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Abstract

Tree pattern matching is a fundamental problem that has a wide range of
applications in Web data management, XML processing, and selective data
dissemination. This work analyzes the complexity of an important special
case of the tree pattern matching problem, i.e., the problem of matching a
tree pattern with exclusively transitive (descendant) edges. We prove that
deciding whether there is such a tree mapping is LOGSPACE-complete,
improving on the current LOGCFL upper bound.
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2 BACKGROUND: XML 6

1 Introduction

Tree patterns are a simple query language for tree-structured data. They
are at the heart of several widely-used Web languages such as XPath and
XQuery [2]. As a consequence, they form part of a number of typing mech-
anisms such as XML Schema, and of Web Programming languages. They
have also been used as query languages in their own right, for example for
expressing subscriptions in publish-subscribe systems [1, 3, 4, 9].

The general tree pattern matching problem considered in the literature
is the problem of finding a mapping between two node-labeled trees. In this
thesis we consider an important special case of the tree pattern matching
problem that we call the tree descendants matching. It is the problem of
deciding, for two node-labeled rooted trees, whether there is a mapping 6
from the nodes of the first tree, the query tree, to the nodes of the second,
the data tree, such that if node w is a child of v in the first tree, then 6(u)
is a descendant of 6(v) in the second.

While this problem is of immediate practical relevance and a substan-
tial number of papers have studied the complexity of tree pattern matching
and efficient algorithms for this problem, the precise complexity of both
the general tree pattern matching and the tree descendants matching are
open; they are both known to be in LOGCFL and LOGSPACE-hard [7].
LOGCEFL is the set of languages, that are recognizable in polynomial time
by a non-deterministic logarithmic space bounded auxiliary pushdown au-
tomaton, see [11]. The LOGSPACE-hardness is a direct consequence of the
fact that reachability in trees is LOGSPACE-complete [6]. The membership
in LOGCFL can be immediately concluded from earlier results on the com-
plexity of the acyclic conjunctive queries [8] and the positive navigational
fragment of XPath [7], both much stronger languages.

Overview. The rest of this thesis is organized as follows. Section 2 sketches
the XML background of the tree pattern matching. In Sect. 3 we summer-
ize our contributions. Preliminaries can be found in Sect. 4. In Sect. 5 we
present a time-efficient algorithm for the tree descendants matching, and
conclude that this problem is in LOGDCFL. In Sect. 6 we introduce a
space-efficient algorithm for the tree descendants matching, and conclude
that this problem is in LOGSPACE.

2 Background: XML

XML is a markup language, that provides a hierarchical structure to organize
elements with respect to their content. An XML document nests elements
in user-defined tags (consisting of an opening tag and a closing tag). As an
example Fig. 1(a) depicts an XML document. It reflects the structure of a
library classifying books in different genres. Every XML document can be
represented as a tree. The tree representation can be extracted as follows:
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<Library>
<Lyric> Library
<Poem> -
<Author> Poe </Author> /LTHC\ ?ie /WK
<Title> The Raven </Title>
<Year>1845 </Year> /POR ;ﬂ(\
</Poem>

uthor  Title Y Author Title
</Lyric> ‘ eTr
<PfOS@ Poe The Raven 1845 Goet he Faust
</Prose>
<Drama>

<Author> Goet he </Author>

<Title> Faust </Title>
</Drama>
</Library>

(a) XM Docunent (b) Tree Representation

Library
FOR $aIN document("...lib.xml")/Library// *
$b IN $a/Title
WHERE $a/Author=" Poe" AND $a/Year=" 1845"
RETURN <result> $b </result>

ﬁut or itle eTr

Poe 1845
(c) XM Query (d) Tree Representation

Figure 1: XML. An example XML document is depicted in (a) and its tree
presentation is depicted in (b). To find out the opus of Edgar Allan Poe in
1845, we can formulate an XML query shown in (c¢), or we describe how to
navigate in the tree representation of the XML document and formulate a
tree pattern as shown in (d). First we need to go down from the “Library”
node (we do not care how many levels) to some node (for instance “Book”
or “Poem”), that has a child “Author” with a child “Poe” and another child
“Year” with a child “1845”. From that node we select the subtree rooted
at “Title”.

o Every appearance of a tag or an element x corresponds to a node in
the tree.

o The number of tags z is contained in determines its depth d in the
tree.

o The parent of the node corresponding to x is the unique node at depth
d — 1, which corresponds to a tag containing x.

The tree representation of the example XML document in Fig. 1(a) is shown
in Fig. 1(b). The semi-structured format of XML enhances more freedom
than rigid database tables. For example books can have variable attributes,
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such as numerous authors, title, publisher, year, etc., but no book is forced
to provide information to all attributes.

In order to address portions of the document, we make use of the struc-
ture and formulate tree patterns, see Fig. 1(d). A tree pattern tells us how
to navigate from the top of the document tree to the desired portion of the
document, for instance it tells us what nodes in the tree we need to pass and
what kind of children they have to have and so on. In Fig. 1(c) the symbol
x“/"y is used to indicate that y is the child of x, the symbol x“//”y is used
to indicate that y is the descendant of x, and the symbol “x” is used as a
wild card.

Not only the style of the queries but also the way to evaluate queries, is
clearly different from traditional relational databases.

3 Contributions

This thesis deals with the evaluation of tree patterns over tree-shaped doc-
uments, e.g. with the problem of matching one tree into another. More
specific, we will focus on the tree descendants matching: The problem of
deciding, for two node-labeled rooted trees, whether there is a mapping 6
from the nodes of the query tree to the nodes of the data tree such that if
node u is a child of v in the first tree, then 6(u) is a descendant of 6(v) in the
second. The input trees are given as nodes with pointers to their children.
We make the following contributions:

o We present a time-efficient LOGDCFL algorithm in Sec. 5, that solves
the tree descendants matching problem on input trees D and @ in time
O(|D| - |Q|). LOGDCFL is the set of languages recognizable in poly-
nomial time by a deterministic logarithmic space bounded auxiliary
pushdown automaton, see [11].

o In Sec. 6 we present a space-efficient LOGSPACE algorithm for the
tree descendants matching. Together with the fact that reachability is
LOGSPACE complete, see [6], it follows that tree descendants matching
is LOGSPACE complete.

4 Preliminaries

The first step in defining our problem is making the notion of a labeled tree
formal. We introduce two equivalent definitions.

Definition 4.1 A tree is defined over a finite alphabet ¥ inductively as
follows:

(1) a() is a tree for some a € ¥. We will call such a tree a leaf.

(2) If Ty, ..., T, are trees, then T = a(Ty,...,T,) forn >0 and a € ¥ is
a tree.
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Graphically, we think of a(77 ---T,) as a root node labeled a with the
subtrees 17, ...,T, attached to it. Before we make this more precise, we
introduce some basic terms about graphs.

A graph G is a tuple (V, E), where V is a finite set and E is a set of
unordered pairs of elements in V. We will refer to elements v € V' as nodes
and we will refer to elements e € E as edges. We might say v € G when
meaning G = (V,E) and v € V.

