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Constraint satisfaction problems (CSPs) are at the core of many tasks with di-

rect practical relevance, such as hardware and software verification, planning, and

scheduling to name a few. The two main solution paradigms for solving such prob-

lems are based on backtrack-style search and local search. However, recently, a

new powerful technique, called survey propagation (SP), was introduced. SP can

solve certain classes of problem instances with millions of variables and constraints.

This discovery raised a question of whether the traditional techniques are the best

one can do when tackling large and important constraint satisfaction problems.

This dissertation discusses non-traditional approaches to solving CSPs. The

techniques we use include probabilistic inference, statistical tools and a combina-

tion of systematic and local search. We provide a new derivation of SP based

on purely combinatorial insights. Our method also enables us to derive SP-style

procedures for a diverse range of constraint satisfaction problems, and provides

insights into structure of solution spaces. The second part of the dissertation de-

scribes approaches to counting number of solutions of a CSP with the help of Belief

Propagation and statistics. We also provide a novel hybrid algorithm for minimiz-

ing the number of violated constraints, which employs both systematic and local

search, harnessing their complementary strengths. These methods are the most

scalable algorithms for certain hard to solve classes of Boolean satisfiability (SAT),

model counting (#SAT), and maximum satisfiability (MaxSAT) problems.
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To Beatrice, for being an eternal inspiration.
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I owed Penelope to make her happy,

could quench deep in myself the burning wish
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of all man’s vices, of all human worth.
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Chapter 1

Introduction

Many problems occurring in science, engineering and life in general have the form

of making several interdependent decisions, so that a certain set of conditions is

satisfied. For example, an airline company makes decisions about which airplanes

fly from where and when, subject to the conditions that the planes are available

and its customers are properly served. These kinds of problems can be conveniently

modeled in a framework of Constraints Satisfaction Problems (CSPs). The choices

and other unknowns in the problem are represented by variables, typically with a

discrete domain, and the conditions that need to be satisfied in a solution of the

problem are given as a set of constraints, limiting the set of values each variable

can take given values of other variables. A solution to a CSP is then an assignment

to all variables such that all constraints are satisfied. This framework allows for

natural modeling of many practical problems, and devising solution techniques

for CSP is thus a very important area of research. In the worst case, solving a

CSP problem is an NP-hard task, because Boolean Satisfiability (SAT), the first

problem to be shown NP-hard, is a special case of a CSP with binary boolean

variables and constraints specified as logical disjunctions. It is also the case that

many practical CSP problems are hard to solve, and a lot of research effort goes into
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improving efficiency of CSP and SAT solvers. The solvers have become gradually

more and more powerful, and in the past 15 years they evolved from a “toy-

problem solvers” to solvers that help with important industrial tasks. Nevertheless,

scalability remains an issue, and new and more advanced techniques are being

sought.

The material contained in this dissertation touches on several possible exten-

sions to current techniques. A large portion is devoted to examining and analyzing

an algorithm that was introduced in the statistical physics community by Mézard,

Parisi, and Zecchina [2002], called Survey Propagation (SP). This algorithm is able

to solve hard instances from a family of so called “random SAT problems” with

millions of variables, far outperforming other kinds of solvers. The solution tech-

nique being employed is decimation, that is setting variables one by one, where the

information about which variables to set to which values comes from the SP. Being

developed in a vastly different field, the algorithm remained hard to understand

in the computer science community for many years. Braunstein and Zecchina

[2004] and Maneva et al. [2005] showed that SP algorithm can be viewed as an

instance of the well known Belief Propagation algorithm (BP) [Pearl, 1988], which

has strengths and limitations that are well established in the CS community. Both

BP and SP are called message passing algorithms, since they operate by converg-

ing on a solution by letting the variables and constraints exchange information

(messages). The details are reviewed in the following chapter.

The first part of the dissertation compares performance of SP and BP with

other decimation heuristics, with the aim of identifying features of the decimation

process that allow the SP algorithm to outperform the other approaches. Survey

propagation is then analyzed in more detail in the subsequent chapter, where solid

empirical evidence is provided to complement the original derivation of SP as an
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instance of the BP algorithm. The part of the dissertation dealing primarily with

SP is completed by Chapter 5, where a novel derivation of the survey propagation

message passing algorithm is provided. This chapter also discusses insights into

solution space structure of CSPs that are closely related to the performace of SP.

The second part of the dissertation, Chapter 6, proposes a way to incorpo-

rate BP into a probabilistic scheme to efficiently estimate number of solutions of

a CSP. We also propose a statistical framework suitable to reason about number

of solutions. Finally, the last chapter deals with the problem of finding a variable

assignment that satisfies the largest number of constraints (in cases where not

all constrains can be satisfied simultaneously). We propose a novel approach of

harnessing the power of both traditional solution techniques, local and systematic

search, by letting the two search processes exchange information, benefiting from

their complementary strengths. Therefore, the dissertation touches, in some way,

on three different solution techniques (local search, systematic search, and deci-

mation guided by message passing) for three classes of problems (solution search,

solution count, and search for assignment violating fewest possible constraints).

The rest of the introduction briefly reviews each of the problem classes and

solution techniques used in the dissertation. The focus here is on getting the

intuitive picture between their differences and relative strengths and weaknesses,

a more in-depth treatment is left for subsequent chapters where the techniques are

being discussed. Finally, the technical contributions detailed in this dissertation

are outlined at the end of the introduction. The dissertation is organized in such

way that each chapter can be read independently, with the knowledge of basic

terminology and concepts reviewed in Chapter 2.
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1.1 Problem Classes

Without going into a formal definition, let us informally introduce a Constraint

Satisfaction Problem (CSP). Such problem has a set of variables with discrete

domains, and a set of constraints, each specifying a set of allowed value tuples for

a certain subset of variables. We can now describe the three problem classes that

are discussed in this dissertation:

Solution Search: A value assignment to all variables is being sought such that

every constraint is satisfied, that is the assignment comprises of allowed value

tuples for all constraints. Such an assignment is a solution. A special case of this

class is the well studied Boolean Satisfiability problem (SAT).

