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This surv ey giv es an o v erview of formal results on the XML query language XP ath. W e iden tify

sev eral imp ortan t fragmen ts of XP ath, fo cusing on subsets of XP ath 1.0. W e then giv e results on

the expressiv eness of XP ath and its fragmen ts compared to other formalisms for querying trees,

algorithms and complexit y b ounds for ev aluation of XP ath queries, and static analysis of XP ath

queries.

Categories and Sub ject Descriptors: H.2.3 [ Languages ]: Query languages

1. INTRODUCTION

XP ath [W orld Wide W eb Consortium 1999a] is a language for matc hing paths and,

more generally , patterns in tree-structured data and XML do cumen ts. These pat-

terns ma y use either just purely the tree structure of an XML do cumen t or data

v alues o ccurring in the do cumen t as w ell.

XP ath is used as a comp onen t in XML query languages (in particular, X Query

[W orld Wide W eb Consortium 2002] and XSL T [W orld Wide W eb Consortium

1999b]), sp eci�cations (e.g., XML Sc hema [W orld Wide W eb Consortium 2001]),

up date languages (e.g., [Sur et al. 2004]), subscription systems (e.g., [Altinel and

F ranklin 2000; Chan et al. 2000]) and XML access con trol (e.g., [F an et al. 2004]).

Because XP ath is ubiquitous in programming to ols for manipulating XML do cu-

men ts, and XP ath pro cessing is a k ey comp onen t of these to ols, h undreds if not

thousands of pap ers ha v e app eared o v er the y ears dealing with the ev aluation and

analysis of XP ath. Indeed the p opularit y of XP ath as a formalism ma y b e a factor

in the explosiv e gro wth of XML, as w ell as an e�ect.

The XP ath standard has its rough edges, but there is an essen tial na vigational

core that is an elegan t mo dal language . In this core of XP ath there is no explicit

notion of v ariable, and mo dal step expressions allo w for na vigation relativ e to a

con text no de and th us can only \see" one elemen t of the do cumen t at a time.

An imp ortan t prop ert y of XP ath (whic h follo ws from its syn tactic restrictions

that mak e it a mo dal language) is that fragmen ts corresp ond to certain b ounded-

v ariable logics. F rom these logics, XP ath inherits nice graph-theoretic prop erties

on the \dep endency graphs" of its queries. In particular, the queries ha v e b ounded

tree-width and b ounded h yp ertree-width. These prop erties render them amenable

to e�cien t ev aluation [Gottlob et al. 2005]. XP ath is quite unique in the sense that

(1) it is a widely used practical language that naturally ob eys syn tactic restrictions

that lead to b ounded (h yp er)tree-width and (2) b ounded (h yp er)tree-width is of

immediate practical relev ance to e�cien t ev aluation. (1) is true for mo dal languages

used in v eri�cation, but (2) is not, as the query ev aluation tec hniques used in the

con text of those languages are quite di�eren t [Burc h et al. 1990; Clark e et al. 2000].

In this surv ey , w e presen t the main fundamen tal results regarding XP ath that

ha v e b een dev elop ed since its in tro duction. These results can b e group ed in to the

categories expr essiveness , c omplexity , and static analysis of XP ath.

|W e giv e a detailed accoun t of the kno wn expressiv eness results for XP ath, but also



giv e a n um b er of new results. In particular, w e review the connections b et w een

XP ath and �rst-order logic. The main results are that there are �rst-order queries

not expressible in na vigational XP ath, but that na vigational XP ath expresses

precisely the t w o-v ariable �rst-order queries o v er the na vigational structure of

XML do cumen ts. W e sho w that the na vigational XP ath fragmen t extended b y

the aggregation features of XP ath do es express all �rst-order queries. W e also

surv ey c haracterizations of fragmen ts of XP ath in terms of tree-pattern queries,

and c haracterize XP ath in terms of automata.

|W e presen t an in-depth study of XP ath complexit y and e�cien t ev aluation that

rev olv es around graph-theoretic prop erties of XP ath queries. Large p ortions of

the XP ath language can b e pro cessed b y algorithms that can w ork in parallel or

in streaming fashion. These issues ha v e b een studied extensiv ely in the literature,

but w e presen t an o v erview here as w ell.

|W e also surv ey static analysis problems for XP ath, in particular the satis�abilit y

and the con tainmen t problem. These ha v e div erse applications suc h as in the

con text of XML query optimization, main taining in tegrit y , and answ ering queries

using views.

The structure of this article is as follo ws. In Section 2, w e presen t the data

mo del and XP ath fragmen ts considered in this article, and giv e their seman tics.

Section 3 studies the expressiv e p o w er of our XP ath fragmen ts, relating them to

v arious logics, and the cost (and blo w-up) of translating b et w een suc h languages.

Section 4 discusses the main results on the complexit y of XP ath and of e�cien t

query ev aluation, addressing e�cien t algorithms b oth in a classical and a stream

pro cessing framew ork, as w ell as lo w er b ounds. Finally , Section 5 surv eys the state

of the art of researc h on static analysis problems for XP ath.

F or the cen tral results in this surv ey , pro ofs are giv en. In some cases, w e giv e

pro ofs that are simpli�cations of those in the literature, while in other cases w e giv e

new pro ofs.

2. FRAMEW ORK

An y fundamen tal researc h study of XP ath has to decide what XP ath really is { that

is, to distinguish whic h language features of man y to fo cus on. XP ath o�cially refers

to the W orld Wide W eb Consortium's (W3C) standard language. This is a mo ving

target, and indeed while virtually all researc h on XP ath has fo cussed on the XP ath

1.0 standard [W orld Wide W eb Consortium 1999a], there is an extension, XP ath 2.0

[W orld Wide W eb Consortium 2007], whic h has recen tly reac hed Recommendation

status.

Th us the �rst task for a formal study is to isolate a particular subset of the lan-

guage with attractiv e prop erties, and to distinguish essen tial language features from

pro visional design decisions. In this surv ey w e fo cus exclusiv ely on XP ath 1.0, and

tak e the mo dal and step primitiv es that c haracterize XP ath 1.0 as the de�nitiv e

features of the language. F urthermore, since XP ath 1.0 is still a large language,

w e concen trate on a sublanguage that exhibits the basic na vigation and data ma-

nipulation features. The principal asp ects that w e ignore are string-manipulation,

t yp e con v ersions, and construction of string v alues from do cumen t fragmen ts. F or

the most part the op erations a v ailable at the v alue lev el do not a�ect our basic re-

sults, but w e will commen t brie
y on their impact in the appropriate sections. The

largest language w e consider, denoted OrdXP ath , allo ws for the selection of no des

based on na vigation within the tree structure, data v alue comparisons, aggrega-

tion, and no de p osition arithmetic. Within OrdXP ath , w e will delineate a hierarc h y

of sublanguages of XP ath 1.0 to whic h more precise expressiv eness or complexit y

b ounds apply . W e will refer to these sublanguages as XP ath fragmen ts. Of par-

ticular in terest will b e Na vigational XP ath ( NavXP ath ), whic h deals only with the
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underlying tree structure of the do cumen t. All the fragmen ts considered in this

surv ey are formally in tro duced in Section 2.2.

The languages of this surv ey can th us b e though t of as subsets of XP ath 1.0 cap-

turing the more imp ortan t features of the language. In our de�nition of NavXP ath ,

w e mak e some small sup er�cial departures from the concrete syn tax of XP ath 1.0.

W e do this b ecause clean syn tax in some cases allo ws for more readable pro ofs. W e

discuss these deviations from standard syn tax in the text.

2.1 Data Mo del

A signatur e (or vo c abulary ) is a set of relation and function names. A r elational

signatur e is one consisting only of relation names (i.e., a relational sc hema). A

� -structur e is a structure (or database) of signature � . As a con v en tion, giv en a

structure A , w e use A (the name of the structure set in roman fon t) to denote

its domain and jAj to denote the size of the structure in a reasonable mac hine-

represen tation (cf. e.g. [Immerman 1999; Libkin 2004]).

Let � b e a �nite alphab et of lab els. An unr anke d or der e d tr e e is a tree in whic h

no des ma y ha v e a v ariable n um b er of c hildren, with an order among them. An

XML-tr e e is a relational structure T of signature

�

nav

= (( Lab

L

)

L 2 �

; R

child

; R

next - sibling

) ;

represen ting an unrank ed, ordered tree whose no des are lab eled using the sym b ols

from �: eac h Lab

L

, for L 2 �, is a unary relation represen ting the set of no des

lab eled L , R

child

is the binary paren t-c hild relation among no des, and R

next - sibling

is

the binary immediate righ t-sibling relation. That is, R

child

( x; y ) means that y is a

c hild of x and R

next - sibling

( x; y ) means that y is the immediate righ t-sibling of x . W e

sa y that an XML-tree T of signature �

nav

represen ts the na vigational structure of

an XML do cumen t.

An XML do cument is a structure of signature �

dom

= �

nav

[ f @ A

1

; : : : ; @ A

n

g o v er

a t w o-sorted domain of no des and v alues, where the relations from �

nav

o v er no des

are as ab o v e and the @ A

1

; : : : ; @ A

n

are a �xed �nite set of asso ciated attribute

functions , whic h map no des to v alues. F or simplicit y w e assume the attribute

functions to b e total and to tak e v alues in the in tegers. P artial functions can b e

mo deled in this w a y , b y (for example) adding a sp ecial \n ull" v alue. W e use No de ( D )

to mean the no des of XML do cumen t D ; since D is usually clear from the con text,

w e will generally write simply No de . Similarly , w e write No deSet ( D ) for the set of

all sets of no des of do cumen t D , omitting the argumen t D when it is clear.

Na vigational Primitiv es . In XP ath, the primitiv es emplo y ed for na vigation along

the tree structure of a do cumen t are called axes . W e will consider the axes self ,

child , pa rent , descendant , descendant - o r - self , ancesto r , ancesto r - o r - self , next - sibling ,

follo wing - sibling , p revious - sibling , p receding - sibling , follo wing , and �nally p receding .

The meaning of axis � is b est giv en b y a binary axis r elations R

�

, where R

child

and R

next - sibling

w ere in tro duced ab o v e, R

self

= f ( n; n ) : n 2 No de g , R

descendant

is

the transitiv e closure of R

child

, R

descendant - o r - self

is the re
exiv e and transitiv e closure

of R

child

, R

follo wing - sibling

is the transitiv e closure of R

next - sibling

. By the inverse of a

binary relation R , w e refer to the relation f ( n

0

; n ) : R ( n; n

0

) g . The relations R

pa rent

,

R

ancesto r

, R

ancesto r - o r - self

, R

p receding - sibling

, and R

p revious - sibling

are the in v erses of the

relations R

child

, R

descendant

, R

descendant - o r - self

, R

next - sibling

, R

follo wing - sibling

, resp ectiv ely .

Finally , R

follo wing

is the comp osition R

ancesto r - o r - self

� R

follo wing - sibling

� R

descendant - o r - self

while R

p receding

is the in v erse of R

follo wing

. W e sa y that an axis � is the in v erse of an

axis � i� R

�

is the in v erse of R

�

.

Orders among No des . W e consider t w o w ell-kno wn total orders on �nite ordered
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trees. The pr e-or der <

pre

and the p ost-or der <

p ost

can b e de�ned b y

x <

pre

y : , R

descendant

( x; y ) _ R

follo wing

( x; y )

x <

p ost

y : , R

descendant

( y ; x ) _ R

follo wing

( x; y ) :

In tuitiv ely , the pre- and p ostorder corresp ond to the order in whic h the op ening

resp. closing tag of eac h no de of a tree is seen when reading the corresp onding

XML do cumen t from left to righ t. In XML jargon, <

pre

is also kno wn as do cument

or der [W orld Wide W eb Consortium 1999a].

2.2 XP ath F ragments Considered in this Survey

Man y results on XP ath apply to the fragmen t that deals only with the na vigational

structure of an XML do cumen t. W e will lo ok at t w o fragmen ts that lo ok only at

the na vigational structure.

Na vigational XP ath and Core XP ath . W e de�ne here a clean language for

na vigating the tag structure whic h w e denote NavXP ath . It consists of expressions

whose input is a no de and whose output is either a set of no des (an elemen t of

No deSet ) or a Bo olean. The latter are also referred to as quali�ers or �lters . W e

will generally use p; p

0

: : : to v ary o v er general XP ath expressions, of an y t yp e, while

q ; q

0

: : : will b e used to denote quali�ers. Expressions are built up from the grammar

p ::= step j p=p j p [ p

step ::= axis j step [ q ]

q ::= p j lab () = L j q ^ q j q _ q j : q ;

where axis stands for the axes named ab o v e, L denotes the lab els in �, and ^ ; _ ; :

stand for and (conjunction), or (disjunction) and not (negation), resp ectiv ely .

An expression p in NavXP ath o v er a �

nav

-structure D is in terpreted as a function

[ [ p ] ]

N odeS et

from a no de to a set of no des, while a quali�er q is in terpreted as a unary

predicate [ [ q ] ]

B oolean

: No de ! f tr ue; f al se g . In b oth cases, w e refer to the input

no de of these functions as the c ontext no de . The seman tic functions are de�ned

inductiv ely on the structure of p; q . F or No deSet expressions p w e ha v e

(P1) [ [ axis ] ]

N odeS et

( n ) := f n

0

: R

axis

( n; n

0

) g .

(P2) [ [ step [ q ]] ]

N odeS et

( n ) := f n

0

: n

0

2 [ [ step ] ]

N odeS et

( n ) ^ [ [ q ] ]

B oolean

( n

0

) =true g .

(P3) [ [ p

1

=p

2

] ]

N odeS et

( n ) := f v : 9 w 2 [ [ p

1

] ]

N odeS et

( n ) ^ v 2 [ [ p

2

] ]

N odeS et

( w ) g .

(P4) [ [ p

1

[ p

2

] ]

N odeS et

( n ) := [ [ p

1

] ]

N odeS et

( n ) [ [ [ p

2

] ]

N odeS et

( n ).

F or quali�ers q w e ha v e

(Q1) [ [ lab () = L ] ]

B oolean

( n ) := Lab

L

( n )

(Q2) [ [ p ] ]

B oolean

( n ) := [ [ p ] ]

N odeS et

( n ) 6= ;

(Q3) [ [ q

1

^ q

2

] ]

B oolean

( n ) := [ [ q

1

] ]

B oolean

( n ) ^ [ [ q

2

] ]

B oolean

( n )

(Q4) [ [ q

1

_ q

2

] ]

B oolean

( n ) := [ [ q

1

] ]

B oolean

( n ) _ [ [ q

2

] ]

B oolean

( n )

(Q5) [ [ : q ] ]

B oolean

( n ) := : [ [ q ] ]

B oolean

( n )

In the ab o v e, w e ha v e departed from standard XP ath syn tax in sev eral w a ys: i)

w e ha v e a lab el test as a �lter, while in XP ath one has testing a lab el as part of

a step, ii) union is allo w ed nested arbitrarily within expressions, while in XP ath

it is allo w ed only at top-lev el, and iii) the set of axes includes the next - sibling and

p revious - sibling axes. As w e will see, this giv es us a fragmen t with nicer theoretical

prop erties.

Co reXP ath is a faithful (i.e., strictly syn tactical) fragmen t of XP ath capturing

na vigational prop erties. It is de�ned b y making the follo wing c hanges to NavXP ath :

|W e eliminate the �lter lab () = L and replace the pro duction step ::= axis j step [ q ]

b y step ::= axis :: L [ q ] j axis ::* [ q ], where L is a lab el. axis :: L [ q ] has the same

seman tics as axis [ lab () = L ][ q ] in NavXP ath , while axis ::* [ q ] is the same as axis [ q ]

in NavXP ath .
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|W e disallo w nested union, replacing the �rst pro duction b y the follo wing t w o:

p

0

::= p [ p j p ; p ::= step j p=p . p

0

is no w the ro ot non terminal of the grammar.

|W e remo v e the axes next - sibling and p revious - sibling .

|W e add absolute paths, ap ::= " = " p , and allo w them in �lters, i.e. adding a pro-

duction q ::= ap . A �lter q = =p has seman tics [ [ q ] ]

B oolean

( n ) := [ [ p ] ]

B oolean

( n

0

),

where n

0

is the ro ot of the do cumen t.

CoreXP ath is th us prop erly a syn tactic subset of XP ath 1.0.

First-Order XP ath ( F O XP ath ). W e extend CoreXP ath ab o v e to allo w queries

that can lo ok at the data v alue structure of an input do cumen t of signature �

dom

.

F O XP ath adds path expressions of the form

id( p= @ A )

and quali�ers of the forms

i RelOp i p= @ A RelOp i p= @ A RelOp p

0

= @ B

to the syn tax of NavXP ath , where p and p

0

are path expressions, @ A and @ B are

attributes, RelOp 2 f = ; � ; <; >; � ; 6= g , and i is a non terminal denoting the constan t

in tegers.

F O XP ath op erates on �

dom

-structures with an attribute function @ ID . The id( p= @ A )

expressions mo del the id() function of XP ath, and to b e fully faithful w e could as-

sume that the attribute function @ ID is injectiv e.

The seman tic functions [ [ � ] ]

N odeS et

: No de ! No deSet and [ [ � ] ]

B oolean

: No de !

B ool ean of NavXP ath are extended as follo ws to handle the additional constructs:

(P5) [ [id ( p= @ A )] ]

N odeS et

( n ) := f n

0

: 9 n

00

2 [ [ p ] ]

N odeS et

( n ) @ ID ( n

0

) = @ A ( n

00

) g ,

(Q6) [ [ i RelOp i

0

] ]

B oolean

( n ) := [ [ i ] ]

I nt

( n ) RelOp [ [ i

0

] ]

I nt

( n ),

(Q7) [ [ p= @ A RelOp i ] ]

B oolean

( n ) := 9 n

0

2 [ [ p ] ]

N odeS et

( n ) @ A ( n

0

) RelOp [ [ i ] ]

I nt

( n ),

and

(Q8) [ [ p= @ A RelOp p

0

= @ B ] ]

B oolean

( n ) := 9 n

0

2 [ [ p ] ]

N odeS et

( n ) 9 n

00

2 [ [ p

0

] ]

N odeS et

( n )

@ A ( n

0

) RelOp B ( n

00

),

where [ [ c ] ]

I nt

( n ) = c for constan t c .

Aggregate XP ath ( AggXP ath ). Next, w e add on expressions to F O XP ath that

manipulate in tegers and compute aggregates.

The syn tax of AggXP ath is obtained from F O XP ath b y extending n um b er-t yp ed

expressions i (from exclusiv ely in teger constan ts in F O XP ath ) to

i ::= ` c ' j i + i j i � i j coun t ( p ) j sum( p= @ A )

where p ranges o v er path expressions and @ A is an attribute function. W e call \+"

and \ � " arithmetic op er ators and \coun t" and \sum" aggr e gate op er ators .

The seman tic function [ [ i ] ]

I nt

: No de ! I nt for n umerical expressions of F O XP ath

is extended to

(I1) [ [ c ] ]

I nt

( n ) := c

(I2) [ [ i � i

0

] ]

I nt

( n ) := [ [ i ] ]

I nt

( n ) � [ [ i

0

] ]

I nt

( n ) ( � 2 f + ; �g )

(I3) [ [coun t( p )] ]

I nt

( n ) := j [ [ p ] ]

N odeS et

( n ) j

(I4) [ [sum( p= @ A )] ]

I nt

( n ) := � f @ A ( n

0

) j n

0

2 [ [ p ] ]

N odeS et

( n ) g

Aggregate XP ath with p osition arithmetic ( OrdXP ath ). Finally , w e add the

n umerical op erations \p osition()" and \last()" to AggXP ath ; these are called p osi-

tional op er ators .

If w e lo ok at the seman tic functions [ [ � ] ]

N odeS et

, [ [ � ] ]

I nt

, and [ [ � ] ]

B oolean

of AggXP ath ,

w e sa y that they map from a con text no de (e.g., the ro ot no de of the do cumen t

tree) to either a no de set, a Bo olean, or an in teger v alue. In OrdXP ath , quali�ers
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and n umerical expressions are de�ned with resp ect to a more extensiv e \con text"

consisting of a no de and t w o additional in tegers, whic h can b e accessed b y the

p ositional op erators.

(1) [ [ � ] ]

N odeS et

: No de ! No deSet is as in AggXP ath except for

( P 2

0

) [ [ step [ q ]] ]

N odeS et

( n ) := f n

j

j [ [ step ] ]

N odeS et

( n ) = f n

1

; : : : ; n

k

g^

n

1

� n

2

� � � � � n

k

^ 1 � j � k ^ [ [ q ] ]

B oolean

( n

j

; j; k ) g ;

where � denotes either the do cument or der , i.e. the total order

n � n

0

, R

descendant

( n; n

0

) _ R

follo wing

( n; n

0

);

if step b egins with a forwar d axis ( child ; descendant ; follo wing ; : : : ) or the in v erse

of the do cumen t order if step b egins with an y of the other axes ( pa rent , ancesto r ,

p receding - sibling , : : : ).

(2) [ [ � ] ]

B oolean

: No de � I nt � I nt ! B ool ean is de�ned analogously to [ [ � ] ]

B oolean

of

AggXP ath , ho w ev er taking a con text consisting of a triple ( n; j; k ) and pass-

ing it on to all quali�er and n umerical sub expressions (for instance, [ [ q

1

^

q

2

] ]

B oolean

( n; j; k ) := [ [ q

1

] ]

B oolean

( n; j; k ) ^ [ [ q

2

] ]

B oolean

( n; j; k )), and

(3) [ [ � ] ]

I nt

: No de � I nt � I nt ! I nt is de�ned analogously to [ [ � ] ]

I nt

of AggXP ath ,

ho w ev er passing on the full con text triple ( n; j; k ) to its n umerical sub expres-

sions (for instance, [ [ i + i

0

] ]

I nt

( n; j; k ) := [ [ i ] ]

I nt

( n; j; k ) + [ [ i

0

] ]

I nt

( n; j; k ; )). F or

the new op erators of OrdXP ath , w e ha v e:

(I5) [ [p osition()] ]

I nt

( n; j; k ) := j

(I6) [ [last()] ]

I nt

( n; j; k ) := k

By p ositive F O XP ath , denoted PF O XP ath , (resp., NavXP ath , denoted PNavXP ath ),

w e will refer to F O XP ath (resp., NavXP ath ) without negation and inequalities (i.e.,

expressions p RelOp p

0

with RelOp di�eren t from \="). W e sa y that a F O XP ath

query (resp., NavXP ath query) is c onjunctive (and connected) if it do es not use

disjunction, union, negation, or inequalities.