A path from v to v in G is a sequence of nodes wvq,...,v, such that
v1 = u, v, = v and consecutive nodes in the sequence are connected with an
edge, e.g. {v;,vi+1} € E for 1 < i <n. We call a graph connected, if there
is a path between any two nodes in V. We call a graph acyclic, if there is
no path in whose sequence a node occurs twice.

Now, we can describe a tree as a special graph.

Definition 4.2 A tree T = (V, E) over a finite alphabet ¥ is an acyclic,
connected graph, with a designated root mnode in V and a label function:
V — 3.

Clearly, there is a correspondence between the two definitions and we will
use both definitions simultaneously in the following.

We say u € V is a descendant of v € V, if all paths from u to root(T") go
through v. We say u € V' is a child of v € V, if u is a descendant of v and
there is an edge {u,v} € E connecting v and v.

We will use the notion subtree(v) to refer to a subtree of 7' with root
v that consists of v and all its descendants and restricts £ and the label
function to this set of nodes. We talk about a subtree of T and mean a
subtree(v) for some v € T, v # root(T).

We introduce the notion (u --- v) which denotes a path from u to v in T’
with a node sequence v1,...,v, of n distinct nodes, that are different from
the root, e.g. v; # root(T') for 1 <i < n. Note, that if such a path exists it
is unique because a tree is acyclic.

There two natural ways to define the tree descendants matching. We
will start with one based on mappings between the two trees and continue
with a recursive definition. In both cases we are given a query tree and a
data tree.

A data tree D is an ordinary tree over some alphabet Y.

A query tree or tree pattern (with descendant edges) @ is a tree over the
alphabet ¥ W {x}. The additional symbol “«” serves as a don’t care symbol,
which means that testing the equality of “x” and any other symbol yields
true.

In the following definition we think of the input trees as acyclic graphs
in the sense of Def. 4.2.

Definition 4.3 The Tree Descendants Matching — A Functional View:

Input We are given a data tree D and a query tree Q).
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EEC)
@
q ®
© ®
“*—,,;7777777::»::"’/’ @)
(a) Mapping 6. (b) Minor

Figure 2: The tree pattern matching problem with descendant edges. A
label preserving mapping from a query tree into a data tree is shown in (a).
It obeys the descendant requirement, e.g. the child relation in @) becomes
a descendant relation under #. A minor transformation is depicted in (b).
It starts with the data tree D in (1) and duplicates a subtree in (2), then
shrinks paths and omits nodes to obtain (3) and finally changes the order
of siblings in (4) to obtain Q.

Question Is there a mapping 6 from the nodes of the tree pattern query QQ
to the nodes of the data tree such that

Descendant Requirement if node u is a child of v in Q, then 0(u)
is a descendant of 0(v) in D and

Label Agreement for all v € D : label(v) = label(6(v))

If such a mapping exists, we say that D matches @, denoted by D =y Q.
See Fig. 2(a) for an example mapping.

Next we discuss a recursive definition, that builds upon the recursive
Def. 4.1 of a tree.

Definition 4.4 The Tree Descendants Matching — A Recursive View:
Input We are given a data tree D and query tree Q).

Question We say D matches @, denoted by D =, Q, if and only if one of
the following holds:

(1) Q=a() or Q=x(),D =a(D;y---Dy), n € Ny,a € X.
(2) D=a(Dy---Dy,),neNt aeX and Ji € {1,...,n}: D; E, Q.
(3) Q=a(Q1--Qm) orQ=+(Q1--Qn),D =a(Dy---Dy),n,m €

NT,a € ¥ and for every k = 1,...,m there is an iy, € {1,...,n}
such that D;, =, Qk

Notice that in both definitions the ordering of children in our query trees
does not matter. This corresponds to the well known semantics of XPath
queries with descendant axes [5].
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How do these definitions relate to each other? We will show that they
are equivalent.

Proposition 4.5 For all tree pattern queries Q and data trees D:

D =, Q if and only if D = Q

Proof. We show both directions of this equivalence.
“=": Proof by induction on the size of D.

|D| =1: D =, @ implies that case (1) of the definition is true, because
case (2) and case (3) require the data root to have children. Hence,
D =a(), Q@ =a() or @ = (), for some a € ¥. The only way to define
a mapping in that case (matching the query root onto the data root)
yields a label-preserving mapping. For the descendant requirement
there is nothing to show.

|D| > 1: We consider three cases according to the recursive definition.

(1)

(2)

If @ consists of one node whose label agrees with the label of D’s
root, we can define a label preserving mapping between the root
nodes. For the descendant requirement there is nothing to show.

If there is a subtree of D that matches ) with respect to our
recursive definition, then the induction hypothesis yields the de-
sired mapping.

If the labels of the root nodes agree and every subtree of ) can
be matched into a subtree of D, we combine the partial mappings
that exist by induction hypothesis between the subtrees and fur-
thermore map the query root onto the data root, to obtain 6.
This mapping is clearly label preserving. Furthermore, any child
u of the query root node is matched into data subtree attached to
the data root - hence 0(u) is a descendant of #(query root). For
other parent-child nodes the descendant property is transferred
from the partial mappings to 6.

“«<": Proof by induction on the size of D.

|D| =1: D =y @ implies that the query root is matched onto the data
node. The query tree cannot have any children due to the descendant
requirement. Furthermore, the labels of the root nodes must agree.
Hence, D = a(), @ = a() or @ = *(), for some a € ¥ and therefore

D Q.

|D| > 1: We consider two cases.
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o If the query root is matched onto some data node u, u # root(D)
the whole query tree is matched into the subtree(u) due to the
descendant requirement. The claim follows from the induction
hypothesis.

o If the query root node is matched onto root(D), then their labels
agree. If the query only consists of one node, case (1) of the re-
cursive definition is fulfilled and therefore D =, Q). Otherwise,
we know that due to the descendant requirement the children
q1---qn of the query root are matched onto data nodes differ-
ent from the data root and that the subtree(g;) is matched into
subtree(f(¢;)). In other words, the subtrees attached to the query
root Q1 ---Q,, are mapped into subtrees attached to the data
root, namely Dy, --- D; , and these mappings imply by induction
hypothesis that D;, =, Q. Case (3) of the recursive definition
is fulfilled and therefore D =, Q. =

In the following we will use the notion D |= @ instead of D =, Q or D =y Q.

A third way to think about the tree descendants matching is in terms
of minors. Loosely speaking, D = @ if we can modify D by duplicating
subtrees, changing the order of siblings, shrinking paths to edges, and leaving
out nodes, in order to obtain @). See Fig. 2(b) for an example.

5 A Top-Down LOGDCFL Algorithm

The recursive Def. 4.4 of tree descendants matching gives rise to a recursive
algorithm, that tests whether one of the cases (1), (2) or (3) are true. How-
ever, this procedure is not time efficient. In order to obtain an algorithm
with a good runtime we make the following observation:

Lemma 5.1 Let D = a(Ty---T,),n € Ny be a data tree and let Q be a
query tree with a root labeled a or *.

If case (2) of the recursive definition is true, it follows that case (1) or case
(3) are also true, e.g.

(Fi,1<i<n:D;=Q)= Q=uz(),z € {a,*}
or
Q=2(Q1Qn),z € {a,*},n,m c Nt and
VEe{l,...,m}3iy € {1,...,n}: D;, = Q.