Solution Count: Problem of counting the number of solutions of a CSP. A

special case is a problem of counting number of solutions to SAT, a so called

#SAT problem.

Most Satisfying Assignment: Problem of finding an assignment that violates

the fewest possible constraints (usually with the assumption that there is no

solution that satisfies all constraints). A special case is Maximum Satisfiabil-

ity (MaxSAT), a problem of minimizing the number of violated constraints in SAT.

These are all hard problems in the worst case. Solution search (also a special

case of minimizing number of violated constraints) is an NP-hard problem, due to

SAT; solution count is #P-hard, due to #SAT [Valiant, 1979].
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1.2 Solution Techniques

The two most widely used solution techniques for CSP are systematic search and

local search. This part briefly describes the two approaches, contrasting their way of

search. Details can be found for example in Biere et al. [2009]. In addition, a third

solution technique that became promising with the success of Survey propagation,

so called decimation, is reviewed.

Systematic Search: The basic idea of systematic search is to keep assigning

variables one at a time, until a solution is found, or some constraint becomes vi-

olated. In the latter case, the search unassigns some previous assignments (back-

tracks), making the violated constraint possible to satisfy, and continues the search

with other variable assignments. The most important decisions to be made are

which variables to assign values first (variable selection), and which values to choose

(value selection). In case of SAT, there are only two possible values for each vari-

able (true or false), and together with the simplicity of the constraints (logical

or), this has led to development of highly efficient heuristics, capable of solving rel-

atively large instances of SAT encoded problems. The systematic solution search in

SAT dates back several decades, and modern solvers still use an enhanced version

of the Davis-Putnam-Logemann-Loveland (DPLL) procedure [Davis and Putnam,

1960, Davis et al., 1962]. The two main ingredients of modern systematic SAT

solvers are fast unit propagation (the ability to discover variables that surely have

to assume one particular value after some other variables have been set) and clause

learning (the ability to learn inferred constraints that better guide the search).

To contrast with the other approaches, the main characteristic of systematic

search is the following: it works with an incomplete, but consistent assignment.

Incomplete because not all variables are assigned a value, and consistent because
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no constraints are allowed to be violated at any time. A solution is, of course, both

a complete and consistent assignment. Systematic search is also able to determine

when a problem has no solution. The downside is that the solution search may

take too long.

Local Search: In contrast, local search starts with a complete assignment to

variables (often random), which will in general violate some (often many) con-

straints. It then proceeds to modify the variable assignment “locally” (that is,

only few variable assignments change at a time) such that fewer constraints are

violated. This is often done by changing variables that occur in some violated con-

straint to a configuration that satisfies that particular constraint. This, of course,

can cause other constrains to become violated, but the hope is that overall the

number of violated constraints decreases as the search progresses. The local search

paradigm became popular when it turned out that it was vastly more efficient than

systematic search on certain families of problems, most notably on random SAT

problems [Selman et al., 1996], a family of problems where constraints are drawn

uniformly at random from some predefined set, see Section 2.1 for details.

In a nutshell, local search works with a complete assignment to variables, but

one that is inconsistent. Through small changes to the assignment, it seeks a con-

sistent one. This is in a sense complementary to what systematic search is doing.

Unfortunately, a standard local search is not able to determine unsatisfiability of

a problem.

Decimation: This approach can be viewed as a radically different from the pre-

vious two. It is not a search, but rather a construction of a solution. Just like in

solving many other complex problems (e.g. building a house), a lot of time is spent

on making sure each step taken is a correct one, and will not have to be undone.
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The decimation step itself is rather simple: determine which variable-value assign-

ment is the most “prominent” one, and fix it. This simplifies the problem and

the procedure can be repeated. We leave the exact meaning of “prominent” un-

specified at this point, but it will usually be something like “an assignment that is

compatible with most solutions”. This is of course a very expensive piece of infor-

mation (in fact, more expensive than obtaining any one solution!), but sufficiently

accurate estimates are obtainable using probabilistic inference with message pass-

ing algorithms, like belief or survey propagation. The details of how decimation

works are covered in Chapter 3.

On the other hand, decimation could also be viewed as a systematic search,

with very expensive variable and value ordering heuristics. However, if a violated

constraint is found due to incorrect variable setting, the algorithm fails rather than

performing a backtrack.

1.3 Technical Contributions

The main technical contributions of the dissertation are summarized below.

• Comparison of performance of various decimation heuristics, including SP

and BP, based on work published in the proceedings of the 24th Annual

ACM Symposium on Applied Computing [Kroc et al., 2009b].

• Empirical evidence showing remarkable accuracy of SP when reasoning about

“covers” of large random SAT formulas. Covers are combinatorial objects

devised to derive survey propagation for SAT as as instance of belief prop-

agation. This work appears in the proceedings of the 23rd Conference on

Uncertainty in Artificial Intelligence [Kroc et al., 2007].

• Theoretical framework for efficient reasoning about clusters of solutions in
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CSP. A cluster is a set of solutions that are similar to each other in terms

of the values of the variables. This work results in new insights about the

solution space structure of CSPs, and provides a novel derivation of SP for

SAT as a BP used to reason about clusters.

• A new message passing algorithm for estimating number of clusters in graph

coloring problems. This is based on work published in the proceedings of

the 22nd Conference on Advances in Neural Information Processing Sys-

tems [Kroc et al., 2008a].

• Modification of belief propagation to be used in a framework for lowerbound-

ing number of solutions of a SAT problem. Part of that work is also first

efficient upperbounding technique for number of solutions, but only under

some statistical assumptions. This work was published in the proceedings of

the 5th International Conference on Integration of AI and OR Techniques in

Constraint Programming [Kroc et al., 2008b], and is under review for Annals

of Operations Research.