Remark 2.1. The XP ath fragmen ts just presen ted { just lik e XP ath 1.0 { al-

lo w for m ultiple quali�er brac k ets as part of a step expression. In all our XP ath

languages except for OrdXP ath , this abilit y is redundan t, since steps con taining

m ultiple quali�er brac k ets axis [ � ] : : : [ � ] can b e simpli�ed to axis [ � ^ � � � ^ � ]. In

the pro ofs of our surv ey , w e will sometimes assume the simpli�ed syn tax without

m ultiple quali�ers for con v enience.

In OrdXP ath this simpli�cation is not applicable in general, and hence for this

fragmen t the abilit y to use m ultiple quali�ers do es add expressiv eness.

Example 2.2. On a con text no de n with three c hildren n

1

; n

2

; n

3

, of whic h the

�rst is lab eled B and the second and third are lab eled A ,

[ [ child [ lab () = A ][p osition() = 1]] ]

N odeS et

( n ) = f n

2

g ;

since n

2

is the �rst c hild of n in do cumen t order that is lab eled A . One can sho w

that this query cannot b e phrased with a single quali�er brac k et in eac h step. F or

instance,

[ [ child [ lab () = A ^ p osition() = 1]] ]

N odeS et

( n ) =

f n

j

j 1 � j � 3 ^ [ [ lab () = A ^ p osition() = 1] ]

B oolean

( n

j

; j; 3) g = ; ;

while

[ [ child [ lab () = A ] = self [p osition()=1]] ]

N odeS et

( n ) =

[

f [ [ self [p osition()=1]] ]

N odeS et

( n

i

) j n

i

2 [ [ child [ lab () = A ]] ]

N odeS et

( n ) g =

[ [ self [p osition()=1]] ]

N odeS et

( n

2

) [ [ [ self [p osition()=1]] ]

N odeS et

( n

3

) = f n

2

; n

3

g :

6



2

The example ab o v e also sho ws that �lters do not comm ute in OrdXP ath .

2.3 Query Equivalence

By a query , w e mean an y expression from one of the XP ath fragmen ts in tro duced

ab o v e. Tw o queries p and p

0

with domain No de are ful ly e quivalent (or simply

e quivalent when it is clear from the con text), denoted b y p � p

0

, i� for an y XML

do cumen t D and all no des n 2 D , [ [ p ] ]

N odeS et

( n ) = [ [ p

0

] ]

N odeS et

( n ), and similarly for

OrdXP ath queries with con text No de � I nt � I nt .

Let true b e a shortcut for the quali�er ( lab () = A ) _ : ( lab () = A ). W e sa y

t w o queries are e quivalent over �

0

(denoted b y �

�

0

) where �

0

is a �xed �nite

lab el alphab et, if the ab o v e holds for an y do cumen t D whose lab els are in �

0

. F or

example, true is equiv alen t to lab () = A _ lab () = B o v er the alphab et f A; B g , but

not in general. W e will usually w ork with the stronger notion of general equiv alence

� , and sp ecify when results also hold for restricted equiv alence { equiv alence w.r.t.

some �nite alphab et �

0

.

F or queries with domain No de (whic h include all NavXP ath expressions), a w eak er

equiv alence relation is de�ned as follo ws: p and p

0

are called r o ot e quivalent , denoted

b y p �

r

p

0

, i� for an y XML do cumen t D , [ [ p ] ]

N odeS et

( rt ) = [ [ p

0

] ]

N odeS et

( rt ), where rt

is the ro ot of D . F or NavXP ath queries de�ned using up w ard axes, ro ot equiv alence

can b e w eak er than general equiv alence: for example self [ pa rent ] �

r

self [ : true ],

since the ro ot no de has no paren t, but clearly these t w o expressions are not fully

equiv alen t.

2.4 Histo rical and Bibliographic Rema rks

XP ath w as initially dev elop ed b y James Clark and formalized and prom ulgated as

an indep enden t standard b y the W3C starting in 1999, as XP ath 1.0 [W orld Wide

W eb Consortium 1999a]. The standard de�nes the syn tax of the language, along

with use cases, but giv es the seman tics only informally . An early attempt to giv e a

formal seman tics is found in [W adler 2000; 1999]. A complete and y et v ery concise

formal seman tics of XP ath 1.0 can b e found in [Gottlob et al. 2002].

In the pro cess of the dev elopmen t of X Query , a signi�can t extension of XP ath 1.0

w as dev elop ed, released as XP ath 2.0 [W orld Wide W eb Consortium 2007]. XP ath

2.0 is the result of the in tegration of XP ath and X Query in to a common syn tax and

seman tics de�nition, and its seman tics is presen ted as part of the X Query 1.0 F ormal

Seman tics [W orld Wide W eb Consortium 2002]. XP ath 2.0 is a radically di�eren t

language from XP ath 1.0, including v ariables and explicit quan ti�cation. F rom a

theoretical p ersp ectiv e, no p olynomial time b ounds can b e giv en on basic problems

lik e XP ath 2.0 ev aluation (while this is p ossible for XP ath 1.0, see Section 4).

F rom a practical p oin t of view the breadth of XP ath 2.0 and X Query w ould require

discussion to subsume nearly ev ery asp ect of general-purp ose program optimization

and analysis.

The extensions of XP ath 2.0 o v er XP ath 1.0 are mostly b y programming language

constructs that do not preserv e the theoretical prop erties of XP ath p oin ted out

in the in tro duction. The largest language studied in this article, OrdXP ath is a

subset of XP ath 1.0 (and hence, of XP ath 2.0) whic h subsumes most of the XP ath

fragmen ts for whic h fundamen tal results ha v e b een presen ted in the literature.

3. EXPRESSIVENESS

W e no w in v estigate where XP ath \�ts" in terms of other formalisms for querying

trees and tree-structured data. One natural b enc hmark is �rst-order logic ( F O ), but

w e will also consider Monadic Second Order logic ( M S O ), the existen tial fragmen t

of F O ( 9 F O ), the p ositiv e existen tial fragmen t of F O ( 9

+

F O ) and the fragmen t

7



F O

k

of F O form ulas that use at most k distinct v ariables. The seman tics of these

languages is standard [Libkin 2004]. F or a logical language L , w e will use L [ � ] to

denote the form ulas of L o v er v o cabulary � . W e discuss our c hoice of predicate

logics as a b enc hmark, and men tion alternativ es, at the end of this section.

3.1 Exp ressiveness of NavXP ath and Co reXP ath

W e start b y in v estigating ho w NavXP ath and Co reXP ath compare to �rst-order logic

o v er the na vigational structure of XML do cumen ts, and to eac h other. Note that

a form ula of �rst-order logic with t w o free v ariables can b e though t of as de�ning

a mapping from No de to No deSet , while a form ula with one free v ariable de�nes a

mapping from No de to Bo olean. W e sa y that a Bo olean query q in one of our XP ath

fragmen ts is fully equiv alen t to a �rst-order form ula � ( x ) if for an y XML do cumen t

D and all no des n 2 D , [ [ p ] ]

B oolean

( n ) $ D j = � ( n ). W e sa y that a no deset query p

in one of our XP ath fragmen ts is fully equiv alen t to a �rst-order form ula � ( x; y ) if for

an y XML do cumen t D and all no des m; n 2 D , n 2 [ [ p ] ]

N odeS et

( m ) $ D j = � ( m; n ).

The seman tics of NavXP ath presen ted in Section 2.2 already giv es a translation

in to these �rst-order languages.

Recall that �

tr ansnav

is the v o cabulary extending �

nav

with R

descendant

and R

follo wing - sibling

.

Then,

Pr oposition 3.1. F or every NavXP ath expr ession e one c an �nd (in line ar time)

a c orr esp onding formula � in F O [ �

tr ansnav

] ful ly e quivalent to e . F urthermor e,

| � 2 F O [( Lab

L

)

L 2 �

; R

child

] if e uses only child and pa rent axes,

| � 2 F O [( Lab

L

)

L 2 �

; R

descendant

] if e uses only upwar d and downwar d axes, and

| � 2 F O [ �

nav

] if e uses only child ; pa rent ; next - sibling ; p revious - sibling .

Co reXP ath can b e translated in to NavXP ath in linear time, just b y expanding out

the de�nitions. Hence this prop osition holds for Co reXP ath as w ell. Note also that

this prop osition holds b oth for path expressions r eturning no desets (in this case �

has t w o free v ariables) and for those returning Bo olean expressions (here � has one

free v ariable).

Ho w ev er, this is not an exact c haracterization of the expressiv eness of NavXP ath .

It is easy to �nd �rst-order queries o v er trees that are not expressible in NavXP ath :

for example, the query that asks whether the tree has t w o no des lab eled C that are

in an ancestor relationship, and suc h that all no des b et w een them are lab eled B .

W e no w sho w that NavXP ath do es ha v e an exact c haracterization, corresp onding

precisely to t w o-v ariable logic.

W e �rst w ork on c haracterizing NavXP ath no deset queries. T o do this w e in-

tro duce a normal form for queries with t w o free v ariables that are built from F O

2

form ulas in one free v ariable. o v er v o cabulary �

tr ansnav

. XPNF is the set of queries

that are disjunctions of �

tr ansnav

form ulas 
 ( z

1

; z

n

) of the form:

9 z

2

: : : 9 z

n � 1

�

1

( z

1

) ^ �

1

( z

1

; z

2

) ^ �

2

( z

2

) ^ : : : ^ �

n � 1

( z

n � 1

; z

n

) ^ �

n

( z

n

)

where the z

i

here are distinct v ariables, the �

i

are F O

2

form ulae, and the �

i

( z

i

; z

i +1

)

are disjunctions of binary atomic form ulas o v er predicates from �

tr ansnav

.

Theorem 3.2 [Marx and de Rijke 2004] . NavXP ath c orr esp onds to F O

2

in

expr essiveness, in the fol lowing sense.

|F or every NavXP ath expr ession r eturning a Bo ole an ther e is a c orr esp onding ful ly

e quivalent expr ession in F O

2

over the signatur e �

tr ansnav

, and for every F O

2

expr ession ther e is a c orr esp onding ful ly e quivalent NavXP ath expr ession.

|F or every NavXP ath expr ession r eturning a No deSet , ther e is a c orr esp onding

expr ession in XPNF and vic e versa.
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Pro of (Sk etc h) . W e �rst sho w the direction from NavXP ath No deSet expressions

to XPNF and from NavXP ath Bo olean expressions to F O

2

. W e will restrict to

unneste d NavXP ath expr essions , that is, NavXP ath expressions that ha v e union only

at top-lev el. These ha v e the same expressiv eness as general NavXP ath expressions.

Since the target classes F O

2

and XPNF are closed under disjunction, it su�ces to

translate expressions that ha v e no o ccurrence of the union op erator. So it su�ces

to sho w that all NavXP ath No deSet expressions that do not use the union op erator

translate to XPNF expressions without top-lev el disjunction, and ev ery NavXP ath

Bo olean expression that do es not use the union op erator translates to an F O

2

expression. W e sho w this pair of statemen ts b y sim ultaneous induction. The base

case for lab () = A is simple, as is the case for Bo olean op erations in Bo olean

expressions (since F O

2

is closed under Bo olean op erators). The case step [ q ] can b e

translated in to XPNF form ula � ( x; y ) ^ � ( y ), where � is a XPNF form ula without

top-lev el disjunction formed inductiv ely for step , and � is an F O

2

form ula formed

for q . W e no w do the inductiv e pro of for p = p

1

=p

2

. By induction, w e assume

w e ha v e XPNF form ulas (without top-lev el disjunction) 


1

equiv alen t to p

1

and 


2

equiv alen t to p

2

. If w e ha v e




1

= 9 z

2

: : : 9 z

m � 1

�

m � 1

^

i =1

�

0

i

( z

i

) ^ �

i

( z

i

; z

i +1

)

�

^ �

0

m

( z

m

)

and




2

= 9 z

m

: : : 9 z

n � 1

�

n � 1

^

i = m

�

00

i

( z

i

) ^ �

i

( z

i

; z

i +1

)

�

^ �

00

n

( z

n

)

then w e can write 


1

=


2

as

9 z

2

: : : 9 z

n � 1

�

n � 1

^

i =1

�

i

( z

i

) ^ �

i

( z

i

; z

i +1

)

�

^ �

n

( z

n

) (1)

where �

i

( z

i

) is �

0

i

( z

i

) for i < m , �

0

i

( z

i

) ^ �

00

i

( z

i

) for i = m , and �

00

i

( z

i

) for i > m .

The other in teresting inductiv e case is that of quali�ers of the form p . By induc-

tion w e ha v e a XPNF form ula 
 represen ting p . W e will assume 
 ( z

1

; z

n

) to b e as

sho wn in equation (1).

W e need to sho w that the form ula 9 z

n


 ( z

1

; z

n

) is in F O

2

. Supp ose that n is

o dd (the case where n is ev en is similar). Let v ar ( i ) = z

1

for i o dd and z

2

for i

ev en. Let � ([ x 7! y ]) denote the form ula obtained b y substituting all o ccurrences

of v ariable x b y y in � . De�ne  

n

= �

n

([ z

n

7! v ar ( n )]) and  

i � 1

= �

i � 1

([ z

i � 1

7!

v ar ( i � 1)]) ^ 9 v ar ( i ) �

i

( v ar ( i � 1) ; v ar ( i )) ^  

i

. Then  

i

is an F O

2

sen tence with

v ar ( i ) free. W e can v erify that  

1

is equiv alen t to 9 z

n


 ( z

1

; z

n

).

The con v erse direction is to sho w b y induction that form ulas in XPNF can b e

translated to NavXP ath No deSet expressions, while F O

2

form ulas with one free v ari-

able can b e translated to NavXP ath Bo olean expressions. Since the �rst statemen t

follo ws easily from the second, w e fo cus on the pro of of the second. The transla-

tion function T is formed b y induction on the structure of an F O

2

form ula. The

atomic cases are straigh tforw ard, as are the Bo olean op erations. The in teresting

case is 9 y � ( x; y ), where � is in F O

2

. F orm ula � can b e assumed to b e a Bo olean

com bination of atomic binary form ulas and F O

2

form ulas in one free v ariable of

lo w er quan ti�er rank. Let �

0

b e a form ula equiv alen t to � obtained b y turning

� in to a Disjunctiv e Normal F orm (DNF) o v er form ulas of the t w o forms ab o v e,

and then replacing eac h disjunct � ( x; y ) that do es not con tain a binary atom b y

( � ( x; y ) ^ x = y ) _ ( � ( x; y ) ^ x 6= y ). This replacemen t preserv es the DNF.

The atomic binary predicates in �

0

are either equalit y , inequalit y , or axis relations;

ho w ev er, equalit y x = y can b e replaced b y self ( x; y ), and an inequalit y x 6= y can

b e replaced b y a disjunction of four axis relations ( y is either and ancestor or

9



descendan t of x or follo ws or precedes x ). Let �

00

b e obtained b y applying these

substitutions to �

0

and again turning the form ula in to DNF.

Since t w o axis predicates are either inconsisten t with one another (i.e., the axis

relations ha v e an empt y in tersection) or subsume eac h other, w e can assume �

00

( x; y )

to b e of the form

_

i

�

i

( x ) ^ R

�

i

( x; y ) ^  

i

( y ) ;

that is, eac h disjunct con tains precisely one binary atom.

W e can easily translate �

00

( x; y ) in to NavXP ath as

T ( �

00

) ::=

[

i

self [ T ( �

i

)] =�

i

[ T (  

i

)] :

2

W e note that the argumen t from NavXP ath to F O

2

sho ws that there is a p oly-

nomial time translation from unnested NavXP ath to F O

2

; for general NavXP ath

expressions the b est translation w e kno w of is in exp onen tial time. This mapping

in tro duces atomic predicates in the output corresp onding only to axes men tioned

in the input; hence NavXP ath �lters without the next - sibling or p revious - sibling axes

map to F O

2

form ulas that do not use (atomic relations for) these axes.

In the direction from F O

2

to NavXP ath , the translation also yields an output

that is exp onen tial in the input in the w orst case, and this has b een sho wn to b e

una v oidable. See [Marx and de Rijk e 2004] for discussion and pro of of this; w e will

giv e a further argumen t that there is no p olynomial translation in Section 5.

1

This

direction do es in tro duce new axes. The sibling axes ma y app ear in the output ev en

when the original form ula men tions only the child axis; the XPNF form ula x 6= y

cannot b e translated in to NavXP ath unless the sibling axis is presen t. Similarly ,

transitiv e axes are in tro duced in the translation.

On the other hand, next - sibling and p revious - sibling are not in tro duced in this

translation unless the corresp onding atomic predicates o ccur in the input. Since

next - sibling and p revious - sibling are not in tro duced in either direction, w e ha v e that

NavXP ath �lters without these axes corresp ond exactly to F O

2

form ulas that do

not ha v e atomic relations for these axes. Since Co reXP ath expressions are, up to

syn tactic sugar, exactly those NavXP ath expressions that do not include the non-

transitiv e sibling axes, w e ha v e:

Theorem 3.3. Co reXP ath c orr esp onds in expr essiveness to two-variable lo gic

over the vo cubulary forme d by r emoving the r elation R

next - sibling

fr om �

tr ansnav

.

F rom these t w o results and prior kno wn results ab out F O

2

, w e obtain:

Pr oposition 3.4. Ther e ar e queries expr essible in NavXP ath (and henc e in F O

2

)

that ar e not expr essible in Co reXP ath .

Pr oof. If w e restrict to trees of depth 2, all axes collapse to sibling axes, and

hence Co reXP ath corresp onds to F O

2

with only the transitiv e sibling axes while

NavXP ath corresp onds to all sibling axes. T aking the natural corresp ondence b e-

t w een trees of depth 2 corresp ond and w ords, Co reXP ath maps to F O

2

with only

the linear order relation, while NavXP ath corresp onds to F O

2

with successor and

linear order. But it is kno wn that a successor relation of a linear order cannot b e

expressed in F O

2

o v er the signature whose only binary predicate is for the linear

order (see e.g. Section 7 of [Th � erien and Wilk e 1998]). 2

W e no w turn to the consequences of this c haracterization for closure prop erties

of NavXP ath and Co reXP ath . It is clear that NavXP ath quali�ers are closed under

1

Although the argumen t there is relativ e to a complexit y-theoretic assumption.
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Bo olean op erations, since w e ha v e explicit op erators for these; it can also b e seen to

follo w from Theorem 3.2, since F O

2

is ob viously Bo olean closed. What ab out the

closure prop erties of NavXP ath expressions? In [Marx 2005], the follo wing is sho wn:

Theorem 3.5 [Marx 2005] . NavXP ath and Co reXP ath expr essions r eturning

no desets ar e close d under interse ction and union, but not under c omplement.

Closure under union is ob vious, since NavXP ath has a built-in union op erator.

Closure under in tersection follo ws from the fact that the conjunction of XPNF

queries can b e rewritten as a conjunction of atomic �

tr ansnav

form ulas and a single

F O

2

form ula. Ev ery conjunctiv e query on trees can b e transformed in to an equiv a-

len t union of acyclic conjunctiv e queries [Benedikt et al. 2003; Gottlob et al. 2004]

(cf. Theorem 3.9 b elo w), and unions of acyclic conjunctiv e queries can b e easily

translated in to NavXP ath . The same argumen t holds for Co reXP ath .

The lac k of closure under complemen tation ma y seem surprising. In fact, [Marx

2005] sho ws a stronger result: an y extension of NavXP ath closed under complemen-

tation can express all �rst-order prop erties. The pro of is b y sho wing that an \un til"

op erator can b e de�ned b y complemen ting NavXP ath expressions. The follo wing ex-

ample is tak en from page 7 of [Marx 2005]: Let � ( x; y ) hold i� y is an A -lab eled

descendan t of x and ev ery descendan t of x that is an ancestor of y is lab eled B .

Then � is expressible in NavXP ath extended with a complemen t op erator ( � )

c

as:

descendant [ lab () = A )] \ ( descendant [ lab () 6= B ] = descendant )

c

Ab o v e, w e use also the in tersection op erator \ , but this can easily b e de�ned using

complemen tation and union.

The translation of unnested NavXP ath to F O

2

can b e extended as follo ws: let

NavXP ath

\

b e the extension of NavXP ath with the in tersection op erator \ , and let

unneste d NavXP ath

\

b e the same but with union allo w ed only at top-lev el. By

Theorem 3.5 ab o v e, w e ha v e NavXP ath

\

has the same expressiv eness as NavXP ath

(for b oth expressions and quali�ers). Hence NavXP ath

\

quali�ers ha v e the same

expressiv eness as F O

2

form ulas. Using the argumen t of [Oltean u et al. 2002], one

can sho w that ev en unnested NavXP ath

\

form ulas can b e exp onen tially more suc-

cinct than NavXP ath form ulas. Ho w ev er, unnested NavXP ath

\

form ulas can still b e

translated in to F O

2

e�cien tly:

Pr oposition 3.6. Ther e is a p olynomial time function taking an unneste d NavXP ath

\

�lter and pr o ducing a F O

2

formula � ( x ) ful ly e quivalent to it.

Pro of . W e extend the dual translations from the pro of of Theorem 3.2 to go

from NavXP ath

\

No deSet expressions without union to XPNF queries and from

NavXP ath Bo olean expressions without union to F O

2

queries. W e use exactly the

same construction of a translation function, let us call it f , as for NavXP ath , but

for the inductiv e step for f ( E

1

\ E

2

) w e translate in to f ( E

1

) ^ f ( E

2

). 2

W e no w pro vide an example of a na vigational F O query that w e pro v e not to

b e expressible in NavXP ath . Our example, a new immediately - follo wing axis, has a

practical motiv ation. Computational linguists ha v e prop osed the addition of suc h an

axis to XP ath to ask practical queries on linguistic trees [Bird et al. 2005]. W e can

giv e a seman tics to this axis using a corresp onding binary relation R

immediately - follo wing

,

whic h holds of ( x; y ) i�

R

follo wing

( x; y ) ^ :9 z ( R

follo wing

( x; z ) ^ R

follo wing

( z ; y )) :

In [Bird et al. 2005] an extension of XP ath with immediately - follo wing is prop osed.

W e sho w here the follo wing:

Pr oposition 3.7. Ther e is no NavXP ath expr ession E ful ly e quivalent as a

no deset query to immediately - follo wing .
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Pro of . Consider do cumen ts that include a c hain of A elemen ts starting from the

ro ot to a leaf, with one of the follo wing holding for eac h elemen t x in the c hain:

(1) x has a single A c hild (the next elemen t of the c hain), and no other c hildren,

(2) x has no c hildren (i.e. it is the lo w est elemen t of the c hain),

(3) x has a single A c hild and a single B c hild, or

(4) x has a single A c hild and a single C c hild.

