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Abstract tomers make optimal buying decisions. For companies, run-

We investigate non-parametric unit-demand pricing proBing such websites might be just as profitable, because they
lems, in which we want to find revenue maximizing pricé3€lP gathering data about the preferences of a huge num-
for productsP based on a set of consumer profilesA con- ber of potential customers and boosting sales by optimizing
sumer profile consists of a number of non-zero budgets R§Pduct profiles and applying intelligent pricing schenzés t
different products and possibly an additional product ranfered for the specific market.

ing. Once prices are fixed, each consumer chooses to buy Aiming at the latter objective Glynn, Rusmevichientong
one of the products she can afford based on some predeffifadl Van Roy [22] defined theon-parametric multi-product

selection rule. We distinguish between the min-buying, ma¥icing problem  Consumers are characterized by their
buying, and rank-buying models. budgets for different products and a selection rule desugib

For the min-buying model we show that it is not al[JJowaconsumerselectsaproductamongthose she can afford
proximable withinO(log® |C|) for some constant > 0, Once prices are fixed. Since consumers will buy exactly
unless NPC DTIME(n®Uoglogn)) thereby closing the gap©ne product if they can afford it, they are usually _referred
between the known algorithmic results and previous lowir as unit-demand Glynn et al. propose three different
bounds. We also prove inapproximability withi(¢<), ¢ select|.on rules. Inthmnk—buymgnqdel each c_onsumerha_ls
being an upper bound on the number of non-zero budgetsﬁgfmlkmg of all the produqts she is interested in. When price
consumer, and(|P|%) under slightly stronger assumptiongre fixed she buys the highest ranked product with a price
and provide matching upper bounds. Surprisingly, thedglow her respective budget. In then-buyingand max-
hardness results hold even if a price ladder constraint, i@lyingmodels a consumer buys the product with lowest or
a predefined order on the prices of all products, is given. highest price not exceeding her budget, respectively. The

For the max-buying model a PTAS exists if a pricgbjective of the problem is to compute prices of the products
ladder is given. We give a matching lower bound by provirf§d (Possibly) a corresponding allocation of the produets t
strong NP-hardness. Assuming limited product supply, wensumers that maximize total revenue. Rusmevichientong
analyze a generic local search algorithm and prove that iflsal- [22, 34] show that the min-buying model, where each
2-approximate. Finally, we discuss implications for thekranconsumer has the same budget for all products she desires,

buying model. allows a polynomial time algorithm, assuminguce ladder
constraint i.e., a predefined total order on the prices of
1 Introduction all products. Such a constraint is often implied by the set

of products in question. Aggarwal, Feder, Motwani and

creasingly convenient access to all kinds of Internet sesvi 2 [1] give approximation algorithms for all three models:

available to a broad public, making the Internet the worl SPTAS for both rank-buying and max-buying with price

largest market place. But to both consumers and compan?éjder’ al.59-approximation for max-buying without price

the Internet offers possibilities far beyond the capabgiof Iaasder, and alogarithmic approximation for any of the above

traditional markets. Many websites that compare the priqr?rgi?eeés'sSszbméggeugl_';nr;ﬁgxsi?nﬁgnogsthdeeﬁ\r/gzugrshlgxfhe

offered by different companies for a certain product hel:pcubuying with price ladder. There are many practical situatio

in which it is desirable to be able to handle limited supply,
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In recent years many technical improvements have made



erry [24], who introduced another selection rule inspirgd lshown by Lavi and Swamy [29] and by Dobzinski, Nisan
the notion of truthfulness in auction design. In #rvy-free and Schapira [17] that in fact randomization can help to
pricing problema consumer buys the product that maximizesvercome this difficulty in many practically relevant cases
her personal utility, i.e., the difference between the padd Another focus in general auction design is on algorithms for
price and her respective budget. A set of prices togethér witinner determination. Here, the incentives of single ptaye

a corresponding allocation of the products is envy-free,afe left aside and the goal is to find an allocation of the
every consumer indeed receives the product maximizing peoducts that guarantees high overall social welfare. For
utility. Guruswami et al. present an algorithm with loghrit recent results on so-calletibmodular biddersee [16] and
mic approximation ratio for this problem. references therein.

So far, there have been large gaps between the lower and Besides the unit-demand pricing problem, a closely re-
upper bounds on the approximation ratio for almost all Gfted line of research is multi-product pricing with single
these pricing problems, the only exceptions being the maminded consumers. Such consumers are interested in buying
buying model without price ladder, for which a constar single set of products rather than a single product out of a
approximation and APX-hardness are known [1], and tket of alternatives. Guruswami et al. [24] derive a logarith
single-mindecenvy-free model with unlimited supply [15,mic approximation for this problem with unlimited supply.
24], discussed in Section 1.1. To our knowledge there areRecently, Demaine et al. [15] have shown logarithmic hard-
non-constant inapproximability results known for any af thness of approximation for this model. To our knowledge this
above unit-demand pricing problems. is the only non-constant inapproximability result known fo

As our main contribution we resolve the question ahy of the discussed pricing problems. Further results on
approximability of most of the above unit-demand pricintiis so-calledsingle-minded unlimited supply pricing prob-
models, putting emphasis on thardness of approximation lemare also found in [7, 11, 12, 25], where interest is paid
In particular we prove near-tight hardness results for the mmainly to various types of restricted problem instances.
buying and max-buying models, and some versions of the
rank-buying model (including the most general). Many df.2 Preliminaries Throughout the rest of the paper the
our hardness results show the first non-constant, logaigthnsetting will be as follows. Given a set of produ@sand
and even polynomial inapproximability for those problemsonsumer samplé&swith budgetd(c, e) forallc € C,e € P
We also give algorithmic results, which close the gap in ape want to assign pricese) to the products that maximize
proximability of some of those models. Finally, the probletine revenue from the resulting sale. This sale depends on
is studied from a game theoretic standpoint. Namely, Wwew consumers decide whether and which product to buy
study the multi-player game obtained by assuming that ttvece prices have been fixed. We differentiate between the
price of every product is determined by a distinct agent tmpin-buying, max-buying, and rank-buying models.
ing to maximize her personal revenue, and present a bound
on theprice of anarchy(cf. [26, 32]) in this game. DEFINITION 1. (Unit-Demand Pricing — UDP) We are

given product$ and consumer samplésconsisting of bud-

1.1 Related Work Following the introduction oélgorith- getsb(c,e) € Ry for all ¢ € C, e € P and rankingsr. :
mic mechanism desigi81] as a major field of interest forP — {1,...,|P|}. For a price assignment : P — RI we
computer science, a lot of research has been done on ptebA(p) = {c € C|3e € P : p(e) < b(c,e)} refer to the
lems motivated by economical questions. Whilecambi- set of consumers that can afford to buy any product upder
natorial auction desigrihe main goal is to motivate agents$n the no price ladder scenario (NPL) we want to find prices
to participate truthfully in the protocol, the optimizedjet p that maximize
tive is twofold. On one side social welfare is to be maxi-
mized. Various such results have been obtained for the cas® >_ce.(p) Min{p(e) [p(e) < b(c, e)}.
of single-mindecagents [4, 13, 27, 30]. On the other side  (Upp-MIN-NPL)
an auctioneer is clearly interested in auctions that gémera
high revenue. Goldberg et al. [23] and Fiat et al. [19] firste 3° _, max{p(e)|p(e) < b(c,e)}.
investigated whether and how these two objectives can be

: . - . .~ (UbP-MAX-NPL)
combined. While originally only randomized revenue maxi-
mizing protocols were known, meanwhile a first determinis- ) p(argmm{rc(e) le : p(e) < blc, e)})_
tic protocol was designed by Aggarwal et al. [2]. cCA(P)

While truthfulness of auctions can be assured when (UDP-RANK-NPL)
E%%ntihaeresistwstlig}]m:gdg%?g dr’nglgs'cgl;na _severely re$trIC(T'JE‘}ven aprice ladder constraint (PLj(e1) < --- < p(ejp)),

' plicated for morGDP-{MIN MAX,RANK }-PL asks for a pri i

, , price assignment

general types of agents [8, 28]. Only recently it has beggtisfying this constraint.