• Combining systematic and local search for maximum satisfiability problems,

where both searches run in parallel and exchange information, harnessing

their complementary strengths. This is the most recent work, based on pub-

lications in the proceedings of the 12th International Conference on Theory

and Applications of Satisfiability Testing [Kroc et al., 2009c] and the 21st

International Joint Conference on Artificial Intelligence [Kroc et al., 2009a].
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Chapter 2

Preliminaries

This chapter reviews basic concepts and terminology used throughout the disser-

tation.

2.1 Boolean Satisfiability and Graph Coloring

Problems

The two constraint satisfaction problems most frequently studied in this disser-

tation are Boolean Satisfiability (SAT) and Graph Coloring (COL) problems, de-

scribed below.

SAT: The Boolean satisfiability problem (SAT) is well-known to be NP-complete

and asks the following question: Given a logical formula F over n Boolean vari-

ables x1, . . . , xn, is there a true/false (equivalently, 1/0) assignment to each xi

such that F evaluates to true? Such an assignment is referred to as a satisfying

assignment for or solution of F . If no such truth assignment exists, F is called

unsatisfiable.
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We are interested in formulas in the Conjunctive Normal Form (CNF), where

F is specified as a conjunction (and, ∧) of clauses, each clause is a disjunction

(or, ∨) of literals, and each literal is a variable xi or its negation ¬xi. An example

of a CNF formula is F = (x1 ∨ x2 ∨ ¬x3) ∧ (¬x1 ∨ x2) ∧ (¬x2 ∨ x3) ∧ (x1 ∨ ¬x3).

A clause containing k literals is called a k-clause. 1-clauses are often referred to

as unit clauses. When every clause of a formula is a k-clause, we have a k-CNF

formula, and the corresponding satisfiability problem is referred to as the k-SAT

problem.

Next to SAT problems that arise as encodings of various problems from other

domains, we will also work with random k-SAT formulas F , characterized by

an important parameter α defined as the ratio of the number of clauses to the

number of variables in F . A random k-SAT formula over n variables at ratio α is

generated by selecting αn clauses uniformly at random from the set of all k-clauses

over the n variables. The resulting distribution is often denoted by F(n, αn).

Random 3-SAT formulas, in particular, have been studied extensively in both

theory and practice. They empirically exhibit a phase transition at the ratio αc ≈

4.26 [Mertens et al., 2006] in the sense that nearly all formulas below this threshold

are found to be satisfiable, while those above are found to be unsatisfiable. This

phase transition also coincides with a sharp peak in the computational complexity

of finding solutions using state-of-the-art methods around this critical ratio. An

interesting and well-researched area, then, is to device techniques that push the

limit of feasibility of various solution methods as close to the phase transition

region as possible.

COL: The Graph k-Coloring problem is the following: given an undirected graph

G, decide whether each vertex of G can be assigned one of k colors such that no

two adjacent vertices have the same color. It is well known that that for k ≥ 3 the

10



problem is NP-complete, and we will most often work with 3-COL.

Like in the case of SAT, one can define a family of random k-COL problems.

What is being randomized here is the input graph, which is taken to be an Erdös-

Rényi random graph G(n,m). In this model, n is the number of vertices, and m

is the number of edges added to the graph. The m edges are selected uniformly

at random without replacement from the set of all
(

n
2

)
possible edges, i.e. all pairs

of distinct vertices. Similarly to random 3-SAT, random 3-COL problems exhibits

a sharp threshold of colorability at a certain constraint density c, which is in this

case specified by average vertex degree, that is the number of edges per vertex in

the input graph G. This threshold is estimated to be close to c ≈ 4.7 [Braunstein

et al., 2003].

2.2 Factor Graphs and Probabilistic Inference

An arbitrary Constraint Satisfaction Problem (CSP) can be expressed in the form

of a factor graph, a bipartite graph with two kinds of nodes [Kschischang et al.,

2001]. The variable nodes, denoted ~x = (x1, . . . , xn), represent the variables in

the CSP with their discrete domain Dom1. The factor nodes, denoted α, . . . , with

associated factor functions, denoted fα, . . . , represent the constraints of the CSP.

Each factor function is a Boolean-valued function with arguments ~xα (denoting a

subset of the variables in ~x) and range {0, 1}, and evaluates to 1 if and only if the

associated constraint is satisfied. For efficiency of valuating the factor functions,

we assume they only have a constant number of arguments. The factor graph has

an edge between a variable node xi and a factor node α if and only if the variable

xi appears in the constraint represented by fα; we denote this event by i ∈ α.

1For simplicity of notation, we assume that all variables have the same domain. However, this
is not necessary.
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fδfγfβfα

x1 x2 x3

Figure 2.1: A factor graph representing the SAT problem (x1 ∨ x2 ∨¬x3)∧ (¬x1 ∨
x2) ∧ (¬x2 ∨ x3) ∧ (x1 ∨ ¬x3).

Figure 2.1 depicts an example factor graph for the SAT problem of deciding

whether the following formula is satisfiable:

(x1 ∨ x2 ∨ ¬x3)
︸ ︷︷ ︸

α

∧ (¬x1 ∨ x2)
︸ ︷︷ ︸

β

∧ (¬x2 ∨ x3)
︸ ︷︷ ︸

γ

∧ (x1 ∨ ¬x3)
︸ ︷︷ ︸

δ

The factors fα, fβ, . . . represent predicates ensuring that the corresponding clauses

have at least one satisfying literal.

The factor representation weighs all variable assignments ~x according to the

product of values of all factors. We denote this product by F (~x) :=
∏

α fα(~xα).

In our case, the weight of an assignment ~x evaluates to 1 if and only if all of

the factors have value of 1, otherwise it evaluates to 0. The assignments with

weight 1 correspond exactly to satisfying assignments, or solutions, of the CSP.