It is easy to construct a NavXP ath quali�er Q

0

that holds of the ro ot of a do cumen t

i� the do cumen t is of the ab o v e form. Consider the quali�er Q

1

lab () = A ^ immediately - follo wing [ lab () = B ]

in NavXP ath extended with immediately - follo wing .

That is, Q

1

holds of an A no de i� it has an immediately-follo wing no de that is a

B . F or a no de n in a tree whose ro ot satis�es Q

0

, Q holds at n i� the �rst ancestor

of n whic h has a non- A c hild has a B c hild. W e claim that there is no NavXP ath

quali�er equiv alen t to Q

1

^ Q

0

. F rom this, the prop osition follo ws. F rom Theorem

3.2, it su�ces to sho w that no t w o-v ariable logic form ula can express Q

1

^ Q

0

.

W e will reduce expressibilit y of Q

1

^ Q

0

o v er trees to a statemen t ab out express-

ibilit y of a certain prop ert y in t w o-v ariable logic o v er strings. Let F O

�

b e the logic

built up using quan ti�cation only o v er A no des, where the v o cabulary includes the

binary predicates R

descendant

and R

child

and unary predicates P

1

; P

2

; P

3

; P

4

, where

P

i

holds of x i� case i holds ab o v e.

Claim 3.8. F or every F O [ �

tr ansnav

] sentenc e � ( x ) ther e is an F O

�

sentenc e

�

�

( x ) with the same numb er of variables as � which is e quivalent to � over al l

A -no des within al l do cuments whose r o ot satis�es Q

0

.

Informally , �

�

is obtained inductiv ely b y replacing v ariables o v er B ; C no des b y

v ariables o v er their A paren ts. A sen tence � = 9 x B ( x ) w ould map to �

�

= 9 x 2

A P

3

( x ). F ormally , w e pro ceed as follo ws. Let SecChild ( D ; x ) b e the partial function

on no des of D that maps a no de lab eled A to its second c hild, if suc h a c hild exists,

and Self ( D ; x ) b e the iden tit y function on no des lab eled A . W e create a function

T ( �; b ) for � 2 F O [ �

tr ansnav

], b a function from the free v ariables of � to either

SecChild or Self , returning a form ula �

0

2 F O

�

with the same free v ariables as � ,

and suc h that: for all do cumen ts D , T ( � ( x; y ) ; b ) holds of A no des m; n i� � ( x; y )

holds when applied to b ( D ; m ) ; b ( D ; n ), and similarly for � ( x ) ; � ( y ).

The main atomic cases for T are:

| T ( R

next - sibling

( x; y ) ; b ) is ( P

3

( y ) _ P

4

( y )) ^ R

child

( y ; x ) if b ( x ) = Self and b ( y ) =

SecChild , and is f al se otherwise.

| T ( R

child

( x; y ) ; b ) is R

child

( x; y ) if b ( x ) = Self and b ( y ) = Self , is ( P

3

( x ) _ P

4

( x )) ^

x = y if b ( x ) = Self and b ( y ) = SecChild , and is f al se otherwise.

| T ( R

descendant

( x; y ) ; b ) is R

descendant

( x; y ) if b ( x ) = Self and b ( y ) = Self , is P

3

( y ) _

P

4

( y ) if b ( x ) = Self and b ( y ) = SecChild , and is f al se otherwise.

| T ( B ( x ) ; b ) is P

3

( x ) if b ( x ) = SecChild , and is f al se otherwise.

| T ( C ( x ) ; b ) is P

4

( x ) if b ( x ) = SecChild and is f al se otherwise.

| T ( A ( x ) ; b ) is tr ue if b ( x ) = Self , and is f al se otherwise.

The other atomic cases are similar. The inductiv e cases are:

| T ( 9 x� ( x; y ) ; b ) =

W

b

0

: b

0

jf y g = b

9 x 2 A T ( � ( x; y ) ; b

0

)

| T ( 8 x� ( x; y ) ; b ) =

V

b

0

: b

0

jf y g = b

9 x 2 A T ( � ( x; y ) ; b

0

)

| T ( �

1

^ �

2

; b ) = T ( �

1

; b ) ^ T ( �

2

; b )

| T ( �

1

_ �

2

; b ) = T ( �

1

; b ) _ T ( �

2

; b )

12



| T ( : �; b ) = : T ( �; b )

Finally , for a sen tence w e let �

�

( x ) b e

W

b

T ( � ( x ) ; b ), where in the disjunction b

ranges o v er all the bindings for x . One can v erify inductiv ely that T , and hence �

�

has the required prop erties.

F rom this construction, w e see that if � ( x ) 2 NavXP ath expresses Q

0

^ Q

1

, then

�

�

( x ) m ust hold of an A -no de n i� the �rst ancestor of n whic h satis�es P

3

_ P

4

satis�es P

3

. Let S

0

b e the set of strings from alphab et � = f P

1

; P

2

; P

3

; P

4

g , ending

with the sym b ol P

1

. There is an ob vious bijection F from do cumen ts whose ro ot

satis�es Q

0

to strings in S

0

. Using this function, w e can see that �

�

( x ), considered

as a predicate on strings in S

0

, holds at no de n i� the �rst ancestor of n whic h

satis�es P

3

_ P

4

satis�es P

3

. But then b y 
ipping the v ariables in ev ery predicate

R

descendant

or R

child

in �

�

w e obtain a t w o-v ariable form ula �

�

( x ) that holds at

no de n of string s i� the �rst descendan t of n satisfying P

3

_ P

4

satis�es P

3

. F rom

this w e easily get a con tradiction of prior results ab out the inexpressibilit y of the

Un til op erator in t w o v ariable logic (for strings, those of [Etessami and Wilk e 2000;

Etessami et al. 2002], or for trees those of [Marx 2004b]). Consider the query Q that

holds of a string s i� s has a substring that con tains t w o no des satisfying P

3

but

none satisfying P

4

. If �

�

( x ) w ere expressible in t w o-v ariable logic, then Q w ould

b e expressible o v er strings in t w o-v ariable logic o v er the v o cabulary consisting of

the lab els, the descendan t predicates, and the c hild predicate. But in [Etessami

and Wilk e 2000] it is sho wn that Q (denoted there b y F AI R

2

) is not expressible in

Unary T emp oral Logic, and b y [Etessami et al. 2002] Unary T emp oral Logic is the

same as t w o-v ariable logic o v er strings. Hence Q is not expressible in t w o-v ariable

logic, and w e ha v e a con tradiction. 2

Note that the problem of deciding whether a giv en F O sen tence o v er trees is in

NavXP ath (i.e. is a t w o-v ariable sen tence in �

tr ansnav

) is still op en, as is the mem-

b ership problem for Co reXP ath . The analogous problem for strings (mem b ership in

F O

2

) is kno wn to b e decidable [Beauquier and Pin 1989].

3.2 Exp ressiveness of F ragments of NavXP ath

NavXP ath is still a large language, and man y applications mak e use only of the

p ositiv e fragmen t.

F ollo wing [Benedikt et al. 2003], w e c haracterize NavXP ath b oth using logic and

a visual query formalism, tr e e p atterns .

A tree pattern (o v er lab el alphab et �) is a no de and edge-lab eled tree. Edges are

lab eled with a forw ard axis ( child , descendant , follo wing - sibling ). In a Bo ole an tr e e

p attern no de lab els ha v e one comp onen t that is either a lab el from � or wildcard

and another comp onen t that iden ti�es whether a no de is the distinguished c ontext

no de or not. In a unary tr e e p attern the additional comp onen t iden ti�es a no de

as either the con text no de, the selected no de, or neither. Figure 1 sho ws a unary

tree pattern. F ollo wing the standard con v en tion for dra wing patterns, double lines

are used for a descendan t edge and single lines for a c hild edge. A star is used

to denote the selected no de, and the con text no de is implicitly the ro ot no de. A

Bo olean pattern corresp onds to a Bo olean query , returning true at con text no de

n in a do cumen t i� there is a homomorphism from the pattern to the do cumen t

mapping the con text to n . A unary tree pattern corresp onds to a No deSet query ,

whic h returns no de n

0

on input n i� there is a homomorphism from the pattern to

the do cumen t whic h maps a no de lab eled con text to n and the selected no de to n

0

.

The pattern in the �gure is equiv alen t to the XP ath expression

self :: A [ child :: B ][ descendant :: D ] = child :: C

A �nite set of tree patterns can b e considered as a query , returning the union

of the results of the individual patterns in the case of unary tree patterns, and

13



A

B C*

D

Fig. 1. T ree pattern

returning the disjunction of the results in the case of Bo olean tree patterns.

Theorem 3.9. The fol lowing have e qual expr essiveness (up to ful l e quivalenc e)

| PNavXP ath No deSet queries,

| 9

+

F O formulas � ( x; y ) in the signatur e �

tr ansnav

, and

|sets of unary tr e e p atterns.

A similar result holds for negation-free Co reXP ath , but where the form ulas do not

include R

next - sibling

. Note that this result is incomparable to Theorem 3.2. Theorem

3.2 applies to arbitrary NavXP ath , and sa ys that they are fully equiv alen t to acyclic

conjunctiv e queries o v er atoms that include arbitrary F O

2

form ulas, p ossibly with

negation. This result applies only to PNavXP ath queries, but states that that they

can b e written as conjunctions of only atomic form ulas, where the the conjunction

m ust constrain the v ariables to b e \tree-lik e".

W e giv e a sk etc h of wh y the ab o v e holds: further details (for the case where

there are only up w ard or do wn w ard axes, but no sidew a ys axes suc h as follo wing or

follo wing - sibling ) can b e found in [Benedikt et al. 2003]; the general case is pro v ed in

[Gottlob et al. 2004]. F or ev ery PNavXP ath No deSet query , and unary tree patterns,

the corresp onding equiv alen t 9

+

F O form ula can b e found in linear time, simply b y

translating the seman tics of PNavXP ath or of tree patterns in to logic. T ranslating

from unary tree pattern queries to PNavXP ath queries is lik ewise straigh tforw ard:

path steps are used to tra v erse the path from the con text no de up w ard to the

least common ancestor of the con text and selected no de, then do wn w ards from this

ancestor to the selected no de. The existence of subtrees sprouting o� from this path

is asserted using �lters. T ranslation of 9

+

F O form ulas in to tree patterns is done b y

�rst translating them in to acyclic p ositiv e queries, whic h immediately corresp ond

to forests of tree patterns:

Lemma 3.10 [Ol teanu et al. 2002; Benedikt et al. 2003; Gottlob et al. 2004] .

F or every c onjunctive query over tr e es ther e is an e quivalent acyclic p ositive query.

This query c an b e c ompute d in exp onential time.

Pro of . F or notational simplicit y , w e will assume that the input query 9 x

1

� � � x

k

Q

( k � 0), with Q a conjunction of atomic form ulas that uses v ariables x

1

; : : : ; x

k

,

is Bo olean. The pro of, ho w ev er, immediately generalizes to conjunctiv e queries of

arbitrary arit y . W.l.o.g., w e assume that Q con tains no R

follo wing

-atoms. (Eac h atom

R

follo wing

( x; w ) can b e rewritten using R

�

child

and R

+

next - sibling

atoms as R

�

child

( x; y ) ^

R

+

next - sibling

( y ; z ) ^ R

�

child

( z ; w ), where y and z are new v ariables.)

Consider the conjunctiv e normal form form ula

� :=

^

1 � i<j � k

( x

i

= x

j

_ x

i

<

pre

x

j

_ x

j

<

pre

x

i

) :
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R n S R

child

R

+

child

R

next - sibling

R

+

next - sibling

R

child

unsat unsat sat sat

R

+

child

sat sat sat sat

R

next - sibling

unsat unsat unsat unsat

R

+

next - sibling

unsat unsat sat sat

T able I. Satis�abilit y of R ( x; z ) ^ S ( y ; z ) ^ x <

pre

y for pairs of axes R; S .

Let 	 b e the set consisting of the 3

(

k

2

)

disjuncts of the disjunctiv e normal form of

� . F or  2 	 let Q

 

b e the conjunction of atomic form ulas obtained from Q ^  

b y the follo wing steps, in the indicated order.

(1) W e remo v e all o ccurrences of equalit y atoms x = y in arbitrary order and

replace, for eac h suc h atom, all o ccurrences of y b y x .

(2) F or R 2 f R

child

; R

next - sibling

g , w e remo v e all atoms R

�

( x; x ) from Q

 

and replace

all o ccurrences of R

�

( x; y ) (where x and y are di�eren t v ariables) b y R

+

( x; y ).

The latter is an equiv alen t rewriting since Q

 

con tains either atom x <

pre

y

or y <

pre

x , th us x and y m ust map to di�eren t no des.

(3) F or R 2 f R

child

; R

next - sibling

g , if Q

 

con tains atoms R ( x; y ), R

+

( x; y ) then R

+

( x; y )

is remo v ed from Q

 

.

Observ e that the binary atoms or Q

 

use only R

child

, R

+

child

, R

next - sibling

, R

+

next - sibling

,

and <

pre

as predicates. W e can v erify that 9 ~ x Q

 

is true if and only if 9 ~ x Q ^  .

Let Q = f9 ~ x Q

 

j  2 	 g . Then

Q � 9 ~ x Q ^ � �

_

f9 ~ x Q ^  j  2 	 g �

_

Q :

In the follo wing, w e will call the binary relation E with

xE y : , there is an atomic form ula R ( x; y ) in Q

 

(with R a binary predicate { either an axis or <

pre

) the gr aph of Q

 

. Note that E

is either cyclic or de�nes a total order on the v ariables in Q

 

b ecause there is an

edge b et w een an y t w o v ariables of Q

 

.

No w, for eac h Q

 

of Q , w e rep eat the follo wing steps un til w e terminate:

|If the graph of Q

 

is cyclic, Q

 

is unsatis�able and is remo v ed from Q . T ermi-

nation. Otherwise, the graph of Q

 

is acyclic and th us constitutes a total order

of the v ariables in Q

 

.

|If Q

 

con tains atoms R ( x; y ) ; S ( x; y ) where R 2 f R

child

, R

+

child

g and S 2 f R

next - sibling

,

R

+

next - sibling

g , Q

 

is unsatis�able and is remo v ed from Q . T ermination.

|If there are no t w o atoms R ( x; z ) ; S ( y ; z ) in Q

 

with x and y distinct v ariables

and R ; S di�eren t from <

pre

then Q

 

is acyclic. T ermination.

|W e c ho ose the pairs of atoms R ( x; z ) ; S ( y ; z ) ( x and y distinct v ariables and

R ; S di�eren t from <

pre

) suc h that z is maximal with resp ect to the total order

giv en b y the graph of Q

 

. F rom among these, w e c ho ose a pair suc h that x is

minimal with resp ect to the total order. By our c hoice, x <

pre

y is in Q

 

. If

R ( x; z ) ^ S ( y ; z ) ^ x <

pre

y is unsatis�able (the unsatis�able cases can b e found

in T able I), remo v e Q

 

from Q and terminate. Otherwise, replace atom R ( x; z )

b y R ( x; y ).

The ab o v e algorithm terminates b ecause there are no more than

�

k

2

�

non- <

pre

-

atoms and whenev er w e replace an atom R ( x; z ) b y an atom R ( x; y ), y is smaller

than z with resp ect to the total order. Once w e ha v e pro cessed a pair of atoms

R ( x; z ), S ( y ; z ), w e nev er ha v e to pro cess pairs of atoms R

0

( x; z ), S

0

( y

0

; z ) for the

same x and z again. Th us pro cessing a single Q

 

tak es p olynomial time and the

complete rewriting of Q tak es exp onen tial time.
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It can b e v eri�ed that replacing R ( x; z ) in the satis�able cases of R ( x; z ) ^ S ( y ; z ) ^

x <

pre

y b y R ( x; y ) is an equiv alen t rewriting:

| R = R

+

child

, S 2 f R

child

; R

+

child

g : if x and y are ancestors of z , then x <

pre

y

implies that x is an ancestor of y .

| R = R

+

next - sibling

, S 2 f R

next - sibling

, R

+

next - sibling

g : analogous.

| R 2 f R

child

; R

+

child

g , S 2 f R

next - sibling

, R

+

next - sibling

g : Since x is a paren t/ancestor of

z and y is a left sibling of z , x is also a paren t/ancestor of y .

Eac h conjunctiv e query Q

 

in the set Q obtained as describ ed ab o v e is acyclic

if all the <

pre

-atoms are remo v ed. Doing just that is an equiv alen t rewriting: Let

Q

0

 

b e the conjunction of atoms of Q

 

excluding the <

pre

-atoms of Q

 

. Then

9 ~ x Q

 

� 9 ~ x Q

0

 

� 9 ~ x Q ; th us, 9 ~ x Q �

W

Q �

W

f9 ~ x Q

0

 

j Q

 

2 Q g � 9 ~ x Q . 2

The translations from PNavXP ath in to F O

2

and from tree pattern queries in to

b oth PNavXP ath and (hence) F O

2

are linear, but ev ery other translation in the

ab o v e theorem is exp onen tial in the w orst case; from 9

+

F O to PNavXP ath and

from 9

+

F O to tree patterns, this is sho wn in [Gottlob et al. 2004]. F or the trans-

lation from PNavXP ath to tree patterns, note that PNavXP ath can enco de a Con-

junctiv e Normal F orm of a prop ositional form ula (e.g. prop osition p

i

enco ded b y

[ R

child

= [ lab () = A

i

]). A set of tree patterns w ould corresp ond to a Disjunctiv e Nor-

mal F orm represen tation of the same form ula. Since it is kno wn that there is an

exp onen tial blo w-up in going from CNF to DNF, the exp onen tial blo w-up of this

translation follo ws.

A similar argumen t giv es:

Theorem 3.11. The fol lowing have e qual expr essiveness (up to ful l e quivalenc e)

|Bo ole an PNavXP ath queries,

| 9

+

F O formulas � ( x ) in the signatur e �

tr ansnav

,

| 9

+

F O formulas � ( x ) in the signatur e �

tr ansnav

with at most two variables, and

|sets of Bo ole an tr e e p atterns.

It is easy to sho w that 9

+

F O [ �

tr ansnav

] is closed under in tersection and union,

but not complemen t. F rom this and the theorem ab o v e, one has:

Cor ollar y 3.12. Bo ole an PNavXP ath queries ar e close d under interse ction and

union, but not under c omplementation.

Another consequence of the ab o v e is:

Cor ollar y 3.13 [Ol teanu et al. 2002] . F or every PNavXP ath query p , ther e

is a query p

0

that c ontains none of the axes p receding - sibling , p revious - sibling , and

is e quivalent to p . In addition ther e is a query p

0

c ontaining none of the \b ackwar d

axes" ( pa rent , ancesto r , ancesto r - o r - self , p receding - sibling , p revious - sibling ) such that

p �

r

p

0

.

T o see this, consider the translation of a tree pattern in to PNavXP ath . This

translation can b e done in suc h a w a y as to nev er in tro duce p receding - sibling or

p revious - sibling . The up w ard axes pa rent and ancesto r are in tro duced only when the

con text no de in the pattern is not the ro ot. But under ro ot equiv alence, a tree

pattern can alw a ys b e tak en to ha v e the con text no de to the ro ot (since otherwise

the pattern is ro ot equiv alen t to true).

[Oltean u et al. 2002] giv es a rewrite system that remo v es the bac kw ard axes

( pa rent , ancesto r , ancesto r - o r - self , p receding - sibling ), assuming ro ot equiv alence.

It is kno wn that up w ard axes and bac kw ard axes cannot b e remo v ed in the

presence of negation or data v alues: for negation, one can consider the query p =

descendant [ lab () = B ^ : ancesto r [ lab () = A ]]. One can sho w b y an analysis of
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NavXP ath queries without up w ard axes that this cannot b e expressed without the

use of ancesto r .

3.3 Exp ressiveness of F O XP ath

Muc h less is kno wn ab out the expressiv eness of F O XP ath and AggXP ath than for

NavXP ath . It is easy to see that F O XP ath expressions can b e translated in to �rst-

order logic o v er the signature

�

+

v al

= �

nav

[ f RelOp

@ A

i

; @ A

j

j i; j 2 f 1 ; : : : ; n g ; RelOp 2 f = ; 6= ; <; � ; >; �gg

[ f R

descendant

; R

follo wing - sibling

g ;

where RelOp

@ A

i

; @ A

j

( x; y ) holds of no des x and y i� x:A

i

RelOp y :A

j

. An imp ortan t

observ ation is the follo wing, analogous to one direction of Theorem 3.2:

Pr oposition 3.14. Every F O XP ath expr ession p c an b e tr anslate d (in line ar

time) to a ful ly e quivalent formula �

p

over vo c abulary �

+

v al

such that �

p

uses at

most thr e e variables. In c ase p is a Bo ole an expr ession, p wil l have one fr e e vari-

able, and in c ase p is a No deSet expr ession it wil l have two fr e e variables.

Pro of . The translation is inductiv e; the only new case o v er NavXP ath is the case of

a quali�er F = E RelOp E

0

. Letting �

E

( x; y ) ; �

E

0

( x; y ) b e the translations formed

inductiv ely from E ; E

0

resp ectiv ely . Then w e can set

�

F

= 9 y 9 y

0

�

E

( x; y ) ^ �

E

0

( x; y

0

) ^ RelOp ( y ; y

0

) ;

and note that �

F

has at most 3 v ariables. 2

Ho w ev er, it is clear that the con v erse do es not hold: there are �rst-order logic

form ulas using only three v ariables that ha v e no equiv alen t in F O XP ath . This is

b ecause F O XP ath giv es no added expressiv eness on the na vigational structure of

a do cumen t. F ormally , w e sa y that a Bo olean query Q o v er XML do cumen ts is

navigational if Q cannot distinguish t w o do cumen ts that are isomorphic as unrank ed

ordered trees (that is, the t w o do cumen ts ha v e isomorphic in terpretations for �

nav

).

Then w e ha v e

Pr oposition 3.15. A ny navigational Bo ole an query expr essible in F O XP ath is

expr essible in NavXP ath , and henc e is expr essible in F O

2

. In p articular (by [Etes-

sami et al. 2002]), ther e ar e F O [ �

nav

; R

descendant

] queries not expr essible in F O XP ath .

Pro of Sk etc h . W e sa y that a set of XML do cumen ts R is a r epr esentative family

i� for eac h XML-tree t there is an XML do cumen t d suc h that d is an expansion of

t and d 2 R (i.e. the reduct-map is surjectiv e).

Let � b e an arbitrary F O XP ath query that is na vigational.