The above definition assumes that all products are avail- Applying a number of small modifications our reduc-
able in unlimited supply and, thus, any number of consuméien also yields almost tight hardness results when the ap-
requesting to buy some product can be satisfied. Le#-U proximation ratio is expressed in terms®fi.e., the maxi-
Max-{PL,NPL} be defined as above and assume that of ampm number of positive budgets of any consumer, [#d
producte there are only, many copies available. Inthiisn- the number of products. We prove that the problem is hard
ited supply caseve want to find not only a price assignmertb approximate withinD(¢¢) and within O(|P|) for some
p, but also a feasible allocation: C — P of the products, « > 0, unless NPC DTIME(QO(”‘s)) forall 6§ > 0 and
whereq(c) is the product given to consumerAllocationa  present matching upper bounds. Specifically, there isiakriv
is feasible if no more than. copies of product are allocated O(|P|)-approximation and an approach of Balcan and Blum
and each consumer receives the most expensive produc#ignplies anO(¢)-approximation for p-MIN-NPL.
can afford which is not sold out, i.e., if a consumer receives Techniques: We use the classical method of graph
a product that is not the most expensive she can afford, tigbducts [9] to amplify the inapproximability threshold of
it must be the case that all affordable products with a highfile maximum independent set problem in bounded degree
price are sold out. Given prices finding the optimal allo- graphs. We first slightly extend the derandomized version
cation reduces to solving an instance of maximum weightgflthat construction due to Alon et al. [3] and parameterize
b-matching in a bipartite graph, whebe= (s.).cp for ver- the maximum degree of the constructed graph product in the
tices corresponding to products ane (1).cc for consumer number of its vertices. We then encode independence in such
vertices, which can be done in polynomial time [14]. graphs by classes of geometrically increasing budgetsrin ou

Finally, we define a restricted version of the rank-buyingricing problem, where vertices correspond to producte. Th
model. WpP-RANK-{PL,NPL} with consistent budget®- difficulty here is that independence needs to be enforced in
quires that for every consumere C, we have thab(c,e) > a somewhat asymmetric way, i.e., based on a vertex coloring
b(c, f) whenever(e) < r.(f) forall productse, f € . of the given graph, we can define collections of consumers

that encode independence of a vertex from adjacent vertices
1.3 Contributions Min-Buying: Let us first focus on the with colors of smaller index, but we cannot do this in the
UbP-MIN-{PL,NPL} problem with unlimited supply. The opposite direction.
best known algorithm for this problem, which simply com-  Max-Buying:Let us now switch our interest to the max-
putes the optimum solution assigning the same price to evetlying model. From the economical viewpoint this version
product, has an approximation factor@flog [C|) (see Ag- finds less motivations, but as we will see our motivation
garwal et al. [1]). Surprisingly, it turns out that this sil@p to study this problem comes from its connection to the
algorithm is (close to) best possible, as we prove that thegbnomically well motivated rank-buying model, and from
is no O(log® |C|)-approximation algorithm for some absothe fact that the max-buying problem turns out to be traetabl
lutee > 0, assuming NRZ DTIME(n®(°ele™)) In fact, as compared to the min-buying problems.
an approximability threshold of\® for the independent set The best previous algorithms for the max-buying prob-
problem in graphs of degree at mastyields the same con-lem were given by Aggarwal, Feder, Motwani and Zhu
stante in our reduction. As so far no algorithms with apf1]. For Ubp-MAXx-NPL they present a.59-approximation
proximation guarantee essentially beldware known forin- pased on a linear programming relaxation and randomized
dependent set, this suggests thatreM IN-{PL,NPL} does rounding and prove that the problem is NP-hard to approxi-
not allow approximation ratios essentially better than/C|. mate within16/15. For UbP-MAX-PL they present a PTAS
We emphasize that this inapproximability result holds ev@@ased on a rather involved dynamic programming approach.
in the presence of a price ladder constraint. This stands iA@wever, they left open the question whether this is the best
sharp contrast with the restricted version abRIMIN-PL, possible algorithmic result that can be obtained in the-pres
in which we assume that each consumer has the same Rute of a price ladder constraint. We answer this question
get for all the goods she desires [34] Surprisingly, after in the affirmative by proving strong NP-hardness abrJ
very few natural maximization problems with logarithmigjax-pPL.
approximation threshold have been known for quite some We then consider the effect of having to deal with lim-
time (see [18] for one of the first examples)pRlis already jted product supply. The only known result for this situa-
the second problem from the field of product pricing (s&#®n is a4-approximation for limited-supply bP-MAX -PL
[15]) for which such a threshold can be shown. [1]. We first have a closer look at the relation between the

maximum supply and the problem’s complexity. We show
~ TA polynomial time algorithm follows basically by observittat in the that UDP-MAX-NPL can be solved in polynomial time for
presence of a price ladder each consumer who is able to bupradyct unit-supply but becomes APX-hard already with maximum
buys the product with smallest price according to the pramgér. This supply of only2. On the algorithmic side, we analyze the

reduces the number of products to be considered for eacluic@ngo one. erformance of a aeneric local search algorithm and prove
Then one uses dynamic programming. p g g P



Variation Previous [Lower] Upper New Lower {Assumption} | New Upper
Q(5)
{NP Z DTIME(2°*)))} o)

APX-hard], Q(|P%) {NPL only}

UbpP-MIN-{PL,NPL} {[UDP—MIN—NP]L} O(log|C|) (NPZ DTIME(20(*)yy
Q(log" [C]) O(IP|)
{NP Z DTIME(rn © ("8 108 ™))}
UbP-MAX-NPL [16/15], = 159 - 2
(LP-based) (combinatorial)

UDP-MAX-NPL ], — APX-hard {supply > 2} 9
{Limited supply} ' inP {supply < 1}
UPP'MAX -PL [, 4 strongly NP-hard -
{Limited supply}
UbDP-MAX-PL [-], PTAS strongly NP-hard -

Figure 1: Results apply to unlimited supply, unless statbémvise. Hardness results withand complexity assumptions
with ¢ are assumed to hold for soragd > 0. Previous upper and lower bounds are from [1].

