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Azimuthal Scattering from Elliptical Hair Fibers

PRAMOOK KHUNGURN and STEVE MARSCHNER
Cornell University

The appearance of hair follows from the small-scale geometry of hair fibers,
with the cross-sectional shape determining the azimuthal distribution of
scattered light. Although previous research has described some of the effects
of non-circular cross sections, no accurate scattering models for non-circular
fibers exist. This article presents a scattering model for elliptical fibers,
which predicts that even small deviations from circularity produce important
changes in the scattering distribution and which disagrees with previous
approximations for the effects of eccentricity.

To confirm the model’s predictions, new scattering measurements of
fibers from a wide range of hair types were made, using a new measure-
ment device that provides a more complete and detailed picture of the light
scattered by fibers than was previously possible. The measurements show
features that conclusively match the model’s predictions, but they also con-
tain an ideal-specular forward-scattering behavior that is not predicted and
has not been fully described before.

The results of this article indicate that an accurate and efficient method
for computing scattering in elliptical cylinders—something not provided in
this article—is the correct model to use for realistic hair in the future and
that the new specular behavior should be included as well.
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1. INTRODUCTION

The appearance of hair arises from the interaction of light with the
geometry of fibers. The overall cylindrical shape of fibers causes
the characteristic linear highlights on a head of hair, and the scaly
surface of the cuticle covering the hair separates them into dis-
tinct colored highlights. The fibers’ particular cross-sectional shape
controls how scattered light depends on both the locations of the
viewer and light source and the orientation of the fiber, determin-
ing whether highlights appear smooth or glittery. Scattering models
that are used to render hair account for all three phenomena, but
research has mainly focused on the first two. This article is about
how to improve our models for the effects of cross section on the
distribution of scattered light.

It is well documented that hair cross sections are generally non-
circular and often roughly elliptical [Robbins 1994]. However, prior
scattering models for hair are all based on an analysis of light rays in-
teracting with circular cylinders, including the model of Marschner
et al. [2003] that includes an approximate correction for eccentricity.

Creating efficient scattering models that properly account for
elliptical cross sections is a difficult undertaking, and this article
seeks to answer two questions:

—Is cross section important? Are the changes in appearance caused
by non-circular cross sections significant enough to warrant the
effort?

—Are ellipses a correct model? Does an elliptical cross section
predict what happens in real hair fibers?

To answer the question of importance, we have extended previous
hair models to account for elliptical cross sections. By contrast to
Marschner et al.’s previous model, our model accurately describes
the geometric optics of elliptical cylinders. It predicts dramatic
changes in scattering behavior, particularly for transmitted and in-
ternally reflected light, as we move from circular to elliptical fibers.
These changes are significant even for mild eccentricity, and the
behavior differs considerably from the eccentricity correction pro-
posed by Marschner et al.

These predictions of our elliptical theory need to be substantiated:
After all, hairs are not exactly elliptical, and many details of their
structure and of the physics of light are omitted by the model. The
elliptical model might predict features that do not occur because of
imperfections in real fibers, or its inherent assumptions might cause
it to miss visually important phenomena.

The experiments of Bustard and Smith [1991] and later
Marschner et al. provide promising support for an elliptical model,
but their measurements were limited, being based on small numbers
of data points gathered on just a few fibers. No one has examined
the complete scattering function in enough detail to see whether we
have modeled the whole behavior.

Therefore, to answer the question of correctness, we have made
new measurements of a range of different types of hair fibers, using
a new device designed to give a very complete picture of fiber
scattering functions. Our goal is to capture the complete function
with enough resolution to observe all the important features, but
accuracy in absolute magnitudes is a secondary concern. With this
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Fig. 1. Orientation-dependent glints in real hair. Here we show two pho-
tographs of Caucasian hair taken from two different angles under the same
lighting: (a) with the sun behind the camera and (b) with the sun roughly
90◦ to the camera’s left. Bright glints can be observed in panel (b) but not
in panel (a).

goal in mind, the measurement system is built around image-based
measurements, capturing tens of thousands of data points with each
exposure.

The conclusions of our study are clear, answering both questions
in the affirmative and introducing a new phenomenon:

—The structured internal-reflection glints predicted by the elliptical
model dramatically contradict previous models. They also are
clearly observable in real hair, as long as it is light enough in
color for internal reflection to be significant.

—There is a forward-scattering feature present in all hair scatter-
ing functions, previously unremarked on in graphics articles: an
ideal-specular lobe, which we call the E mode, that becomes
particularly bright at grazing angles.

For rendering, the key implication of non-circular fibers is that
scattering depends jointly on the azimuthal positions of the light and
viewer, not only on the azimuthal difference as in the circular case.
The azimuthal component of a scattering model must be a function
of two variables, not one, and the brightness of fibers depends on
their orientation, even when the light and viewer remain fixed. This
leads to a strong glinty appearance in hair under conditions when
this orientation dependence is strong (Figure 1).

It should be emphasized that this article does not propose a
production-ready, practical algorithm to efficiently compute scat-
tering from elliptical fibers in a shader. The renderings in this article
are made using tabulated scattering functions, which limits the abil-
ity to model continuous variation in fiber properties. Our study has
established what should be modeled to provide a truly high-fidelity
hair scattering model. Models that are more efficient and include
the E mode should be developed in the future.

In the remainder of this article, we extend previous models to
accurately account for cross section (Sections 3 and 4); examine
the predictions of the theory (Section 5); describe our measurement
device and its results (Sections 6 and 7); and examine the agreement
between theory and measurements (Sections 8 and 9).

2. PREVIOUS WORK

Kajiya and Kay [1989] presented the first analytical scattering
model for hair fibers, based on the Phong surface shading model. By
explicitly modeling fibers as cylinders, it captures the linear high-
lights characteristic of hair and fur, but since the model assumes hair
fibers are opaque, it cannot model effects arising from refraction.
Extensions to incorporate forward scattering into the Kajiya-Kay
model have been proposed [Goldman 1997; Kim 2002].

Marschner et al. [2003] were the first to model a hair fiber as a
transparent dielectric cylinder. Their model decomposes the scatter-
ing behavior of fibers into scattering modes according to the number
of reflections and refractions that a light ray undergoes as it inter-
acts with the hair fiber. They factored the scattering function for
each mode into a product of a longitudinal term and an azimuthal
term. The former enabled them to model the longitudinal shifts of
highlights, and the latter the glints due to the fiber’s cross section.

Marschner et al.’s model has been widely used and has generated
much subsequent research. Zinke and Weber [2007] adapted the
model to a more general mathematical framework that allowed
rendering of close-up views. Zinke et al. [2009] added a diffuse
component to the Marschner model and provided a procedure for
acquiring model parameters from a single photograph of a hair
sample. Sadeghi et al. [2010] refined the model to be more intuitive
for artists. Xu et al. [2011] gave a fast approximation to the model
for interactive rendering and appearance editing. Some research
has also gone toward analytic importance sampling for variants of
this model [Hery and Ramamoorthi 2012; Ou et al. 2012]; in our
implementation we use a tabulated approach.

The Marschner model, however, has two important shortcom-
ings. First, it is not energy conserving, and, second, it deals with
the caustics in one scattering mode in an ad hoc way, which in-
troduces extra non-physical parameters to the model. d’Eon et al.
[2011] addressed both problems by introducing a new longitudinal
component designed to conserve energy and an azimuthal com-
ponent based on numerical integration. Our work fixes an energy
conservation problem and generalizes their model to arbitrary cross
sections.

While the above hair scattering models all assume hair fibers
have circular cross sections, Ogaki et al. [2010] modeled a scat-
tering function arising from arbitrary user-specified cross-sectional
shapes that can even vary along the length of the fiber. To deal with
such geometry, they trace photons through the fiber and tabulate
the resulting density estimates. Ogaki et al.’s modeling technique is
much more general than ours, but its aim was to model animal furs
that have a wide variety of scale structures. On the other hand, our
work focuses on human hair and is more experimental in nature.
The concurrent work of Yan et al. [2015] models a fur strand as
a circular cylinder having two layers with different absorbing ma-
terials, reflecting more accurately animal fur’s anatomy. Our work
assumes a single material throughout the strand and focuses on the
effect of cross-sectional shape.

Researchers in the optics community have characterized some
aspects of elliptical fibers’ light scattering behavior. Marcuse de-
termined the range of azimuthal angles of backward scattered light
[Marcuse 1974]. Adler et al. studied the Fourier transform of the an-
gle of backward scattered caustics as a function of incoming angle
[Adler et al. 1998]. In comparison, our work is more comprehen-
sive because we characterize both forward and backward scattering
lobes.

We are only aware of three other works in the graphics com-
munity that measure light scattered from fiberlike structures. The
first is Marschner et al. [2003], the second is Sadeghi et al. [2013],
and the third is Yan et al. [2015]. All three works used a goniore-
flectometer for the task, and so only 1D or coarse 2D slices of the
4D scattering function were feasible to acquire. Our device, on the
other hand, can acquire the whole hemisphere of scattered light
in one exposure, thus yielding more comprehensive data at greater
efficiency than the previous method. However, the measurements
are less accurate due to factors we shall describe in Section 6. As
such, it is more suitable for observing qualitative behavior of the
scattering function than for directly acquiring the function itself.
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Fig. 2. Projected diameter D(φ) and displacement parameter s are quan-
tities that are essential to definition of fiber scattering model that can take
into account elliptical cross sections.

3. BACKGROUND

In this section, we review the theory of light scattering from fibers
and extend it to handle fibers with arbitrary cross sections. Our
treatment is similar to that of Zinke [2008] but simpler. We also
review parameters common to previous models and introduce two
types of visualization of fiber scattering models that will be used in
future sections.

3.1 Angles

We follow the notation of Marschner et al. [2003]. All calculations
are done in a coordinate system with right-handed orthonormal basis
vectors u, v, and w, and the axis of symmetry of the hair fiber runs
along the u axis. The direction −u points towards the root, and u
towards the tip. A 3D direction vector ω can be described by two
spherical angles: the longitudinal angle θ ∈ [−π/2, π/2] and the
azimuthal angle φ ∈ [0, 2π ]:

ω =
⎡
⎣ sin θ

cos θ cos φ
cos θ sin φ

⎤
⎦.

We let ωi and ωo denote the incoming and outgoing direction,
respectively. The spherical angles of the two directions are denoted
by θi , φi , θo, and φo.

3.2 Projected Diameter

We assume that the fiber is a generalized cylinder whose cross
section (which might not be circular) is constant along its length.
The projected diameter along azimuthal angle φ is the width of the
fiber when the observer views the fiber from azimuthal direction φ.
More precisely, it is the furthest distance between two lines in the
normal plane that are tangent to the cross section and make angle φ
with the v-axis. (See Figure 2.) We denote the projected diameter
by the symbol D(φ). For example, for a circular cross section of
radius 1, D(φi) = 2 for all φi . For an elliptic cross section with
minor radius 1 and major radius a, D(0◦) = D(180◦) = 2 and
D(90◦) = D(270◦) = 2a.