Proof. Let D = a(Ty---T,),n € Ny be a data tree and let @) be a query
tree with a root labeled a or x. Let i be a number in {1,...,m} such that
D, = Q. We consider two cases:
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Algorithm 1 Tree pattern matching with descendant axes: Top-down al-
gorithm MATCH
MarcH (DNode d, QNode q)
2: if d matches ¢ then
return V child ¢, of ¢ 3 child d. of d: MATCH(d,,q.)

4: else > ¢ not matched yet, try d’s children
return 3 child d. of d: MATCH(d,,q)
6: end if
ATCH(d, 1)

MATCH(dy, ¢2)

L MATCH(d3, ¢2)
MATCH(d5, q2)
MATCH(dg, q2)

ATCH(dy, q3)
IATCH(d3, q1)
%MATCH(d;,, (I4)
1\/II\TCH<dﬁ7 q4)
1\/IATCH<d47 q4)

ATCH(d3, g5)
MATCcH(d5, g5)

(b) Function Calls.

Figure 3: Illustrations of the tree descendants matching algorithm MATCH.
In (a) the input trees are depicted. In (b) a possible tree of function calls is
depicted.

o If |@Q] = 1, then case (1) is a trivially true.

o If |Q] > 1, then Q@ = a(Q1---Qm) or Q = *(Q1---Qp), m € NT.
Theorem 4.5 becomes handy. With D; = @ it follows that there is a
label preserving mapping 6 from @ to D;, that obeys the descendant
requirement (child relations in @ become descendants relations under
6). For each Q) we restrict this mapping and obtain a mapping that
is still label preserving and obeys the descendant requirement. Hence,
Vk e {l,...,m}: D; = Qy, and case (3) is true. %

Now, we are able to sketch the time efficient Algorithm 1. We expect the
input trees to be given as pointer structures, e.g. nodes do not only contain
their labels, but also pointers to their first child and to their next sibling.
The two roots serve as input for MATCH.

5.1 Example

In Fig. 3(a) an example query tree and an example data tree are shown.
These trees serve as input for MATCH. The resulting function calls are
depicted in Fig. 3(b). Note that Algorithm 1 does not dictate how to evaluate
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the logical expression in line 3 and 5. In Fig. 3(b) we follow a left-to-right
ordering of the children and return the results in line 3 and 5 as soon as
possible, e.g. we do not make function calls that cannot influence the return
value.

First we call MATCH(d1, ¢q1). Since the labels of these nodes agree, we
have to test whether we can match both children of ¢; and their subtrees
into the subtree(ds). If this is the case, D = @, otherwise we know that
there is no matching by Lemma 5.1.

So, we continue with calling MATCH(d3, g2). Their labels do not match,
so we try to match g2 further down in the subtree(dsz). Eventually, the call
MATCH(dg, g2) successfully matches gy onto dg.

It remains to match the second child of ¢; and its subtree into the subtree
of dy. So, we call MATCH(dg, ¢3). Both nodes are labeled with d, so we try
to match g¢3’s children into subtrees attached to do. We start with ¢4 and
call MATCH(d3, q4). Their labels do not agree, so we try to match ¢4 further
down, but both function call L-MATCH(d5, g4) and L-MATCH(dg, g4) are not
successful. However, we can still try to match g4 onto the second child of dy
and in fact d4 matches q4. We still have to match the second child of g3 into
a subtree attached to da. We start with L-MATCH(d3,g5) but their labels
do not agree, so we try to match g5 further down and call L-MATCH(d5, ¢3)
and successfully match gs.

So, we have matched all query nodes with respect to their labels and
with respect to the descendant requirement. The corresponding mapping is
shown in Fig 2(a).

5.2 Correctness of Match

Proposition 5.2 Algorithm 1 is correct. That is, given the roots d and q
of a data D and query tree QQ, MATCH(d, q) decides whether D = Q.

Proof. Let d be a data node in D and let ¢ be a query node in ). By induc-
tion over the size of the subtree(d), denoted by n, we prove that MATCH(d, q)
returns if and only if subtree(d) |= subtree(q).

n = 1: We have that subtree(d) = a for some a. We return true, if and only
if the query tree consists of one node and d matches this node. The cor-
rectness follows from the tree descendant matching definition, which
says that for a data tree that consists only of one node labeled with
some a we have subtree(d) = subtree(q) if and only if subtree(q) = a
or subtree(q) = *.

n > 1: We consider two cases.

o If d matches ¢, we return true if and only if, for every child q.
of ¢, there exists a child d. of d such that MATCH(d,, g.) returns
true. We consider two cases.
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— If the query tree consists of only one node, we return true,
which is correct, because in the definition of tree descen-
dants matching case (1) is fulfilled, e.g. subtree(q) = a() or
subtree(q) = *(),subtree(d) = a(Dy---D,), n € Ng,a € X,
which implies that subtree(d) = subtree(q).

— If ¢ has children, by the induction hypothesis, the recursive
calls of MATCH(d,, g.) compute correctly whether subtree(d,.)
matches subtree(g.). We consider two cases.

« If we return true, then case (3) in the tree descendants
matching definition is fulfilled: subtree(d) = a(Dy - -- Dy,),
subtree(q) = z(Q1- - Qm), * € {a,*}, and for every
k =1,...,m there exists an i € {1,...,n}, such that
T;, = Q. Hence, subtree(d) = subtree(q).

x If we return false, then there is a ¢. such that for every
d. MATCH(d,, q.) is false, e.g. subtree(d.) [~ subtree(q.).
We would also fail to match the whole query tree into
a subtree of a child of d by Lemma 5.1. Again by the
definition of tree pattern matchings none of the cases
(1), (2), and (3) can be fulfilled and it is then correct to
return false.

o If d does not match ¢, then by definition subtree(d) = subtree(q)
if and only if case (3) is fulfilled, e.g. subtree(d) = a(D; --- Dy,)
and there is a value i, 1 < i < n such that D; |= subtree(q).
We check this. We return true, if and only if there is a child
d. of d such that subtree(q) can be matched into subtree(d.).
By the induction hypothesis, the recursive calls of MATCH(d,, q)
compute this correctly. So, our return value is correct. =

5.3 Complexity of Match
5.3.1 Runtime

We assume that the input trees are given as pointer structures, e.g. each
node contains its label and a pointer to the first child and a pointer to its
next sibling. We further assume that given a pointer we can access the
storage cell in constant time. We also assume that the comparison of two
labels takes constant time.

Proposition 5.3 Given a data tree D and a query tree QQ as input of
MATCH. The runtime of MATCH is in O(|D| - |Q)).

Proof. To keep the analysis of the runtime of MATCH(d, q) concise, we in-
troduce some notions. Let n = |subtree(d)|, m = [subtree(q)|, let n; =
|subtree(ichild(d))|, m; = |subtree(j*child(q))|. Hence, > ,n; = n — 1
and Zj m; = m — 1. We denote the runtime of MATCH on input trees of
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size n and m as function T'(n, m). We can observe from the algorithm that
there is a k € N such that:

k+m, ifn=1
T(n,m) << k-+ > 2 T(ni;my;), if n>1 and d matches ¢
k4>, T(n;,m), 0.W.