that it yields &-approximation for limited or unlimited sup-2 Min-Buying

ply UbP-MAX-NPL. This complements our APX-hardnesgye start by considering the min-buying model. Aggarwal
result for this problem, and in fact it is the first algoritharf & 51 [1] give an algorithm with approximation guarantee
the limited-supply case without price ladder with provab@(lOg IC|) and prove that no algorithm that assigns only a
approximation guarantee. For unlimited supplp®IMAX-  constant number of different prices can beat this bound by
NPL our ratio does not match the best known result, whighore than a constant factor. We show that under very reason-
gives al.59-approximation [1]. However, the previous algoaple complexity theoretic assumptions no polynomial time
rithm is based on a rather problem specific LP-formulatigfiyorithm can obtain approximation guarant@dog® |C|),
and rounding techni.ques. Local search, on the_ other hagfl,somes > 0 and, thus, the very simple algorithm of [1]
appears to be a quite natural approach to a wide ranggRhs out to be (close to) best possible. Interestinglysehe
pricing problems. Seen in this light, we provide first evigyits hold even in the price ladder scenario. We also show
dence that this approach might indeed be promising also {4t a slightly stronger assumption leads to another streng
more practical problems. We also show that the analysis Ggfproximability result in terms of the numbeof non-zero
be extended to bound the price of anarchy in the related pRgrigets per consumer or the total number of prodifets
ing game, in which each product is owned by an individug|najly, we supply the matching upper bound for one of the
agentsetting its price. . hardness results by deriving &(¢)-approximation and a
Rank-Buying:We point out that many of the discussegyjyial) O(|P|)-approximation for the no price ladder case.
results can be transferred to the rank-buying model. Alithar
ness results for BP-MIN-{PL,NPL} hold for UDP-RANK- 2 1 Hardness of Approximation The hardness results of
{PL,NpL} if we allow non-consistent budgets. Additionallyihjs section are based on a reduction of the independent set
all known algorithmic results apply here, as well. If we r&roblem (IS). In order to obtain, e.g., logarithmic hardnes
quire consistent budgets, we obtain strong NP-hardness{@tn Theorem 2.1 or in terms of parameters in Theorem
UDP-RANK-PL as in the max-buying case, complementing> it is important to have classes of restricted IS with
the existing PTAS. _ _ different asymptotic inapproximability. Proposition 2.1
Outline: The rest of the paper is organized as followgshich extends a result from [3], states that we can obtain
Section 2 presents inapproximability results fobRIMIN-  these restricted classes by considering graphs with mawimu
{PL,NPL} and derives arO(¢)-approximation. Section gegree bounded in terms of their number of vertices. For

3 starts with proving strong NP-hardness 0bRIMAX- 3 given graphG let o(G) denote the size of its maximum
PL. The remainder of the section shows APX-hardnessighependent set.

sparse limited-supply versions of this problem and analyze

a generic local search algorithm and the related unit-dem#@ropPosITION2.1. For arbitrary non-decreasing functions
pricing game. Section 4 states which of the results applyto N — R, with f(n) < n and f(n¢) < f(n)¢ for all
the rank-buying model. Section 5 concludes. ¢ >1,n €N, letG, be the family of graph& = (V, E),



|V | = n, with maximum degreA = O(f(n)). There exists this assignment is clearly in accordance with the priceéadd

a constantt > 0, such that it is NP-hard to approximateconstraint.

a(G) within O(f(n)®) for G € Gy. Now considerv; ; € V' and the corresponding con-

sumersC; ;. Sincewvy, ¢ V' for all vy, € V(v;;), each

Theorem 2.1 is based on a reduction of these restrictaghsumerc] ; can afford to buy produat; ; at its thresh-

classes of IS and shows an approximability threshold feid pricepm', while the prices of all products; , are above

UbpP-MIN-{PL,NPL}, which is (semi-) logarithmic in the their thresholds and, thus, exceed the consumers’ respec-

number of consumers. Theorems 2.2 and 2.3 demonstrateitfiebudgets. Hence; ; is indeed the product with small-

flexibility of the reduction and state corresponding thresbst price that anﬁ,.' can afford. It follows that the over-

. J
olds expressed in terms of the numbef non-zero budgetsall revenue from consume ; is at least|C; ;| - pi; =

per consumer and the number of prodyéts respectively. p2~% (=2 + jy) > 1. Thus, price assignment re-

sults in revenue of at leagt’’| and we may conclude that
THEOREM2.1. UbP-MIN-{PL,NPL} with unlimited sup- opi;pp > a(G).

ply is not approximable withil®(log® |C|) for some= > 0, Completeness: Assume now that our approximation
unless NRC DTIME(n©(oslos ™)), algorithm returns a price assignment By »(C) we refer

) _ to the overall revenue of this price assignmet{t; ;) and
Proof. Consider the family of graphsG; = (V. E), [V| = r(c} ;) denote the revenue made by sales to consumers in

n, with degree bounded b)(logn). By Proposition 2.1 ¢, "ang toc, ; alone, respectively. First observe that w.l.0.g.

it is NP-hard to approxmatfay(_G) for G € G within the price of each produet ; is eitherp; ; or p; ; + 7. To
O(log" n). Towards a contradiction, we assume that theredge this, note, that as long as this is not the case there is
a polynomial time algorithm with approximation guaranteg\ays a price that we can increase upptg or decrease

O(log"™" [C]) for UDP-MIN-PL for some smalb > 0. FOr gown top, , + ~ without decreasing the overall revenue.
agiven grapt: = (V, E) from G let A denote its maximum pefinec+ — {¢ |r(ct,;) =pi;} as the set of consumers
degree. Clearly, we can computéA + 1)-coloring of the pyying at maximum pogsime price add — C\C*. Clearly
vertices ofG, yvhich we denote by =V, U...U Va. For Ci; CCTorC;; C ¢~ foralliandj, since alk! ;'s budgets
ease of notation le¥; = {v;;|j = 0,...,|Vi| = 1}. Fur- 46 identical. We want to show that a large portion of the

thermore, byV(vi ;) = {vr.e[{vij v} € Eandk <i} goution’s revenue is due to consumersCn. Note, that
we refer to the vertices that are adjacentfg and belong 5 consumer! ; € C~ buys at price at most;_y jv; ,|—1.

to a color class with index smaller than We proceed by Thus. we have:
defining an WbP-MIN-PL instance.

Products / Price Ladder Constraint: For everyy; ; € 7(C7) = Z r(Ci;) < Z Cijl - Pic1,jvi_1|-1
V we have a produet; ;. The price ladder is defined as ¢ ;CC~ Ci;CC—
< A—if i—1—A 1In < ) —1
pleo,n) < pleo) < -+ < pleg,vy|—1) < plero) < - - CJXC:C we 7)< cjzc:c H
Lety = 4(A + 1) andy = p~2~1/n. For every product _ Z 1 < n
e;.; we define a corresponding thresheld, = =2 + jv. 2A0+1) ~ 2(A+1)

. . 61 'CC*
Observe that thresholds are arranged according to the price 7=

ladder constraint and differ from each other by atleast  On the other hand, it clearly holds thatG) > n/(A + 1)
Consumers: For everyv; ; € V define a collection and, in fact, it is straightforward to construct a price gssi
Cij ={ci;|lt=0,... , 2% — 1} of identical consumers ment resulting in revenue/(A + 1). It follows that we may
with budgetsb(c} ;,ei ;) = pij andb(c} ;,exr) = pre assumew.l.o.g. thafC) > n/(A + 1) and, thusy(CT) =
for all k,¢ with v, € V(v; ;). In analogy to the coloring #(C) —r(C~) > (1/2)r(C). DefineV’ = {v; ; |C; ; CCT}.
of G we denote consumers &= Cy U ... U Ca, wWhere Letwv;; € V' and consider the corresponding consumers
C; = Uj Ci;. Note, that all budgets are consistent witl; ; C C*. The revenue made by sales to consumer in
the thresholds we just defined. The complete constructionC; ;| - p;; = p®~* (1i=2 + jv) < 2. We conclude that
is illustrated in Figure 2. [V'| = {vi; |Cij CCT} > (1/2)r(CT). Finally, observe
Soundness:Let optypp denote the revenue made byhat V' is indeed a feasible independent setGn To see
an optimal price assignment on the above instance. ‘hes, considen; ; € V' and letv; , be an adjacent vertex.
first argue that this defines an upper bound on the sizelfok < 4, the fact that consumet ; buy e; ; at pricep; ;
a maximum independent set @, i.e., optypp > «(G). implies that the price ofy, ; is strictly larger than its thresh-
Given an independent sét’ of G, we can define a priceold p; .. It follows thatCy, ¢ C* and, thuspi, ¢ V'. If
assignmenp as follows. Ifv; ; € V' setp(e; ;) = p; ;, else k > i, consumers§);, , can afford to buy produet; ; at price
setp(e;,;) = pi,; + . Since thep; ;s differ by at leasty p; ; and agairC,, ¢ C*.



