedback players to increase the load on thainescof the players controlling existentialy
quantified variables if the outcomelsnd the load on the machines of those controlling univecalntified
variables if the outcome ik

We now move to the details of the reduction. We first describb@ to simulate the NAND semantics
with UMS game. In Figure 2 we depict the simulation of a NANDeyahose output can become the input



of k other NAND gates at a next level of the circuit tree. PlaygrandY” are the input players. We assume
that the input players are fixed (e.g. because they are tlvemes of a NAND gate of a previous level
or they are global input players). Moreover, we assume tiateftmost machine of every player is His
strategy and the rightmost machine is histrategy.

e If both playersX, Y are playingl, then playerA will also play 1. Now playerB has cosRa — e on
his 0 strategy and at mo&i — 2¢ on his1 strategy. Thud3 will also play1. Now C' has cosRa — 2¢
on his1 strategy an@«a — 3¢ + €/2 on his0. ThusC will play his 0 strategy. The output players will
thus have: cost on theil0 strategy and at least — 2¢ on their1 strategy. Thus all output playe€s;
will player their0 strategies.

e If any of XY is player his) strategy them has cost at most on his0 strategy and costa — € on
his 1. Thus A will play 0. Now B has cosD on his0 strategy and on his1. Thus A will play 0.

C' has cosRa — 3e on his1 strategy an®a — 3e + ¢/2 on his0. ThusC will play 1. Now all the
outcome players have cddt — 3¢ on theirQ strategies and cost at makt — 4¢ on their1 strategy.
The latter is because by our overall construction it is eassee that at most players occupy any
machine and also any player connected to a machine of thdewexthas weight on that machine at
mosta — 2¢ (we can achieve this by transforming the circuit such thigblalers of levelk gates are
output players of levet — 1 gates). Thus the output playeds will player their1 strategy.

Thus interconnecting the above NAND gadgets such that tineylate the circuit we can have a UMS
game such that, given what the input players have playedirtiggie subgame perfect equilibrium simulates
the circuit semantics.

Next we describe how the variable players are connectedeto NMAND gates. Each input player has
two strategie®, 1 each of them having equal weight bf If a variable player is connected xdNAND gates
then we conneck output players to thé machine of the variable player with a weight@®f Those output
players are then connected to their NAND machines with alteifl /2 — e. Thus the NAND gates of the
first level of the circuit haver = 1/2 — e. Hence, the output players of the last level NAND gate of the
circuit will have weight on theid strategy ofl /2 — (2k + 1)e. Moreover, theit0 machine will have a cost
of 1 — (4k + 1)e + e.

Now we move on to the gadget that gives the essential feedibatkcreates the incentive for input
players controlling existential quantified variables tokenghe output of the circuit. This is depicted in
Figure 3. In this figure we show how the output players of thst ¢mte are connected with the machines
of the variable players. We may assume that we have both tipeitoof the circuit and its negation, since
we can produce both these values using an extra level of.gate#seach variable player that controlls an
existentially quantified variable we have two output playtbiat come from the negation of the circuit output.
For each variable player that controlls a universally gifiedtvariable we have two output players that come
from the circuit output. In the picture we depict the interoection of each such variable player with his
corresponding two output players. We assume that éaglayer is playing before each correspondiig

e If the output circuit (corr. its negation) i then theO, O, are triggered to play theit strategy
because their zero strategy has dost(4k + 1)e + ¢, wherek is the depth of the circuit, while if they
play their one strategy then eatiwill choose hisl strategy later on, leading to a costlef (4k+1)e)
for them. This will cause the input player to have cbst ¢ no matter which strategy he plays.

e If the output isO thenO1, O, player their0 strategy. If the input player is on hisstrategy therd; will
play his0 strategy and, will play his 1. If the input player is on hi§ strategy therly will play his 0
strategy and; his 1. In any case the input player incurs a cost @fo matter which strategy he plays.

|

Theorem 8 Computing aSPEin Congestion Games is PSPACE-complete.

Proof Sketch. The proof follows similar lines as the previous theorem. Thestruction of Skopalik and
Vocking [23] allows us to simulate a forward NAND circuit \wia congestion game. Unlike the simultaneous
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Figure 3: The effect that the final output has on the inputgigy If the final output id then theY input players
receive an extra job on the machine that they occupy. If itGghen they don’t. The inverse happens for fienput
players. This can be done with the exact same way by justtingethe outcome of the circuit using an extra NAND
gate.

case in the sequential version we can create a feedbackougjiththe output players of the Skopalik et al.
[23] construction occupy resources with exponentially BEn@ongestion levels than the input players, we
just need to make them occupy an extra small congestiondhaseurce with the input players. This way
we can again cause th¢ players to incur am extra cost when the output of the circuitligand theY players
when the output i§. |

7 Conclusionsand Open Problems

In this work we showed how sequentiality can have a very pesiinpact on the quality of outcomes
for several natural and well-studied classes of games. Tdie apen problem is to extend our analysis for
even bigger classes of games. It is easy to see that for geueatial games one can create pathological
examples that will make the sequential version behaveraribjt worse. However, we believe the merits
of sequentiality will carry over to natural subclasses dieptial games. We consider as a very interesting
direction the case of general cost sharing games, where liggdothat the sequential price of anarchy is still
exponentially better than it's simultaneous counterpart.

Another interesting direction is to show classes of gamesrvthe subgame perfect equilibrium of the
sequential version is a pure Nash equilibrium of the sinmeltaus version. In those classes of games our
technique would be a very natural equilibrium refinementitsoh. We showed that such a property holds
for machine cost-sharing games. In general it is easy tdwsadf the subgame perfect equilibrium outcome
doesn’t depend on the ordering of the players’ arrival thén always a Nash Equilibrium. It is interesting
to see whether other properties lead to such a conclusion.
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