We prove by induction on n that there is a constant ¢ € N such that T'(n,m) <
CkMmoxm.

n =1 We choose c large enough.
n > 1 We consider two cases.

o d does not match gq.
T(n,m) <k+ > T(ni,m)

<k+ Z cnim (ILH.)

K3
:k’+cmZn,~
i

=k+cm(n—1)

< cmn

The last inequality holds if we choose ¢ large enough.

o d matches q.

T(n,m) < k+ZZT(ni,mJ)
i
<k+ Zchimj (ILH.)
jooi
= k‘+Cij'Zni
j i

=k+cm—1)(n—-1)

< cmn

Again, the last inequality holds if we choose c large enough. -

5.3.2 Space Complexity.

Concerning the space complexity of MATCH, it is immediate from our im-
plementation of the algorithm that it can be executed by a deterministic
logarithmic space bounded auxiliary pushdown automaton, where the stack
realizes the recursion. Moreover, the maximum recursion depth of Alg. 1 is
O(depth(D)).
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By Prop. 5.3 the runtime is polynomial. We conclude:
Theorem 5.4 The tree descendants matching is in LOGDCFL.

While MATCH is quite time-efficient it is the question, whether we really
need the recursion.

6 A LOGSPACE Algorithm

We argue how to transform Alg. 1 into a LOGSPACE algorithm that decides
whether D = Q. Intuitively, our LOGSPACE algorithm processes the data
and query trees in a top-down left-to-right manner, just like Alg. 1, but the
essential difference lies in a backtracking procedure. When, for example,
Alg. 1 matches a query leaf ¢ onto some data node d, then it uses the re-
cursion stack to discover the data node onto which ¢’s parent was matched
in the data tree and tries to match ¢’s next sibling in some subtree of that
data node. Instead of using this recursion stack, the LOGSPACE algorithm
enters a sub-procedure BACKTRACK(d, ¢) that calculates the highest ances-
tor d’ of the data node d such that the path (d’ --- root(D)) matches the
path (g.parent --- root(Q)). As we will see later, d’ is in fact the node onto
which ¢’s parent was matched. We present the LOGSPACE algorithm in
Alg. 2.

For the ease of presentation, we assume the left-to-right pre-order order-
ing on nodes in trees. For a node u, we denote by u + 1 the next node in
the depth first, left-to-right traversal.

6.1 Correctness of L-Match

We want to show that L-MATCH returns true on input D and @ if and only
if D= Q.

Proposition 6.1 Alg. 2 is correct. That is, given the roots d and q of a
data D and query tree Q, L-MATCH(d, q) decides whether D = Q.

We break the proof down into three parts; the soundness (Prop. 6.3), the
completeness (Prop. 6.5), and the termination (Prop.6.7) and prove these
parts in the following three subsections.

The fact that L-MATCH relies on the algorithm MATCH whose correct-
ness is proven in Prop. 5.2 gives us a hint, why L-MATCH might also be
correct. However, we will rigorously prove the correctness of L-MATCH.

To simplify the analysis, we imaginarily extend the algorithm by defining
a mapping #: Whenever the algorithm is executed we pull out paper and
pen to write down 6. If the algorithm compares the labels of d and ¢ in the
function call L-MATCH(d, ¢) and they agree (in line 2, 6), we set 0(q) = d
(and may overwrite older assignments).

If we ask questions about the algorithm, we can make use of our mapping
0 and prove properties about it. These properties can refer to snapshots
during the execution.
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Algorithm 2 LOGSPACE decision procedure: Top-down algorithm L-
MATCH.

10:

12:

14:

16:

18:

20:

22:

24:

26:

L-MaTcH (DNode d, QNode q)
if d matches ¢, and both d and ¢ have children then >6(q)=d
return L-MATcH (d+ 1, ¢+ 1)
else if d does not match ¢ and d has a child then
return L-MATCH (d + 1, q)
else if d matches g and ¢ is a leaf then >0(q)=d
if ¢ is final then
return true
else
d" — BACKTRACK(d, ¢ + 1) > node onto which g + 1.parent was
matched
return L-MATcH (d' +1, ¢+ 1)
end if
else > d is a leaf and (d does not match ¢ or ¢ is not a leaf)
if d is final then
return false
end if
qd —q
while ¢’ has a parent do
d" «— BACKTRACK(d, ¢') > node onto which ¢'.parent was
matched
if d’ is an ancestor of d + 1 then
return L-MaTcH (d+ 1, ¢)
else ¢’ «— ¢ .parent
end if
end while
return L-MaTcH (d+ 1, ¢')
end if

6.1.1 Soundness

In this section we want to prove that whenever L-MATCH returns true on
input D and @, then D = Q. In fact we prove a stronger claim: If L-MATCH
returns true, then our mapping 6 is a label preserving matching that obeys
the descendant requirement. Hence, D = Q.

In order to prove the soundness of L-MATCH, we first show the following

lemma:

Lemma 6.2 Let D be a data tree and @ be a query tree. Further, let
L-MATcH(d, q) be a function call resulting from the initial procedure call
L-MATCH(root(D), root(Q)).

Then at the time when L-MATCH(d, q) is called
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(1) 0 restricted to query nodes less that q is a label preserving matching
that obeys the descendant requirement,

(2) 0 matches the path (q.parent --- root(Q)) into the path {(d.parent ---
root(D)) as high as possible,

(3) the path {q --- root(Q)) cannot be matched into the path (d.parent - - -
root(D)).

Proof. Proof by induction on the position k& of L-MATCH(d, ¢) in the series
of function calls resulting from the initial procedure call L-MATCH(root(D),

root(Q)).
= 1: For L-MATCH(root(D), root(Q)) there is nothing to show.

k > 1: Let the claim be true for the first £ function calls. Let L-MATCH(d, q)
be the k'™ function call. We prove that it is also true for the k + 1*®
function call (if there is one). We consider four cases according to
Alg. 2.

o If the labels of d and ¢ agree and both nodes have children (line
2), the following function call is L-MATCH(d + 1, ¢ + 1), where
d+1 and g+ 1 are the leftmost children of d and ¢, respectively.
We know by induction hypothesis that 6 restricted to query nodes
less than ¢ is a label preserving matching that obeys the descen-
dant requirement. We enlarge this mapping by #(q) = d. This
mapping is clearly label-preserving. We need to show that 6(q)
is a descendant of #(g.parent). But this clear, since by induction
hypothesis (g.parent - -- root(Q)) is matched as high as possible
into the path (d.parent --- root(D)), which proves (1). Combin-
ing this with the fact that (g --- root(Q)) cannot be matched
into (d.parent --- root(D)) we conclude that (g --- root(Q)) is
matched as high as possible into (d --- root(D)), which proves
(2). With the descendant requirement it then follows that the
path (d --- root(D)) cannot match the path (¢g+1 --- root(Q)),
which proves (3).

o If the labels of d and ¢ do not agree and d has children (line 4),
the following function call is L-MATCH(d + 1, ¢q), where d + 1
is the leftmost child of d. We do not enlarge 6 in that case
and all requirements (1), (2), and (3) follow from the induction
hypothesis.

o If the labels of d and ¢ agree and ¢ is a leaf (line 6) and ¢ is not
final, we enlarge the mapping 6 by 6(q) = d. As in the first case
of this proof we know by induction hypothesis that 6 restricted
to query nodes less than ¢ is a label preserving matching that
obeys the descendant requirement. The enlarged 6 is still label
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preserving and still obeys the descendant requirement, because
due to the induction hypothesis (g.parent - - - root(Q)) is matched
into the path (d.parent --- root(D)). Hence, (1) is true.

