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Abstract

This thesispresentsa framework for low-latency interactive simulationof linear
elastostaticmodelsand other systemsassociatedwith linear elliptic partial differention
equations.This approachmakes it feasibleto interactively simulatelarge-scalephysical
models.

Linearity is exploitedby formulatingthe boundaryvalueproblem(BVP) solution
in termsof Green's functions(GFs)whichmaybeprecomputedto providespeedandcheap
lookup operations. RuntimeBVPs are solved using a collection of CapacitanceMatrix
Algorithms (CMAs) basedon the Sherman-Morrison-Woodbury formula. Temporalco-
herenceis exploited by cachingand reusing,as well as sequentiallyupdating,previous
capacitancematrix inverses.

Multiresolution enhancementsmake it practical to simulateand storevery large
models.Ef�cient compressedrepresentationsof precomputedGFsareobtainedusingsecond-
generationwaveletsde�nedonsurfaces.Fastinversewavelettransformsallow fastsumma-
tion methodsto beusedto accelerateruntimeBVP solution.WaveletGF compressionfac-
torsaredirectly relatedto interactive simulationspeedup,andexamplesareprovidedwith
hundredfoldimprovementsatmodesterrorlevels.Furthermore,hierarchicalconstraintsare
de�ned usinghierarchicalbasisfunctions,and relatedhierarchicalGFs are thenusedto
constructanhierarchicalCMA. This directsolutionapproachis suitablefor hardreal time
simulationsinceit providesamechanismfor gracefullydegradingto coarserresolutionap-
proximations,andthe wavelet representationsallow for runtimeadaptive multiresolution
rendering.

TheseGF CMAs arewell-suitedto interactive hapticapplicationssinceGFsallow
randomaccessto solutioncomponentsandthecapacitancematrix is thecontactcompliance
usedfor high-�delity forcefeedbackrendering.Examplesareprovidedfor distributedand
point-like interactions.

PrecomputedmultizonekinematicGF modelsarealsoconsidered,with examples
providedfor characteranimationin computergraphics.

Finally, webrie�y discussthegenerationof multiresolutionGFmodelsusingeither
numericalprecomputationmethodsor reality-basedroboticmeasurement.
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Chapter 1

Intr oduction

Interactive multi-modalsimulationof deformableobjects,in which a usermaymanipulate
�e xible objectsandreceive immediatesensoryfeedbackvia human-computerinterfaces,is
a majorchallengefor computergraphicsandvirtual environments.Deformationis essen-
tial in computeranimationfor plausiblymodelingthebehavior of thehumanbody, animals,
andsoft objectssuchasfurnitureupholstery, but interactiveapplications,suchascomputer
games,have very limited computingbudgetsfor 3D physicalcontinuumsimulation.Cur-
rentvirtual prototypingandassemblyapplicationsalsorequiredeformableandalso�e xible
kinematicmodelssuitablefor interactive simulationssuchasassemblypathplanning.De-
formablemodelshave a long history (seex1.1) and,onemight say, arewell understood
within the graphics,scienti�c andengineeringcommunities.The challengeaddressedby
this thesisis thedesignof deformablemodelsthatarebothsuf�ciently realisticto capture
therelevantphysics,andsuf�ciently fastfor interactivesimulationonubiquitouscomputing
hardware.

Thedif�culty is thattraditionalscienti�c computingalgorithmsarecapableof gen-
eratingsolutionsto relatively complex 3D deformationproblemsontime-scalesof minutes
or seconds,but interactivity requiressolutiontimeson thetime-scalesassociatedwith hu-
mansensoryperception.For example,an interactive elasticobjectsimulationshouldbe
capableof providing solutionsfor visualdisplayat suf�cient framerates(30 Hz), aswell
ashaptic force feedbackat kinestheticallyconvincing rates(1000Hz), andperhapseven
contactforce responsesfor soundgeneration.Failure to achieve suf�ciently fastsolution
ratesintroduceslatency andresultsin anunconvincing simulation.Givensuchseveretime
constraints,it makessenseto do asmuchwork aheadof time aspossibleso that solution
costsduringasimulationaresmaller.

In recentyears,linear elastostaticGreen's functionmodels(LEGFMs) have been
shown tostrikeanattractivetrade-off betweenrealismandspeed.Themodelsarephysically-
basedandareaccuratefor aclassof relatively stiff deformablematerialswhichtendto reach
equilibrium quickly during continuouscontact. The linearity of the modelallows for the

1



Figure1.1: Exampleof a Complex ElasticModel: An elasticrabbitmodelwith 2562ver-
tices,5120facesand5 levelsof subdivisionconnectivity (L = 4), capableof beingrendered
at30FPSwith 1 kHz forcefeedbackonaPCin ourJava-basedhapticsimulation.Theasso-
ciateddensesquareGreen's function(GF)submatrixcontained41million �oats (166MB)
but wascompresseddown to 655thousand�oats (2.6MB) in this animation(" = :2). The
depicteddeformationresultedfrom forceinteractionsde�ned ataconstraintresolutionthat
wastwo levelscoarser(L=2) thanthevisible mesh;for thesecoarselevel constraints,the
GF matrix block may be further compressedby a factorof approximately16= 42. Even
further compressionis possiblewith �le formatsfor storageandtransmissionof models.
(Reparameterizedrabbitmodelgeneratedfrom meshcourtesyof Cyberware[Cyb].)