The number of satisfying assignments can thus be expressed as the weighted sum

across all possible value assignments to ~x. We denote this quantity by Z, the so

called partition function:

Z :=
∑

~x∈Dom
n

F (~x) =
∑

~x∈Dom
n

∏

α

fα(~xα) (2.1)

Factor graphs can be viewed as a succinct representation of a probability space

where each state ~x has probability 1
Z
F (~x). Factor graphs are very similar (and

equivalent in their expressive power) to other graphical models, like Bayesian Net-

works and Markov Random Fields [Yedidia et al., 2003].

12



Once a factor graph is constructed, there are several questions that are com-

monly of interest:

Marginal probabilities: Computation of marginal probability pi(xi = vi) of

any one variable, that is computing the cumulative probability of all states

where the variable xi is fixed to value vi. Formally: pi(xi = vi) :=

1
Z

∑

~x−i∈Dom
n−1 F (~x). The sum is over all valuations of all variables except

xi.

Partition function: Computing the value of the partition function Z (very much

related to the marginal probabilities).

Most likely state: Finding a state ~x with the highest weight, F (~x), or maximum

likelihood state. Formally: argmax~x∈Dom
nF (~x).

Probabilistic inference is the act of finding answers to these questions. Unfor-

tunately, exact inference is in general #P-hard, so a common way of performing

inference in large instances of factor graphs is to use approximate inference. One

such technique is described below.

2.3 Approximate Probabilistic Inference Using

Belief Propagation

Belief Propagation (BP) is an algorithm for approximate inference in graphical

models [Pearl, 1988]. It can be used to estimate answers to all three common

questions: values of marginal probabilities (the estimates are called “beliefs”),

value of the partition function, and finding most likely state. The heart of the

algorithm lies in solving a set of iterative equations derived specifically for a given

problem instance (the variables in the system are called “messages”, thus BP is
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called a message passing algorithm). These equations are designed to provide

accurate answers if applied to problems with no circular dependencies, such as

constraint satisfaction problems with no loops in the corresponding factor graph,

but in general give results of uncertain quality.

One way to derive the BP equations is to define a problem where one wants

to minimize difference between two probability distributions, one of which is of

interest but hard to reason about, and another which is easy to reason about.

By minimizing the difference between the two, one arrives at a distribution which

(hopefully) approximates well the original one, and at the same time allows for

efficient reasoning. This so called variational derivation of BP by Yedidia, Freeman,

and Weiss [2003, 2005] is briefly reviewed in this section. It is a starting point

for the variational derivation of the survey propagation algorithm discussed in

Chapter 5, but it is not necessary for understanding of the main findings in the

dissertation.

Original Probability Distribution Given a factor graph, we are interested in

a probability distribution over a set of states ~x of its variables defined as:

p(~x) :=
1

Z
F (~x) =

1

Z

∏

α

fα(~xα)

where ~xα are all variables adjacent to factor α, and Z is a normalization constant,

the partition function, Z =
∑

~x

∏

α fα(~xα)

We define energy of a configuration as:

E(~x) := −
∑

α

ln fα(~xα)

and therefore p(~x) = 1
Z
e−E(~x). We can introduce temperature T by raising every

fα in p(~x) to the power of 1
T
, therefore pT (~x) = 1

Z(T )
e−

E(~x)
T .

Since pT (~x) = 1
Z(T )

∏

α fα(~xα)
1
T , the standard factor function is obtained for

T = 1, and in the limit T → 0, the only configurations with pT (~x) > 0 will be
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those with p(~x) = max~y p(~y). Thus, with T → 0, one is performing maximum

likelihood inference. We assume T = 1 for the rest of the derivation.

Trial Distribution We would like to compute values of p(~x), but since that is

too expensive (due to having to compute Z), we try to approximate it, with a

“trial” distribution b(~x). The trial distribution is some (unknown) distribution for

which we will assume marginalization happens as if the factor graph was a tree

(see Proposition 1), and which we will be able to parametrize with polynomially

many parameters (as opposed to having to specify probability individually for each

of the exponentially many states).

Kullback-Leibler Divergence To assess how well b(.) approximates p(.), we

look at the Kullback-Leibler (KL) divergence between the two probability mass

functions:

D(b ‖ p) :=
∑

~x

b(~x) ln
b(~x)

p(~x)

which is known to be non-negative, and zero iff b ≡ p.

Using the definition of p, we get:

D(b ‖ p) =
∑

~x

b(~x) ln b(~x) +
1

T

∑

~x

b(~x)E(~x) + ln Z (2.2)

which we want to minimize in order to well approximate p by b.

Free Energies Define “average energy” of ~x to be U(b) :=
∑

~x b(~x)E(~x), and

“entropy” to be S(b) := −
∑

~x b(~x) ln b(~x). Then

G(b) :=
1

T
U(b)− S(b) ≡ D(b ‖ p)− ln Z

is “Gibbs Free Energy”, and is minimized iff b ≡ p (see Equation 2.2).

Moreover, when G(b) is minimized (say at bmin), we also get an estimate of the

value of the normalization constant Z = e−G(bmin) by assuming that D(b ‖ p) = 0.
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Shortening the Expressions The expressions for D(b ‖ p) contains two expo-

nential sums (over the whole state space), which is intractable to work with. We

will massage the expressions to get tractable ones, using at one point the (possibly

false) assumption of the factor graph being a tree, thus trading in accuracy for

efficiency.

U(b) = −
∑

~x b(~x)
∑

α log fα(~~xα)

= −
∑

α

∑

~xα

(
∑

~x−α
b(~x)

)

log fα(~xα)

= −
∑

α

∑

~xα
bα(~xα) log fα(~xα)

where bα(~xα) =
∑

~x−α
b(~x) is the marginal probability of b on variables partici-

pating in the factor α. This construction needs no assumption. The tree-graph

assumption is used to simplify the expression for S(b). For this, we also need the

following proposition:

Proposition 1. If G is a tree, then the following holds:

b(~x) =

∏

α bα(~xα)
∏

i bi(xi)di−1

where bα and bi are marginal probabilities of b and di is a degree of variable i.