BACKTRACK(d, ¢ + 1) calculates the highest ancestor d’ of the
data node d such that (d’ --- root(D)) matches (g + l.parent - - -
root(Q)). Why does d’ exist? First, note that g + l.parent is an
ancestor of ¢ due to the left-to-right pre-order ordering. Second,
by induction hypothesis (g.parent --- root(Q)) can be matched
into the path (d.parent - - - root(D)). Putting both facts together,
the sub-path (g + l.parent --- root(Q)) can still be matched into
the path (d.parent --- root(D)). Hence, d’ exists and d' 4+ 1 is its
the leftmost child.

The following function call is L-MAaTcH(d' + 1, ¢+ 1). By induc-
tion hypothesis the mapping # matches the path (g.parent ---
root(Q)) into the path (d.parent --- root(D)) as high as possi-
ble and therefore, 6 also matches the sub-path (¢ + 1.parent - -
root(Q)) as high as possible into that data path. Due to BACK-
TRACK, d’ is an ancestor of d, such that (d' - -- root(D)), matches
(¢ + l.parent - -- root(Q)). Putting both facts together, we have
(2): 6 matches the sub-path (g+ l.parent - - - root(Q)) as high as
possible into the path (d’' --- root(D)).

The fact that d’ is the highest ancestor of d such that (d’ ---
root(D)) matches (g + 1l.parent --- root(Q)) implies that (d" ---
root(D)) does not match (g+1 - -- root(Q)). Hence, (3) is proven.

o If d is a leaf and (the labels of d and ¢ do not agree or ¢ has
children) (line 13) and d is not final, we know that we have to try
to match g somewhere else. We do not enlarge 6 (but we might
restrict ), so we still have a label-preserving mapping that obeys
the descendant requirement and (1) is true. We consider two
cases.

— First, assume that the following function call is L-MATCH(d+
1, ¢') in line 25. Then ¢’ has no parent, ¢ = root(Q), and
(2) is trivially true. To prove (3), e.g. to prove that root(Q)
cannot be matched into the path (d+ 1.parent --- root(D)),
we consider two cases.

x If ¢ = ¢’ = root(Q), by induction hypothesis root(Q) can-
not be matched into (d.parent - - - root(D)) and therefore
also not into the sub-path (d + 1.parent - -- root(D)).

x If ¢ # ¢ = root(Q), then root(Q) is an ancestor of gq.
By induction hypothesis the mapping 6 matches root(Q)
onto some ancestor of d and in fact root(Q)) cannot be
matched higher, e.g. the path (f(root(Q)).parent ---
root(D)) does not match root(Q). Furthermore, the fact
that we did not return a function call in line 21 implies
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that then O(root(®)) is a descendant of d + 1.parent.

Putting both facts together, we conclude that root(Q)

cannot be matched into the path (d+1.parent - - - root(D)).

— Now, assume that following function call is L-MATCH(d + 1,

¢') in line 21. BACKTRACK(d, ¢') has calculated the highest
ancestor d’ of the data node d such that (d' --- root(D))
matches (¢.parent --- root(Q)). Why does d' exist? First,
note that ¢’ has a parent (line 20) and that ¢’ is an ancestor or
self of q. Hence, ¢'.parent is an ancestor of g.parent. Further
note, that by induction hypothesis the path (d.parent
root(D)) matches the path (g.parent --- root(Q)) and there-
fore it also matches the sub-path (¢’.parent --- root(Q)). It
follows that d’ exists and that d’ + 1 is its leftmost child.
We know that ¢’ is the lowest ancestor or self of ¢ such that
d' is an ancestor of d+ 1 (observe the while loop). In fact, ¢’
and its parent exist, because otherwise we would not make
the next function call in line 21, but in line 25. Next, we will
prove (2). By induction hypothesis the mapping € matches
the query path (g.parent --- root(Q)) and therefore also the
sub-path (¢’.parent - -- root(Q)) as high as possible into the
data path (d.parent - - - root(D)). It follows that the mapping
6 matches the path (¢’.parent - - - root(Q)) as high as possible
into the sub-path (d' - -+ root(D)) due to BACKTRACK. With
the fact that d’ is an ancestor of d+1 (line 21) it then follows
that the mapping 6 matches the path (¢'.parent - - - root(Q))
as high as possible into the path (d 4 1.parent - -- root(D)),
which proves (2).
In order to prove (3), e.g. to prove that the path (d+1.parent

- root(D)) cannot match the path (¢’ --- root(Q)), we

consider two cases:

x If ¢ = ¢/, by induction hypothesis the path (d.parent - - -
root(D)) cannot match the path (¢ --- root(Q)). Due
to the left-to-right pre-order the path (d + 1.parent ---
root(D)) is a sub-path of (d.parent --- root(D)). The
claim follows.

x If ¢ # ¢, recall that ¢’ is the lowest ancestor of ¢ such
that 6(¢'.parent) is an ancestor of d + 1 (observe the
while loop and recall that by induction hypothesis d’ =
0(q'.parent)). It follows, that ¢’ is matched somewhere on
the path from d.parent to (but not including) d+1.parent.
By Lem. 6.2 we cannot match the path (¢’ --- root(Q))
higher. Hence, the path (d + 1.parent --- root(D)) does
not match the path (¢’ --- root(Q)).

o Otherwise there does not follow a function call. =
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Proposition 6.3 Alg. 2 is sound. That is, given a data D and query tree
Q, if Alg.2 returns true, then D = Q.

Proof. If L-MATCH(d, q) returns true in line 8, we know that ¢ is final
(line 7) and that the labels of ¢ and d agree (line 6). By Lem. 6.2 6 is a
label-preserving mapping, which matches every node in Q\{q} with respect
to the descendant requirement into D, such that ¢’s parent is matched onto
some ancestor of d. We enlarge the mapping by 6(q) = d, and conclude that

DEQ. .

6.1.2 Completeness

In this section we want to prove that whenever L-MATCH returns false on
input D and Q, then D [~ Q. In order to prove the completeness, we first
show the following Lemma:

Lemma 6.4 Let D be a data tree and let QQ be a query tree. Further, let
L-MATCH(d, q) be a function call resulting from the initial procedure call
L-MATCH(root(D), root(Q)).

Then, it holds for all left siblings d on the path from d to (but not in-
cluding) 6(q.parent) or, in case q has no parent, the path from d to root(D)
that

subtree(d) [~ subtree(q).

Proof. Note that by Lem. 6.2 we can talk about the image under 6 of query
nodes less than ¢g. The proof is by induction on the position k of L-MATCH(d,
q) in the series of function calls resulting from the initial procedure call
L-MATCH(root(D), root(Q)).