NP C DTIMEQC ")) for all § > 0. Especially,Upp-MIN-

u : A —
v ; o . {PL,NpPL} with unlimited supply is not approximable within
G w : : | O(|P|?) under the same assumption.

T e Finally, we want to point out that going to a weaker

A | vl — assumption than the one in Theorem 2.1 our reduction still

S R m H L = shows that no constant factor approximation is possible. Ap

Hi o plying the reduction to graphs of constant degfet¢he re-

N AN N N2 duction yields a WP-MIN-{PL,NPL} instance of polyno-

c, c, c, mial size©@(n?), which is not approximable withich® for
somees > 0 by [3].

Figure 2: Products are arranged in blocks according to the

(A + 1)-coloring of G, thresholds in block are roughly THEOREM2.3. UpP-MIN-{PL,NPL} with unlimited sup-

p~AFi. The additional offset allows setting prices accord-ply does not allow any constant approximation ratio, unless

ing to the price ladder. Consumets belonging to vertexs NP C P.

(u stands for some; ; here) have non-zero budgets tor

and products in blocks with lower numbers correspondiag2z  An O(¢)-Approximation We first observe that there

to adjacent vertices. Cases on the right illustrate howeprie a trivial O(|P|)-approximation algorithm for both -

p(es ;) is set to indicate that; ; € V' (1), orv; ; ¢ V' (2).  MIN-{PL,NPL} and UbP-RANK -{PL,NPL} with unlimited

supply. We just sell a single product for the best price to

R ber that| denotes th ber of all potential consumers. Let us then consider unlimited sup
emember thaC| denotes the number of consumers IBly versions of WP-{MIN,RANK }-NPL with a maximum

; 1
;)urlnstance andAnotle thag |C| < l_olg nj® = O_(IOghﬂ ) namberf of non-zero budgets per consumer. In [7], Bal-
for any >59;; pplying our |n|t|a assumption t gt(C) can and Blum present ai(¢)-approximation for the single-
is an O(log™" |C|)-approximation tooptypp we finally iy qeq ynlimited supply pricing problem. We briefly sketch
obtain the main idea of this algorithm and its application tomrJ
MIN-NPL. The algorithm is based on a random partition

, 1 o1
> = > > .
L= 2T(C )z 4T(C) - (9(1og5—5 |c|)0thDP P = Q U R of the products, where each product is placed
1 in Q with probability1/¢ and inR with probability1l — 1/¢.
70(1%5 ) o(G). The key observation is that every consumer has exactly one

non-zero budget for a specific prodect O with probabil-
By Proposition 2.1 finding such an independent set iig at least1/(e/) and, thus, we obtain a solvable problem
NP-hard. The size of our bP-MIN-PL instance is roughly instance (with each consumer interested in exactly one-prod
n - (logn)ee™ = p@loeloeen) and the running time of uct) that carries a/(ef)-fraction of the optimal revenue in
our approximation algorithm will be polynomial in thisexpectation. Finally, [7] also shows how to derandomize the
expression. Finally, observe that the proof will go throughbove algorithm. Thus, we obtain the following result.
as well, if we do not impose a price ladder constraint. (]

THEOREM2.4. UDP-{MIN,RANK }-NPL with unlimited

By slightly changing the reduction in the proof abovg;gfgii?;:é mopagln22;iearr)titr)r:1éj€v?:;rg((a£)consumer can be
we can obtain a similar inapproximability result in terms o y '

the number of non-zero budgets of a single consumer or tt}’g Max-Buying
total number of products, respectively. Starting from gbra ) . )
G € Gy with f(n) = O(n®) for somes > 0, we again define We now turn to the max-buying model. We first consider the

groups of products according to &% f(n))-coloring of G. practically relevant case ofbb-MAX-PL. Aggarwal et al.
Thresholds will be roughly powers af The resulting Wp- [1] point out that given a price ladder constraint, rank-ibgy
MIN-{PL,NPL} instance has size’™ = 2°("") for some with consistent budgets reduces t@RIMAX-PL and give

~ > 0 and is not approximable withifi(n)* by assumption. & PTAS for this problem. We present a matching hardness

This yields the following result under a slightly strongeiesult and settle the question of this model's computationa
complexity theoretic assumption. complexity. We then investigate the effect of having to

deal with limited product supply. This question has been
THEOREM2.2. UDP-MIN-{PL,NPL} with unlimited sup- addressed in [1] assuming that a price ladder is given. We
ply and with at most non-zero budgets per consumer is nahow that apparently the problem does not get more complex
approximable withinD(£¢) for some constart > 0, unless if this assumption is removed.



3.1 Unlimited Supply and Price Ladder The following = [x=0 j
theorem states thatt-MAX-PL is strongly NP-hard. This e j

resolves a previously open problem from [1]. alj | B |

Do , ‘g
THEOREM3.1. UbP-MAX-PL with unlimited supply is E B
strongly NP-hard, even if each consumer has at asin- P

zero budgets. 14 2 12 Thamteam| | T — )
) QN —
Sketch of ProofWe show that Mx-2SAT <p UDP-MAX- o G b | Lrgp T Cjem Tiam dg
PL (see [21] for NP-hardness of Ak-2SaT). We are given 122 L 8 i
a collection of disjunctive clauses,...,c,, of length at
most2 over variablesey, ..., z, and some positive integer S )
s € N and want to decide whether there is a truth assignm&fure 3: Consumers;, 5/, ~; ensure that prices of and
t:{z,..., 2} — {0,1} that simultaneously satisfiasof i aré always in state (z; = 0) or in statel (z; = 1), both

the clauses. Note, that w.l.0.g. we may assumerthatm.  Of which are consistent with the price ladder constraint. Fo

Variable gadgets: For every variable;; we construct a €ach clause; we have a single consumey with non-zero
gadgetV; consisting of2 productse;, f; and the following budgets for the products corresponding to the literals; of

collection of consumers:

e af,j=1,...,4m, with budgets in the Max-2SaT instance. The idea of the construction is
b(al,e;) =1+ 2=2 andb(ad, f;) = 1 + 21, depicted in Figure 3.
_ Soundness:Let ¢ be a truth assignment satisfyirgpf
o #,j=1,...,4m% with budgets the clauses. If(z;) = 0 we set variable gadget; to state
b(B),ei) =1+ Z=. 0, if t(x;) = 1 to statel. Clearly, our price assignment is

in accordance with the price ladder constraint. Obviously
; 0 we obtain revenue; from each gadget;. Furthermore, for
b(vis fi) = 1+ g5 each satisfied clausg it is clear that consumey; can afford