This proposition thus links marginal probabilities to the full probability. It is

also the point where the tree assumption is used. If we could find such expression

for general graphs, BP would be exact. We have replaced exponentially many val-

ues of b(~x) by polynomially many bi(xi), bα(~xα) (assuming bounded factor degree),

and these are now the “parameters” of the probability mass function b(.).

Given the proposition, we can rewrite:

S(b) = −
∑

x

b(~x) log b(~x)

= −
∑

x

b(~x)

(
∑

α

log bα(~xα)−
∑

i

(di − 1) log bi(xi)

)

=

= −
∑

α

∑

~xα

bα(~xα) log bα(~xα) +
∑

i

(di − 1)
∑

xi

bi(xi) log bi(xi)
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Therefore, we have completely eliminated the b(~x) expressions and will from

now on work only with the marginals bi(xi) and bα(~xα) (again, polynomially many

instead of exponentially many).

Minimizing Gibbs Free Energy (or, equivalently, the KL-divergence between

b and p)

From the previous section, the problem now becomes:

Minimize:

D̃(b ‖ p) := −
∑

α

∑

~xα
bα(~xα) log fα(~xα)

+
∑

α

∑

~xα
bα(~xα) log bα(~xα)

−
∑

i(di − 1)
∑

xi
bi(xi) log bi(xi)

(2.3)

as an expression in variables bi(xi) and bα(~xα) (for every state of xi or ~xα separate

variable! These should not be thought of as functions, but as parameters).

Subject to:

∑

xi

bi(xi) = 1 ∀i (2.4)

∑

~xα

bα(~xα) = 1 ∀α (2.5)

bi(xi) =
∑

xα\i

bα(~xα) ∀α, i ∈ α, xi (2.6)

The conditions (2.4,2.5) assure that the parameters are marginal probabilities,

and condition (2.6) (consistency) assures that the variable and factor marginals

are ‘compatible’ (in the natural way). The D̃(b ‖ p) is KL-divergence of probability

mass functions b and p assuming the factor graph G is a tree.

Lagrangian Minimization We will now minimize the expression (2.3) (con-

strained minimization) using the technique of Lagrangian multipliers (to turn it

into an unconstrained minimization problem). We thus introduce Lagrangian mul-

tipliers λi for each condition (2.4), λα for each condition (2.5), and λαi(xi) for each

17



condition (2.6).

The Lagrangian then becomes:

Λ(bi, bα, λi, λα, λαi(xi)) =

−
∑

α

∑

~xα
bα(~xα) log fα(~xα)+

+
∑

α

∑

~xα
bα(~xα) log bα(~xα)−

∑

i(di − 1)
∑

xi
bi(xi) log bi(xi)

+
∑

i λi

(∑

xi
bi(xi)− 1

)

+
∑

α λα

(∑

~xα
bα(~xα)− 1

)

+
∑

α

∑

i∈α

∑

xi
λαi(xi)

(

bi(xi)−
∑

xα\i
bα(~xα)

)

(2.7)

Now the set of stationary points of Λ (that is where ∇Λ = 0) is exactly the set

of (possible) fixed points of BP equations, as is shown below.

Setting the partial derivatives of Λ w.r.t. bi(xi) and bα(~xα) to zero then yields:

∂Λ

∂bi(xi)
: −(di − 1)(log bi(xi) + 1) +

∑

α3i λαi(xi) + λi = 0 (2.8)

∂Λ

∂bα(~xα)
: − log fα(~xα) + log bα(~xα) + 1−

∑

i∈α λαi(xi) + λα = 0 (2.9)

which can be rewritten as:

log bi(xi) = 1
di−1

∑

α3i λαi(xi) + λi

di−1
− 1

log bα(~xα) = log fα(~xα) +
∑

i∈α λαi(xi)− λα − 1

The terms involving λi and λα plus the constants serve as normalizing constants

(since the marginal probabilities bi and bα must sum to one). We will therefore

use the “∝” symbol in the following, dropping these terms. So we get:

bi(xi) ∝
(∏

α3i e
λαi(xi)

) 1
di−1

bα(~xα) ∝ fα(~xα)
∏

i∈α eλαi(xi)
(2.10)

The BP Update Equations We will work with equations (2.10) to get them

into a message-update form. We need a set of closed equations that we can solve

in an iterative fashion.

18



Notation used in the figure: V (a) is the set of all variables in clause a. For
a variable i appearing in clause a, Cu

a (i) is the set of all clauses in which i
appears with the opposite sign than it does in a. Cs

a(i) is the set of all clauses
in which i appears with the same sign as it does in a except for a (thus Cu

a (i),
Cs

a(i) and {a} are disjoint and their union is the set of all clauses where i
appears). C+(i) is the set of all clauses in which i appears unnegated. C−(i)
is the set of all clauses in which i appears negated.

Messages from clauses to variables:

ηa→i =
∏

j∈V (a)\i

[
Πu

j→a

Πu
j→a + Πs

j→a

]

Messages from variables to clauses:

Πu
i→a =

∏

b∈Cs
a(i)

(1− ηb→i)

Πs
i→a =

∏

b∈Cu
a (i)

(1− ηb→i)

Computing marginals from a fixed point η∗ of the message equations:

µi(1) ∝
∏

b∈C−(i)

(1− η∗
b→i)

µi(0) ∝
∏

b∈C+(i)

(1− η∗
b→i)

µi(1) is the probability that variable i is positive in a random satisfying as-
signment, and µi(0) is the probability that it is negative.

Figure 2.2: Belief propagation update equations for SAT problem.