= 1: For L-MATCH(root(D), root(Q)) there is nothing to show, because
there are no left siblings on the path (root(D)).

k > 1: Let the claim be true for the first k function calls. Let L-MATCH(d,
q) be the k' function call. We prove that it is also true for the k- 1t®

function call (if there is one). We consider four cases according to
Alg. 2.

o If the labels of d and ¢ agree and both nodes have children (line 2),
0(q) is said to be d. The following function call is L-MATCH(d+1,
g+ 1), where d 4+ 1 and ¢+ 1 are the leftmost children of d and
q, respectively.

The path from d + 1 to (but not including) 6(q + 1.parent) is the
path from d + 1 to (but not including) its parent d. Now, d + 1
has no left sibling, so there is nothing to show.
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o If the labels of d and ¢ do not agree and d has children (line 4),
the following function call is L-MATCH(d + 1, ¢), where d + 1 is
the leftmost child of d.

By induction hypothesis we know that no there is no left sibling d
on the path from d to (but not including) (g.parent) or the path
from d to root(D) in case ¢ has no parent, such that subtree(cf)
matches subtree(q). If we enlarge the path by d’s leftmost child,
the left siblings on the larger path are still the same. So, there is

nothing left to show.

o If the labels of d and ¢ agree and ¢ is a leaf (line 6) and ¢ is not
final, 0(q) is said to be d.
BACKTRACK(d, g + 1) calculates the highest ancestor d' of the
data node d such that (d’ --- root(D)) matches (g + l.parent - - -
root(Q)). By Lem. 6.2 we have that (¢ + l.parent) = d'.

The following function call is L-MATCH(d' + 1, ¢ + 1). The path
from d’+1 to (but not including) (g + 1.parent) is the path from
d +1 to (but not including) its parent d’. Now, d’ + 1 has no left
sibling, so there is nothing to show.

o If d is a leaf and (the labels of d and ¢ do not agree or ¢ has
children) (line 13) and d is not final, then subtree(d) does not
match subtree(q). We first show the following invariant we will
need later:

Invariant Whenever the body of the while loop in line 18 is ex-
ecuted without returning a function call in line 21, it follows for
the current q' that the subtree(6(q .parent)) does not match the
subtree(q'.parent).

Proof. We prove the claim by induction over the number of exe-
cutions of the while body, denoted by .
| = 1: Here ¢’ = q, q has a parent (line 18), and we know that:

— the subtree(q) cannot be matched into the subtree(d)
(line 13),

— ¢ cannot be matched into the path from d.parent to (but
not including) €(g.parent) by Lem. 6.2,

— there are no right siblings on the path from d to (but not
including) 0(g.parent) (otherwise we would have returned
a function call in line 21),

— the subtree(q) cannot be matched into the subtree(d) for
every left sibling d of the path from d to (but not includ-
ing) O(g.parent) by the main induction hypothesis.

Hence, no subtree of 0(q.parent) matches subtree(q), which
implies that the subtree(f(g.parent)) does not match the
subtree(g.parent).
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[ > 1: Let the claim be true for the first [ while loop executions.
We prove, that it is also true for the [ 4+ 1*" execution.
Let ¢’ be the current query node of the I + 1™ while loop
execution. Here, ¢’ # ¢ and ¢’ has a parent (line 18). There
must have been a function call L-MATcH(¢/,6(¢")). Note,
that 6(¢’.parent) has not changed since then. Furthermore,
there must have been a while loop execution with the child
of ¢’ on the path from ¢ to ¢’ as current node. We know that:
— the subtree(q’) cannot be matched into the subtree(6(q’)),
by the induction hypothesis,
— ¢ cannot be matched into the path from 6(¢’).parent to
(but not including) 6(¢’.parent) by Lem. 6.2.
— there are no right siblings on the path from 6(¢’) to (but
not including) 6(¢".parent) (otherwise we would have re-
turned a function call in line 21),

— the subtree(¢’) cannot be matched into the subtree(d)
for every left sibling d of the path from 6(¢') to (but not
including) 0(¢’.parent) by the main induction hypothesis.

Hence, no subtree of §(¢'.parent) matches subtree(q’), which
implies that the subtree(6(q’.parent)) does not match the
subtree(q’.parent). .

Now, we come back to the proof of the main induction. We
consider two cases.

— First, assume that following function call is L-MATCH(d + 1,
¢) in line 25. Here ¢’ is the query root. We need to show
that there is no left sibling d on the path (d+1 - -- root(D)),
such that subtree(d) k= subtree(q’). We consider two cases:

x If ¢ = ¢’ = root(Q), by induction hypothesis the subtree(q)
cannot be matched into the subtree(cf) of some left sibling
d of the path (d - - - root(D)). Since d+ 1.parent is an an-
cestor of d, it is enough to show that the subtree(previous
sibling(d + 1)), which is the left sibling of d + 1 that in-
cludes d, does not match the subtree(q). We know that
- the subtree(q) cannot be matched into the subtree(d),

- ¢ cannot be matched into the path (d.parent - - - root(D))
by Lem. 6.2,

- there are no right siblings on the path from d to (but
not including) the previous sibling(d + 1) due to the
left-to-right pre-order,

. the subtree(q) cannot be matched into the subtree(d)
for every left sibling d of the path from d to root(D)
by induction hypothesis.
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It follows, that we cannot match the subtree(q) into the
subtree(previous sibling(d 4+ 1)) at all.

x If ¢ # ¢’ = root(Q), then there must have been a while
loop execution with ¢”’s child on the path from ¢ to ¢’ as
current query node. Hence, d+ 1.parent is an ancestor of
0(¢') (otherwise we would have returned a function call
in line 21)

Furthermore, by Lem. 6.2 there must have been a func-
tion call L-MaTcH(¢/,0(¢")). It follows by induction hy-
pothesis that the subtree(q’) cannot be matched into the
subtree(d) of some left sibling d of the path (0(¢) ---
root(D)).

Putting both facts together, it is enough to show that the
subtree(previous sibling(d + 1)), which is the left sibling
of d + 1 that includes d, does not match the subtree(q’).
We know that:

- the subtree(q’) cannot be matched into the subtree(6(q’))
by the invariant,

- ¢' cannot be matched into the path from 6(¢’).parent
to root(D) by Lem. 6.2,

- there are no right siblings on the path from 6(¢’) to
(but not including) the previous sibling(d+1), because
d+1.parent is an ancestor of #(¢q’), which is an ancestor
of d by Lem. 6.2,

- the subtree(q’) cannot be matched into the subtree(d)
for every left sibling d of the path from 6(¢') to root(D)
by the induction hypothesis.

It follows, that we cannot match the subtree(q’) into the
subtree(previous sibling(d 4 1)) at all.

— Now, assume that the following function call is L-MATCH(d+
1,¢') in line 21. BACKTRACK(d, ¢) has calculated the highest
ancestor d’ of the data node d such that (d' --- root(D))
matches (¢.parent --- root(Q)). By Lem. 6.2 d’ is equal to
(¢ .parent).