3.3 Ray Spaces

Define the fiber ray space (FRS) as the set of all rays exiting the
surface of the fiber (that is, the dot product of the ray’s direction
with the surface normal at that point is non-negative). Each ray in
the FRS can be parameterized by four values: the longitudinal angle
θ , the azimuthal angle φ, the displacement along the fiber’s axis, t ,
and the displacement along the projected diameter, s, which ranges
from −D(φ)/2 to D(φ)/2. We will indicate functions defined on
the FRS by a superscript F .

A related space of rays, useful when we wish to ignore the width
of the fiber, is the set of rays originating from a specific point along
the fiber’s axis. We call this space the conventional ray space (CRS).
A ray in CRS is parameterized by one direction ω = (θ, φ) and the
displacement along the fiber’s axis, t . We will indicate functions
defined on the CRS by a superscript C.

3.4 Radiometry

Radiance incident to or exitant from the fiber’s surface is a function
of the rays in FRS. Hence, we may write it as LF (θ, φ, s, t) or
LF (ω, s, t).

Marschner et al. defined two new radiometric quantities: the curve
radiance L and the curve irradiance E. The curve radiance is power
per unit solid angle per unit projected length of the fiber. The curve
radiance is a function of ω and t , so we may write L(ω, t). It is
related to the radiance in FRS by

L(ω, t) =
∫ D(φ)/2

−D(φ)/2
LF (ω, s, t) ds.

The curve irradiance is incoming power per unit length of the
fiber, which is a function of t and thus denoted E(t). It is equal to
the integral of the incoming curve radiance scaled by the cosine of
the longitudinal angle:

E(t) =
∫

S2
L(ω, t) cos θ dω =

∫
S2

∫ D(φ)/2

−D(φ)/2
LF (ω, s, t) cos θ dsdω.

The cosine factor is present as a consequence of Lambert’s cosine
law. Note that the quantity L(ω, t) cos θ dω can be interpreted as the
infinitesimal irradiance created by rays whose directions are within
dω of ω.

Curve radiance can be related to ordinary radiance by the follow-
ing thin fiber assumption:

LF (ω, s, t) = L(ω, 0, t) = L(ω, t)

for all s. That is, we assume the fiber is so thin that the radiance
distribution is constant across its width. This means all rays have the
same radiance as the ray in the same direction that passes through
the fiber axis, so L(ω, t), as well as L(ω, t) is a function of rays in
the CRS. The assumption implies that:

L(ω, t) = D(φ)L(ω, t).

In all the discussion that follows, we will make this assumption.
For brevity, we will drop the t parameter from all the radiometric
functions, leaving the dependence on t implicit.

3.5 Scattering Model

Assume that the fiber is struck by incoming curve radiance Li(ωi) =
D(φi)Li(ωi) from a differential solid angle dωi around the direction
ωi , which produces differential curve irradiance Li(ωi) cos θi dωi.
The fiber scatters this incoming irradiance into a distribution of
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differential curve radiance over the outgoing directions, and let us
denote its value at direction ωo by dLo(ωi → ωo). The outgoing
curve radiance along a specific direction ωo, as a result of the whole
incoming curve radiance distribution, is given by

Lo(ωo) =
∫

ωi∈S2
dLo(ωi → ωo).

The bidirectional curve scattering distribution function (BCSDF),
denoted by S(ωi, ωr ) or S(θi, φi, θr , φr ) is the ratio of the outgoing
differential curve radiance in direction ωo to the incoming differen-
tial curve irradiance from direction ωi :

S(ωi, ωo) = dLo(ωi → ωo)

Li(ωi) cos θi dωi

.

This function and the thin fiber assumption imply the following
relationship between radiance scattered from hair and the incoming
radiance:

Lo(ωo) = Lo(ωo)

D(φo)
= 1

D(φo)

∫
ωi∈S2

dLo(ωi → ωo)

= 1

D(φo)

∫
S2

S(ωi, ωo)Li(ωi) cos θi dωi

= 1

D(φo)

∫
S2

S(ωi, ωo)D(φi)Li(ωi) cos θi dωi,

or, equivalently,

Lo(ωo) =
∫ π/2

−π/2

∫ 2π

0
S(ωi, ωo)

D(φi)

D(φo)
Li(ωi) cos2 θi dφidθi, (1)

because dωi = cos θi dφidθi .
A BCSDF is said to be energy conserving if∫

S2
S(ωi, ωo) cos θo dωo ≤ 1

for all ωi . The inequality above implies that the outgoing curve irra-
diance produced by the BCSDF does not exceed the curve irradiance
coming in.

3.6 Factored Scattering Models

Marschner et al. classify scattered light into several “modes”: light
that reflects out at first contact (R mode); light that transmits into
the cross section and then transmits out when it hits the surface
the second time (TT mode); light that transmits, reflects internally,
and then transmits out (TRT mode); light that transmits, reflects
internally twice, and then transmits out (TRRT mode); and so on.
For brevity, we denote each mode by a non-negative integer p,
where p = 0 means the R mode, p = 1 means the TT mode, p = 2
means the TRT mode, and so on.

Accordingly, the BCSDF is decomposed into a number of per-
mode scattering functions:

S(ωi, ωo) =
∞∑

p=0

Sp(ωi, ωo).

Each per-mode scattering function is factored into a product of
two terms: the longitudinal scattering function (LSF) Mp and the
azimuthal scattering function (ASF) Np ,

Sp(ωi, ωo) = Mp(θi, θo)Np(θd, φi, φo), (2)

where, depending on the scattering model, θd can be equal to the
incoming angle, θi , or the half angle, |θi − θo|/2. The Marschner

model [2003] and the d’Eon model [2011] use the half angle, but
the model that will be presented in this article uses the incoming
angle.

We say that the whole collection of ASFs is energy conserving
if, for all θd and φi ,∫ 2π

0

∞∑
p=0

Np(θd, φi, φo) dφo ≤ 1.

That is, the incoming energy from a single direction should be split
among the modes, and no extra energy should be introduced. We
say that an ASF Np(θd, φi, φo) is reciprocal if

Np(θd, φi, φo)

D(φo)
= Np(θd, φo, φi)

D(φi)
(3)

for all θd , φi , and φo. We choose this definition because it simplifies
the outgoing radiance integral in Equation (1):∫ π/2

−π/2

∫ 2π

0

∞∑
p=0

Mp(θi, θo)Np(θd, φi, φo)
D(φi)

D(φo)
Li(ωi) cos2 θi dφidθi

=
∫ π/2

−π/2

∫ 2π

0

∞∑
p=0

Mp(θi, θo)Np(θd, φo, φi)Li(ωi) cos2 θi dφidθi .

We say that an LSF is energy conserving if∫ π/2

−π/2
Mp(θi, θo) cos2 θo dθo ≤ 1 (4)

for all θi . This implies that the LSF by itself does not introduce
any extra energy. For example, if the ASF is diffuse and energy
preserving (that is, if there is only one mode, and Np(θd, φi, φo) =
1/(2π ) for all values of θd , φi , and φo), then the per-mode BCSDF is
energy conserving. Moreover, provided that θd is equal to θi instead
of the half angle, we can prove that the BCSDF is energy conserving
if both the ASFs and the LSF are energy conserving. (The proof
is given in the supplementary material.) The full scattering model
we shall construct in later sections satisfies all the definitions above
and therefore is provably energy conserving.

In this factored scattering model framework, Marschner et al. pro-
pose an LSF based on a Gaussian distribution and ASFs up to the
TRT mode. While the ASFs for R and TT modes are modeled us-
ing circular fibers, the one for the TRT mode features an ad hoc
approximation to elliptical cross sections. d’Eon et al. note that
Marschner et al.’s LSF is not energy conserving according to Equa-
tion (4) and provide a new LSF that satisfies the definition. Using
the concept of surface roughness first proposed by Zinke and Weber
[2007], they also formulate ASFs based on circular fibers that can
be evaluated up to any arbitrary scattering mode. However, because
their ASFs use the half angle as θd , the resulting BCSDF cannot be
proven to be energy conserving.

3.7 Common Model Parameters

Previous hair scattering models [Marschner et al. 2003; d’Eon et al.
2011] and the model we will present share the following parameters:

—The index of refraction of the material η.
—The absorption coefficient of the material σ .
—For each mode p, the longitudinal shift αp .
—For each mode p, the width of the longitudinal lobe βp .
—The aspect ratio of the cross section a. If the cross section is an

ellipse, then the aspect ratio is the ratio of the length of the major
axis to the length of the minor axis. Hence, the circle has a = 1.
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Note that the Marschner model only covers scattering modes up
to p = 2. It also contains extra parameters such as the glint scale
factor kG and the azimuthal caustic width wc in order to support
its ad hoc modeling of the TRT mode. The d’Eon model requires
that βp is the same for all p and calls the single β parameter the
“surface roughness” of the hair fiber. The d’Eon model also only
models circular hair fibers, so a is always 1.

3.8 Visualization

We introduce two types of visualization for parts of the scattering
models and measured data.

The first, the (φi, φo)-plot, shows Np(θd, φi, φo) for a fixed θd as a
scalar field over the (φi, φo)-plane. Each point’s color indicates the
intensity of light scattered to φo when it arrives from φi . The (φi, φo)-
plot allows us to see the complete picture of how the ASF evolves
with φi , and it exposes the inherent symmetry due to reciprocity. It
also provides a convenient way of observing how the ASF evolves
with changing θi . Examples of (φi, φo)-plots are given in Figure 3.

The second, the (θo, φd )-plot, shows a slice of the whole scattering
function S(ωi, ωo) for a fixed incoming direction ωi . The slice is
shown as a color map over the (θo, φd )-plane where φd = φo − φi .
Note that by using the difference angle φd instead of the outgoing
angle φo, the direction of retroreflection is fixed at φd = 0◦ and the
direction of forward scattering is fixed at φd = 180◦. In this way, the
(θo, φd )-plot does not shift vertically as φi changes, making it easier
to notice changes in the scattering function as φi changes. Also, as
we will see in the next section, it represents the data that are captured
by one snapshot of our measurement system. As examples, (θo, φd )-
plots of the Marschner and d’Eon models are given in Figure 4.

Inspection of the (φi, φo)-plots in Figure 3 provides us with
heuristics on how to recognize the first three scattering modes in
the (θo, φd )-plots:

—The R mode has a large support in the (φi, φo)-plots, covering
all but a small area around the lines φo = φi ± 180◦. Hence, in
(θo, φd )-plots, it should appear as two vertical strips covering the
whole range of φd except a small portion around φd = 180◦.

—The TT mode has narrower support around φo = φi ± 180◦ and
is the brightest among the three modes. Hence, it should appear
as the brightest lobe, centered vertically around φd = 180◦.

—The TRT mode has the narrowest support around the line φo = φi .
Hence, it should appear as blobs located vertically near φd = 0◦

and φd = 360◦.

