Bar Induction:

The Good, the Bad and the Ugly

Vincent Rahli, Mark Bickford, and Robert L. Constable

June 22, 2017

Vincent Rahli Bar Induction: The Good, the Bad and the Ugly June 22, 2017 1/28



Bar induction?

Vincent Rahli

[m]

=

Bar Induction: The Good, the Bad and the Ugly

June 22, 2017

Dac

2/28



What bar mductlon |s not abo 7

- iy b .‘51-
u-\ "m

\"““ﬂ”n ”HI‘

i i] j“‘ ' “

(source: https://get.taphunter.com/blog/4-ways-to-ensure-your-bar-rocks/)
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Intuitionism

Vincent Rahli

» First act: Intuitionistic logic is based
on our inner consciousness of time,
which gives rise to the two-ity.

» As opposed to Platonism, it's about
constructions in the mind and not
objects that exist independently of us.
There are no mathematical truths
outside human thought: “all
mathematical truths are experienced
truths” (Brouwer)

» A statement is true when we have an
appropriate construction, and false
when no construction is possible.
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Intuitionism

Vincent Rahli

Second act: New mathematical
entities can be created through more
or less freely proceeding sequences
of mathematical entities.

Also by defining new mathematical
species (types, sets) that respect
equality of mathematical entities.

Gives rise to (never finished) choice
sequences. Could be lawlike or lawless.
Laws can be 1st order, 2nd order. ..

The continuum is captured by choice
sequences of nested rational intervals.
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Intuitionism——Continuity

What can we do with these never finished sequences? ]

Brouwer’s answer: one never needs the whole sequence.

His continuity axiom for numbers says that functions from
sequences to numbers only need initial segments

VF:N5. VYa:B.In:N.V8:B. a =5, 3 — F(a) =y F(B)

From which his uniform continuity theorem follows: Let f
be of type [a, f] — R, then

Ve > 030 > 0.Yx,y : [, 5]. [x —y| <d— |f(x) = f(y)| <e

(B =N & B, = N')
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Intuitionism——Continuity

False (Kreisel 62, Troelstra 77, Escardé & Xu 2015): J

~NF:N Na:B.ZnN.NG:B.a =g, f — F(a) =y F(j)

(no continuous way of finding a modulus of continuity of a
given function F at a point «)

(3F = G : NB. F and G have different moduli of continuity)

True in Nuprl (see our CPP 2016 paper): J

NFB - NNaB.|ZnN.NG:B.a =5, 5 — F(a) =5 F(P)
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Intuitionism—-Bar induction

To prove his uniform continuity theorem, Brouwer also used
the Fan theorem.

Which follows from bar induction.
The fan theorem says that if for each branch « of a binary tree

T, a property A is true about some initial segment of «, then
there is a uniform bound on the depth at which A is met.
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Bar Induction—The intuition

P(<>)
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What this talk is not about

Not about the philosophical foundations of intuitionism
Not about which foundation is best
About useful constructions

(source: https://sententiaeantiquae.com/2014/10/23)
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What is this talk about?

| ! e

Non-truncated
monotone bar
induction is false in
Nuprl

Minor restriction:
sequences have to
be name-free

Some bar induction
principles are valid
in Nuprl

(source: http://cinetropolis.net/scene-is-believing-the-good-the-bad-and-the-ugly/)
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Nuprl in a Nutshell

Became operational in 1984 (Constable & Bates) ]

Similar to Coq and Agda J

Extensional Constructive Type Theory with partial functions J

Types are interpreted as
Partial Equivalence Relations on terms (PERs)

Consistency proof in Coq (see our ITP 2014):
https://github.com/vrahli/NuprlInCoq
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Extensional CTT with partial functions?

Extensional

(Va:A f(a)=g(a)eB)>f=gcA—>B

Constructive

(A — A) true because inhabited by (Ax.x)

Partial functions

fix(Ax.x) inhabits N
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Nuprl TypeS—Martin—Léf’s extensional type theory
Equality

a=beT

Dependent product
aA — B[a| or Na:A.B[a]

Dependent sum

a:A x BJa] or Y a:A.BJa]

Universe
U;
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Nuprl TypeS—Less “conventional types”

Partial: A
Domain: Base

Disjoint union: A+B
Simulation: t; < 1,

Intersection: na:A.BJa] (Void = 0 < 1 and Unit = 0 < 0)
Union: ua:A.B|a] Bisimulation: ¢, ~ t

Set: {a: A| Bla]} Image: Img(A,f)

Quotient: T//E PER: per(R)
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Nu prI TypeS—Squashing/Truncation

{Unit | T}
Proof erasure: 1T
Img( T, A_.%)
Proof irrelevance: T T//True

J
ek
NEIRY

P.(
For example: [MP:P.|
l
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Nuprl PER Semantics Implemented in Coq

Models only
a finite number of universes

Coq

1

Universe 2

Agda

1
Universe 3 Universe 3

Universe 0

— Prop +
X Axiom of functional
Universe 0

choice

Universe 2

Universe 1

Universe 0 <€

s
S

~———

Uses
induction + impredicativity

Uses
induction-recursion
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Bar Induction in Nuprl
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Bar Induction—Non-intuitionistic

in Coq )

H+ |P(0,1)
BY [BID]
(wfd) H,n:N,s: B, B(n,s) € Type

(bar) H,s:B+ |3n:N. B(n,s)
(imp) H,n:N,s: B, ,m:B(n,s) P(n,s)
(ind) H,n:N,s:Bp,x: (Vm:N. P((n+1),s®, m))  P(n,s)
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Bar Induction—O0n decidable bars

in Nuprl )

H - P(0, 1)
BY [BID]
(dec) H,n:N;s:B,+ B(n,s) v —B(n,s)
(bar) H,s:B+ |3n:N. B(n,s)
(imp) H,n:N;s:B,,m: B(n,s) P(n,s)
(ind) H,n:N,s:Bp,x: (Vm:N. P((n+1),s®, m))  P(n,s)
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Bar Induction—o0n monotone bars

in Nuprl )
H [P0, 1)
BY [BIM]
(mon) H,n:N;s:B,+VYm:N. B(n,s) = B(n+1,s®,m)
(bar) H,s:B+ [In:N. B(n,s)
(imp) H,n:N;s:B,,m: B(n,s) P(n,s)
(ind) H,n:N,s:Bp,x: (Vm:N. P((n+1),s®, m))  P(n,s)
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Bar Induction—Why the squashing operator?