P erform the follo wing rewriting of � . Replace eac h atomic �lter of form � = @ a =

�

0

= @ b or � = @ a � �

0

= @ b b y � ^ �

0

and eac h atomic �lter of form � = @ a 6= �

0

= @ b or

� = @ a < �

0

= @ b b y false . Call the NavXP ath query obtained b y this rewriting �

0

. It

is easy to observ e that for an y lab eled tree t , it is true for the expansion to the XML

do cumen t d obtained b y mapping eac h no de to the same v alue, sa y v al : x 7! 1

for all x , that � ( t ) � �

0

( d ). Th us the set of these expansions is a represen tativ e

family , and for all na vigational queries � and all d from that represen tativ e family ,

� ( d ) � �

0

( d ). The theorem then follo ws from the follo wing

Claim 3.16. If � and �

0

ar e navigational queries and � ( d ) � �

0

( d ) for al l XML

do cuments d in a r epr esentative family, then � ( d

0

) � �

0

( d

0

) on al l XML do cuments

d

0

.

Pro of of claim: Assume that there exists a represen tativ e family R suc h that

� ( d ) � �

0

( d ) for all d 2 R . Giv en an arbitrary XML do cumen ts d , w e tak e its

reduct d

0

to �

nav

. Of course there exists an expansion d

R

2 R of d

0

. By assumption,
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FOXPath

NavXPath=
NavXPathÅ=FO2( transnav )

CoreXPath=FO2( transnav-NextSib)

AggXP

FO3( +
val )

FO( transnav )
=FO3( transnav)

Fig. 2. Expressiv e p o w er of XP ath Language fragmen ts v ersus �rst-order languages.

� ( d

R

) � �

0

( d

R

). If � and �

0

are na vigational, � ( d

R

) � � ( d ) and �

0

( d

R

) � �

0

( d ).

Th us � ( d ) = �

0

( d ).

In the case of AggXP ath , in con trast, it is kno wn that all na vigational �rst-order

queries are expressible:

Pr oposition 3.17. A ny F O [ �

tr ansnav

] b o ole an query is expr essible in AggXP ath .

In particular, the axis immediately - follo wing is expressible in AggXP ath .

Pro of Sk etc h . W e use a result of [Marx 2004a], whic h states that it is su�cien t to

sho w closure under the follo wing v arian t of the mo dal un til op erators. F or an axis

� 2 f child ; pa rent ; next - sibling ; p revious - sibling g , w e write �

+

for the corresp onding

transitiv e axis ( child

+

= descendant , etc.) and �

�

for the union of �

+

with the self

axis ( child

+

= descendant - o r - self , etc.). F or axis � 2 f child ; pa rent ; next - sibling ; p revious - sibling g

and queries Q

1

( x ) ; Q

2

( x ), the query Un til

�

( Q

2

; Q

1

)( x ) (\prop ert y Q

1

un til prop ert y

Q

2

") holds at a no de n i� there is n

0

suc h that R

�

+
( n; n

0

) holds, Q

2

( n

0

) holds, and

for all n

00

suc h that R

�

+
( n; n

00

) and R

�

+
( n

00

; n

0

) w e ha v e Q

1

( n

00

). Marx has sho wn

(com bination of Theorems 6 and 7 of [Marx 2004a]) that an y language con taining

unary lab el tests and closed under b o olean op erations and the un til op erators ab o v e

can express an y �rst-order form ula in one free v ariable. Since AggXP ath is closed

under b o olean op erations, it is th us su�cien t to sho w closure under un til. But if E

1

and E

2

are AggXP ath expressions returning Bo oleans, then Un til

�

( E

2

; E

1

) can b e

expressed as �

+

:: � [ E

2

] ^ :

�

coun t( �

+

:: � [ : E

1

] =�

+

:: � [ E

2

]) = coun t ( �

+

:: � [ E

2

])

�

. 2

A summary of our expressiv eness results is sho wn in Figure 2.

3.4 F urther Bibliographic Rema rks

In this section, w e ha v e discussed exact c haracterizations of sublanguages of XP ath

via logic and tree patterns. W e ha v e fo cused on the relationship b et w een NavXP ath

and logics, b ecause this is where the cleanest c haracterization can b e sho wn. Ho w-

ev er, the relationship b et w een XP ath 1.0 and logics with few v ariables extends

to logics that manipulate data, as sho wn in our results on F O XP ath ab o v e. This

relationship will pla y a role in the complexit y results of the next section. The re-

lationship b et w een PNavXP ath queries and acyclic �rst-order queries is explored

further in [Gottlob et al. 2004].

There are other formalisms in whic h NavXP ath and Co reXP ath can b e em b edded

as a strict subset, and w e review them b elo w.

[Nev en and Sc h w en tic k 2002] deals with query automata , an automata mo del

that de�nes No deSet queries. Query automata ha v e the expressiv eness of Monadic

18



Second Order Logic, hence they are strictly more p o w erful than NavXP ath . [F ric k

et al. 2003; Ko c h 2003] deal with a v arian t of non-deterministic tree automata that

can de�ne unary rather than Bo olean queries. [Carme et al. 2004] de�ne queries

on unrank ed trees via automata that w ork on binary enco dings. As with query

automata, b oth these formalisms strictly subsume NavXP ath in expressiv eness. One

starting p oin t in lo oking for an automata c haracterization of XP ath is [Sc h w en tic k

et al. 2001], whic h giv es a c haracterization of t w o-v ariable logic o v er strings in terms

of partially-ordered t w o-w a y deterministic automata. W e do not kno w of a similar

c haracterization for t w o-v ariable logic on trees. A comprehensiv e surv ey of the

relationship of XML queries to automata is giv en in [Sc h w en tic k 2007].

As men tioned in the in tro duction, there is a natural connection b et w een na vi-

gational XP ath and mo dal logics, whic h w as �rst observ ed in [Miklau and Suciu

2002] and [Gottlob and Ko c h 2002] and subsequen tly revisited in sev eral w orks

(e.g. [Marx 2004b; 2004a; Afanasiev et al. 2004]). The closest relation is to linear

temp oral logic (L TL) and Prop ositional Dynamic Logic (PDL). L TL form ulas giv e

prop erties of no des within a string. They are built up from form ulas c hec king the

lab el of a no de via b o olean op erators and the op erators \at the next place � " \ev en-

tually � " and \ � un til  ". The restriction of L TL obtained b y remo ving the un til

op erator is called Unary T emp oral Logic. NavXP ath quali�ers can b e considered

as an extension of Unary T emp oral Logic from strings to trees. In particular, the

expressiv eness of NavXP ath quali�ers o v er strings is exactly that of Unary T emp oral

Logic. Branc hing time temp oral logics, suc h as C T L

�

, generalize L TL from strings

to graphs, rather than to trees. The tec hniques for pro ving expressiv eness results

for NavXP ath quali�ers b orro w hea vily from the prior w ork on L TL and C T L

�

expressiv eness.

PDL form ulas giv e form ulas mapping no des to no desets within an edge-lab eled

graph. They are built up from op erators that can mo v e forw ard on an y lab eled edge.

XP ath no deset expressions can b e considered, roughly as PDL form ulas where the

edge-lab eled graph is obtained from an ordered tree. Man y of the static analysis

results (see, for example, Theorem 5.8) follo w from mo difying prior results for PDL.

W e do not pursue the relationship with either automata or mo dal logics in detail

b ecause the expressiv eness of XP ath do es not exactly matc h either PDL or L TL. An

approac h to �lling this gap w ould b e to de�ne natural extensions of either temp oral

logic or PDL to deal with trees. F or temp oral logics, see [Barcelo and Libkin 2005]

for an extended discussion of this approac h, while for PDL see [Afanasiev et al.

2005].

A natural question is what should b e added to NavXP ath to capture all of �rst-

order logic. It is kno wn that �rst-order logic with 3 v ariables captures F O (estab-

lished in [Marx 2004a] for ordered unrank ed trees). Marx [Marx 2004a] prop oses

t w o extensions of NavXP ath to capture F O

3

, and th us b e �rst-order complete. One

is b y adding a path complemen tation feature to NavXP ath and the other is b y in-

tro ducing conditional axes in the spirit of the until op erator of CTL. These results

can b e seen as extensions of Kamp's Theorem [Kamp 1968], whic h states that linear

temp oral logic (with \un til") captures �rst-order logic o v er in�nite w ords, to the

setting of unrank ed trees.

4. COMPLEXITY AND EFFICIENT EV ALUA TION

This section studies the complexit y of XP ath queries. XP ath is a v ariable-free

query language in whic h man y queries { in particular, all NavXP ath queries { are

tree-shap ed in a natural sense when con v erted in to �rst-order logic. A t the same

time the na vigational structure of XML do cumen ts is tree-shap ed. W e �rst lo ok at

some of the classical results ab out tree-lik e queries and queries on tree-lik e struc-

tures. Then w e explore the connections b et w een the p o w erful notion of h yp ertree-

width and XP ath and sho w the new result that conjunctiv e F O XP ath queries ha v e
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h yp ertree-width 2. After that, w e generalize from XP ath ev aluation based on h y-

p ertree decomp ositions and illustrate the dynamic programming tec hnique that has

yielded a p olynomial time algorithm for full XP ath 1.0. Then w e surv ey the par-

allel complexit y of XP ath and giv e a new simpli�ed pro of that XP ath is hard for

p olynomial time. Finally , w e study XP ath pro cessing on data streams and giv e an

o v erview o v er further w ork on e�cien t XP ath pro cessing.

4.1 Complexit y Background

Throughout this section, w e will consider logics and query languages as problem

classes and will simply iden tify the languages with their ev aluation problems. Tw o

kinds of complexit y of query ev aluation will b e considered, data c omplexity (where

queries are assumed to b e �xed and data v ariable) and c ombine d c omplexity (where

b oth data and query are considered v ariable) [V ardi 1982].

W e brie
y discuss the complexit y classes and some of their c haracterizations used

throughout the remainder of this surv ey . F or more thorough surv eys of complexit y

classes and the related theory see [Johnson 1990; P apadimitriou 1994; Greenla w

et al. 1995].

By PTime , ExpTime , NExpTime , LogSp a ce , NLogSp a ce , and PSp a ce w e

denote the w ell-kno wn complexit y classes of problems solv able on T uring mac hines

in deterministic p olynomial time, deterministic exp onen tial time, nondeterminis-

tic exp onen tial time, deterministic logarithmic space, nondeterministic logarithmic

space, and (deterministic) p olynomial space, resp ectiv ely . By NP , w e denote the

decision problems solv able in nondeterministic p olynomial time and co - NP denotes

the class of their complemen ts.

It is a widely-held conjecture that problems complete for PTime are inheren tly

sequen tial and cannot pro�t from parallel computation (cf. e.g. [Greenla w et al.

1995]). Instead, a problem is called highly p ar al lelizable if it can b e solv ed within

the complexit y class NC of all problems solv able in p olylogarithmic time on a

p olynomial n um b er of pro cessors w orking in parallel [Greenla w et al. 1995].

A simple mo del of parallel computation is that of Bo olean circuits. By a monotone

circuit, w e denote a circuit in whic h only the input gates ma y p ossibly b e negated.

All other gates are either ^ -gates or _ -gates (but no : -gates). A family of circuits

is a sequence G

0

; G

1

; G

2

; : : : , where the n -th circuit G

n

has n inputs. Suc h a family

is called LogSp a ce -uniform if there exists a LogSp a ce -b ounded deterministic

T uring mac hine whic h, on the input of n bits 1 (the string 1

n

), outputs the circuit

G

n

. A family of circuits has b ounde d fan-in if all of the gates in these circuits

ha v e fan-in b ounded b y some constan t. On the other hand, a family of monotone

circuits is called semi-unb ounde d if all ^ -gates are of b ounded fan-in (without loss of

generalit y , w e ma y restrict the fan-in to t w o) but the _ -gates ma y ha v e un b ounded

fan-in.

NC

i

denotes the class of languages recognizable using LogSp a ce -uniform Bo olean

circuit families of p olynomial size and depth O (log

i

n ) (in terms of the size n of the

input). SA C

1

is the class of languages recognizable b y LogSp a ce -uniform families

of semi-un b ounded circuits of depth O (log n ) ( SA C

1

circuits).

A nondeterministic auxiliary pushdo wn automaton (NAuxPD A) is a nondeter-

ministic T uring mac hine with a distinguished input tap e, a w orktap e, and a stac k

(of whic h strictly only the topmost elemen t can b e accessed at an y time).

LogCFL is usually de�ned as the complexit y class consisting of all problems

LogSp a ce -reducible to a con text-free language. There are t w o imp ortan t alterna-

tiv e c haracterizations of LogCFL that w e are going to use. They are recalled in

Prop osition 4.1 and 4.2, resp ectiv ely .

Pr oposition 4.1 [Venka tesw aran 1991] . LogCFL = SA C

1

. SA C

1

Cir cuit

V alue is LogCFL -c omplete.
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Pr oposition 4.2 [Sudbor ough 1977] . LogCFL is the class of al l de cision

pr oblems solvable by a NA uxPD A with a lo garithmic sp ac e-b ounde d worktap e in

p olynomial time.

W e ha v e LogSp a ce � NLogSp a ce � LogCFL � NC

2

� NC � PTime � NP

� PSp a ce � ExpTime � NExpTime . All inclusions � are susp ected to b e strict,

and all these complexit y classes are closed under LogSp a ce -reductions.

Unless stated otherwise, w e assume the input represen ted as a �

dom

-structure

enco ded in the usual w a y .

4.2 T ree-lik e Data and T ree-lik e Queries

As a w arm-up, w e use the w ell-studied graph-theoretical notion of tr e e-width to

deriv e a few results ab out the complexit y of XP ath that follo w immediately from

the literature.

Let G = ( V

G

; E

G

) b e a graph. A tr e e de c omp osition of G is a pair ( T ; � ) suc h that

T is a ro oted tree with no des V

T

, � is a function � : V

T

! 2

V

G

that maps eac h no de

of tree T to a subset of V

G

, for eac h edge ( u; v ) 2 E

G

there exists a no de w 2 V

T

suc h that u; v 2 � ( w ), and for eac h no de u 2 V

G

, the set f v 2 V

T

j u 2 � ( v ) g

induces a connected subtree of T . The width of tree decomp osition ( T ; � ) is de�ned

as

�

max fj � ( v ) j j v 2 V

T

g

�

� 1. The tr e e-width of a graph G is the smallest width

o v er all tree decomp ositions of G . In tuitiv ely , graphs of lo w tree-width are v ery

tree-lik e. As a sp ecial case, the connected graphs of tree-width one are precisely the

trees. An example of a graph and a tree decomp osition (of width 2) for it is giv en

in Figures 3 (a) and (b), resp ectiv ely .

W e sa y that a structure consisting only of unary and binary relations has tree-

width k if the union of (the symmetric closure of ) its binary relations has tree-width

k . W e do not giv e a formal de�nition of the general case of queries of b ounde d tr e e-

width here; ho w ev er, for conjunctiv e queries Q o v er a v o cabulary of at most binary

relation sym b ols, the tr e e-width of Q is de�ned as the tree-width of the graph

G = ( V ; E ) where V consists of the v ariables of Q and ( x; y ) ; ( y ; x ) 2 E if there is

an atom a ( x; y ) in Q .

x 1: T r e e-like data le ad to line ar-time data c omplexity . The Bo olean MSO queries

on trees lab eled with a �nite alphab et (e.g. �

nav

-trees) de�ne precisely the r e gu-

lar tr e e languages , whic h corresp ond to the deterministic b ottom-up tr e e automata

[Thatc her and W righ t 1968; Doner 1970; Br • uggemann-Klein et al. 2001]. Eac h

Bo olean MSO query can b e mapp ed to suc h an automaton, whose acceptance of

a giv en input tree can b e c hec k ed in linear time in the size of the tree (tra v ersing

it once b ottom-up). Th us, Bo olean MSO queries on trees ha v e linear-time data

complexit y . A sligh tly more general v ersion of this fact for b ounded tree-width

structures is kno wn as Courcelle's Theorem [Courcelle 1990], whic h can b e further

generalized to

Theorem 4.3 [Flum et al. 2002]. L et C b e a class of structur es of b ounde d

tr e e-width. F or a �xe d MSO formula � , ther e is an algorithm that evaluates � on

e ach structur e A 2 C in time O ( jAj + j � ( A ) j ) .

That is, this algorithm runs in time linear in the size of the input and the output,

and in particular in linear time in the size of the input on MSO form ulas with at

most one free v ariable.

It can b e v eri�ed that unrank ed ordered trees represen ted b y �

nav

-structures, that

is, the union of their binary relations R

child

and R

next - sibling

, ha v e tree-width t w o

2

2

Note, ho w ev er, that in the con text of MSO, it is more wide-spread [Nev en 2002; Gottlob and Ko c h

2004] to use a signature �

0

nav

obtained from �

nav

b y replacing R

child

b y a relation FirstChild suc h

that FirstChild ( x; y ) i� y is the leftmost c hild of x . Then, MSO on �

nav

and �

0

nav

are equiv alen t

and all �

0

nav

-structures ha v e tree-width 1.
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Fig. 3. A �

nav

-tree is a graph of tree-width t w o.

(see Figure 3, where eac h no de v is lab eled with � ( v )). T ransitiv e axis relations

suc h as R

descendant

or R

follo wing - sibling

(cf. Section 2.1) do not ha v e b ounded tree-width

in general, but it is not di�cult to map NavXP ath queries with transitiv e axes to

MSO o v er signature �

nav

[Gottlob and Ko c h 2002]. The construction is similar to

the one of Theorem 3.2 mapping NavXP ath to F O

2

, de�ning R

�

( x; y ), where R

�

is

the re
exiv e and transitiv e closure of relation R , in MSO as 8 S

�

S ( x ) ^ 8 u 8 v S ( u ) ^

R ( u; v ) ! S ( v )

�

! S ( y ) : F rom this w e can conclude the follo wing b ound.

Cor ollar y 4.4. NavXP ath No deSet queries (and henc e, Co reXP ath No deSet

queries) ar e in line ar time with r esp e ct to data c omplexity.

x 2: T r e e-like data do not yield low c ombine d c omplexity . The usual tec hnique for

pro ving linear-time data complexit y of MSO is b y reduction to automata. F or unary

MSO form ulas, somewhat sophisticated automata with a capabilit y for selecting

no des are required. It has b een observ ed that suc h automata with the p o w er of

unary MSO can b e designed to tra v erse the data tree only t wice [Nev en and V an

den Bussc he 2002; F ric k et al. 2003]. Reductions from MSO to automata do not yield

go o d upp er b ounds on the com bined complexit y of NavXP ath , ho w ev er. Indeed, they

are necessarily nonelemen tary [Mey er 1975; Reinhardt 2002] (i.e., their cost cannot

b e b ounded b y an y to w er of exp onen tials 2

2

2

�

2

n

of �xed heigh t). F or NavXP ath ,

a doubly exp onen tial translation to sele cting tr e e automata [F ric k et al. 2003] is

implicit in [Ko c h 2003].

x 3: T r e e-like queries yield p olynomial-time c ombine d c omplexity . While MSO o v er

trees is kno wn to b e PSp a ce -complete with resp ect to com bined complexit y , F O

k

(ev en o v er arbitrary relational structures) is kno wn to b e in time O ( n

k

� j Q j ):

3

Pr oposition 4.5 [K olaitis and V ardi 2000] . Conjunctive F O

k +1

queries have

tree-width � k .

3

This can b e sho wn directly without tree-width as w ell [V ardi 1995], ho w ev er.
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Theorem 4.6 [Chekuri and Rajaraman 1997] . Given a Bo ole an c onjunctive

query Q of tr e e-width k and a datab ase A with domain size n , Q c an b e evaluate d

on the datab ase in time O (( n

k +1

+ jAj ) � j Q j ) .

Both results generalize from conjunctiv e to F O queries [Flum et al. 2002].

Since b o olean NavXP ath queries can b e translated e�cien tly , in linear time, in to

equiv alen t F O

2

queries (Theorem 3.2) and F O XP ath queries can b e translated in

linear time in to F O

3

(Prop osition 3.14),

Cor ollar y 4.7. Bo ole an NavXP ath and F O XP ath c an b e evaluate d in time O ( jD j

2

�

j Q j ) and O ( jD j

3

� j Q j ) , r esp e ctively, on a �

dom

structur e D .

As w e will see later on in this section, these com bined complexit y b ounds can b e

impro v ed up on.

4.3 Hyp ertree-width and Conjunctive XP ath

All results of Sections 4.3 and 4.4 will apply b oth to no deset and to Bo olean queries

of the resp ectiv e fragmen ts indicated.

Let Q b e a conjunctiv e query o v er a relational database, and let v ar s ( Q ), f r ee ( Q ),

and atoms ( Q ) denote the set of v ariables, free v ariables, and atoms o ccurring in Q ,

resp ectiv ely .

A (complete) hyp ertr e e de c omp osition of Q is a triple ( T ; �; � ) suc h that T is a

ro oted tree with no des V ( T ) and ro ot no de r , � : V ( T ) ! 2

v ar s ( Q )

maps eac h no de

of tree T to a set of v ariables from Q , � : V ( T ) ! 2

atoms ( Q )

maps eac h no de of T

to a set of b o dy atoms of Q ,

(1) f r ee ( Q ) � � ( r ),

(2) for eac h atom A 2 atoms ( Q ), there exists a no de v 2 V ( T ) suc h that A 2 � ( v )

and v ar s ( A ) � � ( v ),

(3) for eac h v ariable x 2 v ar s ( Q ), the set f v 2 V ( T ) j x 2 � ( v ) g induces a

connected subtree of T , and

(4) for eac h no de v 2 V ( T ), � ( v ) � v ar s ( � ( v )) and

v ar s ( � ( v )) \

[

f � ( v

0

) j v = v

0

or v

0

is a descendan t of v in T g � � ( v ) :

The width of a h yp ertree decomp osition ( T ; �; � ) is the maxim um n um b er of

atoms o ccurring in an y single no de of T , i.e. max fj � ( v ) j j v 2 V ( T ) g . The hyp ertr e e-

width of a conjunctiv e query Q is the smallest width o v er all h yp ertree decomp osi-

tions of Q . The conjunctiv e queries of h yp ertree-width 1 coincide with the so-called

acyclic conjunctiv e queries (cf. e.g. [Abiteb oul et al. 1995]). As sho wn in [Y an-

nak akis 1981], the acyclic conjunctiv e queries can b e ev aluated in time O ( n � j Q j ).