According to Marschner et al. [2003], the modes are also sep-
arated in θ due to the tilting of the hair scales. Note that, at the
beginning of Section 3, we said that the direction −u points to-
wards the root and u points towards the tip. This means that the
left side of the (θo, φd )-plot (−90◦) should correspond to scatter-
ing toward the root, and the right side (90◦) should correspond to
scattering toward to the tip. Marschner et al. observe that the R
mode is shifted towards the root (i.e., to the left), but other modes
are shifted towards the tip (i.e., to the right). As such, the R mode
should appear to the left of the ideal specular line (θo = −θi) while
other modes appear to the right as can be seen in Figure 4.

4. MODELING

Having reviewed the previous models and establishing our nota-
tions, in this section we construct a scattering model for hair fiber
with elliptical cross sections. Our model is a factored model like

Fig. 3. The (φi, φo)-plots of the first three modes of the Marschner and
d’Eon scattering models. Notice that the plots are shift invariant, meaning
that each vertical slice of the plot is a shifted version of other slices. This
property arises from the rotational symmetry of the circular cross section.
All observable features in shift-invariant plots are slanted bars along the
southwest–northeast direction. One can also see that the d’Eon model is
very similar to the Marschner model for the circular fiber. (The relevant
parameters are η = 1.55, σ = 0, β0 = β1 = β2 = 5◦, and a = 1 (circle).
For the Marschner model, we set kG = 1, wc = 10◦, 
η′ = 0.2, and

hM = 0.5. For all plots, θd = 0. The colors between different modes of
the same models are in the same scale, but the plots are not in the same scale
between the models.)

that of Marschner et al.:

S(ωi, ωo) =
∞∑

p=0

Mp(θi, θo)Np(θi, φi, φo). (5)

However, we make the ASF depend on θi rather than the half angle
|θi − θo|/2 for the reason we discussed in Section 3.6.

4.1 Longitudinal Scattering Function

The LSF for Mode p is defined by two parameters: the width of
the lobe βp and the longitudinal shift αp . In the original model
of Marschner et al., the LSF was simply a Gaussian distribution
in θ . As observed by d’Eon et al. [2011] and other researchers,
this LSF is not normalized on the sphere and loses energy away
from normal incidence. Although d’Eon et al. proposed an elegant
and improved alternative, we have noticed some problems that we
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Fig. 4. The (θo, φd )-plots of the Marschner and d’Eon scattering models.
The R mode manifests as two vertical strips, the TT mode as the brightest
lobe at the vertical center of the plot, and the TRT mode as blobs near the top
and bottom ends. (The longitudinal tilts are given by α0 = −10◦, α1 = 5◦,
and α2 = 15◦, while other model parameters are the same as those in
Figure 3. For both plots, θi = 0◦ and φi = 0◦. The plots are not to scale
with each other.)

discuss in the supplementary material. In this article, we use a
simpler LSF that was presented in Khungurn et al. [2015], which
we reproduce here for completeness. The function is a normalized
version of the original Gaussian,

Mp(θi, θo) = g(θo; μ(θi), βp)

G(μ(θi), βp)
,

where g(x; μ, σ ) = exp(−(x − μ)2/2σ 2)/(
√

2πσ ) is the Gaussian
distribution, and the normalization factor G is calculated to ensure
normalization over the sphere. In order to achieve a lobe shifted
by αp without the lobe becoming excessively concentrated near
grazing, we center the Gaussian at

μ(θi) = clamp(−θi + αp, [−π/2, π/2]).

The normalization factor G is defined to ensure cosine-weighted
normalization over the sphere:

G(μ, σ ) =
∫ π/2

−π/2
g(θ ; μ, σ )Q(θ ) dθ ≈

∫ π/2

−π/2
g(θ ; μ, σ ) cos2(θ ) dθ,

where Q is a polynomial that approximates cos2 θ from above1:

Q(θ ) = 0.002439θ8 − 0.04301θ6 + 0.3322θ4

− 0.999745θ2 + 1.0001

≥ cos2 θ.

It can be easily shown that this normalization factor implies the
LSF being energy conserving in the sense of Equation (4). The
indefinite integral of the product of a Gaussian and a polynomial
has a closed form, so the integral can be evaluated analytically. (See
the appendix.)

We note that Zinke [2008] also defines an LSF that is a scaled
Gaussian lobe. The difference between his function and ours is that

1Alternatively, one can also define G more directly in terms of the an-
tiderivative of g(θ ; μ, σ ) cos2 θ . However, we found that its closed form
involves the imaginary error function, a special function that is not a part
of many libraries. We approximated cos2 θ with a polynomial because the
antiderivative depends only the real error function, whose implementation
is more readily available.

his normalization factor G(μ, σ ) does not contain the polynomial
Q in the integrand and so is much larger than ours, implying that
his function loses more energy.

4.2 Azimuthal Scattering Function

We derive the ASF by tracing rays through the elliptical cross sec-
tion. Due to Bravais’s Law [Tricker 1970; Marschner et al. 2003],
the paths of reflected and refracted rays in a cylinder of any cross
section behave the same as rays in 2D interacting with the cross
section, though with a different refractive index that depends on θi .
In this 2D world, the fiber ray space is parameterized by an angle φ
and a displacement s, which still ranges from −D(φ)/2 to D(φ)/2.
So, radiance is now written as L(φ, s). The curve radiance, now
parameterized only by φ, is defined in a similar way as that of the
3D version:

L(φ) =
∫ D(φ)/2

−D(φ)/2
L(φ, s) ds. (6)

4.2.1 Characterizing a Cross Section. We assume that each
interaction of light with the surface results in perfect specular re-
flection or refraction; we will account for surface roughness later.
For our purpose, a cross section is characterized by the following:

—the projected diameter D(φ), defined in Section 3;
—for each mode p, the exit direction φe

p(φ, s);
—for each mode p, the exit displacement se

p(φ, s); and
—for each mode p, the attenuation Ap(φ, s);

where φe
p and se

p describe the direction and displacement of a ray
entering at (φ, s) after it has undergone p + 1 interactions with the
cross section’s surface. Ap(φ, s) is the attenuation of the radiance
along the ray as it interacts with the surface and the material inside
the fiber. Reversibility of paths implies that if φo = φe

p(φi, si) and
so = se

p(φi, si), then

φi = φe
p(φo, so), si = se

p(φo, so), and Ap(φi, si) = Ap(φo, so).

The relationship between exiting and incident radiance in mode p
is then

Lo,p(φ, s) = Ap(φ, s)Li,p(φe
p(φ, s), se

p(φ, s)). (7)

Here Li,p and Lo,p are the incoming and outgoing radiance, respec-
tively, restricted to mode p. (Unless otherwise stated, the subscript
p denotes restriction to mode p from now on.)

4.2.2 Defining the ASF. Having defined the relationship be-
tween Li,p and Lo,p , we want to derive a suitable relationship be-
tween Li,p and Lo,p , which is the ASF. Substituting Equation (7)
into Equation (6) and assuming Li,p(φ, s) ≡ Li,p(φ)/D(φ) gives

Lo,p(φo) =
∫ D(φo)/2

−D(φo)/2
Ap(φo, so)

Li,p(φe
p(φo, so))

D(φe
p(φo, so))

dso.

To define a BCSDF requires a change of variables from so to
φi . As observed in prior work, this approach has the problem that
the change-of-variables factor |dso/dφi | is not always finite. In the
model of Marschner et al., this was worked around by explicitly
removing the singularities, but for non-circular cross sections it is
not simple to compute where the singularities occur. On the other
hand, surface roughness prevents these singularities from appearing
in practice, so we follow the approach pioneered by Zinke and
Weber [2007] and d’Eon et al. [2011] and apply a blur to account
for roughness before changing variable.
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We will make use of an angular kernel function Kγp (φ) defined
with the per-mode width parameter γp on the interval [0, 2π ). The
angular kernel function obeys the normalization

∫ 2π

0 Kγp (φ) dφ =
1. To maintain symmetry, we convolve Li,p(φi) and Lo,p(φo) each
with Kγp :

Lo,p(φo) =
[
Kγp ∗

∫ D(·)/2

−D(·)/2
Ap(·, so)

[
Kγp ∗ Li,p

D

]
(φe

p(·, so))dso

]
(φo).

This equation can be expanded and written as an integral over φi

as follows:

Lo,p(φo) =
∫ 2π

0
Kγp (φo − φ′

o)

[ ∫ D(φ′
o)/2

−D(φ′
o)/2

Ap(φ′
o, so)

( ∫ 2π

0
Kγp (φe

p(φ′
o, so) − φi)

Li,p(φi)

D(φi)
dφi

)
dso

]
dφ′

o

=
∫ 2π

0

Li,p(φi)

D(φi)

[ ∫ 2π

0
Kγp (φo − φ′

o)

(∫ D(φ′
o)/2

−D(φ′
o)/2

Kγp (φe
p(φ′

o, so)− φi)Ap(φ′
o, so) dso

)
dφ′

o

]
dφi

=
∫ 2π

0

Rp(φi, φo)

D(φi)
Li,p(φi) dφi,

where

Rp(φi, φo) =
∫ 2π

0
Kγp (φo − φ′

o)

(∫ D(φ′
o)/2

−D(φ′
o)/2

Kγp (φe
p(φ′

o, so) − φi)Ap(φ′
o, so) dso

)
dφ′

o,

and we call this function the blurred response function. In the sup-
plementary material, we show that it is reciprocal: Rp(φi, φo) =
Rp(φo, φi). So the integral on the right-hand side can be written in
terms of φ′

i and si instead of φ′
o and so.

With the blurred response function, we could define the ASF as
Rp(φi, φo)/D(φi), which obeys reciprocity in the sense of Equa-
tion (3). However, in this exact form it is difficult to ensure energy
conservation, so we define the ASF for the cross section in a slightly
different form,

Np(φi, φo) = Rp(φi, φo)

Dγp (φi)
, (8)

where the blurred diameter function Dγp (φ) is the convolution of
the projected diameter function with the angular kernel:

Dγp (φ) =
∫ 2π

0
D(φ′)Kγp (φ − φ′) dφ′.

The ASF defined above is energy conserving, but it is not reciprocal
in the sense of Equation (3). However, it is close to being reciprocal
because it satisfies a similar equation as follows:

Np(φi, φo)

Dγp (φo)
= Np(φo, φi)

Dγp (φi)
.

That is, instead of the relevant values being equal relative to di-
ameter, they are equal relative to blurred diameter. We call this
property approximate reciprocity. A proof of energy conservation
and approximate reciprocity is available in the supplementary ma-
terial. The property might be exploited in the design of sampling
algorithms of ASFs. However, we did not use it in our implementa-
tion.

4.2.3 Discussion. Our ASF is a generalization of d’Eon’s ASF
to non-circular cross section. One difference between their ASF
and ours is that their ASF only blurs over the outgoing direction
φo, but ours blurs over both the incoming and outgoing directions.
d’Eon’s ASF is reciprocal because it is defined only for circular
cross section: It is a function of φi − φo, so blurring over either
φ produces the same result. However, with a non-circular cross
section, blurring over φi differs from blurring over φo, so blurring
over just one angle would result in significant non-reciprocity.