We know that ¢’ is the lowest ancestor or self of ¢ such that
(¢’ .parent) is an ancestor of d + 1 (observe the while loop).
It follows, that ¢’ is matched somewhere on the path from
d to (but not including) d 4+ 1.parent (for the case ¢’ # q).
No matter whether ¢’ = ¢ or not, there was a function call
L-MATcH(q, d) for some d on the path from d to (but not in-
cluding) d + 1.parent. By induction hypothesis and Lem. 6.2
there is no left sibling d on the path from d to (but not includ-
ing) 0(¢ .parent) such that subtree(d) matches subtree(q’).

Since d is in the subtree(previous sibling(d+ 1)), we now only
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need to show that subtree(previous sibling(d + 1)) does not
match the subtree(q’).
We consider two cases:

* If ¢ = ¢/, then we know that:

- the subtree(q) cannot be matched into the subtree(d)
see line 13,

- q cannot be matched into the path from d.parent to
(but not including) #(q.parent) by Lem. 6.2,

- there are no right siblings on the path from d to (but
not including) the previous sibling(d + 1) due to the
left-to-right pre-order,

. the subtree(q) cannot be matched into the subtree(d)
for every left sibling d of the path from d to (but not
including) 0(g.parent) by induction hypothesis .

It follows, that subtree(previous sibling(d 4 1)) does not

match the subtree(q’).

x If ¢ # ¢, there must have been a while loop execu-
tion with ¢’s child on the path from ¢ to ¢ as cur-
rent query node and there must have been a function
call L-MATCH(A(¢'), ¢'). Note, that (g.parent) has not
changed since then. We know that:

- the subtree(q’) cannot be matched into the subtree(6(q"))
by the invariant,

- ¢ cannot be matched into the path from 6(¢’).parent
to (but not including) 6(g.parent) by Lem. 6.2,

- there are no right siblings on the path from 6(¢’) to
(but not including) the previous sibling(d+1), because
d+1.parent is an ancestor of 6(¢’), which is an ancestor
of d by Lem. 6.2,

. the subtree(q’) cannot be matched into the subtree(d)
for every left sibling d of the path from 6(¢') to (but
not including) 6(q.parent) by the induction hypothesis.

It follows, that we cannot match the subtree(q’) into the

subtree(previous sibling(d 4 1)) at all.

o Otherwise there does not follow a function call. =

Proposition 6.5 Alg. 2 is complete. That is, given a data D and query
tree Q, if Alg. 2 returns false, then D -~ Q.

Proof. We consider two cases.

o Let |D| = 1. L-MATcCH(root(D), root(Q)) returns true, if root(Q) is a
leaf with an appropriate label in line 8 and false otherwise in line 16,
which proves the completeness for that case.
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o Now, let |D| > 1. Assume L-MATCH returns false in line 16. Let d
and ¢ be the nodes, such that in the execution of L-MATCH(d, ¢) false
was returned. Due to line 13, d is a leaf and (¢ has children or the
labels of ¢ and d do not agree). Due to line 14, d is the final node,
which means that there are no right siblings on the path from d to the
root.

Consider a slight modification of the data tree: We attach to the root
of the data tree a child on the right. Its value in the left-to-right pre-
order is now d + 1, the highest value of nodes in the data tree. Call
this tree D’. Observe from the algorithm, that replacing D by D’ does
not make any difference in the function calls before L-MATCH(d, ¢),
because the algorithm traverses the data tree due to the left-to-right
pre-order. However, in the function call L-MATCH(d, ¢) the algorithm
would not return false anymore, instead it would call L-MATCH(d + 1,
q') for some query node ¢'. By Lem. 6.4 we know that for every child
d' of the data root in D, the subtree(d’) cannot match the subtree(q’).
We consider two cases.

— Assume that ¢’ has a parent. It is clear that if there was a match-
ing from @ into D, we would be able to match the subtree(q’)
into some subtree of the data root. But we are not able to do
this, so D = Q.

— Assume that ¢’ is the query root. By Lem. 6.2 we know that
we cannot match the query root into the path (d + 1.parent - - -
root(D)). Hence, the labels of the query root and the data root
do not agree and if there was a matching from @) into D, we would
be able to match the subtree(q’) into some subtree of the data
root. But we are not able to do this, so D [~ Q. o

6.1.3 Termination

Before we can conclude that L-MATCH is correct, we need to prove that the
function call L-MATCH(root(D), root(Q)) terminates on every input D and
Q. First, note that the while loop in line 18 terminates, because in every
execution ¢’ gets ¢’.parent and our input trees are of finite depth.

We now only need to argue that whenever we call L-MATCH(d, ¢) for
some d € D and ¢ € @, we have not called L-MATCH(d, ¢) before. We prove
this by the following lemma, where we use Lem. 6.2 and refer to 6.

Lemma 6.6 Let D be a data tree and Q be a query tree. Further, let
L-MATCH(d, q) be a function call resulting from the initial procedure call
L-MATCH(root(D), root(Q)).

Then at the time when L-MATCH(d, q) is called

(1) for all query nodes @ > q , for all data nodes d > d: we have not called
L-MATcH(d, q) before.
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(2) for all right siblings G of nodes on the path (g --- root(Q)), for all
nodes q € subtree(q), for all data nodes d € subtree(6(g.parent)): we
have not called L-MATCH(d, q) before.

(8) for all query nodes q on the path (g.parent --- root(Q)), for all data
nodes d > 0(q): we have not called L-MATCH(d, q) before.

Proof. Proof by induction on the position k of L-MATCH(d, ¢) in the series
of function calls resulting from the initial procedure call L-MATCH(root(D),

root(Q)).
k = 1: For L-MATCH(root(D), root(Q)) there is nothing to show.

k > 1: Let the claim be true for the first k function calls. Let L-MATCH(d, q)
be the k™ function call. We prove that it is also true for the k 4 1t

function call (if there is one). We consider four cases according to
Alg. 2.

o If the following function call is L-MATCH(d+1, ¢+1) (see line 3),
then 6(q) gets d. Here, d + 1 is the leftmost child of d and g + 1
is the leftmost child of ¢q. The induction hypothesis (case(1))
implies that for all § > ¢ , for all data nodes d > d we had not
called L-MATCH(d, q) before we called L-MATCH(d, ¢). In the
meantime, we executed L-MATCH(d, ¢), so for all § > ¢+ 1, for
all data nodes d > d + 1: we have not called L-MATCH(d, §),
which proves (1).

The induction hypothesis (case (2)) implies further that for all
right siblings ¢ of nodes on the path (g - - - root(Q)), for all nodes
g € subtree(q), for all data nodes d € subtree(f(g.parent)) we
had not called L-MATcCH(d, ) before we called L-MATCH(d, q).
Since g + 1 is the left-most child of ¢, we only need to show in
order to prove (2), that for all right siblings ¢ of ¢ + 1, for all
nodes g € subtree(§), for all data nodes d € subtree(f(q.parent)),
which is equal to the subtree(d), we have not called L-MATCH(d,
q) before. But this follows from the induction hypothesis case
(1), because data nodes in subtree(d) are greater or equal d and
query nodes in subtrees of ¢ + 1’s right siblings are greater than
q.