First define ni→α(xi) := eλαi(xi) to simplify the expressions. To deal with the

(.)
1

di−1 form of bi(xi), find νβi(xi) such that λαi(xi) =
∑

β3i\α νβi(xi). That is

always possible since we are solving A~ν.i(xi) = ~λ.i(xi) where ~λ.i(xi) = (λαi(xi))α3i

and similarly for ~ν.i(xi). The matrix A is all ones with zero on diagonal. It

is clearly invertible, and thus ~ν.i(xi) is uniquely defined by ~λ.i(xi). Now define

mβ→i(xi) := eνβi(xi), and thus ni→α(xi) =
∏

β3i\α mβ→i(xi).
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With these definitions, we have

bi(xi) ∝
(∏

α3i ni→α(xi)
) 1

di−1

=
(
∏

α3i

∏

β3i\α mβ→i(xi)
) 1

di−1

=
∏

α3i mα→i(xi)

= ni→α(xi)mα→i(xi) for any α 3 i

bα(~xα) ∝ fα(~xα)
∏

i∈α ni→α(xi)

(2.11)

Now we need to solve for ni→α and mα→i. The consistency condition (2.6)

dictates that for any α, i ∈ α, xi ∈ Dom:

bi(xi) =
∑

~xα\i∈Dom
|α|−1 bα(~xα)

and therefore:

ni→α(xi)mα→i(xi) ∝
∑

~xα\i
fα(~xα)

∏

j∈α nj→α(xj)

and if ni→α(xi) 6= 0:

mα→i(xi) ∝
∑

~xα\i
fα(~xα)

∏

j∈α\i nj→α(xj)

So the final BP update equations are, for xi ∈ Dom:

ni→α(xi) ∝
∏

β3i\α
mβ→i(xi) (2.12)

mα→i(xi) ∝
∑

~xα\i∈Dom
|α|−1

fα(~xα)
∏

j∈α\i
nj→α(xj) (2.13)

The final beliefs (that is marginals of the trial distribution b(~x)) are obtained

from the fixed point by (2.11). The BP update equations can be yet simplified if

the factor graph models a SAT problem. The BP equations for SAT are given in

Figure 2.2.
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Chapter 3

Message-Passing and Local

Heuristics as Decimation

Strategies for Satisfiability

In 2002, Mézard, Parisi, and Zecchina [2002] introduced the Survey Propagation

(SP) method to solve hard Boolean satisfiability (SAT) problem instances. The

method is remarkably effective, capable of solving certain million variable instances

that were far beyond the reach of previous techniques. Even more importantly,

SP, which can be viewed as a form of belief propagation (BP), is the first suc-

cessful example of the use of a probabilistic reasoning technique to solve a purely

combinatorial search problem. SP is based on the so-called 1-RSB cavity method

from statistical physics. The method is still far from well-understood, but in re-

cent years, we are starting to see results that provide important insights into its

workings.

The SP method solves the SAT problem using the “decimation” process, which

assigns a truth value to one variable (or a few variables) of F and simplifies F , ob-

taining a smaller formula on n− 1 variables. SP repeatedly decimates the formula

in this manner, until a simplified instance is obtained that is easily solved by ex-
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isting SAT solvers, such as Walksat [Selman et al., 1996]. The decimation process

can fail in that it may assign a variable the wrong value, inadvertently eliminating

all remaining satisfying assignments. The remarkable property of SP is that it

can take a million variable, hard random 3-SAT instance and set 40%-50% of the

variables, without making any “mistake.” The resulting (satisfiable) subformula is

then easily solved by Walksat. How does SP select a variable for decimation? Intu-

itively speaking, it considers the space of all satisfying assignments, and estimates

the marginal probability of each variable being true (or false). It then selects

the variable and the value assignment that has the highest marginal probability,

thus, in a sense, preserving the largest number of satisfying assignments in the

subproblem. As it turns out, SP does not directly consider the space of satisfying

assignments but rather the space of “covers,” which are special combinatorial ob-

jects representing clusters of solutions. It was shown by Braunstein and Zecchina

[2004] and Maneva et al. [2005] that the SP method can be viewed as a form of

belief propagation (BP) on a new constraint satisfaction problem derived from the

original SAT instance, in which the objects of interest correspond to the covers of

the original SAT problem (the derivation is also presented in Chapter 4).

The introduction of SP with its remarkable effectiveness has created the im-

pression that to solve hard combinatorial instances via decimation, SP is required

and BP would have little success. This was not explicitly stated in the literature

but has become a fairly common view. However, we show that BP can be almost

as effective as SP. In particular, we show that for random k-SAT formulas over a

wide range of parameter settings, BP works just as well as SP when performing

decimation. For a preview of these results, see Figure 3.3. (To remedy some of

the convergence difficulties of BP on loopy factor graphs, we use a damped version

BPκ.) This finding is good news in terms of the use of probabilistic techniques for
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solving combinatorial problems. SP equations need to be developed in a specialized

manner for each individual combinatorial problem. For example, different equa-

tions have been developed for k-SAT, graph coloring, and vertex cover problems

over a series of papers. At this point there is no generic recipe for writing the SP

equations for arbitrary combinatorial problems, and one needs an understanding

of the 1-RSB cavity method from statistical physics to do this for each problem.

The BP equations on the other hand are quite generic and can be written down

directly from the factor graph representing the combinatorial problem in question.

In practical terms, our first message is that in further exploring probabilistic meth-

ods for solving combinatorial problems, BP holds a promise that is quite similar

to that of SP. In particular, in the development of hybrid search methods, e.g., to

boost SAT solvers, one should not rule out BP methods before going to SP.

We also compare the decimation strategies of BP, BPκ, and SP, with those

found in more traditional approaches towards SAT solving. A highly successful

class of modern SAT solvers is based on the so-called DPLL procedure [Davis and

Putnam, 1960, Davis et al., 1962]. Such solvers perform essentially a backtrack

search through the space of all truth assignments searching for a satisfying one. In

the search, heuristics are used to select which variable to set next and to what value.