Note also that, in this section, we only have defined the ASF
Np(θi, φi, φo) in terms of the functions D(φ), φe

p(φ, s), se
p(φ, s),

and Ap(φ, s), which depend on the incoming azimuthal angle θi as
well as on the specific shape of the cross section.

4.3 Complete Description of the Model

The model is defined by the following parameters:

—The aspect ratio of the elliptical cross section.
—The index of refraction η.
—The absorption coefficient σ of the material inside the fiber.
—For each mode p, the longitudinal shift αp .
—For each mode p, the width of the longitudinal lobe βp .
—For each mode p, the width of the angular kernel used in az-

imuthal scattering γp .

The projected diameter function D(φ) is defined by the shape of
the cross section and is unchanged with respect to θi . The three other
functions that characterize the cross section depend on Bravais’s
effective index of refraction,

η′ =
√

η2 − sin2 θi/ cos θi .

In particular, φe
p(φ, s) and se

p(φ, s) are defined by tracing the ray
(φ, s) through the cross section, substituting η′ for η, and allowing
the ray to intersect the cross section p + 1 times before going out.
For the attenuation,

Ap(φ, s) = exp(−σ�p(φ, s)/ cos θi)Fp(φ, s),

where �p(φ, s) is the length of the portion of the path that lies inside
the cross section and Fp(φ, s) is the product of the Fresnel factors
associated with all the intersections with the cross section’s surface.
If the ray does not emerge from the cross section due to total internal
reflection, then we say that Ap(φ, s) = 0.

4.4 Implementation

We have implemented the full scattering model as a part of a path
tracer written in Java.

4.4.1 Rendering. For ray tracing, we model each hair fiber as a
polyline in 3D. For each polyline segment, there corresponds a cir-
cular cylinder whose axis of symmetry coincides with the segment.
Cylinders of two segments meeting at a corner are joined with a
miter joint so a fiber corresponds to one continuous surface.

Because the actual projected diameter of fibers is a constant, the
outgoing radiance integral (1) reduces to∫ π/2

−π/2

∫ 2π

0
S(ωi, ωo)Li(ωi) cos2 θi dφidθi .

We note that, while the actual cross sections are circular, the BCSDF
S above can be that of an elliptical cross section. The discrepancy
between the actual cross section and the BCSDF’s cross section does
not cause an accuracy problem: When viewed from a distance, the
circular fibers will look as bright as elliptical fibers. To see why this
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assertion is true, recall that (1) the BCSDF outputs curve radiance,
which is the total outgoing energy across the projected diameter, and
(2) outgoing radiance is curve radiance per unit projected diameter.
Hence, the outgoing radiance is the curve radiance of an elliptical
fiber divided by the projected diameter of a circular fiber. Thus, if we
accumulate radiance across the circular fiber’s projected diameter
(which happens when the viewer is far away from the fiber), we get
the elliptical fiber’s curve radiance, that is, its total brightness.

Nevertheless, renderings made with circular cylinders can still
differ from those made with elliptical cylinders because different
geometry results in different paths that light propagate through the
scene. (For example, elliptical fibers can cast wider shadows.) Still,
we chose to use circular cylinders because it is hard to join two
elliptical cylinders in a way that results in one continuous surface.

4.4.2 Cross Sections. We always use an ellipse whose area is
π and whose major axis is the v-axis. In other words, the equation
of the ellipse in the vw-plane is v2/a + aw2 = 1. We tabulate
the projected diameter function D(φ) and then evaluate it by linear
interpolation.

Unlike with circular cross sections, closed-form formulae for φe
p ,

se
p , and Ap are unwieldy for elliptical cross sections, so we compute

these functions using a simple 2D ray tracing procedure.

4.4.3 Computing the ASF. We only evaluate the first four ASFs
(that is, up to p = 3). For each mode, we tabulate the ASF
Np(θi, φi, φo). Because the ASF is an even function in θi regardless
of the cross sectional shape, we only consider θi ranging from 0 to
π/2. On the other hand, we did not consider the symmetry of the
cross section and let the azimuthal angles φi and φo assume their full
range of values: [0, 2π ). Our grid resolution is 128 × 256 × 256.
Each entry of the table contains a single-precision floating point
number for each of the three color channels. The total space of the
tables is about 400MB.

To precompute the ASFs, we evaluate Np(θi, φi, φo) in slices of
fixed θi , slice by slice, by kernel density estimation. For a fixed
value of θi , we randomly generate N = 1, 000, 000 incoming
rays (φi,1, si,1), . . . , (φi,N , si,N ), where ray (φi,j , si,j ) has power
2πD(φi,j )/N . For each ray, we compute φo,j = φe

p(φi,j , si,j ),
so,j = se

p(φi,j , si,j ), and Aj = Ap(φi,j , si,j ). Then, Np(θi, φi, φo)
is approximated as

Np(θi , φi , φo) ≈ 2π

NDγp (φi )

N∑
j=1

Aj D(φi,j )Kγp (φi − φi,j )Kγp (φo − φo,j ).

We use the 1D Gaussian g(φ; 0, γp) as our kernel function Kγp

(thereby making Kγp (φi − φi,j )Kγp (φo − φo,j ) a 2D Gaussian).
When evaluating the above sum, we exclude points that are of 2D
Euclidean distance at least 3γp from (φi, φo). Because we also take
into account that the angles φi and φo wrap around, our kernel
function approximates the Gaussian detector function introduced in
d’Eon et al. [2011].

4.4.4 Sampling. Efficient evaluation of the outgoing radiance
in a path tracer requires importance sampling of (θi .φi) given
(θo, φo). To do so, we drop the incoming radiance term and rewrite
the integral as

3∑
p=0

∫ π/2

−π/2
Mp(θi, θo) cos2 θi

( ∫ 2π

0
Np(θi, φi, φo) dφi

)
dθi .

The rewritten integral suggests we divide the sampling of θi into
three steps: (1) sample the mode p; (2) given p, sample θi ; and then
(3) given p and θi , sample φi.

Fig. 5. (φi, φo)-plots of the first four modes of the ASF at θi = 0◦ for an
elliptical fiber with a = 1.0 and a = 1.5. According to the model, elliptical
fibers give rise to many features not present in circular fibers such as the
bright bars in the R mode ( ), the extra lobes in the TT mode ( ), the eyes
in the TRT mode ( ), and the winged blobs in the TRRT mode. (All the
functions were calculated with η = 1.55, and σ = 0. Plots in the same
rows are to scale with one another but not across the rows. The darkest color
(black) corresponds to the minimum value of plots in the same row, and the
brightest color (white) corresponds to the maximum value.)

To carry out the first two steps, for each mode p, we precompute
a 3D table Tp indexed by θo, φo, and θi with

Tp[θo, φo, θi] = Mp(θi, θo) cos2 θi

(∫ 2π

0
Np(θi, φi, φo) dφi

)
.

In our implementation, Tp has dimension of 128 × 128 × 256. With
the table, the power of each mode can be computed by summing
the Tp[θo, φo, ·] entries. We can then use the power of the modes to
sample a mode. After sampling the mode, we can use the entries
in the Tp[θo, φo, ·] row to sample a θi . After sampling p and θi ,
we can use the table for the ASF to sample φi . We use binary
search to locate the sampled table cell. Efficiency, however, may be
improved by more sophisticated probability distribution function
(PDF) inversion techniques [Cline et al. 2009].
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Our implementation entails two space requirements. First, to sam-
ple the ASF efficiently, a table of partial sums of Np(θi, φi, φo) as a
function of φi is required, which incurs 133MB of space in addition
to the storage required for Np itself; thus, the storage pertaining to
Np is 533MB. Second, we must build Tp , which is approximately
67MB in size.

5. PREDICTION

In this section, we compute the ASFs of elliptical fibers and report
the predictions of our model for the first four scattering modes: R,
TT, TRT, and TRRT. We only consider fibers with a ≤ 1.6 and
σ = 0. While this is only a small subset of the possible range
of parameters, it is sufficient to illustrate the differences between
elliptical ASFs and circular ones and to show the qualitative trends
that the ASF follows as a and θi change.

We provide two types of visualizations of the ASF. The first type
(Figure 5 and Figure 7) is the (φi, φo)-plots discussed at the end of
Section 3. The second type (Figure 6) is a polar plot of the ASF
with φo as the free variable. Displaying the ASFs of different shapes
on the same plot makes it easy to compare them. The polar plots
in Figure 6 correspond to vertical slices through these images. The
(φi, φo)-plots allow us to see the complete picture of how the ASF
evolves with φi , and they expose the inherent symmetry due to
reciprocity. It also provides a convenient way of observing how the
ASF evolves with changing θi .

In Figure 5, the four modes of a circular fiber and an elliptical fiber
are plotted separately to show the pronounced effect of ellipticity
and the distinct features of each mode. In Figure 7, we plot the sums
of the four modes for a number of combinations of cross sectional
shapes and longitudinal angles to show how the modes evolve with
these parameters.

We now make observations of the modes, one by one.

R mode. From the first row of Figure 6, we see that the R mode
of elliptical fibers (colored curves) is quite similar to circular ones
(black curves). All the plots contain two forward lobes. More ec-
centric ellipses scatter more forward and less backward than less
eccentric ones when φi = 0◦, and the reverse holds at φi = 90◦.

The (φi, φo) plot in Figure 5 shows that the R mode of an elliptical
fiber contains two bands of brighter reflection ( ). More specifically,
this brighter reflection occurs when when φi +φo ≈ 180◦, which is
to say, the half vector is normal to the flat side of the ellipse.

However, as can be seen from Figure 6, the R mode remains quite
dim, even for elliptic fibers, so its visual significance is low when
the other components are present.

TT mode. In Figure 6, the plots of the TT mode with φi = 15◦

and φi = 30◦ indicate that more elliptical fibers have two lobes in
the TT mode. As in the circular case, there is a lobe that peaks at the
forward scattering direction φo ≈ φi+180◦, but there is also an extra
lobe, present only when φi is near 0◦ or 180◦ (when the incident
light is seeing a narrower cross section) that peaks somewhat to the
side. In the (φi, φo)-plot, the forward scattering lobe manifests as
the two long parallel strips ( ) as their centers are 180◦ “above” the
line φi = φo. The extra lobe manifests as the small elongated blobs
perpendicular to the bars ( ).

Figure 6 and Figure 7 suggests that the extra TT lobe is the
brightest feature of the ASF (at least for highly transparent fibers).
Moreover, as the cross section becomes more elliptical, the extra
lobe gets brighter. The behavior of the lobes as θi increases is more
complicated. The extra lobe gets brighter as θi increases and then
quickly disappears, but the forward scattering lobes seem to get
broader and dimmer slowly as θi increases.

In the supplementary material, we argue that the extra lobe arises
from a group of incoming rays whose directions become very similar
as they exit the cross section. As such, its origin is similar to that of
the glints as described by Marschner et al. [2003].