Continuity is false in Martin-Lof-like type theories
when not |-squashed J

(A NFNE.NFB. | ZnN.Ng:B.f =5, g — F(f) =x F(g)
(B) -NF-NS.Nf:B.XnN.Ng:B.f =5, g — F(f) =x F(g)

From which we derived:
BIM is false when not |-squashed J

otherwise we could derive
NFNP.NfB.EXnNNgB.f =5, g — F(f) =n F(g)
from BIM & (A)
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Bar Induction—-Sequences of numbers

We derived BID/BIM for sequences of numbers (easy)

We added “choice sequences” of numbers to Nuprl's model:

all Coq functions from N to N

J

What about sequences of terms?

Vincent Rahli
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Bar Induction—-Sequences of terms

We derived BID for sequences of closed name-free terms

J

Harder because we turned our terms into a big W type:
Coq functions from N to terms are now terms!

Why without names?

v picks fresh names and we can’t compute
the collection of all names anymore
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Bar Induction—~Questions

Can we prove continuity for sequences of terms instead of 37 J

What does that give us? = proof-theoretic strength?

)

Can we hope to prove BID/BIM in Coq without LEM/AC? J

We’re working on this:

Vincent Rahli

Can we derive BID/BIM for sequences of terms with names? J
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Name |Formula Where|Comments
WCP1 o —NF:NB Nf:.B.EnN.Mg:B.f =p, & = F(f) =n F(g) Nuprl
WCP1,0 nFNB.NfB. N, Ng:B.f =B, & = F(f) =n F(g) Coq |uses named exceptions
WCP1 0} NFNB . Nf:B.|XnN.Ng:B.f =5, & = F(f) =y F(g) Coq |uses L
WCPy 1 |—MP:B — ]P’BA(I'Ia:BAZb:BuD(a, b)) — XC:NBACUNT(C) A Ma:B.shift(c, a) Nuprl
WcPy 1 [2AP:B — PP (Na:B.Xb:B.P(a, b)) — |Zc:NB. CONT(c); A MNa:B.shift(c, a)[?
WCP1 1} 2NP:B — PB.(Na:B.Eb:B.P(a, b)) — LZC:NE4CONT(C)¢ A Ma:B.shift(c, a) |?
ACoo |NP:N — PN (Nn:N.Em:N.P(n, m)) — £f:B.Nn:B.P(n, f(n)) Nuprl
ACo,0 nP:N - PN (NN | Xm:N. P(n, m)) — |Zf:B. Qn:B.P(n, f(n)) Nuprl
ACp0, |MPN — PY.(Nm:N.{Em:N.P(n, m)) — |Ef:B.Nn:B.P(n, f(n)) Coq |uses classical logic
AC1 g |NP:B — PN .(Nf:B.EnN.P(f, n)) — TF:NB NFB.P(f, F(f)) Nuprl
AC1o, |NP:B — PY.(Nf:B.]EmN. P(f,n)) — |ZF:NB. Nf:B.P(f, F(f)) Nuprl
Acy o, |7NP:B — PV (NFBIEnN.P(f, n) — |EFNP NFB.P(f, F(f)) 7
B
ACy o [MPNB — PN (neNB £n:T.P(F, n) —» £F:TNT) neNB . P(F, F(F)) Nuprl
B
AC20, —(MPNB T (NANB (=0T, P(f,n) — (EF:TO)  neNB . p(F, F(£))) [Nuprl |contradicts continuity
B
AC20, —(NP:NB T (NANB (=0T, P(f,n) — LEF:TWT) neNB P(F, F(£)))  |Nuprl |contradicts continuity
LEM —MNP:.P.P v —P Nupr!
LEM, P.{(P v —P) Nuprl
LEM, [APP.[(P v —P) Coq |uses classical logic
MP PV .(N:N.P(n) v —=P(n)) - (—=Nm:N.=P(n)) — Zn:N.P(n Nuprl |uses LEM
1)
KS —MAP.Xa:B.((Ex:N.a(x) =y 1) < A) Nuprl [uses MP
KS, —MNAP.|XaB.((Xx:N.a(x) =y 1) < A) Nuprl [uses MP
KS, NAP.[TaB.((ExN.a(x) =y 1) < A) Coq |uses classical logic
Bl WF(B) — BAR| (B) — BASE(B, P) — IND(P) — |[P(0, 1) Coq |uses classical logic
BID WF(B) — BAR| (B) — DEC(B) — BASE(B, P) — IND(P) — P(0, L) Nuprl Juses Bl
BIM; |WF(B) — BAR  (B) — MON(B) — BASE(B, P) — IND(P) — |P(0, ) Nuprl |uses Bl
BIM —nB, P:(I'In:NAIP’B")ABARJ (B) — MON(B) — BASE(B, P) — IND(P) — P(0, IL) |Nuprl |contradicts continuity
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