Budgets that are not explicitly stated are assumed t6. bd® PUy one of the products corresponding to satisfied Ieral
By ~(V;) we refer to the revenue made from sales to 11§ @ price strictly larger thah. Thus, overall revenue is at
above consumers. We want to calculate the valug(pf) €ast™ +s. , , _
depending on prices(e;) andp(f;). Itis w.l.0.g. to assume Completeness:Let p be a price assignment r_esultlng
that prices are chosen from the set of distinct budget vald@&§evenue at least” + s. We construct a truth assignment

of the above consumers. We are especially interested ifat satisfiess of the clauses. First observe that w.l.0.g.
the following two cases. Ip(e;) = 1 + (2i — 2)/(2m?) each variable gadge; is in either staté) or statel. This

p(f;) = 1+ (2i)/(2m?) we say thaty; is in statel. If follows directly from the fact that setting prices diffetiyn
pled) = p(fi) = 1+ (2i — 1)/(2m?) we say that); is would reduce profit from consumess, 3/, v/ by at least
in state0. In our interpretation variable gadgets in state 277- On the other hand, there are at mosttonsumers of
correspond to variables that are assigned the boolean vAYg 9; and, thus, otheg consumers can generate profit of at
0, variable gadgets in stateto variables that are assigned MoStm - (1 + (2n)/(2m*)) <'m + 1 by buying products;
Let nowr? = (4m? + 4m)(2 + (4i — 2)/(2m?)). A 2and/fi, respectively. , .
simple calculation yields that(V;) = r} if V; is in either We can then define the obvious truth assignrreby
state0 or statel andr(V;) < ¥ — 2m else. This will ensure (i) = 0 if Vi is in state0, t(z;) = 1if Vi is in statel.
that prices are always set in correspondence with a feasf6fs €Very consume; that can afford to buy a product under
truth assignment. price assignmeng the corresponding clausg is satisfied
Clause gadgetsfor every clause; we define a single by t. Since revenue made by sales to consumers ofdype
consumes; with budgetsh(d;,e;) = 1 + (2i — 2)/(2m?), (] and~; is preciselyr*, the number of consumers of type
if clausec; contains literalr; andb(d;, f;) = 1 + (2¢ — ¢; buying some product must be at least
1)/(2m?), if ¢; containsT;. Again, budgets that are not

o 7/, j=1,...,4m? 4 4m, with budgets

explicitly stated are set to. 2m—-1._,4 1.4
. . . . . . - - > . _ >
We finally impose a price ladder constraint that requires s (L+ 2m2 ) z s (1 m) =%
thatp(e1) < p(f1) < ple2) < p(f2) < --- and let
r* = >, r. For the constructed bP-MAX-PL instance where we use the fact that< m and consumer&; buy at a
we now ask whether there exists a price assignmethiat price of at most + (2m — 1)/(2m?). O

results in overall revenue of at least + s for s € N as



3.2 Limited Supply We want to investigate the effect ofProof. Consider pricep and allocationa. We then de-
assuming limited product supply and focus here on the fioe C. = (a*)7*(e), Le = {c € C¢|p(a(c)) < p*(e)}
price ladder case. We first point out at what maximuendr. = p(e)|la=t(e)], i.e., C. refers to the set of con-
supply the problem becomes hard to approximate and tlseimers buying: in an optimal solution,L. is the subset
present an approximation algorithm based on a local sean€lthese consumers that buy at a price bejoe) in the
approach. In the case ohit-supplywe assume that theresolution returned by bCALSEARCH. Furthermore, we let
is exactly one copy of each product available, thus= 1 A, = > ., (p*(e) — p(a(c))) refer to the loss of revenue
for all e € P. Since prices can be chosen w.l.0.g. from thempared to the optimal solution incurred by consumers in
set of distinct budget values, a given allocation now impli€’.. Changing pricep(e) to p*(e) (or leaving it as it is in
the optimal pricing and the problem reduces to finding @aase it should happen to be jygt(e)) defines price assign-
optimal weighted bipartite matching. mentp’ = [p|p(e) = p*(e)] and corresponding allocation
) , a’. Since we do not know what' should look like we de-
THEOREM&Z'_ UDP'MAX_'{P,L’NPL} with  unit-supply fine an alternative allocation” as follows. First, we set
can be solved in polynomial time. a'(¢) = @ for all consumers: with a(c) = e. We then

Surprisingly, the situation changes drastically alreddySeta”(c) = e for all ¢ € L.. For all other consumers we
maximum supply is increased 2pwhich is enough to makedo not change allocatiom and leta”(c) = a(c). First ob-
the problem APX-hard. Note, that APX-hardness of genef@rve that allocation” does not allocate more copies of any
UbP-MAX-NPL has already been shown in [1]. Howeveftem than there are available, sinde.| < |C¢| < s. and no
our new reduction yields the precise maximum supply Bfoductbesidescan be sold to more consumers than.irit
which the problem becomes hard. The proof of Theordfimediately follows that(p’,a’) > r(p’,a”). We observe

3.3 is omitted due to space limitations. that

THEOREM3.3. UbP-MAX-NPL with limited supply2 or r(p',a’) —r(p,a) > r(p',a") —r(p,a)

larger is APX-hard. — Z pla(c)) + Z p*(e) — ZP(G(C))
To obtain a matching algorithmic result, we will ana- cg¢LeUa™!(e) c€l. cec

lyze the approximation guarantee of a generic local search > Zp(a(c)) + Z (p*(e) — pla(c)))

approach to BP-MAX-NPL. We let r(p,a) refer to the cec L.

overall revenue generated by price assignmeand corre- B

sponding allocatior. Unless stated otherwise we assume - Z pla(c)) — Zp(a(c)) =B —Te.

thata is chosen optimally. We start by briefly describing c€a™i(e) eec

algorithm LOCALSEARCH. For a given price assignment By the fact thatr(p,a) cannot be improved by changing

let [p|p(e) = p’]_ refer to the price assignment obtained by gjngle pricep(e) we have that(p',a’) — r(p,a) < 0

changing the price of to p'. and, thus,r. > A.. (If price p(e) did not have to be
changed because it was alregdy(e) the same inequality

LOCALSEARCH: Initialize p arbitrarily and compute  follows from the optimality of allocatiorz.) We let now
the optimal allocation:. While there exist produet| ~ 7¢ = p*(e)|C.| denote the revenue made by produt the
and pricep’ # p(e) such that optimal solution. We can then write that
r(p,a) < r([p|ple) =p'],d), 2-r(p,a) = Z Te + Zp(a(c))
ecP ceC

where o/ is the optimal allocation given prices > ”

> et ) pla(c))
[p|p(e) = p'], setp(e) = p'. e;)( GZC: )

> ) (retri—A) =) i =r(p*,a").

We next show that the total revenue generated by a

locally optimal solution lies within a factor of off the ) ]
globally optimal solution’s value. This completes the first part of the proof. We note that there

are quite simple examples proving that the above analysis is

THEOREM3.4. Let p be the price assignment returnegignt, which are omitted here due to space limitations.C]
by algorithm LOCALSEARCH, p* an optimal price as-

signment anda, o* the respective allocations. Then  So far, we have argued that algorithnoALSEARCH
r(p*,a*)/r(p,a) < 2 and, thus, algorithnh OCALSEARCH terminates with a solution that is Zxapproximation with
achieves approximation rati@ for UDP-MAX-NPL with respect to the optimal revenue. We have not, however,
limited or unlimited supply. Furthermore, this bound istig argued about the algorithm’s running time. In order to abtai

ecP ecP



polynomial running time, only a small change needs to ber product. Let random variablg; refer to the revenue

applied. Instead of choosing any improving step, we needaoplayer j. A set of strategie?* = (P/,...,P%)

find in each iteration the new price that will give maximurare atNash equilibrium if for every playerj we have that

increase in revenue. This yields the following theorem. Epe[R;| > E(sz,P;)[Rj] for all P; # P;%, i.e., if no
player can increase her expected revenue by changing her

THEOREM3.5. UDP-MAX-NPL with limited or unlimited ., --ant strategyP{?. (P“?, P}) stands for the vector of

supply and integral budgets can be approximated in poWerategiesPeq with strategyP¢? replaced byP!.
mial time within a factor of. J I

] ] ) THEOREM3.6. The price of anarchy in the unit-demand
Proof. Assume that we choose in each iteration the n%x-buying pricing game i&

price that will give maximum increase in revenue. ket

be the revenue of the current solutiofi,the revenue of an We point out that the situation is quite different in the
optimal solution and assume that — 2r > ¢. Using the min-buying or rank-buying models, where it is easy to show
same notation as in the proof of Theorem 3.4 we have  that the price of anarchy is unbounded.