TRT mode. The TRT mode of a circular fiber is dim compared
to elliptical fibers. At θi = 0, it contains two caustic lobes, which
are dim and small in extent. As θi increases, the lobes merge into
one brighter lobe, which then becomes broader and dimmer as θi

continues to increase.
The TRT modes of elliptical fibers have much more complex

behaviors. In the (φi, φo)-plot, the mode appears to have two com-
ponents: the two “eyes” ( ) and the center blob ( ). The center blob
is very dim and appears as a single lobe only when φi is near 0◦

or 180◦; that is, when light strikes the narrow sides of the ellipses.
The eyes contain two asymmetric lobes, many times brighter than
in a circular fiber, that appear in the range of φi complementary to
the center blob. Our observation is consistent with Marschner et al.
[2003], who observed that as φi changes, the two TRT lobes seem to
merge into a single lobe as the cross section rotates so the narrower
side faces the light.

Figure 7 suggests that the eyes will become brighter as the fiber
becomes more eccentric. The distance between the two eyelids
and the curvature also seem to increase as a increases, so we can
say that more elliptical fibers have “wider” eyes, meaning that the
peaks occur farther from the incident direction. On the other hand,
the center blob becomes broader and dimmer.

In fibers with small eccentricity, as θi increases, the eyelids get
closer to each other, eventually collapse into a line, and then quickly
become broader and dimmer. In highly eccentric cross sections
(a = 1.6 in particular), the eyelids do not collapse but seem to
maintain their distance while inverting the direction of curvature.

TRRT mode. In the (φi, φo)-plot, the TRRT mode of an elliptical
fiber manifests as four “winged blobs” that occur near the line
φi + φo = 0, when the half vector is aligned with the long axis of
the ellipse. The TRRT mode is insignificant in circular fibers, but
Figure 7 suggests that the blobs should be observable, particularly
since they occur at angles far from where other brighter components
dominate. When θi is small, the blobs are dimmer than the TT and
TRT modes, but they can remain bright and become brighter as
θi increases and the TT and TRT modes start to disappear. As a
result, we include the TRRT mode in our implementation while
other works only include up to the TRT mode [Marschner et al.
2003; Sadeghi et al. 2010].

In general, the blobs of the TRRT mode get larger and brighter as
θi increases, and, after a point, they seem to quickly disappear. The
angle θi where the blobs disappear seems to decrease as a increases.

To summarize, elliptical cross sections give rise to much more
structure in the scattering function than is seen in circular fibers,
with bright lobes in the TT and TRRT modes, which can appear and
disappear quickly as φi changes. The TRT lobes, while similarly
bright (and much brighter than in circular fibers), are more stable,
but their locations and brightness vary based on eccentricity and
orientation of the fiber. As a result, the model predicts that hair
fibers with different aspect ratios will have glints at different angles.

6. MEASUREMENT DEVICE

To investigate how the behavior of real fibers compares to the
predictions discussed in the last section, we designed and built
a new image-based system for measuring scattering from individ-
ual fibers. This new system provides much higher angular resolu-
tion than previous methods based on four-axis gonioreflectometers
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Fig. 6. Polar plots (r = Np(0◦, φi , φo) with φo being the free variable) of the ASF of elliptic cross sections with a = 1.0, 1.1, 1.2, . . . , 1.5. In general, higher
aspect ratios are associated with brighter lobes in all modes. The plots are rotated so the light is coming from the right. All ASF values were calculated with
η = 1.55, θi = 0◦, σ = 0, and γp = 5◦. Plots in the same row are to scale with one another but not across the rows. Due to the symmetry of ellipses, plots of
the ASF with φi being a multiple of 15◦ from 90◦ to 360◦ can be deduced from the plots we show here.

[Marschner et al. 2003] and thereby produces a more complete
picture of the scattering function than has been seen before. The
device, however, was designed for observing qualitative features of
the scattered light and not for accurately measuring the BCSDF.

6.1 Description

Figure 8(a) shows our measurement system. Its main component
is a bowl-shaped receiving surface that approximates a hemisphere
of radius 7.5cm. The top part of the hemisphere is left out so the
height of the bowl is 7.3cm. The bowl was created by 3D printing
and painted a diffuse gray.

To perform a measurement, we suspend a hair fiber above the
bowl, running along the bowl’s diameter so the fiber passes through
the center of the hemisphere.2 Light from a white LED is channeled
through optics to produce a narrow beam that illuminates a short
length of the fiber at the center. The illuminated section is between
3mm and 6mm long at normal incidence, and the solid angle of
the beam is adjustable between 7 × 10−5 and 2 × 10−4 steradian.
The two ends of the fiber are attached to two stepper motors, which
rotate in tandem around the hair’s axis to change φi , and the bowl
rests on a rotating platform so θi can be controlled by rotating the
whole apparatus relative to the source.

2Short fibers must be extended—for example, by attaching other fibers to
both ends—to be at least 20cm long before mounting. This way, we have used
the device to measure a short wool fiber. (See the supplementary material of
Khungurn et al. [2015].)

The bowl receives the light scattered by the hair fiber into the
lower hemisphere and reflects it approximately diffusely. We mea-
sure this reflected light by taking a photograph using a camera
mounted on one arm of the gonioreflectometer. The arm was po-
sitioned so the camera views the bowl from directly overhead.
The relative position between the camera and the bowl was com-
puted by the Caliber camera localization and calibration system
[Liu et al. 2015]. Because one photograph only captures a hemi-
sphere of scattered light, we need two photographs to capture a
complete sphere. In particular, if we take a picture where the di-
rection of incoming light is (θi, φi), then we have to take another
photograph with light direction (−θi, φi +180◦) to capture the com-
plementary hemisphere. The motors and the rotating platform pro-
vide two degrees of freedom and the surface of the bowl provides
two more, enabling measurement of the complete 4D scattering
function.

A picture taken by the camera is shown in Figure 8(b), annotated
to illustrate the angles that correspond to ones in the theoretical
setting. The intensity of each pixel of the photograph that corre-
sponds to the bowl’s surface is a point sample of the hemisphere of
scattered light. These point samples are the data produced by the
system. We typically parameterize them with the spherical coordi-
nates (θo, φd ), where θo ranges from −90◦ to 90◦ and φd = φo − φi

ranges from 0◦ to 360◦. The coordinates can be computed easily
from the unit vector from the bowl’s center to the point on the bowl
surface corresponding to the pixel.

In Figure 8(c), we visualize the sphere of scattered light by plot-
ting the point samples of the complete sphere on the plane where
the horizontal axis is the azimuthal angle θo, and the vertical axis
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Fig. 7. (φi, φo)-plots of the sum of the R, TT, TRT, TRRT modes of the ASFs of elliptical fibers with various aspect ratios and values of θi . While the R mode
gets brighter as θi approaches 90◦, all other modes become dimmer and eventually disappear at grazing angles. All functions were calculated with η = 1.55,
σ = 0, and γp = 0◦. All the plots are to scale with one another. The darkest color (black) corresponds to the value 0, and the brightest color corresponds to
the highest value in all the plots, which is roughly 1.8.

Fig. 8. (a) Our measurement system, (b) a picture taken by a camera located directly above the bowl, and (c) the picture after being mapped into spherical
coordinate (θo, φd ), where φd = φo − φi .

is the angle φd = φo − φi . This is equivalent to the (θo, φd )-plot
discussed in the Section 3.

6.2 Practical Design Issues

The device is designed to allow the illuminating beam to clear the
edge of the bowl all the way around, so it has a blind spot about
5◦ wide around the equator of the sphere—all directions for which
φi ≈ φo or φi ≈ φo + 180◦.

In addition to the desired light, which travels from the
source to the hair to the bowl to the camera, other paths
contribute to the image as well. The direct path from the source
to the hair to the camera produces a bright line at the center of the
image, and the path from the source to the bowl to the camera3 pro-
duces a bright area on the rim of the bowl right next to the source. To

3The source is designed to miss the bowl, but when its aperture is fully
open the beam spills slightly onto the rim, and even when it is closed down
further, stray light still produces significant illumination on the rim.
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Fig. 9. Comparison between the direct measurement and the bowl measurement, which shows that the device can locate peaks in the BCSDF, making it
suitable for qualitatively observing light scattering behavior of hair fibers. However, it is not accurate enough to give definite numerical values of the BCSDF.
A segment around φd = 90◦ of the bowl measurement is blacked out because it contains the blocker, and point samples in the area were removed before
the reconstruction of the smooth function. Our optimization yielded the optimal translation with 
θo = 0.62◦ and 
φd = −0.85◦, kd = 2.58 × 10−2, and
Ia = 24.23. Here Ia is in the unit of pixel values at the time we performed the direct measurement. (The camera settings between the bowl and the direct
measurement were identical, except that, in the direct measurement, we turned the aperture of the camera down so the camera took in 16 times less light, that
is, 32 f-stops.)

combat lens flare these paths are blocked by two occluders; this is
important to enable the camera to record the very dim illumination
on the inside of the bowl, but they create two more narrow blind
spots in the data.

Moreover, diffuse interreflection paths from other points on the
bowl’s surface also contribute; these are mitigated by the relatively
low reflectance of the bowl and contribute an approximately con-
stant component that is near the noise floor of our measurements.
We will quantify this diffuse interreflection in the next section.

We wrote earlier that we take a “photograph” to capture an out-
going hemisphere of scattered light. In practice, this is a high-
dynamic-range image acquired through three exposures typically
at 5, 15, and 30s with the QImaging Retiga scientific camera. The
exposure times were chosen so the brightest parts of the bowl sur-
face were not overexposed. The image formation model we used to
merge these photographs is detailed in the supplementary material.

6.3 Quantitative Characterization

To characterize the accuracy of our device, we compared our results
to direct measurements of light scattered from a hair fiber using
the following procedure. We mount a Caucasian hair fiber4 onto
the bowl, rotate the platform so θi = 90◦, and take a photograph
of the bowl surface. We then rotate the fiber by 180◦ in θ and in
φ, so the incident direction is the same, but the scattered light just
measured using the bowl are visible from above. Subsequently, we
acquire 4,048 images of the hair, corresponding to outgoing direc-
tions with −26◦ ≤ θo ≤ 26◦ and 20◦ ≤ φd ≤ 160◦. From each
photograph, we identify the illuminated region, sum up the pixel
values inside, divide the sum by cos θo, and interpret the resulting
value as the amount of light scattered from the hair fiber in the corre-

4We used a fiber from Sample 3, details of which are given in Section 7.

sponding direction. This process yields 4,048 unstructured samples
of the scattered light.

The data from the above measurement process cannot be directly
compared to the bowl measurement for several reasons:

(1) The numbers of samples are not the same between measure-
ments, and the samples are not at the same (θo, φd ) coordinates.

(2) The bowl measurement is much more noisy because of the
roughness of the bowl surface.

(3) The bowl data represents light reflected off the bowl surface,
not the light directly scattered by the fiber.

(4) Due to uncertainty in the automatic calibration of camera posi-
tions when performing the direct measurement, the data of the
two measurements are not aligned perfectly. (For the bowl mea-
surement, we manually calibrated the camera so the vertices of
3D model of the bowl aligned with those in the photograph.)