Y annak akis' result w as generalized to h yp ertree-width k , for arbitrary k :

Theorem 4.8 [Gottlob et al. 2002] . L et Q b e a c onjunctive query and H a

hyp ertr e e de c omp osition of width k of Q . Then Q c an b e evaluate d on a datab ase A

in time O (( jH j + jAj )

k

) .

Let �

0

dom

b e the signature obtained from �

dom

b y replacing eac h attribute function

@ A b y its graph (i.e., the binary relation f ( n; @ A ( n )) j n 2 No de g ) and adding the

relations R

descendant

and R

follo wing - sibling

.

A considerable fragmen t of F O XP ath can b e mo deled b y conjunctiv e queries o v er

a structure of relational signature �

0

dom

. W e sa y that a F O XP ath query (resp.,

NavXP ath query) is c onjunctive (and connected) if it do es not use disjunction,

negation, inequalities (i.e., expressions p RelOp p

0

with RelOp 6= \=" ), or the ro ot

slash = . The notions of h yp ertree decomp osition and h yp ertree-width can b e read-

ily applied to conjunctiv e F O XP ath (and th us NavXP ath ) queries. A conjunctiv e

F O XP ath query maps to a conjunctiv e query o v er �

0

dom

, and w e can sp eak of its

h yp ertreewidth using this mapping.
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Example 4.9. The conjunctiv e F O XP ath query

descendant :: A= child :: B [ child :: C = @ D = child :: E = @ F ]

can b e phrased as a conjunctiv e query o v er signature �

0

dom

Q ( v ; x )  R

descendant

( v ; w ) ; A ( w ) ; R

child

( w ; x ) ; B ( x ) ; R

child

( x; x

1

) ; C ( x

1

) ; @ D ( x

1

; z ) ;

R

child

( x; y

1

) ; E ( y

1

) ; @ F ( y

1

; z ) :

Consider the follo wing h yp ertree decomp osition, H , of Q , where the no des v ha v e

b een lab eled with � ( v ) and � ( v ) = v ar s ( � ( v )):

R

descendant

( v ; w ) ; R

child

( w ; x )

A ( w ) B ( x ) R

child

( x; x

1

) ; @ D ( x

1

; z )

C ( x

1

) R

child

( x; y

1

) ; @ F ( y

1

; z )

E ( y

1

)

Note that H is of width 2. There exists ob viously no h yp ertree decomp osition of

width 1: the atoms f R

child

( x; x

1

) ; @ D ( x

1

; z ) ; R

child

( x; y

1

) ; @ F ( y

1

; z ) g of Q induce a

cycle. Th us Q is of h yp ertree-width 2. 2

By Prop ositions 4.5 and 3.14, conjunctiv e F O XP ath queries ha v e tree-width � 2.

It is kno wn that conjunctiv e queries of tree-width k ha v e h yp ertree-width � k + 1

[Gottlob et al. 2002], so w e can obtain the O ( n

3

) data complexit y b ound observ ed

in Corollary 4.7 also from Theorem 4.8. Ho w ev er, fortunately ,

Theorem 4.10. The c onjunctive F O XP ath No deSet queries have hyp ertr e e-width

� 2 .

Pro of . W e �rst compute a �rst-order query (using just 9 and ^ ) o v er �

0

dom

for a

giv en conjunctiv e F O XP ath query and then sho w that it yields a h yp ertree decom-

p osition of width � 2. F rom the �rst-order form ula an equiv alen t relational algebra

plan can b e obtained immediately b y rewriting ^ b y a join and 9 b y a pro jection

W e will assume that our query is a path expression p . The pro of w orks analogously

for quali�ers. W e translate p in to a �rst-order form ula F O ( p )

2

as follo ws:

F O ( axis )

2

( x; y ) := R

axis

( x; y )

F O ( step [ q ])

2

( x; y ) := F O ( step )

2

( x; y ) ^ F O ( q )

1

( y )

F O ( p=step )

2

( x; z ) := 9 y F O ( p )

2

( x; y ) ^ F O ( step )

2

( y ; z )

F O ( lab () = L )

1

( x ) := L ( x )

F O ( p )

1

( x ) := 9 y F O ( p )

2

( x; y )

F O ( q ^ q

0

)

1

( x ) := F O ( q )

1

( x ) ^ F O ( q

0

)

1

( x )

F O ( p= @ A = p

0

= @ B )

1

( x ) := 9 z

�

9 y

1

F O ( p )

2

( x; y

1

) ^ @ A ( y

1

; z )

�

^

�

9 y

2

F O ( p

0

)

2

( x; y

2

) ^ @ B ( y

2

; z )

�

Without loss of generalit y , w e will assume that there are no t w o distinct o ccur-

rences of existen tial quan ti�cation o v er the same v ariable in F O ( p )

2

; th us, an y t w o

o ccurrences of the same v ariable name in form ula F O ( p )

2

indeed refer to the same

v ariable.

F O ( � )

2

is only a minor v ariation of [ [ � ] ]

N odeS et

and it is easy to v erify that F O ( p )

2

de�nes a binary relation f ( n; n

0

) j n

0

2 [ [ p ] ]

N odeS et

( n ) g .
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W e no w construct a h yp ertree decomp osition of F O ( p )

2

. Consider the parse tree

T of form ula F O ( p )

2

. This parse tree has relation atoms as its lea v es and 9 x - and

^ -lab els on its in ternal no des. Eac h no de of the tree corresp onds to a subform ula

� of F O ( p )

2

. W e will iden tify eac h tree no de with the subform ula � it denotes.

W e de�ne a function � that maps eac h no de � of T to a set of leaf no des (and

th us relational atoms). W e do this inductiv ely , b ottom-up:

(i) for eac h leaf no de � , � ( � ) := f � g ;

(ii) for eac h no de � of the form  

1

( x ) ^  

2

( x ),  

1

( x; y ) ^  

2

( y ), or  

1

( x; y ) ^  

2

( x; y ),

let � ( � ) := � (  

1

);

(iii) for eac h no de � =  

1

( x; y ) ^  

2

( y ; z ), let � ( � ) := f  

0

g [ � (  

2

), where  

0

is an y

atom o v er x from � (  

1

); �nally ,

(iv) for eac h no de � = 9 x  , � ( � ) := � (  ).

Note, in particular, that eac h free v ariable of � o ccurs in at least one atom of

� ( � ). No w let function � map eac h no de � of T to v ar s ( � ( � )).

T o v erify that ( T ; �; � ) is indeed a h yp ertree decomp osition of p , w e ha v e to

c hec k p oin ts (1) to (4) of the de�nition. (1) and (4) are due to the de�nition of

� as � 7! v ar s ( � ( � )). (2) is immediate from (i). The connectedness condition (3)

follo ws from the fact that in a �rst-order query without an y t w o distinct o ccurrences

of existen tial quan ti�cation o v er the same v ariable, the no des of parse tree T that

ha v e x as a free v ariable plus the no de 9 x  if x is not free in the query induce a

connected subtree of T .

Let us no w consider the sizes j � ( � ) j for all no des � of T . The most in teresting case

is � =  

1

( x; y ) ^  

2

( y ; z ). Observ e that in this case  

2

is either a step expression

or a leaf, and th us j � (  

2

) j = 1, so j � ( � ) j = 2. It can b e sho wn b y a straigh tforw ard

induction that for all no des � , j � ( � ) j � 2, so our query has h yp ertree-width � 2. 2

This result b y construction of course holds for no deset queries and th us also for

Bo olean queries.

Example 4.11. F or the query of Example 4.9,

F O ( descendant :: A= child :: B [ child :: C = @ D = child :: E = @ F ])

2

( v ; x )

ev aluates to the �rst-order form ula

9 w ( R

descendant

( v ; w ) ^ A ( w )) ^

�

R

child

( w ; x ) ^

�

B ( x ) ^

9 z ( 9 x

1

( R

child

( x; x

1

) ^ C ( x

1

) ^ @ D ( x

1

; z ))) ^

( 9 y

1

( R

child

( x; y

1

) ^ E ( y

1

) ^ @ F ( y

1

; z )))

��

the parse tree of whic h is sho wn in Figure 4. The leaf no des in the �gure ha v e b een

lab eled l

1

; l

2

; l

3

; : : : from left to righ t and the in terior no des � of the parse tree of

the form ula ha v e b een annotated with � ( � ). Again, � ( � ) = v ar s ( � ( � )). This yields

the h yp ertree decomp osition constructed in the pro of. 2

The transformation of the previous pro of can b e implemen ted so as to compute

b oth �rst-order query and h yp ertree decomp osition in linear time. By the latter ob-

serv ation and Theorem 4.8 w e th us see that Conjunctiv e F O XP ath can b e ev aluated

in time O (( j Q j + jD j )

2

).

W e giv e a direct pro of of the follo wing (close but incomparable) b ound.

Pr oposition 4.12. Conjunctive F O XP ath No deSet queries c an b e evaluate d on

�

0

dom

-structur es D in time O ( j Q j � jD j

2

) .

Pro of . Let us no w consider relational algebra queries ALG ( p ) and ALG ( q ) corre-

sp onding to the �rst-order (calculus) queries F O ( p )

2

and F O ( q )

1

of the previous
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9 w f l

1

; l

3

g

^ f l

1

; l

3

g

^ f l

1

g

l

1

R

descendant

( v ; w )

l

2

A ( w )

^ f l

3

g

l

3

R

child

( w ; x ) ^ f l

4

g

l

4

B ( x ) 9 z f l

5

; l

7

g

^ f l

5

; l

7

g

9 x

1

f l

5

; l

7

g

^ f l

5

; l

7

g

^ f l

5

g

l

5

R

child

( x; x

1

)

l

6

C ( x

1

)

l

7

@ D ( x

1

; z )

9 y

1

f l

8

; l

10

g

^ f l

8

; l

10

g

^ f l

8

g

l

8

R

child

( x; y

1

)

l

9

E ( y

1

)

l

10

@ F ( y

1

; z )

Fig. 4. Hyp ertree decomp osition of the query of Example 4.9 as constructed in the pro of of

Theorem 4.10.

pro of. The translation is standard [Abiteb oul et al. 1995] and just requires rewriting

existen tial quan ti�cation b y pro jection and conjunction b y join.

As with the subform ulas of � in F O ( p )

2

, eac h sub expression of ALG ( p ) de�nes

a relation that is a subset of the pro duct of at most t w o base relations � ( � ), and is

th us of size at most O ( jD j

2

).

Query ev aluation requires no more than j Q j relational algebra op erations (pro-

jections or joins). The pro jections �

~

A

R are ob viously op erations that run in time

linear in j R j . Joins guar de d b y one of the input relations (corresp onding to form ulae

 

1

( x; y ) ^  

2

( x; y ),  

1

( x; y ) ^  

2

( y ), and  

1

( y ) ^  

2

( y )) can b e ev aluated in time

linear in the sum of the sizes of the t w o relations joined b y �rst building a bit�eld

for testing whether tuples are true in  

2

and then using it to �lter the tuples of  

1

.

The most in teresting case is a join corresp onding to form ula  

1

( x; y ) ^  

2

( y ; z ).

Let [ [ � ] ] b e the relation de�ned b y �rst-order form ula � . W e �rst compute the rela-

tions R

y

1

= f x j  

1

( x; y ) g , for eac h y suc h that 9 z  

2

( y ; z ), in total time O ( j [ [  

1

] ] j +

j [ [  

2

] ] j ). Then w e compute our join as the union of the sets f ( x; y ; z ) j R

y

1

( x ) g , for

eac h tuple  

2

( y ; z ). As men tioned in the previous pro of,  

2

alw a ys de�nes a subset

of an input relation, so this union can b e formed in time O ( jD j � j [ [  

2

] ] j ) = O ( jD j

2

).

2

Conjunctiv e NavXP ath queries are acyclic (see [Gottlob et al. 2005]) and can

therefore b e ev aluated using Y annak akis' algorithm (or b y precisely the tec hniques

from the previous t w o pro ofs) b oth in linear time in the data and e�cien tly in the

size of the query .

Pr oposition 4.13. Conjunctive NavXP ath No deSet queries c an b e evaluate d in

time O ( jD j � j Q j ) on ( �

nav

; R

descendant

; R

follo wing - sibling

) -structur es D .
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4.4 Bey ond Conjunctive Queries

The conjunctiv e query pro cessing tec hniques based on h yp ertree decomp ositions of

the previous section lea v e three features of F O XP ath unaddressed:

(1) Conjunctiv e F O XP ath excludes disjunction, union, negation, inequalities, and

disconnected queries (via the ro ot / in conditions).

(2) W e assumed that the data tree is giv en b y �

+

v al

-structures, whic h include bi-

nary relations for transitiv e axes suc h as descendant . If w e assume transitiv e

axis relations presen t in the structure D represen ting a tree with domain A

and therefore jD j = O ( j A j

2

), our upp er b ound on time of O ( jD j

2

� j Q j ) from

Prop osition 4.12 deteriorates to time O ( jD j

4

� j Q j ) when the input structure D

is no w in �

dom

.

(3) Finally , w e did not deal with inequalities RelOp 2 f6 = ; <; �g in expressions

e RelOp e

0

.

The follo wing result deals with all these issues.

Theorem 4.14. A F O XP ath No deSet query Q c an b e evaluate d on �

dom

-structur es

with domain A in time O ( j A j

2

� j Q j ) .

Pro of .

(1) W e complete the mapping ALG of the previous pro of b y the op erations of

F O XP ath missing from conjunctiv e F O XP ath :

| ALG ( p j p

0

) := ALG ( p ) [ ALG ( p

0

)

| ALG ( q _ q

0

) := ALG ( q ) [ ALG ( q

0

)

| ALG ( : q ) := A � ALG ( q )

(2) Next w e w ould lik e to eliminate transitiv e axis relations suc h as descendant from

the signature.

[Gottlob et al. 2005] giv es algorithms for computing, giv en a set S of tree no des

and an y XP ath axis � , the set of no des

� ( S ) = f y j x 2 S ^ R

�

( x; y ) g

in time O ( j No de j ). Consider the unary op erations

. /

� [ q ]

: R 7! f ( x; z ) j 9 y R ( x; y ) ^ R

�

( y ; z ) ^ [ [ q ] ]

B oolean

( z ) g ;

whic h can b e ev aluated in quadratic time b y �rst partitioning R in to sets S

x

=

f y j R ( x; y ) g , for eac h x , and then computing the union o v er x of the sets

f ( x; y ) j y 2 � ( S

x

) ^ [ [ q ] ]

B oolean

( y ) g .

No w w e can ev aluate [ [ p=� [ q

1

] : : : [ q

n

]] ] as � [ q

1

^ � � � ^ q

n

]([ [ p ] ]) in quadratic time,

for an y axis � , ev en if our structure is just of signature �

dom

.

(3) Let �

� 1

denote the in v erse of axis � (i.e., R

�

� 1
is the in v erse of R

�

). T o

compute a query plan for an inequalit y

�

1

[ q

1

] =�

2

[ q

2

] = � � � =�

n

[ q

n

] = @ A RelOp �

1

[ q

0

1

] =�

2

[ q

0

2

] = � � � =�

n

[ q

0

n

] = @ B

with RelOp 6= \=" , w e �rst compute the binary relation RelOp

@ A; @ B

(see the

de�nition of �

+

v al

in Section 3.3) in time O ( j A j

2

). Using the fact that the joins

ab o v e can b e computed in quadratic time, w e see that w e can compute the

follo wing relation S in quadratic time j A j

2

times the size of S :

S := . /

�

� 1

1

( . /

�

� 1

2

[ q

0

1

]

( . /

�

� 1

3

[ q

0

2

]

( � � � . /

�

� 1

n

[ q

0

n � 1

]

( . /

self [ q

0

n

]

( RelOp

@ A; @ B

)) � � � )))

Finally ,

�

. /

�

� 1

1

( . /

�

� 1

2

[ q

1

]

( . /

�

� 1

3

[ q

2

]

( � � � . /

�

� 1

n

[ q

n � 1

]

( . /

self [ q

n

]

( S

� 1

)) � � � )))

�

� 1

is the desired inequalit y relation ab o v e. Using this algorithm inductiv ely , The-

orem 4.14 follo ws. 2
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Applying the �rst t w o parts of the previous pro of to NavXP ath yields:

Pr oposition 4.15 [Gottlob et al. 2005] . A NavXP ath No deSet query Q c an

b e evaluate d on �

nav

-structur es D in time O ( jD j � j Q j ) and sp ac e O ( jD j ) .

Note that this impro v es the linear data complexit y b ound of Corollary 4.4.

Bey ond F O XP ath , w e are faced with queries con taining p ossibly nested n umeric

expressions in v olving the arithmetic op erations + and � (whose graphs are in�nite)

and aggregations. F or that reason, it is helpful to digress from the framew ork used

ab o v e (i.e., relations � A

2

or � A ) and view ev ery expression e of typ e t (either

No deSet , Bo olean, or In t) as de�ning a table f ( n; [ [ e ] ]

t

( n )) j n 2 A g : Eac h no de n

denotes a con text in whic h expression e ev aluates to v alue [ [ e ] ]

t

( n ). Th us suc h tables

w ere called c ontext-value tables in [Gottlob et al. 2005]. The con text-v alue table of

an expression e can b e e�cien tly computed from the con text-v alue table of the direct

sub expressions of e . F or F O XP ath , the metho d for doing so w as giv en in the previous

pro of, up to the notational subtleties that no w for No deSet -t yp ed expressions, the

v alue column ma y hold sets (no des group ed b y their con text) while in the pro of

the relations de�ned w ere 
at, and that con text-v alue tables for Bo olean-v alued

expressions are binary , with either \true" or \false" in the v alue column.

This metho d can b e adapted to AggXP ath without a run time p enalt y , since on

a binary relation [ [ p ] ] o v er the domain of no des { and th us of quadratic size { the

relations f ( n; i ) j [ [coun t( p )] ]

I nt

( n ) = i g and f ( n; i ) j [ [sum ( p= @ A )] ]

I nt

( n ) = i g can

b e computed in quadratic time without di�cult y . F or the arithmetic op eration �

(m ultiplication), n um b ers can gro w linearly with the query , th us a binary relation

represen ting the result of a n umeric relation ma y b e of size O ( j A j � j Q j ). Th us,

Pr oposition 4.16. The AggXP ath No deSet queries Q c an b e evaluate d on �

dom

-

structur es with domain A in time O

�

j A j � ( j A j + j Q j ) � j Q j

�

and sp ac e O

�

j A j � ( j A j + j Q j )

�

.

So far w e ha v e b een mo ving only mo derately b ey ond queries obtained from h y-

p ertree decomp ositions. Ho w ev er, XP ath (and OrdXP ath ) supp orts p osition arith-

metics whic h require more sophisticated con texts than AggXP ath , where con texts

are simply no des. F or OrdXP ath , a single con text no de is not su�cien t; for instance,

the expression \p osition() = last()" relies on the p osition of a no de within a set and

the cardinalit y of that set as con texts (see (P2') in Section 2).

W e extend con text-v alue tables to b e sets of tuples ( n; j; k ; v ), where n is a con text

no de, j and k are in tegers denoting a p osition j in and the size k of a set of no des,

v is a v alue, and the con texts n; i; k iden tify their tuples.

V alues (including strings and n um b ers) w ere sho wn in [Gottlob et al. 2005] to

remain small in XP ath. The algorithm of [Gottlob et al. 2005] inductiv ely computes

con text-v alue tables f ( n; j; k ; v ) j [ [ e ] ]

T y pe ( e )

( n; j; k ) = v g for eac h sub expression e

of a query b ottom-up. T aking in to con text all the built-in functions of XP ath, this

yields the follo wing upp er b ound.

Theorem 4.17 [Gottlob et al. 2005] . F ul l XPath 1.0 is in time O ( j A j

5

�

j Q j

2

) .

W e state this result without a pro of and refer to [Gottlob et al. 2005] for the

formal de�nition of full XP ath 1.0 and the pro of, whic h are b ey ond our scop e and

yield little further insigh t. Impro v emen ts yielding somewhat b etter b ounds can b e

found in [Gottlob et al. 2005].

Example 4.18. Consider the n umerical expression p osition() � 2 < last() . W e
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compute the con text-v alue tables of its sub expressions b ottom-up as

C V T

p osition ()

:= f ( n; j; k ; j ) j ( n; j; k ) a con text g

C V T

p osition () � 2

:= f ( n; j; k ; 2 � v ) j ( n; j; k ; v ) 2 C V T

p osition ()

g

C V T

last()

:= f ( n; j; k ; k ) j ( n; j; k ) a con text g

C V T

p osition () � 2 < last()

:= f ( n; j; k ; ( v

1

< v

2

)) j ( n; j; k ; v

1

) 2 C V T

p osition () � 2

;

( n; j; k ; v

2

) 2 C V T

last()

g

In summary , there is a close connection b et w een the con text-v alue table-based

dynamic programming algorithm of [Gottlob et al. 2005] and the h yp ertree-width

based tec hniques presen ted b efore. Ho w ev er, b ey ond the di�culties dealt with in

the pro of of Theorem 4.14, XP ath supp orts built-in functions (e.g. arithmetic and

string functions) whose graphs are in�nite, as w ell as aggregations, so non-trivial

extensions of h yp ertree decomp osition tec hniques are needed to obtain the PTime

com bined complexit y of XP ath.

W e summarize the time complexit y b ounds in the follo wing table; b elo w the input

is assumed to b e a �

dom

structure D with domain A :

F ragmen t Complexit y

NavXP ath jD j � j Q j (Prop osition 4.15)

F O XP ath j A j

2

� j Q j (Theorem 4.14)

AggXP ath j A j � ( j A j + j Q j ) � j Q j (Prop osition 4.16)

XP ath 1.0 j A j

5

� j Q j

2

(Theorem 4.17)

4.5 P a rallel Complexit y

No w that the com bined complexit y of XP ath is kno wn to b e p olynomial, one ma y

ask whether XP ath is also PTime -hard, or alternativ ely , whether it is in the com-

plexit y class NC and th us e�ectiv ely parallelizable. Apart from theoretical in terest,

a precise c haracterization of XP ath ev aluation in terms of parallel complexit y classes

ma y lead to a b etter understanding of what computational resources are necessarily

required for query ev aluation. F or example, it is strongly conjectured that all algo-

rithms for solving PTime -hard problems actually require a p olynomial amoun t of

w orking memory . Ho w ev er, p erforming XP ath query ev aluation with limited mem-

ory resources is imp ortan t in practice, for instance in the con text of data stream

pro cessing.

F or an upp er b ound for conjunctiv e F O XP ath , w e can use the follo wing result

ab out conjunctiv e queries of b ounded h yp ertree-width together with our Theo-

rem 4.10.