D (Ae—re) =) (re+Ac—2re)=1"=2) r.>¢ 4 Rank-Buying

d ceP P We finally turn to the rank-buying model and briefly describe
and, thus, there must exist a produgtsuch thatr, < Wwhich of the results presented in the previous sectionsyappl
A. — ¢/n, wheren denotes the number of products in thBere. Remember thatip-RANK-{PL,NPL} with consis-
instance. It follows that revenue increases by at legist tent budgetsequires that for every consumee C, we have

in each iteration and, thus, afteriterations it must be true thatr.(e) < r.(f) impliesb(c,e) > b(c, f) for all products
thaty < r*(1 — (2/n))*, since in the first iteration it holdse, f € P. Given a price ladder constraint,08-RANK -PL
that¢ < r*. We assume that all budgets are integral. With consistent budgets reduces to®MAx-PL and, thus,

follows that the overall revenue increases by at léaseach the PTAS from [1] can be applied. It is straightforward to
iteration. Now letk* = n - [In7*] 4 1. After k* iterations modify the proof of Theorem 3.1 in order to fit the rank-

we have that buying model.
. 2\ . g THEOREM4.1. UDP-RANK-PL with unlimited supply and
p=r (1= n —l=r"-e —-1=0, consistent budgets is strongly NP-hard, even if each con-

sumer has at mogtnon-zero budgets.
and, thus, we can terminate the algorithm aftéiterations
with an approximation guarantee 8f Note, that we do If we do not require consistent budgets, the problem
not need to know the value of. For (weakly) polynomial immediately becomes a lot more intractable. Given a price
running time it is sufficient to upper bound by the sum of ladder constraint, it is now straightforward to reduce any
consumers’ maximum budgets. O UDP-MIN-PL instance to a corresponding instance affty

RANK -PL by simply defining appropriate rankings. It is also
3.3 The Price of Anarchy We want to point out that the straightforward to argue that the proof of Theorem 2.1 works
analysis of algorithm bCALSEARCH can be extended tofor rank-buying without price ladder, as well, which imgie
bound the price of anarchy (the worst case ratio between #i@ilar hardness for DP-RANK-NPL.

revenue of an optimal solution and any Nash equilibrium,

see, e.g., [26]) in the pricing game we obtain if we let a HEOREM,4'2' UDP'RA,NK'{PL’NPL} W_ith unlimited sup-
individual player fix the price of each product. Since it caiy. (@llowing non-consistent budgets) is not approximable

be shown that purllash equilibriado not generally exist, we Within OgggleCQ) for somee > 0, unless NPC
will have to work here with the concept of mixed equilibriapTlME(" y _g_ )- AIIowmg_at mosw_non-zero budgets
As we have argued before, we can restrict the set Sl cOnsSumer Itis not apprOX|m?bIe withe(¢<) for some
potential prices to the set of distinct budget values givgn B > 0, unless NPC DTIME(2°("")) for all & > 0. Espe-
the consumer samples. As a consequence, the strategy spaé it is not approximable withitO(|P|*) under the same
of each player is of finite size and, thus, Nash’s theorem [Z&fSumption. Assuming NP P, UDP-RANK-{PL,NPL} is
guarantees the existence of mixed equilibria. not approximable within any constant factor.
Interestingly, the price of anarchy turns out to‘heso .
in order to obtain good revenue in the max-buying scenafio Conclusions and Open Problems
not even a global objective seems to be necessary. In Ve have shown (near)-tight inapproximability and hardness
mixed strategy scenario every playgr € P defines a results for a number of variations of the unit-demand pgcin
probability distributionP; over a set of possible prices foproblem. Nevertheless, some interesting cases havedtill n



been settled. Both bP-MIN-PL and WbP-RANK-PL in

[13] P. Briest, P. Krysta, and B. Vocking. Approximationche

the general case have turned out to allow no approximation niques for Utilitarian Mechanism Design. Rroc. of 37th
guarantees essentially beyond the known logarithmic.ratio

On the other hand, both problems become solvable exadt§l

in polynomial time, if we require that each consunags

budgets are eithe¥ or v; > 0 (the uniform budget case).
It is an interesting open question if this problem variati

allows any constant approximation ratio in the no price
ladder scenario. (APX-hardness follows from [24].) Alse th
complexity ofenvy-freglor max-gair) pricing as considered [16]
in [24] remains unresolved. It would be very interesting to
obtain non-constant lower bounds for this problem, as well.

We have presented Zxapproximation for WpP-MAX-NPL

(17]

with limited supply. The best known approximation ratio
for UDP-MAX-PL with limited supply, on the other hand,

is 4 [1] and no lower bounds besides strong NP-hardnesd
shown in our paper are known. It would be very interesting
to see whether a PTAS for the limited supply case is possi%eg]
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A Independent sets and graph products Theorem 2.1 For arbitrary non-decreasing functiong :
For a graplG = (V, E), |V| = n, leta(G) refer to the size N — Ry with f(n) < n andf(n®) < f(n)"forall ¢ > 1,
of a maximum independent set LetG, andgG, be two 7 € N, letGy be the family of graph&’ = (V, E), [V| = n,
families of graphs with maximum degree boundedtgnd With maximum degrea = O(f(n)). There exists a constant
o(G) < anfor G € G,, a(G) > bnfor G € G,. As adirect € > 0, such that it is NP-hard to approximateG) within
consequence of the PCP theorem [6, 5, 33] one obtains: O(f(n)?) for G € Gy.

PROPOSITIONA.1. There exist constants < a < b < 1,
such that givert? € G, U G, it is NP-hard to decide whetherProof. Let G, and G, be defined as above and lét ¢
Geg,orG e gy, Go UGy, G = (V,E), |[V| =n. Choosingd < a <b <1
appropriately it is NP-hard to decide wheth@r e G, or
The following is a standard concept that allows amplifG € G, by Proposition A.1. We now consider tfefold

cation of the above hardness. derandomized graph produbiG* = (DV, DE).
By its construction we have thabV| = nd*~!. Let
DEFINITION 2. ([9, 3]) Let G = (V,E) be a graph (v1,...,vx) € DV and assume that there are indices
and £ € N. The k-fold graph productG* = andj, such that{v;,v;} € E. In this case it follows that
(Vk Ey) of G is defined byV¥ = V x .- x V. {(v1,...,v), (wi,...,wx)} € DE for all (wy,...,wy).
and {(ui,...,ux),(vi,...,v5)} € Ei if and only if Thus,DG* contains a number of vertices of degre#—! —
{u1,...,uk,v1,..., v} is not an independent set . 1. We define the modified grapfj)flk _ (5‘7’5@) by
] ] removing all these vertices frodG*. We observe that
Berman and Schnitger [9] and Blum [10] consider so-, — &

— k H
called randomized graph productsvhich are obtained asO‘(DG ) = a(DG"). By Theorem A.1 an independent

the subgraph induced by a random sample of the vertiie"s of S'i?ﬁ" n & ]:?slu_lts n gn mdependent_ set of size at
of G¥. Alon et al. [3] show how this construction can be&asttrd™ (b —A) IDVD;CG - Ifless than this number of
derandomized by replacing the sampling procedure of [9frtices are contained iIRE , it follows thatG € G,. Thus,
Given graphG = (V, E), we construct a non-bipartit¢- w.l.0.g. we may assume that

regular Ramanujan grapH, which has the same vertices -

as G and constant degreé that depends only om and bnd* (b — \)*1 < |DV| < nd* L.