To remedy the first two issues, we reconstructed a function from the
(θo, φd )-plane to the light intensity I by Gaussian kernel smoothing:
If the point samples are (θo,1, φd,1, I1), . . . , (θo,N , φd,N , IN ), then
the intensity value at (θo, φd ) is given by

I (θo, φd ) =
∑N

j=1 K(θo, φd ; θo,j , φd,j )Ij∑N

j=1 K(θo, φd ; θo,j , φd,j )

where K is a 2D circular Gaussian function with standard deviation
of 2◦.

To remedy the third issue, we recognize that the intensity in the
direct measurement Idirect is related to the intensity in the bowl
measurement Ibowl by

Ibowl = kd (Idirect + Ia), (9)

where kd is the diffuse reflectance of the bowl surface and Ia is the
intensity of ambient light, which comes from multiple reflection off
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the bowl surface. We optimized for kd and Ia by minimizing the
square error between the right-hand side and left-hand side of (9) at
evenly spaced discrete sample points in the rectangle −26◦ ≤ θo ≤
26◦ and 20◦ ≤ φd ≤ 160◦.

To remedy the last issue, we optimized for a translation in
the (θo, φd )-plane that, when applied to the direct sample points,
minimizes the square error mentioned in the previous paragraph.
The shift in φd accounts for error in the rotation of the turntable,
and the shift in θo partially accounts for error in the vertical position
of the hair fiber.

The plots of the direct and the bowl measurement after all the
above adjustments are given in Figure 9. We can see that both
measurements contain peaks that appear at approximately the same
locations. That Ia is positive is consistent with the fact that inter-
reflection can only add to the brightness of the reflected light from
the bowl. Now, consider the plot with φd = 110◦, which contains
a peak of the R mode whose value is approximately 4. Because
kdIa ≈ 0.63, we infer that interreflection can be as bright as 15%
of the R mode, implying that the R mode and other brighter modes
can be clearly distinguished from background. However, while the
peaks can be located and observed easily, their amplitudes in the
two measurements do not match. Taking the direct measurement as
ground truth, relative error can be as large as 101%. (This might be
due to the fact that, even after applying the translations, the measure-
ments did not align well enough.) In conclusion, we demonstrated
that our device is adequate for observing and locating peaks in the
BCSDF but not suitable for quantitatively measuring the function.

Nevertheless, we would like to point out the expediency of our
device: the whole hemisphere of outgoing light can be acquired
in less than a minute. On the other hand, the direct measurement
took about 6h to perform but yielded only a small portion of the
hemisphere.

6.4 Repeatability

We next test the repeatability of our measurements. To do so, we
used the device to capture the scattered light from the same portion5

of a human hair fiber 3 times. For each measurement, we set θi =
90◦, rotated the step motors so φi takes 180 equally spaced values
in the 360◦ range and acquired the full sphere of scattering light
for each of the φi values. This process results in 180 photos that
constitute a 3D slice of the BCSDF with θi hold fixed.

We visualize 1 of 180 spheres from the three measurements in
Figure 10. It can be seen that, while all three measurements contain
the same features at roughly the same locations, the brightness and
shapes of the features do not match exactly: those of Measurement
2 have the highest magnitude, followed by those of Measurement
1 and then Measurement 3. We hypothesize that the differences in
brightness is due to differences in positioning the fiber in the beam,
which is not uniform across its vertical extent.

Nevertheless, the measurements generally agree up to a constant
factor. To see this, we also show graphs of a 1D slice of the measure-
ments for several angles in the Figure 11. Here, the brightness values
are divided by the sum of the values in the same measurements to
account for the difference in scale between the measurements. We
can see that the graphs have generally the same shapes.

5We marked a point 5cm from the root end of a fiber with black ink. When
mounting the fiber on the bowl, we made sure that the marked part just
cleared the end of the 3D printed part we attached to one of the motors’
shaft. The ink mark was about 2mm wide, so the illuminated part in each
measurement could differ, but they will be no further than 2mm apart.

Fig. 10. Visualization of one of the 180 spheres acquired in the three
measurements of the same hair fiber. While the photographs appear similar,
there are differences in brightness. In creating the visualization, we rendered
all pixels whose brightness is greater than one-tenth of the maximum value
to be white. This was done to make the brightness difference in the TRT
blobs near the bottom easy to see. The red lines in the pictures are the 1D
slices graphed in Figure 11.

Fig. 11. Graphs of 1D slices of three repeated measurements for six dif-
ferent values of φi . The fact that all graphs (after correcting for scale differ-
ences) roughly coincide implies that the device is reliable enough to observe
qualitative features in hair BCSDFs. The slices’ locations are indicated by
the red lines in Figure 10. The x-axis represents φd , in degrees. We throw
away data from φd = 80◦ to φd = 95◦ because they are contaminated by the
blocker. To account for the difference in scale between the measurements,
we made the y-axis represent the ratio of brightness at each point to the sum
of brightness across all points in the same measurement. (That is, we divide
the brightness values by their sum.)
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From the measurements, we can conclude that our device is not
reliable at recording absolute brightness of the scattered light. This
is the direct consequence of our not controlling many factors that
can affect the recorded brightness such as the vertical position of the
fiber, the uniformity of the light beam, and the reflectance properties
of the bowl itself. However, because the same features consistently
appeared in all measurements, the device is suitable for observing
large-scale features of the BCSDF. We believe that the shortcomings
of the device can be overcome by better engineering, but, as it stands,
the device is adequate for the purpose of this article.

7. MEASUREMENTS

In this section, we present measurements of a broad range of hair
fibers and discuss features that we observed.

7.1 Hair Samples and Measurement Setups

We measured hair fibers taken from seven hair samples, which are
identified by letters from A to G. We took 2 hair fibers from each
hair sample, for a total of 14 fibers. The details of each fiber, along
with its scanning electron microscope (SEM) image, are given in
Figure 12.

The setups for all the measurements are almost the same, but with
differences in the setting of the aperture in the light source optics.
We measured all fibers that are numbered “1” first with the aperture
fully open. As noted previously, this setup results in increased stray
light. To reduce contamination of the data, we measured the fibers
that are numbered “2” with the aperture closed to roughly one-
third of the maximum area. This resulted in less stray light and
sharper scattering patterns but required longer exposures to capture
the dimmer signals.

For each fiber, we performed three types of measurements.

7.1.1 Aspect Ratio Estimation. As this article seeks to study
the effect of ellipticity on the scattering behavior of hair fibers, we
also made measurements to directly determine the fibers’ ellipticity.
After the scattering measurements for each fiber, we cut the fiber at
two to six locations near the illuminated spot and used a scanning
electron microscope to image the cut ends. This procedure images
the fiber’s cross sections at locations up to 3cm from the illuminated
spot. For each of the micrographs, we identified 20–60 points on
the boundary of the cross section and fit an ellipse,6 taking the ratio
between the major and minor axes of this ellipse to be the aspect
ratio of the cross section. All the resulting aspect ratios and their
averages can be found in Figure 12. The full set of micrographs and
fitting data is given in the supplementary material.

This process produces several samples of the aspect ratio of each
fiber, but the data show that the aspect ratio can vary consider-
ably along the length of a single fiber. Therefore they give only a
rough indication of the aspect ratio at the scattering point. Several
other factors also contribute to error in the measurements, including
(1) the cut might not be exactly perpendicular to the fiber’s axis;
(2) the cutting might have distorted the cross section’s shape; and
(3) in some images, the cross sections were viewed at an angle 10◦

to 20◦ from the fiber axis, which had to be estimated manually.
Despite these uncertainties, the data still provide useful information
about how elliptic each fiber is.

6We used the fitting algorithm described in Fitzgibbon et al. [1999] and the
code from van Foreest [2012].

7.2 (θo, φd )-Measurements

We start with (θo, φd )-measurements, as they are easily derived from
a single photograph of the bowl. The measurements allow us to
identify the observable features in the scattered light. To study how
these features evolve as the incoming scattering angle θi changes,
we varied the incoming longitudinal angle θi from 80◦ to −80◦

with the resolution of 2◦. For each fiber sample, we chose the
azimuthal angle φi so the features characteristic of the TRT mode
can be observed. For each θi , we captured a (θo, φd )-plot, resulting
in 81 plots. From these plots, we created videos (available in the
supplementary material) that show the evolution of the scattering
function as a function of θi . We also provide a sampling of these
plots in the supplementary documents.

7.2.1 Observable Features. We found four different features in
the generated plots, not all present in all fibers, which we attribute
to different modes of scattering from the fibers. The features are
identified for an example plot of Fiber B2 in Figure 13(a). The
features are as follows:

—A bright, horizontally narrow, forward scattering line that always
occurs at θo = −θi (within the accuracy of our image registra-
tion). The feature is surrounded by the red rectangle in Figure 13.

—Two vertical strips; one originating from the top edge of the plot
and the other from the bottom edge. Both strips curve towards
the previous forward scattering line. (Green.)

—One or more forward scattering lobes that are horizontally wider
than the previous features. (Cyan.)

—Two small blobs, one appearing near the bottom edge, and the
other near the top edge. (Magenta.)

According to the heuristics discussed at the end of Section 3, we
believe the green and magenta features are the R and TRT modes,
respectively.

The four features are not present in all the plots. As can be seen
in Figure 13(b) and the supplementary document, the cyan and the
magenta features cannot be observed in plots of fibers from Samples
E, F, and G, all of which are strongly pigmented fibers that appear
black. This fact suggests that these two features are caused by light
being transmitted through the fibers while the other two are not. As
such, we believe that the cyan feature is the TT mode.

There are some disagreements between the data and the predic-
tions made by previous models. The first is that previous models
predict that the TT mode should appear more or less as one con-
tiguous lobe. This prediction matches the wider forward scattering
blobs of all light colored fibers except those from Sample C where
there seem to be two separated blobs: one in the top hemisphere
and the other in the bottom. On the other hand, the elliptical model
allows the TT mode to manifest as two lobes: one for the slanted
bar and one for the extra lobe discussed in the last section.

The second is that previous models predict that TRT blobs should
appear only for values of φd that are within 20◦ of 0◦—that is, quite
close to the top or bottom of the plots. However, in the measurements
such blobs appear as far as almost 90◦ from the plane of incidence.
We showed through modeling of ASFs of elliptical fibers in Sec-
tion 4 that with an elliptical cross section these blobs can still be
explained by the TRT mode.

However, all models, ours included, do not predict the red feature.

7.2.2 The E Mode. The feature marked in red appears even for
black hair, and its intensity increases at grazing angles. As such,
it seems to be caused by reflection from the surface; therefore we
consider it part of the R mode. However, it is distinct enough to need
its own name, so we refer to it as the “E” mode. Here E stands for

ACM Transactions on Graphics, Vol. 36, No. 2, Article 13, Publication date: March 2017.



Azimuthal Scattering from Elliptical Hair Fibers • 13:15

Fig. 12. Hair samples.