Theorem 4.19 [Gottlob et al. 2001] . The c onjunctive queries of b ounde d

hyp ertr e e-width over arbitr ary r elational structur es ar e in LogCFL with r esp e ct

to c ombine d c omplexity.

Cor ollar y 4.20. Conjunctive F O XP ath is in LogCFL (c ombine d c omplexity).

In [Gottlob et al. 2005], LogCFL mem b ership is pro v en for a m uc h larger frag-

men t of XP ath without negation whic h ev en supp orts arithmetics and aggregations.

Here w e giv e a direct pro of for p ositiv e F O XP ath .

Pr oposition 4.21 [Gottlob et al. 2005] . Positive F O XP ath is in LogCFL

with r esp e ct to c ombine d c omplexity.

Pro of Idea . By an enco ding as a NAuxPD A that runs in p olynomial time using a

LogSp a ce w orktap e. W e will actually sho w ho w to use a NAuxPD A to compute

the set of no des to whic h an XP ath query ev aluates, ev en though the complexit y

class LogCFL is de�ned in terms of decision problems and for the ab o v e-men tioned
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lo w er b ound only a decision problem (e.g. that of c hec king whether a giv en no de is

selected b y an XP ath query) mak es sense.

W e will use the sym b ol & for creating references and � to dereference them. W e

will asso ciate eac h query with its (binary) parse tree obtained in the usual fashion,

using grammar rules p ::= axis :: A [ q ] =p j axis :: A [ q ] to parse paths (i.e., pro ducing

a righ t-deep tree for a path). An example of suc h a parse tree is sho wn in Figure 5.

W e iden tify no des of the query tree with the expressions their subtrees represen t.

F or a path expression p , w e use sel ( v

Q

) to denote the righ tmost leaf in the subtree

of the query tree corresp onding to p ; th us sel ( v

Q

) denotes the \righ t tip" of the

path whic h selects no des.

W e use four log-space registers that will b e k ept on the w orktap e, sel (to iterate

o v er the no des of the data tree and c hec k whic h are to b e selected b y the query), v

t

(to hold a no de from the data tree), r

v al

(for a p oin ter to a data v alue in the data

tree, represen ted b y an in teger indicating the starting p osition of the data v alue's

represen tation inside the represen tation of the data tree), and v

Q

(for a curren t

no de from the parse tree of the query) on the w orktap e.

The ev aluation of the query pro ceeds b y iterating o v er all the no des of the data

tree (using register sel ), and for eac h no de do es a single depth-�rst left-to righ t

tra v ersal of its parse tree, starting with v

Q

the ro ot no de of the query tree, v

t

the

ro ot of the input tree, and r

v al

= ? .

By default, query tree no des v

Q

with t w o c hildren are pro cessed as follo ws. First

w e put ( v

Q

; v

t

; r

v al

) on to the stac k. Then w e pro cess the �rst c hild of v

Q

. On

returning w e tak e ( v

Q

; v

t

; r

v al

) o� the stac k (and set the registers). Finally pro cess

the second c hild of v

Q

.

There are a few exceptions. When v

Q

= � :: A [ q ] =p and v

t

= n , w e �rst put n on

the stac k, nondeterministically guess a no de n

0

suc h that � ( n; n

0

) and A ( n

0

), set

v

t

to n

0

, and only then w e pro cess the t w o c hildren as just describ ed. Expressions

p= @ A=der ef () are handled similarly .

F or p= @ A = p

0

= @ B , r

v al

is not put on the stac k b efore and tak en o� the stac k

after pro cessing the �rst c hild. When arriving at sel ( p ), w e set r

v al

to @ A ( v

t

).

When arriving at sel ( p

0

), w e v erify that r

v al

= @ B ( v

t

).

If v

Q

= q _ q

0

, w e nondeterministically c ho ose either q or q

0

and v erify that it

holds relativ e to the curren t p osition v

t

.

A t sel ( p ), where p is the query , w e c hec k whether v

t

= sel . If so, w e output no de

sel as a result.

It is not di�cult to v erify that this nondeterministic algorithm runs on an NAux-

PD A in p olynomial time, using only logarithmic space on the w orktap e. 2

Example 4.22. The F O XP ath query .//A[.//B/@C = D[E/@F = G/@H]/@I]

can b e ev aluated using a NAuxPD A giv en b y the follo wing pseudo co de: (1) Guess

w suc h that [ [ :== A ] ]( v

t

; w ); v

t

:= w ; (2) push v

t

; (3) guess w suc h that [ [ :==B ] ]( v

t

; w );

v

t

:= w ; (4) r

v al

:= & v

t

: @ C ; (5) v

t

:=p op; (6) guess w suc h that [ [ :=D ] ]( v

t

; w );

v

t

:= w ; push r

v al

; push v

t

; (7) push v

t

; (8) guess w suc h that [ [ :=E ] ]( v

t

; w ); v

t

:= w ;

(9) r

v al

:= & v

t

: @ F ; (10) v

t

:=p op; (11) guess w suc h that [ [ :=G ] ]( v

t

; w ); v

t

:= w ; (12)

c hec k that � r

v al

= v

t

: @ H ; (13) v

t

:=p op; r

v al

:=p op; (14) c hec k that � r

v al

= v

t

: @ I ;

(15) accept.

Note that this program is faithful to the construction men tioned ab o v e except

that w e do not push or p op the v

Q

register (the query has b een compiled in to the

program).

The fact that the run of this NAuxPD A is in tuitiv ely a depth-�rst tra v ersal of

the parse tree of the query is illustrated in Figure 5. 2

It w as sho wn in [Gottlob et al. 2005] b y a reduction from the SA C

1

circuit

v alue problem that the LogCFL upp er b ound of Theorem 4.21 is tigh t: p ositiv e

NavXP ath is LogCFL -complete with resp ect to com bined complexit y .
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./G
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Fig. 5. NAuxPD A run for query .//a[.//b/@c = d[e/@f = g/@h]/@i].
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G

1

( a

1

)

Fig. 6. A 2-bit full adder carry-bit circuit.

Unfortunately , the p ositiv e result on the parallel complexit y of p ositiv e XP ath

do es not extend to full XP ath, or ev en NavXP ath .

Theorem 4.23 [Gottlob et al. 2005] . NavXP ath is PTime -har d (c ombine d

c omplexity).

Pro of . The pro of is b y reduction from the monotone Bo ole an cir cuit value problem,

whic h is PTime -complete. Note that the classical reduction from PTime -b ounded

T uring mac hines to (monotone) Bo olean circuits pro ving this (see e.g. the pro of of

Theorem 8.1 in [P apadimitriou 1994]) only pro duces layer e d circuits.

4

Giv en an instance of this problem, a monotone Bo olean circuit and a mapping �

that assigns either 0 or 1 to eac h of the input gates, let M denote the n um b er of

4

A circuit is called la y ered is there is a mapping l that assigns to eac h gate an in teger suc h that

if there is an edge from gate G

i

to G

j

, then l ( G

j

) = l ( G

i

) + 1.

31



�

1

= descendant :: O

1

[ pa rent

5

::*[  

1

]]

 

1

= not ( child

5

:: I

1

[not ( �

1

)])

�

1

= ancesto r ::*[ �

0

]

�

0

= self ::1

u

5

u

6

u

7

u

8

v

1

: � ( G

1

)

w

1 ; 5

: I

1

w

1 ; 6

: I

1

w

1 ; 7

w

1 ; 8

v

2

: � ( G

2

)

w

2 ; 5

: I

1

w

2 ; 6

w

2 ; 7

: I

1

w

2 ; 8

v

3

: � ( G

3

)

w

3 ; 5

w

3 ; 6

: I

1

w

3 ; 7

: I

1

w

3 ; 8

v

4

: � ( G

4

)

w

4 ; 5

w

4 ; 6

: I

1

w

4 ; 7

: I

1

w

4 ; 8

v

5

: G

w

5 ; 5

: O

1

w

5 ; 6

w

5 ; 7

w

5 ; 8

: I

2

v

6

: G

w

6 ; 5

w

6 ; 6

: O

1

w

6 ; 7

w

6 ; 8

: I

2

v

7

: G

w

7 ; 5

w

7 ; 6

w

7 ; 7

: O

1

w

7 ; 8

: I

2

v

8

: G

w

8 ; 5

w

8 ; 6

w

8 ; 7

w

8 ; 8

: O

2

Fig. 7. Do cumen t tree corresp onding to the carry-bit circuit. The �gure also illustrates that

[ [ �

1

] ]

B oolean

( v

6

) , � ( G

1

) = 1 ^ � ( G

3

) = 1 ^ � ( G

4

) = 1.

input gates and let N � 1 denote the n um b er of all other gates in the circuit (the

internal gates). Let K b e the n um b er of la y ers in the circuit, that is, the heigh t of

the circuit. Let the gates b e named G

1

: : : G

M + N

. Without loss of generalit y

5

, w e

ma y assume that the gates G

1

: : : G

M + N

are n um b ered in some order suc h that no

gate G

i

dep ends on the output of another gate G

j

with j > i . In particular, the

input gates are named G

1

: : : G

M

and the output gate is G

M + N

. W e ma y assume

that there is precisely one gate at the topmost la y er K , the output gate.

Figure 6 sho ws an example of a circuit with appropriately n um b ered gates. This

circuit computes the carry-bit of a t w o-bit full-adder, that is, it tells whether adding

the t w o-bit n um b ers a

1

a

0

and b

1

b

0

leads to an o v er
o w. The carry-bit c

1

is com-

puted as ( a

1

^ b

1

) _ ( a

1

^ c

0

) _ ( b

1

^ c

0

) where c

0

= a

0

^ b

0

is the carry-bit of the

lo w er digit ( a

0

and b

0

).

F or a giv en instance of the monotone Bo olean circuit v alue problem, w e compute

a pair consisting of a do cumen t tree and a NavXP ath query as follo ws.

The do cumen t tree consists of no des u

j

, v

i

, and w

i;j

for all 1 � i � M + N ,

M + 1 � j � M + N . The ro ot no de is u

M +1

, and there are edges

|from u

j

to u

j +1

for M + 1 � j < M + N ,

|from u

M + N

to v

i

and from v

i

to w

i;M +1

for all 1 � i � M + N , and

|from w

i;j

to w

i;j +1

for all 1 � i � M + N , M + 1 � j < M + N .

No de lab els are tak en from the alphab et � = f 0 ; 1 ; G; I

1

; : : : ; I

K

; O

1

; : : : ; O

K

g

and eac h tree no de is assigned at most one suc h lab el. (W e allo w for \unlab eled"

no des, whic h can b e considered to simply carry a lab el not from �.) This is done as

follo ws. Eac h no de out of v

i

for 1 � i � M is assigned � ( G

i

) as a lab el (either 0 or

1). The no des v

M +1

: : : v

M + N

are eac h assigned the lab el G . W e assign lab el I

k

to

no de w

i;j

i� in ternal gate G

j

is in la y er 1 � k � K and tak es input from gate G

i

.

W e assign lab el O

k

to no de w

j;j

i� in ternal gate G

j

is in la y er k . F or our carry-bit

example of Figure 6 with M = 4 and N = 4, the data tree is as sho wn in Figure 7,

5

The gates can b e \sorted" to adhere to suc h an ordering in logarithmic space. This is trivial if

the circuit is la y ered, whic h w e ma y assume b y the observ ation made ab o v e.
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where � ( G

1

) ; : : : ; � ( G

4

) 2 f 0 ; 1 g are the truth v alues a

1

; b

1

; a

0

, and b

0

, resp ectiv ely ,

at the input gates.

In the follo wing, w e will abbreviate the n -times rep eated application of an axis

� , ( � ::*/ )

n � 1

� ::*, as �

n

::*. By �

n

::c, w e denote ( � ::*/)

n � 1

� ::c.

The query ev aluating the circuit is

/ descendant :: G [ �

K

]

with the condition expressions

�

k

:= descendant :: O

k

[ pa rent

N +1

::*[  

k

]]

 

k

:=

(

child

N +1

:: I

k

[ �

k

] : : : la y er k consists of _ -gates

not( child

N +1

:: I

k

[not( �

k

)]) : : : la y er k consists of ^ -gates

�

k

:=

�

ancesto r :: G [ �

k � 1

] : : : k > 1

ancesto r ::* [ �

k � 1

] : : : k = 1

for 1 � k � K and �

0

:= self ::1.

It uses the in tuition of pro cessing the circuit one la y er at a time.

W e will c hec k whether our query on our do cumen t includes the particular no de

v

M + N

. Indeed, b y our construction, the query will select no de v

M + N

i� the circuit

ev aluates to true, and no other no de will b e selected.

It is easy to see that the reduction can b e e�ected in LogSp a ce . W e next argue

that it is also correct.

The �

k

,  

k

, and �

k

are condition expressions (quali�ers), and w e ha v e already

giv en a formal meaning [ [ �

k

] ]

B oolean

( w ) to the notion \ �

k

matc hes no de w " or equiv a-

len tly \no de w satis�es �

k

" (and analogously to [ [  

k

] ]

B oolean

( w ) and [ [ �

k

] ]

B oolean

( w )).

Claim . L et 0 � k � K . Then, for al l gates G

i

in layer k ,

[ [ �

k

] ]

B oolean

( v

i

) , gate G

i

ev aluates to true :

This can b e sho wn b y an easy induction.

Induction start ( k = 0). The gates of la y er 0 are the input gates. By de�nition,

an input gate G

i

is true i� no de v

i

is lab eled 1. but on precisely these no des

�

0

= self:: 1 is true. Th us our claim holds for k = 0.

Induction step . No w assume that our claim holds for �

k � 1

. W e sho w that it

also holds for �

k

.

T o start, it is easy to see that for all i , j ,

[ [ �

k

] ]

B oolean

( w

i;j

) , [ [ �

k � 1

] ]

B oolean

( v

i

) :

No w observ e that b y our construction of the data tree, the no des w

1 ;j

; : : : ; w

j;j � 1

enco de the connections of gate G

j

with its inputs. Gate G

i

is an input to gate G

j

if and only if no de w

i;j

is lab eled I

k

, for k the la y er of gate G

j

. The no de w

j;j

is

lab eled O

k

. Observ e also that the no de u

j

is precisely N + 1 lev els ab o v e the no des

w

1 ;j

; : : : ; w

M + N ;j

in the data tree.

F or _ -gate G

j

in la y er k ,

[ [  

k

] ]

B oolean

( u

j

) , 9 i I

k

( w

i;j

) ^ [ [ �

k

] ]

B oolean

( w

i;j

)

, gate G

i

is an input to G

j

and G

i

is true

for ^ -gate G

j

in la y er k ,

[ [  

k

] ]

B oolean

( u

j

) , 8 i I

k

( w

i;j

) ! [ [ �

k

] ]

B oolean

( w

i;j

)

, all inputs to G

j

are true

Finally , since

[ [ �

k

] ]

B oolean

( v

j

) , [ [  

k

] ]

B oolean

( u

j

) ;
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our claim is sho wn for �

k

, 0 � k � K .

Figure 7 illustrates the computation of the truth v alue of gate G

6

of our circuit

example.

The o v erall query / descendant ::G[ �

K

] has a nonempt y result (consisting of pre-

cisely the no de v

M + N

) exactly if the output gate G

M + N

of the circuit ev aluates to

true, b ecause G

M + N

is the only gate in la y er K , v

M + N

is the only no de lab eled G

that has an O

K

descendan t, and [ [ �

K

] ]

B oolean

( v

M + N

) if and only if G

M + N

ev aluates

to true.

In summary , w e ha v e pro vided a LogSp a ce reduction that maps an y monotone

Bo olean circuit to a NavXP ath query and a do cumen t tree suc h that the query

ev aluated on the tree returns no de v

M + N

precisely if the circuit ev aluates to true.

As the monotone Bo olean circuit v alue problem is PTime -complete, our theorem

is pro v en. 2

Note that the ab o v e pro of of the PTime lo w er b ound do es not emplo y axis steps

with m ultiple quali�er brac k ets axis [ � ] : : : [ � ]; indeed, as observ ed b efore, ev en for

AggXP ath , axis [ q

1

] : : : [ q

n

] is equiv alen t to axis [ q

1

^ � � � ^ q

n

], but this is not true for

OrdXP ath . And indeed, the in teraction of m ultiple quali�er brac k ets and p osition

arithmetics has an impact on the complexit y of XP ath:

Theorem 4.24 [Gottlob et al. 2005] . Positive OrdXP ath is PTime -har d with

r esp e ct to c ombine d c omplexity.

The PTime -hardness result actually only uses a fragmen t of OrdXP ath with last()

and steps with m ultiple quali�er brac k ets, but without p osition() or aggregation

op erations.

W e giv e a brief o v erview o v er the remaining complexit y results kno wn for XP ath.

First, the PTime -hardness result of Theorem 4.23 essen tially dep ends on the pres-

ence of b oth single-step axes and transitiv e axes: NavXP ath using only the c hild and

paren t axes is in LogSp a ce with resp ect to com bined complexit y [Gottlob et al.

2005]. T ree patterns (conjunctiv e NavXP ath ) using only the descendan t axis are in

LogSp a ce as w ell [G• otz et al. 2007].

The data complexit y of XP ath dep ends on enco dings. XP ath 1.0 on DOM trees

(p oin ter structures) is LogSp a ce -complete if the concatenation op eration on strings

and m ultiplication are excluded from the language.

So far, w e ha v e alw a ys assumed that the input is basically giv en as a p oin ter

structure (using signature �

dom

). But XML do cumen ts can also b e considered in

their natural textual (string) represen tation. The distinction is only relev an t for

the v ery small complexit y class inside LogSp a ce , for whic h completeness is usually

de�ned in terms of reductions not strong enough to map b et w een DOM trees and

strings. On string represen tations, NavXP ath w as sho wn to b e in TC

0

[Gottlob et al.

2005], a complexit y class inside LogSp a ce . Of course, on a relational enco ding of

the tree with all binary axis relations part of the enco ding, F O XP ath is �rst-order

and inherits its A C

0

upp er b ound (y et inside TC

0

) on the data complexit y .

The query complexit y of XP ath 1.0 is in LogSp a ce [Gottlob et al. 2005]. This

is a sligh tly curious fact. While for virtually all kno wn traditional query languages,

the query complexit y is greater than the data complexit y b y at least an exp onen tial

factor (cf. e.g. [Abiteb oul et al. 1995]), this is not the case of XP ath.

4.6 Stream Pro cessing

Because of the role of XML as a data exc hange format, the problem of ev aluating

XP ath on streaming XML data has attracted quite some researc h w ork.

A str e aming algorithm scans its input data once { and only once { from left

to righ t. Since data streams for practical purp oses can b e assumed to b e in�nitely

long, one usually assumes that main memory is a limited resource. W e can formalize

streaming computation using a deterministic T uring mac hine with
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|a read-only input tap e on whic h the read head cannot mo v e to the left,

|a write-only output tap e on whic h the write head cannot mo v e to the left, and

|a read/write w ork tap e.

The resource of the greatest in terest in this formal mo del is the space used on the

w ork tap e. Of course, the running time of the T uring mac hine is imp ortan t as w ell.

Ho w ev er, pro cessing XP ath is not an in trinsically hard problem: as explained in this

w ork, it can b e solv ed in main-memory in p olynomial com bined complexit y , hence

in particular in p olynomial time in the data. The time upp er b ounds in terms of

the data do es not c hange when w e mo v e to the more restrictiv e streaming mo del.

T o our kno wledge, no tec hnique in the streaming XML literature requires running

time greater than p olynomial in the input (stream). Ideally , streaming algorithms

should cop e with a �xed amoun t of memory , indep enden t of the input, but as w e

will see b elo w, constan t memory is not su�cien t for ev aluating ev en the simplest

XP ath queries.

T o b egin with w e will fo cus our atten tion on the XPath �ltering pr oblem , for

whic h b etter guaran tees can b e made. The �ltering problem is the problem of

testing whether a giv en XP ath query relativ e to the ro ot no de has an y matc hes

(i.e., the problem of testing whether [ [ p ] ]

B oolean

( r oot ) is true for query p ). The

usual scenario is that of a stream of XML do cumen t s and a set of XP ath queries

describing subscriptions to do cumen ts on the stream matc hing the XP ath queries,

and has b een referred to b y Sele ctive Dissemination of Information . This problem

has b een considered in [Altinel and F ranklin 2000; Chan et al. 2000; Green et al.

2003; Diao et al. 2002] with the additional di�cult y that algorithms ha v e to scale

to v ery large n um b ers { ev en millions { of queries to b e matc hed in parallel.

Starting with [Bar-Y ossef et al. 2007], tec hniques from comm unication complexit y

ha v e b een used for studying memory lo w er b ounds of streaming XP ath ev aluation

algorithms [Bar-Y ossef et al. 2007; 2005; Grohe et al. 2007]. W e only giv e one suc h

lo w er b ound result whic h uses the standard notion of complexit y for XP ath queries.

W e denote the depth of a tree T b y depth ( T ). It has b een observ ed that

Pr oposition 4.25 [Gr ohe et al. 2007]. Ther e c an b e no str e aming algorithm

with memory c onsumption o ( depth ( T )) , wher e T is the data tr e e, for the Co reXP ath

�ltering pr oblem.

Of course, there are trees whose depth is linear in their size, so one can read this

result in the sense that there can b e no streaming algorithm for NavXP ath that

tak es space less than linear in the size of the XML stream, so memory-e�cien t {

and th us scalable { streaming XP ath �ltering is, from a certain p oin t of view, in

the w orst case imp ossible.

F ortunately , XML trees tend to b e shallo w in practice, so sho wing this lo w er

b ound to b e tigh t w ould b e considered a p ositiv e result. As discussed early in this

section, b ottom-up tree automata allo w to c hec k MSO sen tences in a single tra v ersal

of the tree. Using automata-based tec hniques, c hec king MSO queries in streaming

fashion, and th us solving the XP ath �ltering problem, is feasible using only memory

of size b ounded b y the depth of the tree (whic h in practice, for XML, is small).

Theorem 4.26 (implicit in [Neumann and Seidl 1998; Segoufin and Vianu 2002]).

L et T b e a tr e e-language. If T is de�nable by an MSO-sentenc e over vo c abulary

�

nav

, then T c an b e r e c o gnize d by a str e aming algorithm using memory O ( depth ( T )) ,

wher e T is the data tr e e.

Cor ollar y 4.27. Ther e is a str e aming algorithm for the Co reXP ath �ltering

pr oblem with memory c onsumption O ( depth ( T )) .

Of course, it remains to ask whether these algorithms use memory that is small

in the size of the XP ath expression b eing �ltered. Automata are a natural target
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of compilation for stream pro cessing. They can b e executed v ery e�cien tly on the

stream, and for most forms of automata one can analyze the run time memory usage

easily .