b. Vertices of thederandomized graph produddG* are

obtained by choosing a vertex é¢f uniformly at random |, ﬁék an edge{(v1,...,vk), (wi,...,wg)} exists only
and taking a random walk of length — 1 starting at this i there are indices andj, such that{v;, w;} € E. We
vertex. Fork = O(log n) the numbend"~* of such random fix (,,, .. 4, and count the maximum number of adjacent
walks is polynomial and, thusDG* can be constructedyertices. There ark? possibilities to select and. Fixing
deterministically in polynomial time. The edgesBt:* are jngices fixes; as well and, by the fact that has maximum
defined as before. Now letA be the (symmetric) adjacencygegrees, there are at mostpossible choices fan;. Finally,

matrix of H, whereo > Ay > --- > X, are eigenvalues there remaini*~! possibilities to choose the random walk
of matrix A, and letA = max{\,|\,—1|}. The following

is a slightly simplified version of Theorem 1 of [3], whic

2 9k—1
gives an upper and lower bound on the size of the maximu%‘n—< 3hd . .
independent set iDG . For d-regular Ramanujan graphs it is known thats

2v/d — 1/d. By choosing the constant degrée> 2 of H
sufficiently large we have that

—k
r,};]eneratingwl, ...,wg). Thus,DG has maximum degree

THEOREMA.1. ([3]) For any given graphz and arbitrary
k € N it holds that

2 1
A< —=<<-(b—a).
(@) 1(a<G> )’C Va3
a(@)d" 7 | —= = A
n By Theorem A.1 the gap between the casesthat G, and

k-1 G € Gy is then amplified to
< a(DG*) < a(G)dF? (@ + A) : ' P
n

bnd*~1(b = NF1 (b b )
We now state a slightly extended version of Theorem 3 and+—1(a + \)k—1 — ( /\) >+ A"
of [3]. We include the proof just to show that we can express
the maximum degree dPG* in terms of the number of its Using the fact that =~ 4/\? and choosing a constamtsuch
vertices. that(4/A%)” =~ (1 + \), we obtain that1 + \)* > d"*.
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GivenG € G, UG, G = (V,E) and|V| = n, we
choose (for the rest of this probfg is to the base of)

k= clog f(n)° with ¢= (log gb‘l)_1

for somes € (0,1) such thated < 1 (note that3b=! < d

—k
andc > 1). Thus, the number of verticég of DG is lower
bounded by

dkfl

k—1 k—1

= Q(n),

where we use the fact that < b/3 and %b‘l < d. The

maximum degree of f)f?k is upper bounded by(c -
log f(n))%f(n). Using thatlog® f(n) = o(f(n)'~¢%) and
the fact thatf is non-decreasing we get thAt= O(f(V)).
The gap between the cas@sc G, andG € G, is amplified
to

d’yk _ f(n)c'yé > f(N)cy6/2’

where we use that > /N and f(v/N) > /f(N) by our
assumption. Choosing= c¢y4/2 yields the claim. O

B The Missing Proofs

Theorem 3.3 UDP-MAX-NPL with limited supply2 or
larger is APX-hard.

Proof. We show an approximation preserving reductio%c

from MAXCuT. It is known that Max CuT is APX-hard

even for graphs with maximum degr@e(see, e.g., [6]).
Let G = (V, E) have such bounded degree. We trans-
form G into an UbP-MAX-NPL instance as follows. For

each vertexv € V we define6 products and6é con-
sumers, both indexed by(0),...,v(5), supply s,y =
Sp(2) = Sp(a) = 2, Sp(l) = Su@) = Su() = 1 and
budget vaIuegy(cU(i),ev(i)) = b(cv(i),ev(iﬂ)) = 1 for
(S {03274}! b(cv(i)vev(i)) = b(cv(i)aev(i+l mod 6)) =

for i € {1,3,5}. Budgets that are not specified are a
sumed to be). Each edgee = {v,w} € E can now

be associated with unique produets;) ande,,;), where

i,j € {0,2,4} and every product is associated with at mos

one edge. For edge we define2 consumers, and
Ce(1) with budgetsb(ce(o),ev(i)) = b(ce(O)vew(j)) = 1,

b(ce(1), €u(s)) = b(ce(r), ew(;)) = 2. This construction is

depicted in Figure 4.

We start by stating some facts about the solution t
an approximation algorithm for our pricing problem mighN
return on this instance. First, we observe that we can vy.l.ot

assume that all prices in this solution are frgin 2}, since

prices above cannot result in any revenue and prices bel
2 can always be increased up to the next budget value. H

0]

second important observation is that for all verticesom

G we can w.l.0.g. assume that productg)), €, (2), €,(4) are
assigned the same price, i.8(¢,(0)) = p(ev(2)) = P(ev))
forall v € V. We show how any solution in which this

is not the case can easily be turned into a solution of no
smaller value, such that our assumption holds. For reasons
of symmetry it is sufficient to consider the case that product
ey(0) has been assigned the wrong price.

First, assume that(e,)) = 2, p(ev(2)) = plev)) =
1. In this situation, ifp(e,(1)) = 2, consumet,, ) currently
cannot afford to buy any product, resulting in revertue
from this consumer. Ip(e,(1)) = 1, then consumet,, )
currently buys at price at most In both cases, the revenue
generated by consumetg g, - - -, ¢y iS at mosts. By
settingp(e,0)) = plew2)) = plevw)) = 1, pley)) =
pleys)) = pleys)) = 2 anda(cy(i)) = ey for all
this revenue increases fo On the other hand, if product
ey(0) IS associated with some edgeonly 1 consumer from
{ce(0); ceny ¥ can afford product, o) at price2 and, thus,
might be buying it. Revenue from this consumer decreases
by no more thar. Hence, we have transformed our solution
without decreasing the overall revenue.

For the second case, le(e, ) = 1, pley2) =
pleyy) = 2. If pleys)) = 2, consumer, 4y cannot af-
ford any product. Ifp(e,)) = 1, consumerc,s) buys
at price at mostl. Again settingp(e,)) = pley(2)) =
pleva)) = 2, ples)) = plew) = plews) = 1
anda(c,(i)) = ey(i+1 mod 6) Makes overall revenue from
CONSUMErsc, (o), - - - , Cy(s) INCrease byl. On consumers
<(0)> Ce(1) } TEVENUE decreases by at mosbecause con-
sumerc, () can still buy a product at priceafterp(e, (o)) is
changed. This gives the above claim.

We now argue how any small constant factor approx-
imation on the constructed problem instance yields a cor-
responding approximation for the MM CuT problem. As
we have seen we obtain solutions with prices{in 2},
plevy) = pleve)) = plevwy) pleva)) = plews) =
p(eys)) and a corresponding allocatienfor all v € V.
Thus, overall revenue from consumersg), - - . , ¢, (s) IS €x-
g_ctIyQ forall v € V. For consumergc, ), c.(1)} belong-
ing to some edge = {v, w} itis simple to find the optimal
allocation given prices(e,;)), p(ew(;)) of the correspond-
ing products. Ifp(e,;)) = plew(;)) = 1 then we can set
alce(0)) = €u(iyy a(Ce(1)) = ew(s)- f plewy) = plew)) =
2 thenwe |eu(ce(0)) =, a(ce(l)) = €y(4)- If p(ev(i)) =1,
p(ew(j)) = 2 we definea(ce(o)) = Cy(i)> a(ce(l)) = Euw(j)-
Thus, total revenue from consumeisy) andc.) is 2 if
(i) = Plew(y)) and3 if p(e,)) # plew()). We can

e
ﬁ%&en write the value of any such solution tooRFMAX-

PL as9n + 2m + ¢, wheren = |V|, m = |E| andc is
he number of edgefv, w} such thap(e,)) # p(ew())-
Given this solution we can immediately define a ¢617")
V¥gizec in G by settingS = {v|p(ey)) = 1}, T = V\S.