The induction hypothesis (case (3)) implies further that for all ¢
on the path (g.parent - - - root(Q)), for all data nodes d > 6(q) we
had not called L-MATCH(d, §) before we called L-MATCH(d, q).
In order to prove (3), we only need to show that for data nodes
d > 0(q) = d we have not called L-MATCH(d, ¢). But this is a
consequence of the induction hypothesis (case (1)).

o If the following function call is L-MATCH(d + 1, q) (see line 5),
then d 4+ 1 is the leftmost child of d. The induction hypothe-
sis (case(1)) implies that (1) is true (as above). Since we only
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called L-MATCH(d, ¢) in the meantime and did not change the
mapping 6 at all, (2) is a direct consequence of the induction hy-
pothesis (case(2)) and (3) is a direct consequence of the induction
hypothesis (case(3)).

o If the following function call is L-MATCH(d'+1, ¢g+1) (see line 11),
then 0(q) gets d. Here, ¢ + 1 is a right sibling of a node on
the path (¢ --- root(Q)) (due to the left-to-right pre-order and
the fact that ¢ is a leaf, see line 6) and d' + 1 is the leftmost
child of some ancestor of d. The induction hypothesis (case(1))
implies that for all § > ¢ , for all data nodes d > d we had not
called L-MATCH(d, §) before we called L-MATCH(d, ¢). In the
meantime, we executed L-MATCH(d, ¢), so for all ¢ > ¢+ 1,
for all data nodes d > d we have not called L-MatcH(d, §). In
order to prove (1) we still need to show that this is also true for
all § > ¢+ 1 and for all data nodes d with d’ +1 < d < d. We
consider two cases:

— If ¢ € subtree(q + 1) we can make use of the induction hy-
pothesis (case (2)). The query node g + 1 is a right sib-
ling of a node on the path (¢ --- root(Q)) and hence for
all nodes d € subtree(f(q + 1.parent)) we have not called
L-MATcCH(d, §) before. This proves our case, because by
Lem. 6.2 6(q + l.parent) is equal to d’ and d’ is an an-
cestor of d. Clearly, subtree(d’) includes all nodes d with
d +1 < d < d. Hence, for all § € subtree(q + 1) and for
all d with d’ + 1 < d < d we have not called L-MATCH(d, §)
before.

— If ¢ & subtree(g+1) we can make use of the induction hypoth-
esis (case (2)) again. Due to the left-to-right pre-order, ¢ is
then in a subtree of some right sibling ¢ of a node on the path
(g+1--- root(Q)). This ¢ is also a right sibling of a node on
the path (g --- root(Q)). By induction hypothesis (case (2))
it follows that for all data nodes d € subtree(f(q.parent)) we
have not called L-MATCH(d, g). This proves our case, be-
cause ¢.parent is an ancestor or self of ¢ + 1.parent and by
Lem. 6.2 6(g.parent) is an ancestor or self of (g + 1.parent),
which is equal to d’. Clearly, subtree(d’) includes all nodes d
with d’ +1 < d < d and so does subtree(f(g.parent)). Hence,
for all ¢ & subtree(q+ 1) and for all d with ' +1 < d < d we
have not called L-MATCH(d, §) before.

As mentioned above right siblings of a node on the path (¢ + 1
- root(Q)) are also a right siblings of a node on the path (g
- root(Q)). Hence, (2) immediately follows from the induction

hypothesis (case(2)).

Since ¢ + 1.parent is an ancestor of ¢, the path (¢ + 1.parent - - -
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root(Q)) is a sub-path of the path (g.parent --- root(Q)). Hence,
(3) immediately follows from the induction hypothesis (case(3)).

o If the following function call is L-MATCH(d + 1, ¢') (see line 21

or line 25), then d 4 1 is a right sibling of a node on the path (d
- root(D)) (due to the left-to-right pre-order and the fact that

d is a leaf, see line 13) and ¢’ is an ancestor or self of q.
The induction hypothesis (case(1)) implies that for all § > ¢, for
all data nodes d > d we had not called L-MATCH(d, §) before
we called L-MATCH(d, ¢). In the meantime, we only executed
L-MATcH(d, q), so for all § > ¢ , for all data nodes d > d + 1:
we have not called L-MATCH(d, q) before.
In order to prove (1) we still need to show this is also true for
all query nodes ¢ with ¢/ < ¢ < ¢ and for all data nodes d >
d + 1. Note that such a node ¢ is a node on the path (g.parent
-+ ¢') (due to the left-to-right pre-order and the fact that ¢’ is
an ancestor or self of ¢). The induction hypothesis (case (3))
implies then that for all data nodes d > 6(g) we have not called
L-MatcH(d, q). This proves our case, because by Lem. 6.2 6(q)
is an ancestor of d and hence less than d. We conclude that for
all nodes g with ¢’ < g < g, for all nodes d > d + 1 we have not
called L-MATCH(d, ) before.

Since ¢’ is an ancestor or self of ¢, the path (¢’ --- root(Q)) is
a sub-path of the path (¢ --- root(Q)). Hence, (2) immediately
follows from the induction hypothesis case(2) and (3) follows from
the induction hypothesis case(3). o

As a consequence of Lem. 6.6 case (3) and the fact that the while loop
line 18 always terminates we can state the following proposition.

Proposition 6.7 Alg. 2 terminates. Let d and q be the roots of a data D
and query tree QQ, L-MATCH(d, q) terminates.

6.2 Space Complexity of L-Match

The analysis of the complexity of L-MATCH is done with respect to the
Turing Machine model. We assume that the input trees are coded in a
reasonable way on the input tape for instance as a list of edges.

To see that this L-MATCH only needs logarithmic space, observe from the
algorithm that its recursion is linear and that the function calls are in return
statements. So, we do not need the recursion stack. Furthermore, we only
use a constant number of variables for data nodes and query nodes that
only need logarithmic space. It remains to argue, why BACKTRACK only
needs logarithmic space. BACKTRACK(d, q) calculates the highest ancestor
d' of the data node d such that the path (d’ --- root(D)) matches the path
(g.parent --- root(Q)). The only difficulty lies in the fact that we cannot
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store both paths. So, we start at the root nodes and compare their labels.
If they match, we determine their children that lie on the paths (this can be
done by scanning the input tape at most depth(D) times). Otherwise, we
determine only the child of the data node. We proceed recursively. Once we
matched the whole path (g.parent --- root(Q)), we return the data node,
onto which we matched q.parent.

Note, that the left-to-right pre-order of the nodes is not a requirement
on the input trees. We used this ordering to ease the representation of
the algorithm. Given a node its successor in this ordering can clearly be
computed in logarithmic space.

6.3 The Complexity of tree descendants matching

As mentioned above, L-MATCH is in LOGSPACE. Putting this together
with the fact that reachability in trees is LOGSPACE-complete [6] given
the tree as a pointer structure, we obtain the main result of this thesis:

Theorem 6.8 The problem of tree descendants matching is LOGSPACE-
complete.

The representation of the trees is of importance, because reachability in trees
that are represented as a list of symbols and brackets following the Def. 4.1
of a tree is in TC? [10].
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