T ranslating XP ath queries in to deterministic pushdo wn automata has b een stud-

ied in sev eral w orks [Green et al. 2003; Gupta and Suciu 2003] (and sligh tly less

ob viously in [Altinel and F ranklin 2000; Chan et al. 2000; Diao et al. 2002]). De-

terministic pushdo wn automata also giv e depth-b ounded space usage. The blo w-up

required to compute suc h automata is exp onen tial in the �lter, and the sources of

this exp onen tialit y w ere explored in [Green et al. 2003]. In that w ork the automata

are mo dularized b y separation in to t w o comp onen ts. There is a deterministic �nite

automaton (DF A, de�ned on w ords, not on trees) for the path expression whic h

runs on the path from the ro ot no de of the data tree to the curren t data tree no de.

There is also a pushdo wn automaton, indep enden t of the path expression, that acts

as a con troller for the DF A, managing the stac k and adv ancing the DF A ev ery time

a new no de in the stream is encoun tered.

The �rst w ork to presen t a streaming algorithm for the XP ath �ltering problem

that tak es only memory linear in the depth of the tree and runs in time and space

p olynomial in the size of (the data and) the query w as [Oltean u et al. 2003; Oltean u

2007]. They pro vide an algorithm that giv es go o d b ounds for an y PNavXP ath �lter

with only \forw ard" axes { i.e. child ; next - sibling ; descendant ; follo wing .

There, the exp onen tial size of automata is a v oided b y not compiling automata

for managing and recognizing the sub expressions of an XP ath query in to a single

\
at" automaton. These automata are instead k ept apart, as a tr ansduc er network .

A similar transducer-net w ork based approac h to streaming XP ath pro cessing w as

dev elop ed in [P eng and Cha w athe 2003]. A di�eren t algorithm for p olynomial-time

streaming XP ath pro cessing w as presen ted in [Josifo vski and F on toura 2005].

A transducer net w ork consists of a set of sync hronously running transducers (here,

deterministic pushdo wn transducers, cf. [Hop croft and Ullman 1979]) where eac h

transducer runs, p ossibly in parallel with some other transducers, either on the

input XML stream, or on the output of another transducer (in whic h case the input

is the original stream where some no des ma y ha v e b een annotated using lab els).

Tw o transducers ma y also b e \joined", pro ducing output whose annotations are

pairs consisting of the annotations pro duced b y the t w o input transducers.

W e next formalize this and exhibit some of the transducers that form part of a

transducer net w ork.

XP ath queries are �rst rewritten in to nested �lters with paths of length one;

for instance, query child :: A= descendant :: B is �rst rewritten in to child [ lab () = A ^

descendant [ lab () = B ]]. T o emphasize that w e do not aim to compute no des matc hed

b y a path but to c hec k whether the query can b e successfully matc hed, w e will

write axis �lters as 9 child [ � ] and 9 descendant [ � ]. The rewritten queries will no w b e

translated in to transducer net w orks inductiv ely .

A deterministic pushdo wn transducer T is a tuple (� ; � ; 
 ; Q; q

0

; F ; � ) with input

alphab et �, stac k alphab et �, output alphab et 
, set of states Q , start state q

0

, set

of �nal states F , and transition function � : Q � � � ( � [ �) ! Q � �

�

� 
. F or

determinism w e require that for no q 2 Q; s 2 � ; 
 2 �, b oth � ( q ; s; � ) and � ( q ; s; 
 )

are de�ned. Here � denotes the empt y w ord. All our transducers will ha v e Q = F ;

that is, all states are �nal states, so all v alid runs will b e accepting. If the transducer

T is in state q and has uv on the stac k, and if � ( q ; s; v ) = ( q

0

; w ; s

0

), then T mak es a

transition to state q

0

and stac k uw ( u; v ; w 2 �

�

) on input s , and pro duces output

o , denoted ( q ; uv )

s=o

! ( q

0

; uw ) : A run on input s

1

: : : s

n

is a sequence of transitions

( q

0

; � )

s

1

=o

1

! � � �

s

n

=o

n

! ( q ; u ) that pro duces output o

1

: : : o

n

.

A transducer T [ 9 descendant [ � ]] running on the output stream of transducer T [ � ]

is a deterministic pushdo wn transducer with � = 
 = fhi ; t; f g , � = f t; f g , Q =
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B

B

B

A

A

A

B

T [ �

4

:= �

2

^ �

3

]

T [ h �

2

; �

3

i ]

T [ �

2

:= 9 descendant [ �

1

]]

T [ �

1

:= ( lab () = B )]

T [ �

3

:= ( lab () = A )]

time � !

input stream h B i h B i h B i h A i h = A i h =B i h =B i h A i h A i h A i h =B i h = A i h = A i h =B i

transducer sync hronous output

T [ �

1

:= ( lab () = B )] hi hi hi hi f t t hi hi hi t f f t

T [ �

2

:= 9 descendant [ �

1

]] hi hi hi hi f f t hi hi hi f t t t

T [ �

3

:= ( lab () = A )] hi hi hi hi t f f hi hi hi f t t f

T [ h �

2

; �

3

i ] hi hi hi hi ( f ; t ) ( f ; f ) ( t; f ) hi hi hi ( f ; f ) ( t; t ) ( t; t ) ( t; f )

T [ �

4

:= �

2

^ �

3

] hi hi hi hi f f f hi hi hi f t t f

Fig. 8. Do cumen t tree (top left), transducer net w ork (top righ t), and run of the transducer net w ork

(b ottom).

F = f q

f

; q

t

g , q

0

= q

f

, and transition function

� :

�

( q

x

; hi ; � ) 7! ( q

f

; x; hi )

( q

x

; y 2 f t; f g ; z ) 7! ( q

x _ y _ z

; �; x ) :

On seeing an op ening tag of a no de, this transducer memorizes on the stac k whether

� w as matc hed in the subtrees of the previously seen siblings of that no de. On

returning (i.e., seeing a closing tag), the transducer lab els the no de (b y its pro xy

the closing tag) with t or f (true or false) dep ending on whether � w as matc hed in

the no de's subtree, whic h is enco ded in the state.

Example 4.28. On input hi hihi hi f tt hi hihi tf f t , T [ 9 descendant [ � ]] has the run

( q

f

; � )

hi = hi

! ( q

f

; f )

hi = hi

! ( q

f

; f f )

hi = hi

! ( q

f

; f f f )

hi = hi

! ( q

f

; f f f f )

f =f

! ( q

f

; f f f )

t=f

!

( q

t

; f f )

t=t

! ( q

t

; f )

hi = hi

! ( q

f

; f t )

hi = hi

! ( q

f

; f tf )

hi = hi

! ( q

f

; f tf f )

t=f

! ( q

t

; f tf )

f =t

!

( q

t

; f t )

f =t

! ( q

t

; f )

t=t

! ( q

t

; � )

and pro duces output hi hi hihi f f t hi hi hi f ttt (see Figure 8). 2

A transducer T [ 9 child [ � ]] can b e de�ned similarly .

The transducers for testing lab els and computing conjunctions of �lters do not

need a stac k. The transducer T [ lab () = A ] has the op ening and closing tags

of the XML do cumen t as input alphab et �, 
 = fhi ; t; f g , Q = F = f q

0

g ,

and � = f ( q

0

; h�i ; � ) 7! ( q

0

; �; hi ) ; ( q

0

; h = A i ; � ) 7! ( q

0

; �; t ) ; ( q

0

; h =B i ; � ) 7! ( q

0

; �; f ) g

(where B stands for all no de lab els other than A ). The transducer T [ � ^  ]

has � = fhi g [ f t; f g

2

, 
 = fhi ; t; f g , Q = F = f q

0

g and � = f ( q

0

; hi ; � ) 7!

( q

0

; �; hi ) ; ( q

0

; ( x; y ) ; � ) 7! ( q

0

; �; x ^ y ) g .

The o v erall execution of a transducer net w ork is exempli�ed in Figure 8, where

the �lter that matc hes the XP ath expression self :: A= descendant :: B , rewritten in to

( 9 descendant [ lab () = B ]) ^ lab () = A is ev aluated using a transducer net w ork.

The transducers for the di�eren t sub expressions run sync hronously; eac h sym b ol

(op ening or closing tag) from the input stream is �rst transformed b y T [ �

1

] and

T [ �

3

]; the output of T [ �

1

] is pip ed in to T [ �

2

] and the output of b oth T [ �

2

] and

37



T [ �

3

], as a pair of sym b ols, is pip ed in to T [ �

4

]. Only then do w e pro ceed to the

next sym b ol of the input stream, whic h is handled in the same w a y , and so on. In

the example of Figure 8, the �nal transducer lab els exactly those no des t on whic h

the �lter is true. Chec king whether the �lter can b e matc hed on the ro ot no de,

whic h is not the case in this example, can b e done using an additional pushdo wn

automaton { not exhibited here but simple to de�ne.

W e no w commen t on the problem of selecting no des matc hed b y XP ath queries.

W e �rst note that an y streaming algorithm will ha v e to bu�er most of the XML

do cumen t in the w orst case. Consider the follo wing t w o trees.

A

B B B B C

A

B B B B D

h A ih B = i : : : h B = ih C = ih = A i h A i h B = i : : : h B = ih D = ih = A i

Consider the query = child :: A [ child :: C ] = child :: B . An y implemen tation of this query

m ust select the B -no des of the left tree but not those of the righ t tree. Hence suc h

an implemen tation will ha v e to bu�er all B -c hildren of the A -no de b efore a C -no de

is seen (or not seen) on the stream. In the w orst case this ma y amoun t to bu�ering

almost all the no des of the do cumen t.

The problem of selecting no des using XP ath on XML streams using p olynomial

time com bined complexit y and small space w as studied in sev eral w orks, including

[Oltean u 2007; P eng and Cha w athe 2003; Bar-Y ossef et al. 2007; 2005; Ramanan

2005; Gou and Chirk o v a 2007]. The results in these pap ers are usually space b ounds

dep ending linearly on the depth of the data tree, a function of certain prop erties of

the query (suc h as, e.g., query fr ontier size [Bar-Y ossef et al. 2007]), and the n um b er

of candidate output no des from the data tree: as w e ha v e seen immediately ab o v e,

w e can not hop e to do b etter than this. The kno wn b ounds are for fragmen ts of

PCo reXP ath with only forw ard axes.

4.7 Pro cessing XP ath in Databases

There has b een m uc h w ork on pro cessing XP ath (as a fragmen t on X Query) and

tree pattern queries on XML do cumen ts stored in datab ases , that is, in secondary

storage, b oth in the con text of nativ e XML databases and ev en more so on relational

represen tations of XML databases.

A topic related to XP ath pro cessing that has b een addressed in man y pap ers is

storing XML data in a w a y that allo ws for e�cien t query pro cessing and up dates

[Shanm ugasundaram et al. 1999; Fiebig and Mo erk otte 2000; T atarino v et al. 2002;

Grust et al. 2004; 2003; O'Neil et al. 2004; W eigel et al. 2005; Ma y et al. 2006].

Clearly , once the data is to b e stored in a database in a w a y other than a single

monolithic do cumen t (i.e., text �le) to allo w for the addressing and indexing of data,

the smaller data c h unks (usually do cumen t tree no des) require iden ti�ers of some

form. Muc h w ork has b een done on �nding appropriate sc hemes for storing XML

data relationally (e.g. [Shanm ugasundaram et al. 1999; T atarino v et al. 2002]), but

n um b ering sc hemes for XML no des that assign unique iden ti�ers to tree no des that

implicitly con tain na vigation information are also relev an t in nativ e XML database

systems. It is implicit in [T atarino v et al. 2002] that, when designing a no de n um b er-

ing sc heme for XML data, a tradeo� is necessary b et w een the sc heme's supp ort for

e�cien t na vigation (tree pattern queries) and the e�ciency of pro cessing up dates.

Num b ering sc hemes in whic h the no de iden ti�ers con tain m uc h p osition information

allo w for more e�cien t query pro cessing than do sc hemes whic h assign only lo cal

information that is relativ e to paren t and ancestor no des { but up dates to the data

are more lik ely to require a relab eling of man y no des with n um b ers.
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Curren tly t w o n um b ering sc hemes ha v e b ecome prominen t in most ma jor re-

searc h and commercial implemen tations. The �rst is the Dew ey n um b ering sc heme

[T atarino v et al. 2002; Ma y et al. 2006] in whic h a no de that is the j -th c hild of

a no de with iden ti�er i is assigned the iden ti�er i:j ; th us the Dew ey n um b ering

sc heme is the familiar sc heme used to lab el hierarc hies of sections and subsections

in most b o oks. Giv en a Dew ey n um b ering sc heme, the ancestors of a giv en no de

are completely determined and c hec king whether another no de satis�es one of the

axes is easily decided. The second [Fiebig and Mo erk otte 2000; Grust et al. 2004;

2003] is a form of glob al n um b ering sc heme (cf. [T atarino v et al. 2002]). It assigns a

preorder ( <

pre

) and a p ostorder ( <

p ost

) tra v ersal index. In addition, the <

pre

-index

of the paren t is stored with eac h no de. Here all axes can b e computed using simple

� -joins. Th us the transitiv e axis relations, whic h w ould tak e space quadratic in the

size of the tree if they had to b e explicitly stored in the database, can b e computed

on demand using plain relational algebra, with no need for recursion.

As sho wn in Section 2.1, <

pre

and <

p ost

can b e de�ned from R

descendant

and

R

follo wing

. The con v erse is also p ossible:

R

descendant

( x; y ) : , x <

pre

y ^ y <

p ost

x

R

follo wing

( x; y ) : , x <

pre

y ^ x <

p ost

y

F rom these axis relations, all others can b e de�ned in �rst-order logic. Th us, a

no de-lab eled tree can b e completely represen ted b y one triple ( i; j; a ), consisting of

a <

pre

-index i , a <

p ost

-index j , and a lab el a , for eac h no de of the tree. (These

indexes are c hosen in a w a y that if t w o no des u and v ha v e, sa y , <

pre

-indexes i and

i

0

, then i < i

0

i� u <

pre

v .)

This sc heme do es not require no des to b e lab eled consecutiv ely . Reasonable

up date p erformance can b e ac hiev ed b y not requiring <

pre

- and <

p ost

-indexes to b e

consecutiv e and initially lea ving some indexes un used. No des can then b e inserted

b y c ho osing a suitable pre- and p ostorder index from the unassigned indexes. A

sligh t mo di�cation of this idea uses 
oating p oin t n um b ers for the indexes; insertion

is done b y assigning <

pre

- and <

p ost

-n um b ers halfw a y b et w een those of the no des

b et w een whic h the new no de is to b e placed.

XML pro cessing within databases fo cuses hea vily on the case of conjunctiv e

XP ath and its extensions to X Query . F or queries on XML, one can distinguish

b et w een joins o v er data v alues and so-called structur al joins . The latter are used

to compute tuples of do cumen t no des that are in a structural relationship to eac h

other whic h can b e describ ed b y a Co reXP ath path expression, for instance pairs

of no des and their \A"-lab eled descenden ts. While data v alue joins o ccur more

frequen tly in X Query , b oth kinds of joins can app ear ev en in XP ath. F or example,

the query of Example 4.9 con tains four structural joins { corresp onding to the four

axis steps of the query { and one v alue join, whic h compares certain @D attribute

v alues with @F attribute v alues. Man y queries con tain sev eral structural joins that

can b e describ ed b y tree patterns (also called twigs in this con text) and can b e

matc hed together.

As do cumen ted in the presen t section, pairs of no des de�ned b y Co reXP ath ex-

pressions ha v e sp ecial prop erties that giv e e�cien t structural join algorithms. The

metho ds describ ed in this surv ey ha v e fo cused on a straigh tforw ard enco ding of a

tree as a relational structure. But e�cien t metho ds ha v e also b een disco v ered that

either w ork for individual structural joins [Al-Khalifa et al. 2002; Grust et al. 2003]

or holistically compute the matc hes of en tire tree patterns [Bruno et al. 2002], for

XML stored using the more sophisticated enco dings discussed ab o v e. Note that in

these enco dings there is no need for a separate edge relation.

F or XP ath 1.0 the fo cus is on semi-joins. A k ey adv an tage of the t wig query

pro cessing approac h is that it extends the lo w complexit y b ounds of XP ath to
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more general queries whic h return al l query no des in a matc h of a pattern, not

just a single selected no de. Suc h queries are imp ortan t within the more general

con text of X Query pro cessing. The use of large-grained t wig join op erators and

their in tegration in to optimizers for X Query is discussed in [Al-Khalifa and Jagadish

2002].

4.8 F urther Bibliographic Rema rks

The dynamic programming algorithm for full XP ath 1 of [Gottlob et al. 2005]

demonstrates in a rather straigh tforw ard w a y that XP ath 1 can b e ev aluated in

p olynomial time. When in tro duced, this algorithm w as the �rst of its kind, and it

w as observ ed that all XP ath engines a v ailable at the time where taking exp onen tial

time in the w orst case for ev aluating XP ath 1. Ho w ev er, the dynamic programming

algorithm computes man y useless in termediate results and consumes m uc h memory .

T o �x this, a more e�cien t top-do wn algorithm is giv en in [Gottlob et al. 2005] as

w ell. This algorithm still runs in p olynomial time, with b etter w orst-case upp er

b ounds on running time and memory consumption. F urther w ork on p olynomial-

time algorithms for full XP ath 1 whic h elab orates on the results of [Gottlob et al.

2005] and in tegrates them in to a nativ e XML database managemen t system can b e

found in [Bran tner et al. 2005]. This w ork also sho ws ho w to in tegrate X Query and

e�cien t XP ath pro cessing using a single nativ e algebra.

5. ST A TIC ANAL YSIS

5.1 Satis�abilit y

Analysis of XP ath originally fo cused on fragmen ts of PNavXP ath with only do wn-

w ard axes { basically , tree patterns (see Theorem 3.9). Suc h queries are alw a ys sat-

is�able, so analysis concen trated on the con tainmen t problem. Ho w ev er, as p oin ted

out in [Benedikt et al. 2005], satis�abilit y b ecomes more di�cult as so on as one has

either negation or up w ard axes, or if one restricts trees to satisfy a sc hema, giv en

for example, b y a Do cumen t T yp e De�nition (DTD). Simplifying for the purp oses

of this discussion, a DTD D can b e though t of as a triple ( E l e; P ; r ), where (1)

E l e is a �nite set of lab els, ranged o v er b y A; B ; : : : ; (2) r is a distinguished lab el

in E l e , called the r o ot typ e ; (3) P is a function that de�nes the lab els of c hildren

for a giv en lab el A : for eac h A in E l e , P ( A ) is a regular expression o v er E l e .

An XML-tree T satis�es (or c onforms to ) a DTD D = ( E l e; P ; r ), denoted b y

T j = D , if (1) the ro ot of T is lab eled with r ; (2) eac h no de n in T is lab eled with a

lab el in E l e , (3) for eac h no de n of lab el A 2 E LE , the list of lab els of the c hildren

of n , listed from leftmost to righ tmost, is in the regular language de�ned b y P ( A ).

T o consider the impact of a DTD, �x n prop ositions P

1

: : : P

n

, and consider

trees that are constrained to consist of 3 lev els: a ro ot elemen t lab eled with r ,

whic h has n c hildren lab eled P

1

: : : P

n

, with eac h P

i

in turn ha ving one c hild, whic h

m ust b e lab eled with T or F . The DTD with ro ot elemen t r and pro ductions

r ! P

1

: : : P

n

; P

1

! T j F : : : P

n

! T j F ; T ! �; F ! � constrains a do cumen t to b e

of this form. Do cumen ts of this form co de in an ob vious w a y to v aluations for the

prop ositions P

1

: : : P

n

. If w e tak e an y CNF prop ositional form ula � =

V

i

W

j

�

i;j

o v er P

1

: : : P

n

, w e can write a corresp onding negation-free Co reXP ath quali�er that

holds at the ro ot of a tree i� the tree co des a mo del of � . F or example, ( P

1

_ : P

2

) ^

( : P

1

_ P

2

) translates to [( child :: P

1

= child :: T _ child :: P

2

= child :: F ) ^ ( child :: P

1

= child :: F _

child :: P

2

= child :: T )]. This argumen t sho ws:

Pr oposition 5.1. [Bene dikt et al. 2005] It is NP-har d to che ck whether a PNavXP ath

expr ession with only the child axis is satis�able with r esp e ct to a DTD.

Satis�abilit y with resp ect to a DTD for PNavXP ath turns out to b e NP-complete:

roughly sp eaking, one can guess a p olynomial size satisfying tree using non-determinism
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and then v erify that it is a satis�er b y ev aluating the XP ath expression on it, whic h

w e kno w from the prior sections can b e done in p olynomial time. The line b et w een

tractabilit y and in tractabilit y within PNavXP ath is studied extensiv ely in [Benedikt

et al. 2005].

When general negation is added, as in NavXP ath and Co reXP ath , it is not im-

mediately ob vious that satis�abilit y is ev en decidable. One argumen t to establish

decidabilit y is via Prop osition 3.1, and the fact that �rst-order logic o v er �nite

ordered lab eled trees is kno wn to b e decidable [Thatc her and W righ t 1968]. The

standard pro of of decidabilit y for �rst-order logic is via an inductiv e translation

in to a tree automaton. Because complemen tation of an automaton requires an ex-

p onen tial blo w-up in size at ev ery negation step, the complexit y of satis�abilit y for

�rst-order logic o v er trees is kno wn to b e non-elemen tary [Thatc her and W righ t

1968]. Ho w ev er, in the previous section w e ha v e sho wn that NavXP ath Bo olean

queries translate in to t w o-v ariable �rst-order logic. The satis�abilit y problem for

F O

2

o v er arbitrary �nite structures is kno wn to b e in NExpTime [Gr• adel et al.

1997]. In addition, [Gr• adel et al. 1997] sho ws that satis�able F O

2

sen tences ha v e

mo dels of size exp onen tial in the size of the sen tence. Ho w ev er, this do es not imply

that the satis�abilit y problem for F O

2

is in NExpTime , since for this problem

w e ha v e the constrain t that the mo dels m ust b e trees (a constrain t whic h is not

expressible b y an F O

2

sen tence).

In [Etessami et al. 2002] it is sho wn that the satis�abilit y of F O

2

sen tences o v er

w ords is in NExpTime . W e mo dify this b elo w to sho w the satis�abilit y problem

for trees is in NExpTime . Since the translation of NavXP ath in to F O

2

giv en in

Section 3 is p olynomial, w e get a NExpTime b ound for NavXP ath .

Theorem 5.2. Ther e is an NExpTime algorithm de ciding for a given sentenc e

� 2 F O

2

whether or not it is satis�able by some or der e d tr e e.