“equi-angle peak” (EAP), a feature of light scattered from human
hair reported by Stamm et al. [1977] that we believe is the same as
our red feature.

In particular, Stamm et al. observed a faint peak at the ideal
specular angle that grows brighter as θi increases in magnitude.
Nevertheless, they only measured light scattered backward (φd =
0◦) while we measured the whole range of φd . This enables us to
see that the E mode is the brightest around forward directions and
is very sharp in the θo direction. It is clearly separated from the
rest of the R mode, and it grows stronger as θi approaches grazing
angles, just like Stamm’s EAP. Hence, Stamm’s EAP was the part
of the E mode that crosses the φd = 0◦ line. Note that Marschner
et al. also measured a full hemisphere of scattered light but not
with high-enough resolution to distinguish the E mode from other
modes.

The cause of the E mode is unclear. Stamm et al. provided an
explanation in terms of reflection from subsurface interfaces, but
it does not fit our full 3D observations. We conjecture that the E
mode may be a wave optics effect related to the phenomenon of
emerging specularity on flat surfaces [He et al. 1991], but a proper
explanation will have to await further investigation.

7.2.3 Longitudinal Shifts. With the exception of fibers from the
artificial wig, we found that all fibers exhibit longitudinal shifts of
the R, TT, and TRT modes, consistent with what has been observed
in previous works. That is, the R mode shifts to one side of the
θo = −θi line while other modes shift to the other side. On the other
hand, as can be seen in Figure 14(a), all the modes of fibers from the
artificial wig are centered horizontally at θo = −θi . This observation
can be explained by the fact that fibers from the artificial wig have

Fig. 13. Observable features in the (θo, φo)-plot of (a) Fiber B2 and
(b) Fiber E2. The features marked by colored rectangles: R mode is green,
TT mode is cyan, and TRT mode is magenta. Fiber E2 has a dark color, so
the TT and TRT mode are not present. The red rectangle surrounds the E
mode, a phenomenon not predicted by any hair scattering models, including
ours. The two plots were generated from measurements at θi = −30◦.

no scales (see Figure 14(b)) and behave like smooth cylinders.
Consequently, all modes of scattered light are contained in the cone
defined by θo = −θi .

7.2.4 Evolution with Respect to θi . With more detailed mea-
surements than previously available, we can more completely char-
acterize how the features change with respect to θi . For brevity,
we discuss the evolution in detail in the supplementary document.
The general trend is that the R mode and the E mode are bright
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Fig. 14. Fibers without scales such as those from an artificial wig yield no
longitudinal shifts. Here we show (a) a (θo, φd )-plot of Fiber D2, which is
artificial, and (b) an SEM micrograph showing the surface of the artificial
hair, which has no scales. Notice that all the modes’ centers are aligned
horizontally.

near grazing angles but dim where θi is low in absolute value. In
contrast, other modes behave in the exact opposite way.

7.3 (φi, φo)-Measurements

To get a more complete picture of the azimuthal scattering behavior,
we created (φi, φo)-plots like the ones in Section 3.8. To do so, we
set the rotating platform to a fixed position to hold θi constant and
then rotate the fiber to achieve 180 equally spaced φi values from
0◦ to 360◦. For each φi value, we captured the two photographs
to cover the complete sphere and warped the photos into spherical
coordinates as explained previously. To counteract the contribution
of interreflection, we subtracted from each pixel 0.5% of the max-
imum intensity of all images taken with the same θi . From each
of these 180 processed images, we selected a fixed column, corre-
sponding to a particular value of θo, and arranged the columns to
form a (φi, φo)-plot.

When conducting the measurements, we did not have means to
determine the absolute φi angle. As such, the generated (φi, φo)-plot
is a shifted version of the plots in Section 3. To make comparison
with scattering models easier, we selected this unknown φi offset to
align the observed features across the measurements and with the
model in Section 4. Then, for convenience, we consider the left side
of the generated plots to correspond to φi = 0◦.

For each fiber, we created three sets of (φi, φo)-plots correspond-
ing to θi = 0◦, −30◦, and −60◦ for each fiber to see the effect of
longitudinal angle on the ASF. We chose negative angles instead
of positive ones because the area with most of the scattered energy
(around θo = 30◦ and 60◦, respectively) does not contain one of the
light blockers.

We choose four different values of θo so they align with the
features we believe to be the E, R, TT, and TRT modes. We identified
the R, TT, and TRT modes using the heuristics discussed at the end of
Section 3. For the E mode, we use θo = −θi . As we did not generate
a plot when the corresponding mode is not present or when it is not
well separated from other brighter modes, this process resulted in at
most 12 plots being generated for each fiber. The plots are available
in Figure 15, Figure 16, and the supplementary material.

The above measurements, which are intended to explore the
ASF, actually do not measure the ASF directly. According to the
separable model discussed in Section 4, these plots should show
M(θi, θo)Np(θd, ·, ·), which differs from Np(θd, ·, ·) only by a con-
stant, with additive contamination from other modes. However, in
reality, the shifts and widths of the lobes modeled by M also change

Fig. 15. (φi, φo)-plots of fibers from the artificial wig (Sample D) and
dark-colored human hair (Samples E to G). Only the E and R modes are
shown because other modes are either (1) not separated from the two in case
of the wig fiber or (2) not visible at all in case of dark hair fibers. All plots
are generated with θi = 0◦. The complete set of plots with θi = −30◦ and
−60◦ is given in the supplementary materials. None of the plots are to-scale
with one another.
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Fig. 16. (φi, φo)-plots of light-colored human hair fibers (Samples A to C) generated at θi = 0◦. The plots clearly show that the TRT eyes ( ) predicted by
the elliptical model exist in real hair fibers. Behaviors of other modes are harder to observe because they are not well separated from one another. Evidence
of the brighter bands in the R mode ( ) can be found in Samples B and C. The extra lobes in the TT mode ( ) can be clearly observed in Fiber B1 and C1.
The complete set of plots with θi = −30◦ and −60◦ is given in the supplementary materials. None of the plots are to scale with one another. For the first three
modes of Fiber C1, due to the large spill on the far rim of the bowl, we clamp the maximum pixel value to about 50% of the real maximum pixel value to make
it possible to observe the features more clearly. For the E mode of Fiber C2, we excluded the bright narrow band around the backward scattering direction
when computing the maximum pixel value because it was also caused by spilled light.
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Fig. 17. The (φi, φo)-plots of the TRT mode of the Marschner model for a number of aspect ratios. The model with low aspect ratio approximates the TRT
mode of Fiber A2 and B2 well though the variations in brightness are incorrect. At higher aspect ratios, it cannot produce the bright, separated eyelids seen in
real fibers. In all plots, η = 1.55, θd = 0, kG = 1, wc = 10◦, 
η′ = 0.2, and 
hm = 0.5. The plots are not to scale with one another. The original article only
recommends using the model for only 0.85 ≤ a ≤ 1/0.85 = 1.176, but we show plots with a outside the range as well.

as a function of φi : The non-constant shifts cause some parts of the
ASF to appear dimmer or even not to be observable in the slices
we took, and the changing width produces a change in intensity.
These effects are especially significant in the R mode, which, as we
previously observed, curves quite noticeably in the (θi, φd )-plots.

It is important to keep these considerations in mind when com-
paring the measurements to the theoretical N function: Qualitative
agreement in location and shape of features can be expected, but
intensities are not expected to match, and some features can be
missing from the measured ASFs.

We now make observations of the scattering modes. While we
list the E mode first in the figures, we will describe it last because
it is usually contaminated by other modes.

7.3.1 R Mode. All the fibers except those from Samples D and
F exhibit two bands of brighter reflection that are predicted by the
elliptical model but not previous circular models.

7.3.2 TT Mode. Fibers A1, B1, C1, and C2 exhibit both the
two slanted bars ( ) and the small elongated blobs ( ). Note that
previous circular models predict the slanted bar but not the small
blobs, so the elliptical model is more accurate. Fiber A2 and B2
exhibit only the strips, so their cross sections might be close to
circular. As with the R mode, contamination from the TRT mode is
sometimes visible in these plots.

7.3.3 TRT Mode. The two eyes ( ) predicted by the elliptical
model can be observed. In fibers where the eyes open narrowly (A2
and B2), there exists a band along the φi = φo line joining the two
eyes. In other fibers, the eyes are completely separated.

On the other hand, circular scattering models predict that the
TRT mode appears as a narrow band of uniform width around the
φi = φo line. The Marschner model, with its approximation of
elliptical fibers, can predict the TRT modes of Fiber A2 and B2
reasonably well (though it puts too much energy at retroreflection
and not enough in the “eyelids”), but not those of other fibers. (See
Figure 17.)

7.3.4 E Mode. The E mode consists of narrow and bright bands
around the forward scattering lines, which get broader with increas-
ing θi . The E mode plots also show features resembling the TT
mode, including slanted bars (particularly fibers C1 and C2) and
perpendicular blobs (especially for θi = −60◦ in more elliptical
fibers; see supplementary material), which we interpret as contam-
ination from the TT mode.

7.3.5 Conclusions. From these observations, it is clear that real
hair fibers exhibit features that are better explained by elliptical
cross sections. These features include (1) the brighter bands in the

R mode, (2) the small blobs in the TT mode, and (3) the eyes in the
TRT mode.

8. MODEL EVALUATION

In this section, we further evaluate the elliptical scattering model by
comparing the model (φi, φo)-plots against the measured data. We
also present renderings produced by the model so its visual impact
can be assessed.

8.1 Comparison with Measured Data

To validate our model’s ability to predict scattering behaviors, we
fit the model to the measured (φi, φo)-plots and then compared the
plots generated from the fitted parameters with the original data.
We

—used the θi values from the measurements,
—fixed σ to be 0 (perfectly transparent fibers),
—fixed η to be 1.55, and
—fixed γp to be 5◦ for all p.

This leaves the aspect ratio as the only parameter to be determined.
For each fiber, we pick a mode that is visible and varies the most

as a changes7

—the TRT mode for light-colored human hair fibers (Samples A,
B, and C),

—the TT mode for artificial fibers (Sample D), and
—the R mode for dark-colored fibers (Sample E, F, and G).

Selecting a mode limits us to work with three measured plots: one
for each of three values of θi . We then find a for which the three
corresponding (φi, φo)-plots are the most similar to the three mea-
sured plots. To do so, we iterate through values of a ranging from
1.00 to 1.99 by increments of 0.01. For each a, we generate three
plots with θi being 0◦, −30◦, and −60◦. Next, all plots, including
the measured plots, are normalized so the pixel values add up to
1. (That is, they are regarded as probability distributions over the
(φi, φo)-plane.) The score associated with this a value is the sum of
the L1-distances between the three pairs of generated and measured
plots. The a value with the lowest score is regarded as the best fit
for the fiber. The plots of the mode being fitted at θi = 0◦, generated

7It is possible to fit the aspect ratio using a (φi, φo)-plot that contains more
than one mode. However, the problem to solve becomes more complicated
because the contribution of each mode is scaled by an unknown factor, which
has to be optimized for. We chose to involve only one mode because it yields
a much simpler optimization problem.
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Fig. 18. Results of fitting fiber aspect ratios for Fiber A to C to match the
captured (φi, φo)-plots of the TRT mode. The generated plots match well
to the measured plots, and the fitted aspect ratios are close to the measured
ones. Here we only show the plots of one mode at θi = 0◦. Plots of other
modes at other θi values are shown in the supplementary material. The plots’
colors are not to scale with one another.

from the best aspect ratios, are shown in Figure 18 and Figure 19.
The supplementary material contains plots of other modes at other
values of θi .