Each branch of the backtrack search tree corresponds to a decimation strategy. Our

experiments show that the heuristics employed in modern SAT solvers can in fact

solve some random k-SAT instances through pure decimation (no backtracking)

but the process, as one might expect, quickly fails on harder instances. We thus

obtain a strict order in terms of decimation strategies, from the least effective one,

which is a random variable setting, to local heuristics used in modern SAT solvers,

to BP, BPκ, and finally, SP.

As noted above, the decimation process can fail because one may inadvertently
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create an unsatisfiable subproblem. Consider, for example, the Boolean constraint

C defined as (x1 or ¬x2 or x3). If the decimation heuristic assigns a value to both

x1 and x2, C is either satisfied and disappears, or reduced to the “unit” clause x3.

If another clause C ′ similarly creates the unit clause ¬x3, the subproblem becomes

unsatisfiable. This observation suggests that unit clauses may play an important

role in determining the success or failure of a decimation strategy. Indeed, as we

show, what distinguishes message passing based heuristics from standard search

heuristics on the hardest random 3-SAT instances is that the former virtually avoid

the creation of unit clauses.

Finally, we do see that despite its promising performance, BPκ doesn’t quite

match SP’s performance on the hardest set of random instances. We investigate

this behavior in terms of an indirect measure: the evolution of the hardness of

the resulting formula as decimation proceeds. Our results reveal an interesting

phenomenon, where both BPκ and SP start by gradually making the formula

easier, but while SP continues to do so, BPκ soon makes the formula much harder

to solve than it originally was. Such studies have not been performed earlier to

our knowledge, and shed light into the not-so-well understood differences between

BP and SP for solving CSPs.

3.1 Solving SAT by Decimation

The computational hardness of SAT coupled with its numerous applications have

led to the development of dozens of progressively faster SAT solvers, which es-

sentially fall into two categories: branch-and-backtrack search (i.e., DPLL-based

methods) and local search. Both of these work with partial or sub-optimal candi-

date solutions, and attempt to iteratively improve these candidate solutions until a

24



satisfying assignment is found. A key aspect of both is the ability to make possibly

wrong decisions early on in the search and later rectify the mistakes as the search

progresses.

A conceptually much simpler method of finding a solution to a (satisfiable)

formula F is decimation: select a literal ` of F according to some heuristic, set

` = true, simplify F by removing all clauses containing ` and shrinking those

containing ¬`, and repeat. Decimation is said to fail if one ends up with a sub-

formula F ′ of F that contains an empty (and thus unsatisfiable) clause. To be

of any interest, the heuristic used for decimation must, in particular, satisfy the

property that if there is a unit clause ` in F ′, then the heuristic suggests that `

(or some other unit literal) be set to true. Since there is no “repair” mechanism

in decimation, its success as a solution technique for SAT relies critically on the

correctness of every single variable setting made during the process until a solution

is found. As one might expect, decimation does not work very well in solving many

formulas of interest. However, when one considers random 3-SAT formulas, the

picture is quite positive. Analysis of decimation with various local heuristics has

provided formal lower bounds on the satisfiability threshold [e.g. Achlioptas et al.,

2005, Hajiaghayi and Sorkin, 2003, Kaporis et al., 2006]. Further, decimation with

SP as the guiding heuristic [Mézard et al., 2002] has turned out to not only work

surprisingly well for 3-SAT, it is the best method that we know of for this problem.

3.1.1 Belief Propagation & Survey Propagation

Belief propagation (BP) [Pearl, 1988] is an iterative algorithm for computing

marginal probabilities of the nodes of a graphical model such as a Bayesian net-

work. It works by iteratively solving a set of mutually recursive equations on

variables that represent messages among the nodes of the graphical model. In the
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context of SAT, one can think of a CNF formula F with n variables and m clauses

as a factor graph GF with n variable nodes taking value in {0, 1} and m factors.

Each variable node of GF corresponds naturally to a variable of F . Each factor fC

corresponds to a clause C of F and is connected to the variable nodes correspond-

ing to the variables appearing in C. fC evaluates to 1 for a certain valuation of

the variable nodes iff C evaluates to true for the corresponding truth assignment

to the variables.

We are interested, for example, in computing Pr[x1 = 1] for our example for-

mula F : this represents the marginal probability of x1 being 1 when all solutions

to F are chosen with equal probability. Equivalently, it is the fraction of solutions

of F that have x1 = 1. We use the term magnetization to refer to the difference

between the marginal probabilities of a variable or literal being true and it being

false. We refer the reader to standard texts [e.g. Pearl, 1988] for details of the

iterative equations used to compute such marginal probabilities.

The BP iterations have been proved to converge and provide accurate answers

essentially only when applied to problems with no circular dependencies, such as

SAT instances with no loops in the factor graph. Empirically, BP has been shown

to provide very good approximations even in some domains which do not satisfy

this condition [Murphy et al., 1999]. Unfortunately, the number of domains where

this is true is rather small, and BP fails on many problems of interest as well as

on hard random k-SAT instances. Making progress in this direction is an open

problem with active interest [e.g., Hsu and McIlraith, 2006, Pretti, 2005].

Survey propagation (SP) is a similar iterative method designed specifically for

solving hard SAT instances, and is in fact the most successful method when deal-

ing with random k-SAT instances. While introduced initially from a very different

perspective, namely the cavity method in statistical physics [Mézard et al., 2002],
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it was later shown to be an instance of BP applied to a modified problem [Braun-

stein and Zecchina, 2004, Maneva et al., 2005]. This modified problem is that of

finding “covers” of the formula rather than satisfying assignments. The notion of

covers [Maneva et al., 2005] is based on generalized assignments to Boolean vari-

ables, i.e., assignments in {0, 1, ∗}, and each such cover is supposed to represent a

whole set of assignments that are close to each other in Hamming distance (loosely

called “clusters”). The iterative equations of SP thus compute marginal probabil-

ities of a variable being 0, 1, or ∗ in the covers of F . Covers have many interesting

properties; we refer the reader to Maneva et al. [2005], Kroc et al. [2007] for details.