Recall that Prop osition 3.6 sho ws that unnested NavXP ath

\

, the extension of

NavXP ath with an in tersection op erator but where union ma y only o ccur on the top

lev el, can b e translated in p olynomial time in to F O

2

. F rom this and Theorem 5.2,

it follo ws that:

Cor ollar y 5.3. The satis�ability pr oblem for unneste d NavXP ath

\

(and henc e

for unneste d NavXP ath and Co reXP ath ) is in NExpTime .

W e will see that this b ound is not tigh t for NavXP ath . W e do not kno w the

complexit y of satis�abilit y for full NavXP ath

\

. A related language is PDL with an

in tersection op erator, where the satis�abilit y problem has recen tly b een sho wn to

b e 2- ExpTime hard ev en on one-letter trees [Lange and Lutz 2005]. Ho w ev er, this

language is more expressiv e than NavXP ath

\

.

Since w e kno w of no pro of of Theorem 5.2 in the literature, w e sk etc h one, follo w-

ing closely the approac h of [Etessami et al. 2002]. First, w e translate the problem

of satis�abilit y on unrank ed trees to one on binary trees, using the standard en-

co ding of an unrank ed tree as a binary tree. Let F O

2

[ �

nav ;bin

] b e F O

2

o v er the

unary signature � unioned with F Child , SChild (the �rst- and second-c hild rela-

tions of the binary tree represen tation), SChild

�

, R

descendant

. W e consider a form ula

of F O

2

[ �

nav ;bin

] to b e in terpreted o v er binary c o des of unr anke d tr e es , structures

T = ( V ; : : : ) in whic h i) ( V ; F Child [ SChild ) is a tree of outdegree at most t w o,

ii) eac h no de is related to at most one no de via F Child and at most one v ariable

SChild , with these no des b eing distinct, and iii) R

descendant

is the transitiv e closure

of F Child [ SChild , and SChild

�

is the transitiv e closure of SChild . The follo wing is

simple to sho w:

Pr oposition 5.4. Satis�ability of F O

2

sentenc es over unr anke d tr e es is r e ducible

in p olynomial time to satis�ability of F O

2

[ �

nav ;bin

] sentenc es over binary c o des of

unr anke d tr e es.
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F or an in teger k , a k -typ e is a maximal consisten t set of F O

2

[ �

nav ;bin

] form ulas

(in some �xed set of v ariables) where the maximal n um b er of nested quan ti�ers (i.e.

quan ti�er rank) is at most k . W e will deal with k -t yp es in 1 free v ariable, with suc h

a t yp e t ypically denoted � ( x ). A binary co de structure ( V ; : : : ) is k -c omp act if:

|W e do not ha v e no des v

1

; v

2

2 V with the same k -t yp e, and with v

2

a descendan t

of v

1

.

|An y t w o no des with the same k -t yp e ha v e iden tical subtrees.

The next result sho ws that w e can reduce satis�abilit y to a searc h for compact

structures:

Lemma 5.5. A n F O

2

[ �

nav ;bin

] sentenc e of quanti�er r ank k > 1 is satis�able at

the r o ot of some binary c o de i� it is satis�able at the r o ot of a k -c omp act binary

c o de.

Pro of . Let � b e an F O

2

[ �

nav ;bin

] sen tence of quan ti�er rank k , and supp ose �

is satis�able in B = ( V ; : : : ), and B is the structure of minimal size satisfying � .

Supp ose there are no des v

1

; v

2

2 V with the same k -t yp e , with v

2

a descendan t

of v

1

. Let S

1

b e all no des that are descendan ts of v

1

but are not descendan ts of

v

2

(including v

2

). Let B

0

b e the co de formed b y remo ving all no des in S

1

and

attac hing the subtrees of v

2

to v

1

(i.e. the �rst c hild of v

2

b ecomes the �rst c hild

of v

1

, etc.). Let f b e the mapping from B

0

to B that maps a no de b eneath v

1

in

B

0

to the corresp onding no de b eneath v

2

, and is the iden tit y elsewhere on B

0

. W e

no w sho w b y induction on i that for eac h i � k , the i -t yp e of a no de v 2 B

0

is the

same as the i -t yp e of f ( v ) 2 B .

F or i = 0 this is clear, since the only atomic form ulas in one v ariable are those that

assert the lab el of a no de, and the mapping f preserv es lab els. F or the inductiv e

step i + 1, note that a t w o-v ariable form ula � ( x ) of rank i + 1 can b e tak en to

assert the existence or non-existence of a y with a certain axis relation to x and

with a �xed i -t yp e. All form ulas asserting the non-existence of suc h a y are clearly

preserv ed from x to f ( x ), b y induction. Supp ose that for x 2 B

0

there is a y in

B with i -t yp e � and with a giv en axis relationship to f ( x ). If y = f ( w ) for some

w in B

0

, then w e can c ho ose w as a witness to � in B

0

, since w will satisfy the

same axis relation to x as y do es to f ( x ) (b y de�nition of f ), and will satisfy the

same i -t yp e as y b y induction. Otherwise, it m ust b e that y lies b elo w v

1

but is

incomparable to v

2

. Since y lies b elo w v

1

and v

2

has the same k -t yp e in B (hence

the same i + 1-t yp e) as v

1

, there is y

0

b elo w v

1

satisfying the same axes with resp ect

to v

1

as y has to v

2

, and suc h that the i -t yp e of y

0

in B is the same as the i -t yp e of

y in B . Since y

0

is b elo w v

1

, y

0

= f ( w ) for some w 2 B

0

, and no w w e are done b y

induction.

The result of the construction ab o v e is a smaller tree in whic h the k -t yp e of the

ro ot has the same t yp e as in the original tree, th us violating minimalit y .

T o get the second part of compactness, let � b e the set of k -t yp es � ( x ) suc h that

the second part is violated in B

0

: that is, there are t w o no des with t yp e � with

distinct subtrees. W e pro ceed b y do wn w ard induction on n = j � j . If n > 0, c ho ose

a no de v 2 B

0

satisfying a t yp e in � that has maximal depth in the tree. Let �

b e the k -t yp e of v and S

v

b e the forest consisting of all descendan ts of v in B

0

.

All no des in S

v

m ust satisfy a t yp e outside of �. F or ev ery other no de v

0

in B

0

satisfying � , w e replace the forest b elo w v

0

with S

v

(making the subtree b elo w the

�rst c hild of v in to the subtree b elo w the �rst c hild of v

0

, etc.). Notice that the �rst

condition of compactness (already holding of B

0

) ensures that v

0

is not comparable

to v . One can con�rm b y induction that the k -t yp e of the ro ot is unc hanged b y this

substitution, b y an argumen t iden tical to that used in the �rst part of this lemma.

In this pro cess, n is decreased b y one, and hence the pro cess terminates with a

k -compact tree. 2
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F rom Lemma 5.5, Theorem 5.2 follo ws. The depth of a k -compact tree is at most

the n um b er of k -t yp es, whic h is b ounded b y an exp onen tial in � . F urthermore, a

k -compact tree can b e represen ted via a D A G whose no des are the k -t yp es realized

in the tree. Suc h a D A G represen ts the tree formed b y duplicating shared subtrees.

It is easy to see that one can c hec k whether a giv en sen tence is satis�ed on a D A G

represen tation of a tree in p olynomial time. Our NExpTime algorithm just guesses

a D A G structure on the k -t yp es, and then con�rms that the corresp onding tree

satis�es the sen tence � .

It is kno wn that F O

2

is NExpTime -hard [Etessami et al. 2002]. The example

sho wing NExpTime hardness from [Etessami et al. 2002] can b e co ded easily in

unnested NavXP ath

\

, hence w e ha v e that:

Theorem 5.6. The satis�ability pr oblem for unneste d NavXP ath

\

is c omplete

for NExpTime .

F rom this pro of, w e get further information:

Cor ollar y 5.7 to the pr oof of Theorem 5.2 . L et � b e an F O

2

sentenc e.

If � is satis�able in some �nite tr e e, then it is satis�able in some tr e e of depth

exp onential in j � j and size doubly exp onential in j � j . The same holds for E an

expr ession in unneste d NavXP ath extende d with the interse ction op er ator.

Is this NExpTime -b ound tigh t for NavXP ath or Co reXP ath ? First note that the

fact that F O

2

is NExpTime -hard do es not imply the same for NavXP ath , since

the translation from F O

2

to NavXP ath is exp onen tial. [Marx 2004b] sho ws that

satis�abilit y of NavXP ath expressions can b e decided in deterministic exp onen tial

time.

Theorem 5.8 [Marx 2004b] . NavXP ath satis�ability is de cidable in ExpTime .

F urthermor e, sinc e e quivalenc e for NavXP ath expr essions c an b e r e duc e d to satis�-

ability of a single expr ession, the e quivalenc e pr oblem c an b e de cide d in ExpTime .

Sinc e Co reXP ath expr essions c an b e mapp e d into NavXP ath in line ar time, these

r esults hold for Co reXP ath as wel l.

[Marx 2004b] actually sho ws this for an extension of NavXP ath that allo ws regular

expressions on axes. Since the treatmen t in Marx's pap ers [Marx 2004b; 2004a;

Afanasiev et al. 2005] is quite detailed, w e giv e here only some commen ts on the

pro of. The pro of is b y reduction to the satis�abilit y problem for Deterministic

Prop ositional Dynamic Logic (PDL) with Con v erse. PDL is similar to XP ath, in

that it is a mo dal language that allo ws the de�nition of binary relations (in dynamic

logic \programs") as w ell as unary relations (\form ulas"). As with XP ath, the

grammars for binary relations and unary relations are m utually recursiv e. Dynamic

logics ha v e a di�eren t data mo del than XP ath, b eing de�ned o v er no de and edge-

lab eled graphs. Ho w ev er, since form ulas in the language can see only a part of the

graph at a time, the b eha vior of the logic on general structures is closely related

to its b eha vior on trees. Deterministic PDL with con v erse is formed o v er a set of

atomic programs (analogous to axes in XP ath) eac h of whic h is a function maps

no des in a graph to at most one other no de. F or eac h atomic program there is a

\con v erse program" represen ting the in v erse of the binary relation. In a binary tree

the \�rst c hild" and \second c hild" relations are functional; hene w e can in terpret

Deterministic PDL with Con v erse with t w o atomic program o v er binary trees, with

the t w o programs c hosen to b e �rst and second c hild. Using the standard enco ding

of ordered unrank ed trees as binary trees, deterministic PDL with Con v erse o v er

t w o programs can b e in terpreted on ordered trees. Because PDL allo ws new binary

relations to b e built up from old using regular expressions, the recursiv e axes, and in

fact all of NavXP ath (and more [Marx 2004b]), can b e de�ned within it. Hence the

satis�abilit y of XP ath is reduced to the satis�abilit y problem fo Deterministic PDL
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with Con v erse sen tences o v er binary trees. In [V ardi and W olp er 1986] it is sho wn

that deterministic PDL with con v erse is decidable o v er all structures is in ExpTime .

The pro of relies on translating PDL programs in to alternating automata on trees.

[Marx 2004b] sho ws that the pro of in [V ardi and W olp er 1986] can b e mo di�ed to

giv e the same b ound o v er the class of co dings of �nite ordered trees. In [Afanasiev

et al. 2005], a v arian t of PDL de�ned directly on ordered trees is giv en, whic h yields

an alternate route (also going through [V ardi and W olp er 1986]) to the ExpTime

b ound.

[Nev en and Sc h w en tic k 2003] sho ws that con tainmen t of NavXP ath expressions is

ExpTime -hard. An insp ection of the pro of sho ws that only Co reXP ath expressions

are needed for the hardness pro of. Since con tainmen t of t w o (unnested) NavXP ath

expressions can b e reduced to satis�abilit y of a single (unnested) expression, it

follo ws that unnested NavXP ath satis�abilit y is ExpTime -hard. Hence w e see that

the ExpTime b ound is tigh t:

Cor ollar y 5.9 combining [Neven and Schwentick 2003] and [Marx 2004b] .

The satis�ability pr oblems for Co reXP ath , NavXP ath , and unneste d NavXP ath ar e

al l ExpTime -c omplete.

5.2 Satis�abilit y fo r other XP ath fragments

No w that w e kno w that NavXP ath and Co reXP ath ha v e ExpTime satis�abilit y , w e

can lo ok at what happ ens as features are added or subtracted.

Better b ounds can b e obtained for sublanguages of NavXP ath : Satis�abilit y of

NavXP ath with only child and pa rent is sho wn to b e PSp a ce -complete in [Benedikt

et al. 2005]. Satis�abilit y for PNavXP ath is easily seen to b e in NP (see [Hidders

2003]), and this is extended to PF O XP ath in [Benedikt et al. 2005]. It is also sho wn

in [Benedikt et al. 2005] that v ery simple fragmen ts of PNavXP ath ha v e an NP -

complete satis�abilit y problem { in the presence of b oth do wn w ard and up w ard

axes, the problem is NP-complete, as w ell as in the presence of b oth left and righ t

sibling axes. F or PNavXP ath with only do wn w ard axes, all expressions are clearly

satis�able; ho w ev er, the satis�abilit y problem with resp ect to a giv en DTD can b e

NP -hard [Benedikt et al. 2005].

W e no w consider satis�abilit y as w e mo v e up in expressiv eness from NavXP ath .

It is sho wn in [Benedikt et al. 2005] that the satis�abilit y of a F O XP ath expression

with resp ect to a DTD is undecidable. By using sibling axes instead of a DTD, one

can see the follo wing:

Theorem 5.10 [Geer ts and F an 2005] . The satis�ability pr oblem for F O XP ath

is unde cidable.

The pro of uses a reduction from the halting problem for t w o-register mac hines

whic h is kno wn to b e undecidable (see, e.g., [B• orger et al. 1997]). Although full

F O XP ath is undecidable, the exact b orderline of decidabilit y is not w ell understo o d.

Question 5.11. Is F O XP ath without the sibling axes de cidable?

In fact, decidabilit y is op en ev en in the case of F O XP ath with only child and

pa rent .

One can also lo ok at decidabilit y on restricted classes of do cumen ts:

Question 5.12. Is F O XP ath de cidable on do cuments with no br anching (i.e.

those wher e every element has at most one child)?

5.3 Containment

The c ontainment pr oblem tak es as input XP ath expressions E and E

0

, asking

whether the output of E is con tained in the output of E

0

on an y source do cumen t

at an y no de. V ariations of the problem are c ontainment with r esp e ct to a DTD ,
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whic h tak es a DTD as an additional argumen t, asking whether the ab o v e holds for

E and E

0

o v er an y source do cumen t satisfying the DTD. A sp ecial case of this is

the c ontainment pr oblem for a �nite alphab et , whic h tak es a lab el alphab et � as

additional parameter, asking whether con tainmen t holds for all source do cumen ts

with lab els in �.

The con tainmen t problem has b een in v estigated extensiv ely in the relational case

for conjunctiv e queries, where it has close connections b oth to issues in data in tegra-

tion and query optimization, as w ell as to constrain t satisfaction [Kolaitis and V ardi

2000; Gottlob et al. 2001]. The general conjunctiv e query con tainmen t problem is

kno wn to b e NP -complete; ho w ev er, man y sp ecial cases are kno wn to b e in PTime ,

including those in whic h the dep endency graphs of the queries ha v e b ounded tree-

width [Chekuri and Ra jaraman 1997] or the queries ha v e b ounded h yp ertree-width

[Gottlob et al. 1999]. In the case of conjunctiv e queries, con tainmen t of Q

1

in Q

2

reduces to determining whether Q

1

is satis�able on an instance formed from Q

2

,

hence the complexit y of con tainmen t is b ounded b y the com bined complexit y of

ev aluation. In the XP ath setting there is no ob vious corresp ondence b et w een a

query and a \canonical instance", and indeed the complexit y of con tainmen t and

ev aluation turn out to b e quite di�eren t.

Starting with the relational case as motiv ation, [Amer-Y ahia et al. 2001; Miklau

and Suciu 2002; W o o d 2001] initiated the study of con tainmen t for XP ath, b eginning

with sub classes of NavXP ath without either the union op erator or disjunction within

�lters (conjunctiv e NavXP ath ). The surv ey article of Sc h w en tic k [Sc h w en tic k 2004]

giv es a o v erview of the tec hniques used in getting b ounds on con tainmen t; here

w e summarize only some of the results and the op en questions. A mo di�cation of

the minimal mo del tec hnique for conjunctiv e queries sho ws that the con tainmen t

problem for conjunctiv e Na vigational XP ath is in co - NP { giv en queries P and Q

one can generate a �nite set of instances I

i

: i < n of size p olynomial in P suc h

that P � Q i� eac h I

i

satis�es Q [Miklau and Suciu 2002]. Since satisfaction can

b e c hec k ed in linear time, a co - NP algorithm is simply to guess an I

i

that fails to

satisfy Q . In [Amer-Y ahia et al. 2001], it is sho wn that for conjunctiv e NavXP ath

with only descendan t axes the con tainmen t problem is in PTime , while in [W o o d

2001] it is noted that the same holds for conjunctiv e NavXP ath with only c hild axes

(indeed this last observ ation follo ws directly from the PTime b ounds for acyclic

conjunctiv e queries in [Chekuri and Ra jaraman 1997]). When b oth descendant axes

and child axes are presen t the problem w as sho wn to b e co - NP -complete [Miklau

and Suciu 2002]. [Nev en and Sc h w en tic k 2003] sho ws that the con tainmen t problem

for conjunctiv e NavXP ath with a �nite alphab et is PSp a ce -complete, while the

con tainmen t problem with resp ect to a DTD is ExpTime -complete. A �ner analysis

of the complexit y of con tainmen t for conjunctiv e NavXP ath with resp ect to a DTD

and with resp ect to in tegrit y constrain ts is giv en in [W o o d 2003].

The complexit y of con tainmen t for fragmen ts of XP ath larger than conjunctiv e

NavXP ath w as studied b y Nev en and Sc h w en tic k. F or PNavXP ath , the general con-

tainmen t problem remains in co - NP , while if the alphab et is �xed the problem is

again PSP A CE-complete [Nev en and Sc h w en tic k 2003]. F or full NavXP ath , the con-

tainmen t problem, ev en with resp ect to a DTD, is in ExpTime , since it is reducible

to the satisfaction problem: this is noted in [Marx 2004b]. On the other hand, since

[Nev en and Sc h w en tic k 2003] sho ws that con tainmen t of NavXP ath expressions is

ExpTime -hard, w e ha v e:

Theorem 5.13 Combining [Neven and Schwentick 2003] and [Marx 2004b].

The c ontainment pr oblem for NavXP ath is ExpTime -c omplete, as is the c ontain-

ment pr oblem for �nite alphab et and the c ontainment pr oblem with r esp e ct to a

DTD.

When w e turn to the XP ath fragmen ts with data v alues, the complexit y of con-
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tainmen t is not completely understo o d. The results of Deutsc h and T annen [Deutsc h

and T annen 2001] imply that con tainmen t for PF O XP ath is co - NP -complete, pro-

vided that the transitiv e sibling axes are not p ermitted and "wildcard steps" (c hild

steps with no restriction on the lab el) are disallo w ed. Their tec hnique also yields

a �

P

2

b ound for full PF O XP ath , although neither their terminology nor their frag-

men ts matc h PF O XP ath exactly . They also establish �

P

2

b ounds in the presence of

in tegrit y constrain ts called SXICs: these are incomparable to b oth �nite alphab ets

and DTDs. [Deutsc h and T annen 2001] also pro vides lo w er b ounds for con tain-

men t in the presence of in tegrit y constrain ts. Nev en and Sc h w en tic k [Nev en and

Sc h w en tic k 2003] sho w that PF O XP ath without sibling axes and without wildcard is

in �

P

2

, and that the con tainmen t problem for PF O XP ath extended with inequalit y

is undecidable.

T o our kno wledge, the decidabilit y of con tainmen t for general conjunctiv e F O XP ath

queries with resp ect to a DTD or a �nite alphab et is op en. Indeed w e do not kno w

whether one can decide con tainmen t of conjunctiv e queries o v er signature �

0

dom

6

in the presence of DTDs. The undecidabilit y tec hniques of [Nev en and Sc h w en tic k

2003] rely on disjunction, while [Deutsc h and T annen 2001] pro vides undecidabilit y

results with resp ect to in tegrit y constrain ts. The upp er b ounds of b oth [Nev en and

Sc h w en tic k 2003; Deutsc h and T annen 2001] rely on the use of an in�nite alphab et.

5.4 F urther Bibliographic Rema rks

While ab o v e w e ha v e dealt with the satis�abilit y and con tainmen t problems, a

broader goal w ould b e an algebraic simpli�cation framew ork for XP ath. [Benedikt

et al. 2003] presen ts algebraic equations for simpli�cation of XP ath expressions. A

system of equations is presen ted that is complete for equiv alence of XP ath expres-

sions for a v ery small fragmen t (without �lters and with only c hild axes). [Oltean u

et al. 2002] giv es a rewriting system geared not to w ard general equiv alence, but for

remo ving bac kw ard axes. [Amer-Y ahia et al. 2001] deals not with equiv alence but

with optimization; it presen ts an algorithm for minimization of tree patterns in the

presence of in tegrit y constrain ts.

A natural question not addressed ab o v e is the implemen tation of satis�abilit y

and con tainmen t tests for XP ath. [Benedikt et al. 2005] implemen ts a satis�abilit y

test for a fragmen t of PNavXP ath ,in the presence of DTDs, based on a con v ersion

to tree automata. [Lakshmanan et al. 2004] implemen ts a satis�abilit y test for

a tree pattern language that includes data v alue manipulation (incomparable in

expressiv eness with the XP ath languages w e consider here).

An additional static analysis problem is recognizing whether a query is in a giv en

XP ath fragmen t. In the con text of na vigational XP ath, the problem of recognizing

whether a �rst-order logic query is in NavXP ath is op en. This is closely-related to

the (lik ewise op en) problem of determining whether a tree automaton is equiv alen t

to an F O

2

sen tence . The problem of determining whether a �rst-order query

o v er �

0

dom

is in F O XP ath is undecidable { this follo ws from the results of [Benedikt

et al. 2005]. The problem of determining whether a conjunctiv e query o v er �

0

dom

is

expressible in conjunctiv e F O XP ath has not b een in v estigated (to our kno wledge).

Lik ewise, nothing is kno wn concerning the problem of determining whether a �rst-

order query (or a NavXP ath query) is equiv alen t to a query in PNavXP ath .

Ac kno wledgemen ts: W e thank Maarten Marx and F rank Nev en for commen ts

on this draft.
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