For light-colored human hair fibers, the model can be fitted well
to the TRT mode. We invite the reader to consult the supplementary
material to see that the fitted aspect ratios yield reasonable plots for
the TT mode, too. Moreover, the fitted aspect ratios either fall within
or close to the range of measured aspect ratios. The successes of
matching to the TRT mode tells us that, while fibers are not perfectly
elliptical, their TRT modes usually behave like those of elliptical
fibers.

As fibers from Sample D do not separate the scattering modes in
the θo direction, we could only match the parameter against the TT
mode, which is the brightest and completely obscures other modes.
Because the TT modes of fibers from Sample D behave much like
a perfectly circular fiber, the matching process results in a = 1.00
being the best fit aspect ratio. However, SEM micrographs indi-
cated that the fibers are not perfectly circular, and the (φi, φo)-plots
generated using the average measured aspect ratio would display
perpendicular blobs, which are not present in the measured plots.
This discrepancy might be caused by the artificial fiber’s index of
refraction being lower than that of human hair fibers.

Fig. 19. Results of fitting fiber aspect ratios for Fiber D to G (those that do
not show clear TRT modes) to match the captured (φi, φo)-plots. The gener-
ated plots from fitted aspect ratios contain the same features as the measured
plots, but matching the aspect ratios is harder as some elliptical fibers only
show features that resemble circular fibers. For fibers from Sample D, we
show the sum of the first three modes because all the modes are present in
all the measured (φi, φo)-plots. For other dark-colored fibers, we only show
the R mode as it is the only visible mode that the model covers. All plots
are for θi = 0◦. Plots of other modes at other θi angles are given in the
supplementary material. The plots’ colors are not to scale with one another.
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For dark-colored fibers, we could only match against the R mode.
While our model can capture the two bright bands and can somewhat
match the sizes of the bands, the best-fit aspect ratios can be far from
the measured values, especially for Fibers E1, E2, and F2. Moreover,
the generated plots generally do not look like the measured data. The
two bands are not symmetric to each other as predicted, indicating
that the R mode is sensitive to the asymmetry in the shape of the
cross sections. We also observe dark bands around the forward
scattering lines in the measured plots, but this is caused by the R
mode curving away from the fixed longitudinal angle we used to
create the (φi, φo)-plot, a phenomenon not accounted for by our
model, and so does not indicate a disagreement in the ASF.

In conclusion, our elliptical ASF model can predict the azimuthal
behavior in the TT and TRT modes well and can capture some
important features of the R mode, indicating that changing from
a circular to an elliptical model for the cross section can produce
models much more faithful to real fibers. However, some important
effects seen in the measurements, including curving of the R mode
in θo direction and the existence of the E mode, require additional
improvements in scattering models beyond upgrading the ASF to
account for elliptical cross sections.

8.2 Rendering Results

To compare azimuthal scattering behavior of our models to older
models, we show single scattering behavior of a planar array of
vertical hair strands whose cross sections are rotated by 0◦ to 360◦

from left to right in Figure 20. We also provide, in Figure 21, ren-
derings with full multiple scattering of hair geometries illuminated
by a constant environment light source and an area light source po-
sitioned at various horizontal angles around them. The renderings
were done at roughly half a megapixel resolution with 512 sam-
ples per pixel. An image typically took 15 to 30min on a 192-core
compute cluster, depending on hair geometry. Videos comparing
different models being lit by revolving an area source are available
in the supplementary material.8

From the single-fiber measurements and model predictions, we
know that the most important effects of eccentricity on the azimuthal
distribution are (1) that the TRT highlight occurs at a larger differ-
ence in φ, (2) that the TRT highlight occurs over a wider range of
angles, and (3) that the TRT and TT highlights vary substantially in
brightness with the orientation of the fiber.

The most obvious result of these effects is that the TRT compo-
nent, which is a relatively subtle effect in circular hair, produces a
bright, glittery highlight that occurs at a large scattering angle. In
Figure 20, this effect manifests as bright blobs produced by our el-
liptical models when the light angles are 39◦ and 66◦ away from the
camera. Moreover, in Figure 21, elliptic fibers with aspect ratio 1.2
become much brighter at 39◦, and those with aspect ratio 1.6 at 66◦.
These bright, colorful glints create a strong texture in the image,
with an almost metallic appearance, that is not seen in circular hair.
Previous models for hair scattering have never reproduced glints
with any serious attempt at accuracy. (While the Marschner model
does produce some brightness variation in the TT mode, the glints
it produces are generally too dim to notice in real scenes.) The abil-
ity to render them correctly will enable more natural looking and
realistic results.

This glint angle for aspect ratio 1.6 is confirmed by a simple
experiment of illuminating the swatch that was the source of two
of our hair samples (Sample 3) from the same angles (bottom row

8The frame video frames are rendered with 128 samples per pixel instead
of 512.

in Figure 21). The photographs illustrate the occurrence of glints
at angles between 60◦ and 80◦. The glints in photographs do not
increase the overall brightness as much as in renderings, and they
occur over a wider range of angles. They show up in short segments
in the photographs while whole hair strands seem to light up in the
renderings. We surmise that this effect is caused by real hair having
natural variation that is lacking in our models: Both eccentricity
and orientation likely vary from fiber to fiber and along fibers. We
randomized the orientation of each hair strand in our models at
the root, but eccentricity is perfectly constant and the fibers do not
twist.

A second difference can be seen in the TT component. One can
observe that, in Figure 20, some fibers with our elliptical models
become much brighter than surrounding fibers when the light source
is at 135◦ from the camera. Such an effect is also present at 180◦

in the model with aspect ratio 1.6. It is the result of the TT com-
ponent’s focusing light strongly for a narrow range of orientations
(that is, when one of the perpendicular blobs appears), leading to
another, subtler glint effect. These TT glints have not been reported
in previous measurements or modeled by any previous scattering
models. However, they are hard to observe in less contrived ren-
dering situations, as we see minimal differences between forward
scattering highlights between the models in Figure 21.

When the hair appearance is dominated by the R component and
by multiple scattering, the effects of eccentricity are not as dramatic
as the glints. They amount to moderate change in the overall hair
color because eccentricity changes the distribution of path lengths
through the fibers, resulting in different colors of modes other than
the R mode. This suggests that approximate methods for multiple
scattering that have been developed for the circular case [Zinke
et al. 2008; Shinya et al. 2010] can likely be used with elliptical
fibers.

9. CONCLUSIONS

This article has presented a study of the scattering behavior of hair
fibers, focused on azimuthal effects. We designed a new measure-
ment device that enabled us to observe a more complete picture
of the light scattered by a fiber, which showed that real hair fibers
behave differently from what was predicted by previous scattering
models. Features not previously predicted include the two bands
in the R mode, the perpendicular blobs in the TT mode, the eyes
in the TRT mode, and the E mode itself. Using geometric op-
tics to model light scattered from ideal rough elliptical fibers, we
learned that the features in the R, TT, and TRT modes are products
of the geometry of the cross section. However, the geometric op-
tics analysis does not predict the E mode, and we conjecture that
this mode is a wave optics phenomenon. Rendered images made
using a model built on the new cross-section analysis better re-
produce the glittery appearance that can be observed in real hair
fibers.

9.1 Limitations and Future Work

While this article does not model the E mode, light scattering be-
havior of small circular cylinders has been studied by physicists
[van de Hulst 1957], and their work might inform us on how to
model the E mode of elliptical fibers.

This article is primarily concerned with azimuthal effects, but
the measured data also motivate improvements to the longitudi-
nal component of the model. In particular, the curving of the R
mode needs to be addressed, and many components become more
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Fig. 20. Renderings of an array of vertical hair fibers whose cross sections are rotated by 0◦ to 360◦ from left to right. We compare (1) our model with aspect
ratio, 1.0, 1.2, and 1.6; (2) the circular model from d’Eon et al. [2011]; and (3) the classic model from Marschner et al. [2003] with aspect ratios 1.0 and 1.2.
(We do not show the Marschner model with aspect ratio parameter of 1.6 because the model was claimed to work with aspect ratio up to about 1/0.85 ≈ 1.18.)
The scenes all have one-directional light source with a horizontal direction. The angle that this direction makes with the line from the eye to the center of the
image plane is indicated in the leftmost column of the table. In this way, 0◦ indicates that the light’s direction is the same as the viewing direction, and 180◦
indicates that the light’s direction is anti-parallel to the viewing direction. We chose the tilt angles of the four modes so they separate into distinct horizontal
bands whose altitudes are indicated by the labels to the right to the table. The renderings only take into account single scattering.

longitudinally blurred than the simple constant-β model predicts.
The recent work of d’Eon et al. [2014] on non-separable BCSDF can
potentially handle these phenomena, but it only deals with circular
cross sections.

Our implementation currently requires big tables to be built for
each combination of hair parameters. This makes it inconvenient
to render a head of hair where fibers have different parameters or

where parameters vary along each fiber. A scheme to compactly
compress the ASFs or efficient algorithms to analytically evaluate
and sample them would enable rendering of more complex and
realistic hair.

Last, our measurement techniques can be used with any type of
fiber. As a result, they can be used to study fibers such as cloth fibers
and animal fur.
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Fig. 21. Renderings with full multiple scattering of three pieces of hair geometry lit by an area source rotating around them. The leftmost column contains
the angle, in the horizontal plane, that the light makes with the camera’s view direction. Observe that our model with a = 1.2 becomes brighter than other
models at 39◦ and so does our model with a = 1.6 at 66◦. The final column shows photographs of Sample C for reference; note glints appearing at 66◦. The
supplementary material contains the parameters for the models and the uncropped renderings. (While we attempted to find absorption parameters that would
match the overall color of Sample C, the real hair is considerably more absorbing.)

APPENDIX

Let P (x) = p0 + p1x + · · · + pkx
k . Then,∫

P (x)g(x; μ, σ ) dx = A

2
erf

(
x − μ√

2σ

)
− σ 2B(x)g(x; μ, σ ) + C,

where B(x) = b0 + b1x + · · · + bk−1x
k−1,

bj =
⎧⎨
⎩

pk, j = k − 1,
pk−1 + μbk−1, j = k − 2,

pj+1 + μbj+1 + (j + 2)σ 2bj+2, 0 ≤ j < k − 2,

and A = p0 + μb0 + σ 2b1.
The formula can be verified by simply taking the derivative. We

also provide detailed derivations in the supplementary material.
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