3.1.2 Convergent BP

As mentioned above, BP equations often do not converge to a fixpoint for hard

enough problem instances. Moreover, problem instances that we study have tens or

hundreds of thousands of variables and clauses, which is several orders of magnitude

more than what off-the-shelf probabilistic inference programs can handle. Even

improvements of the belief propagation technique that allow it to be used on a

wider set of problems, such as Generalized Belief Propagation [Yedidia et al., 2000]

or Loop Corrected Belief Propagation [Mooij et al., 2007], are not scalable enough

for our purposes. The problem of very slow convergence on hard instances seems

to plague also approaches based on other methods for solving the BP equations

than the simple iteration scheme, such as the convex-concave procedure introduced

by Yuille [2002]. Finally, in our context, the speed requirement is accentuated by

the need to use marginal estimation repeatedly during the decimation process.

We consider a parameterized variant of BP which is guaranteed to converge

when this parameter is small enough, and which imposes no additional computa-
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tional cost over the traditional BP1. As we will shortly see, this “damped” variant

of BP provides much more useful information than BP iterations terminated with-

out convergence, and, surprisingly, performs very well as a decimation heuristic

for random k-SAT. We refer to this particular way of damping the BP equations

as BPκ, where κ ≥ 0 is a real parameter that controls the extent of damping

in the iterative equations. The iterative update equations for BP κ are given in

Figure 3.1. The only difference from the normal BP equations is the exponent κ

in the updates for the Π messages.

The role of the parameter κ is to damp oscillations of the message values by

pushing the variable-to-clause messages, Π, closer to 1. Intuitively speaking, the

damping is realized by the function y = xκ for κ < 1. For inputs x that are positive

and less than one, the function increases their value, or sets them to 1 in the case

of κ = 0. As a result, after normalization, the Π values are less extreme. For

κ = 0, we can obtain a probabilistic interpretation of the algorithm reminiscent of

a local heuristic for SAT solving:

Proposition 2. The system of BPκ equations for κ = 0 converges in one iteration

for any starting point, and the following holds for the resulting values µi (see

Figure 3.1 for notation):

µi(1) ∝
∏

b∈C−(i)

(
1− 2−(|V (b)|−1)

)

µi(0) ∝
∏

b∈C+(i)

(
1− 2−(|V (b)|−1)

)

Proof. For any initial starting point η0 (with values in [0, 1]), the first iteration sets

all Πu = 1 and Πs = 1. This means ηa→i = (1
2
)|V (a)|−1 for all clauses a containing

variable i. This is the fixed point η∗, because applying the updates again yields

the same values. The rest follows directly from the form of the µi equations in

1Similar but distinct parametrization was proposed by Pretti [2005].
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Notation used in the figure: V (a) is the set of all variables in clause a. For
a variable i appearing in clause a, Cu

a (i) is the set of all clauses in which i
appears with the opposite sign than it does in a. Cs

a(i) is the set of all clauses
in which i appears with the same sign as it does in a except for a (thus Cu

a (i),
Cs

a(i) and {a} are disjoint and their union is the set of all clauses where i
appears). C+(i) is the set of all clauses in which i appears unnegated. C−(i)
is the set of all clauses in which i appears negated.

Messages from clauses to variables:

ηa→i =
∏

j∈V (a)\i

[
Πu

j→a

Πu
j→a + Πs

j→a

]

Messages from variables to clauses:

Πu
i→a =




∏

b∈Cs
a(i)

(1− ηb→i)





κ

Πs
i→a =




∏

b∈Cu
a (i)

(1− ηb→i)





κ

Computing marginals from a fixed point η∗ of the message equations:

µi(1) ∝
∏

b∈C−(i)

(1− η∗
b→i)

µi(0) ∝
∏

b∈C+(i)

(1− η∗
b→i)

µi(1) is the probability that variable i is positive in a random satisfying as-
signment, and µi(0) is the probability that it is negative.

Figure 3.1: Modified belief propagation update equations, BPκ.
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Figure 3.1.

The intuitive interpretation of the values of µi in Proposition 2 is the following:

assuming independence of variable occurrences in clauses, the value 2−(|V (b)|−1) can

be interpreted as the probability that clause b ∈ C(i) is unsatisfied by a random

truth assignment if variable i is not considered. µi(1) is thus the probability that

all clauses b in which variable i appears negated are satisfied, and analogously for

µi(0). Since clauses not considered in the expressions for µi are satisfied by i itself,

the resulting values of µi are proportional to the probability of all clauses where

i appears being satisfied with the particular setting of variable i, when all other

variables are set randomly. This is very local information, and depends only on

what clauses the variable appears in negatively or positively. The parameter κ

can thus be used to tune the tradeoff between the ability of the iterative system

to converge and the locality of the information obtained from the resulting fixed

point.

When κ = 1, BPκ is identical to regular belief propagation. On the other

hand, when κ = 0, the equations surely coverge in one step to a unique fixed point

and the marginal estimates obtained from this fixed point have a clear probabilis-

tic interpretation in terms of a local property of the variables (see Proposition 2

above). The κ parameter thus allows one to interpolate between regimes where

the equations correspond to the original BP providing global information if the

iterations converge (κ = 1), and regime where the iterations surely converge but

provide only local information (for κ = 0).

The resulting marginals for κ 6= 1 do not correspond to the actual BP marginal

estimates, but we believe that the information obtained retains relevance to the

true marginals. This is shown in Figure 3.2, where the quality of the estimate of

solution marginals obtained by running standard BP and cutting it off because of
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