possible prices for her product. For ease of notation we let

P = (P,...,P), Pj = (P,...,Pj_1,Pjs1,..., P)
and(P_;, P;) = P. Observe that we can w.l.0.g. allow only
the budget values as possible prices and, tRuss a discrete
distribution. Since every set of fixed prices defines an
optimal allocation, the distributionB; define a probability
distribution also over the set of allocations. We defi)eto

be the random variable that describes the revenue of player
Jj. A set of strategie*? = (P;4,..., P¢) are atNash
equilibrium, if for every player; we have that

EPeq[Rj} ZE(}DEZ_,PJ()[RJ'] VPJ{ #Pjeq’

Figure 4: Construction from the proof of Theorem 3.3. Cohe., if no player can increase her expected revenue by

sumers are depicted as circles, products as points. Edg@nging her current strategy;?. Let pricespy, ..., pj,
between consumers and products are labelled with the @ad allocatiorn™ be an optimal (i.e., revenue maximizing)
spective non-zero budgets. solution to LbP-MAX-NPL. We letC; = (a*)fl(ej) refer

to the set of consumers that buy produgin this solution
_ _ S and definel; = {c; € Cj |pa(c,) < p;}, Hj = C;\L;. For
Hence, the optimal solution on our pricing instance hasevalhe remainder of this section it will be convenient to reter t
9n + 2m + c*, wherec™ is the size of a maximum cuti@. players, their products and consumers only by their indices
Assume now that we can obtain(B— ¢)-approximation to
the pricing problem. By: < m (assuming= is not a tree) LEMMA B.2. Consider a set of pricesy, . . ., p, with (op-

andc* > m/2 we have timal) allocationa and let|L;| = ¢. If price p; is changed to
0 ) 990" p; and we recompute the optimal allocatiorwe have that
(1—g)g temie 22 +c b1 ()] > t.

T On4+2m+c* T 23c*

Proof. Throughout this proof, sdt; is defined with respect
to pricesps, ..., p, and allocationa. Let us assume now
that|b=!(j)| < t. Clearly, there can be no consunief C;
with py;) < pj, since allocatiorb is chosen optimally and
there are available copies of prodydeft unsold. It follows
LEMMA B.1. The analysis of algorithrh 0CALSEARCHin that there must exist a consumigre L; with b(io) # j
Theorem 3.4 is tight. and py(i,) > p;. Under this assumption we will show
that allocationd is not optimal. The following chain of

Proof. Consider a problem instance wittproducts indexed conclusions follows solely from the optimality ef Since
by P = {1,2} andk + 1 consumers indexed b§ = Pa(io) < Pu(i,) it Must be the case that produgty) is sold
{1,...,k + 1}. Customers’ budgets ar&(1,1) = k, outunderallocation, i.e.,[a™!(b(io))| = ss(i,). Then there
b(1,2) = k —e, b(2,1) = 0, b(2,2) = = andb(i,1) = 1, mMust be some consumer with b(i1) # a(i1) = b(io).
b(i,2) = 0fori = 3,... k+1. We assume that products ar&or this consumer it must be true that eithgf;,) < pa )
available in unlimited supply. It is straightforward to ifgr (including the case tha{(i;) = @) or productb(i,) is sold
that priceg(1) = k, p(2) = ¢ are locally optimal and resultout undera. Otherwise, modifying: by settinga(ip) =
in revenuek + . Pricesp(1) = 1, p(2) = k — ¢, however, b(ip) anda(i1) = b(i1) would result in a feasible allocation
result in overall revenue dfk — 1 — e. Choosingk ande With strictly higher revenue. By repeatedly applying this
appropriately shows that a pure local search approach targfgument we obtain a chaip, i1, . . . , is of consumers with
give any approximation ratio better than O b(ix) = alirg1) andpy,) < pagio) (OF b(is) = @). We
can assume thaf(i;) # j for all k. To see this, note,
Before we present formal proofs of the results about tieat otherwise we could for every consumigre L; with
unit-demand pricing game let us introduce some notationt@,) # j find a distinct consumey, with b(ix) = 7, which
describamixed strategiem more detail. LeP = {1,...,n} would in turn imply thatip=1(j)| > ¢. The above argument
be a set of players. Each playgmeeds to assign a pricas also depicted in Figure 5. We can define a feasible
p; to her product;, such as to maximize her revenue frorallocationc by going backwards along the constructed chain
sales to consumer8. Allowing mixed strategies, everyof consumers and allocating to each consumer the product
player defines a probability distributioff; over a set of she received under allocatiarexcept for consumep, who

and, thusg¢/c* > (1 —23¢). Choosing: appropriately small
yields any arbitrarily small constant approximation rdto
MAXCUT.



i3 We can then write that

0 - I% ‘ EPqu:Rj] +EPeq|:Zpa(i)}
I4 . "'”V.»rl.l i€Cj
e L > E(pes poy[Rj] + Epea > pa ]
. iECj
] IC;l
> Y tep;-Prpe(|L;| =1t)
- > t=0
b04) a(iO) ] |C;]
+th; 'PI‘pcq(|Hj| :t)

Figure 5: A chain of consumers switching to new products
as in the proof of Lemma B.2, wheig € L;. iyl

= > Prea(|Lil =t) - p} - 1Ci| = p; - 1G4,
t=0

t=0

will now receive producy. Formally, we letc(ix) = a(if)
fork=1,...,s,c(io) = 7 andc(i) = b(¢) for all remaining
consumers. We observe that Prpes (|Hj| = t) = Prpes (1L;] = |Cy] — 1).

where we use the fact that

° . . Let R denote the expected revenue of the equilibrium state,
ch(iw = it ch(ik) =p;+ Zpa(ik) R, the revenue generated by the optimal solution. By using
k=0 k=1 k=1 linearity of expectation we have that

s—1 s
= P Ph > )P 2-Epa[R] = Y Epea[Rj]+EpeaY pagi)
k=0 k=0 jeP ieC
where the last inequality follows fromy;,) < pa(i,) < pj, = Z (EPW [Rj] + Epes [ Z Pa(i) ])
sinceiy € L;. This contradicts the optimality of allocatidn jEP i€l
and, thus, finishes the proof. d > Zp; |C5| = Ropt-
jEP

This gives the desired upper bound on the price of anarchy.
Theorem 3.6The price of anarchy in the unit-demand maxA/e now give a simple corresponding lower bound. Consider
buying pricing game iQ. a problem instance witl2 productsP = {1,2} each of
which is available only once, i.es; = s = 1, and2
consumer€ = {1,2} with budget®(1,1) = ¢,b(1,2) = 1,
b(2,1) = 1 andb(2,2) = 1+ . ltis easy to see that
Proof. Let strategies?*? = (P;%,..., P?) define a Nash the optimal solution generates revenziewhile the pure
equilibrium. We want to lower bound the expected revensfategie®; = ¢ andps = 1 + ¢ define a Nash equilibrium
of agentj. We define a (deterministic) strategy for agent which results in overall revenue + 2e. Thus, the above
j by Pr(p; = p;) = 1 and letP* = (P%, P) denote bound is tight. O
the modified set of strategies. By the definition of Nash
equilibria we have that

Eipes pr) [ Ry ] < Epea[ Ry ].

By Lemma B.2 we can lower bound the expected revenue of
agentj playing strategy’; by

1G5
E(ch P*)[R7] > th;k ' PI‘Peq(le| = t)

-3
t=0