useof very fastsolutionalgorithmsbasedon linearsuperpositionwhich supportreal-time
renderingandstableforcefeedback.Theuseof thesetechniquesin interactive simulation
wasadvancedby [BC96, CDA99, JP99a]who demonstratedreal time interactionwith de-
formablemodelsin applicationssuchasforce feedbacksurgical simulationandcomputer
animation. A naturalconnectionalso exists betweenLEGFMs and active measurement
techniquesfor thedirectacquisitionof deformableobjects[PvdDJ+ 01]. In this thesiswe
show that linearsuperpositiontechniquescanleadto truly low-costinteractive simulation
of small-straindeformationsof extremelylargemodels.Nevertheless,wealsoconsiderthis
a startingpoint for the developmentof a completesetof hybrid solutiontechniqueswith
theultimategoalof developingef�cient simulationtoolsfor dif�cult nonlinearphenomena
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associatedwith stiff modelssubjectto constraints.
Thekey to thefastsimulationtechniqueis theuseof precomputedGreen'sfunctions

(GFs).Intuitively, Green's functionsform abasisfor representingall possibledeformations
of anobjectin a particulargeometriccon�guration of boundaryconstrainttypes,e.g.,es-
sential(Dirichlet), natural(Neumann),or mixed(Robin).Thebene�t of linearity is thatthe
responseto any setof boundaryvaluescanbequickly reconstructedby a linearcombina-
tion of precomputedGFs. In this way, thesesolutiontechniquescanbeusedto obtainthe
solutionfor any setof appliedconstraintsby usingtheGFsin combinationwith acollection
of matrix updatingmethods(relatedto the Sherman-Morrison-Woodbury formula) which
wereferto collectively asCapacitanceMatrix Algorithms,or simplyCMAs.

Furthermore,the GF-basedCMA matrix solversarenot limited to just LEGFMs,
andcanin fact be usedto simulatenumerousothercontinuousphysical systemsin equi-
librium. Interestingexamplesare the visualizationof solutionsto linear elliptic partial
differentialequations(PDEs),suchasthoseusedto modelelectrostatic�elds, equilibrium
diffusion, andtransportphenomena.The unifying propertyis that any physical (or non-
physical) equilibrium1 systemfor which thereexists a linear matrix relationshipbetween
speci�edandunspeci�edboundaryvaluescanbesimulated;this is indeedaverylargeclass
of systemsgiven that it containsall modelsdescribedby discreteBVPs arisingfrom dis-
cretizationsof linear elliptic PDEs. An interestingpoint is that LEGFMs aresmall strain
approximationsof �nite strain elasticity, however other physical systemsare accurately
modeledby linearelliptic PDEs,e.g.,electrostatics.Thereadershouldkeepin mind that,
althoughthis thesisis largely explainedin termsof deformableobjectsimulation,parallel
relationshipsexist betweenthephysicalquantitiesin otherapplications.

Recentlywe have shown thatGF formulationsplay an importantrole in thedirect
acquisitionof deformablemodelsby active measurement[PvdDJ+ 01]. Using thesimula-
tion methodshere,it is possiblefor thequasi-GFmeasurementsto beimmediatelyusedfor
interactive visualization. Multiresolutiontechniquesdevelopedhere,suchashierarchical
GFs,arealsovery usefulin thecontext of measurementandestimation.TheGF's input-
outputboundarydescriptionalsoprovidesan importantstartingpoint for thede�nition of
inverseproblemsfor determininginternalmaterialpropertiesof deformableobjects.Once
thepossiblyquitecomplicatedinternalmaterialdistribution is estimated,a morecomplete
simulationcanthenbeundertaken,e.g.,includingnonlinearstrain.

However, theCMAs achieve their impressive visualizationspeed(O(sn) time per
solution,wheren is the simulatedmodel's geometriccomplexity ands is the numberof
nonzero(or modi�ed) boundaryconditions)at the expenseof storingO(n2) elementsof

1We restrictour discussionto time-independentsystemsbecause,eventhoughGreen's function
methodscan be usedfor time-dependentsystems,e.g., parabolicor even hyberbolic PDEs, the
storagecostsareexacerbatedby theextra timedimension.
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the large denseGreen's function matriceswhich canbe accessedin constanttime. This
clearly doesn't scalewell to large models;for examplethe GF matrix storedas�oats for
a vertex-basedmodel with 100 verticesrequiresonly 360KB, however one with 10000
verticessuchasdragonin Figurex3.5 (p. 56) would require3.6GB! For theseproblems
bus andcacheconsiderationsaresigni�cant aswell. In addition, the capacitancematrix
algorithmpresentedin [JP99a] requiresanO(s3) factoringof thedensecapacitancematrix,
whichscalesverypoorlyasthenumberof run-timeconstraintsincrease.

In this thesiswe presenta family of algorithmsfor simulatingdeformablemodels
andrelatedsystemsthatmake Green's functiontechniquespracticalfor very largemodels.
ThemultiresolutionenhancementsintroduceddomuchmorethansimplycompressGreen's
functionsto minimizestorage.As arule,theseapproachesarecompatiblewith andimprove
the performanceandreal time feasibility of numericaloperationsrequiredfor the direct
solutionof boundaryvalueproblems.Thealgorithmsexploit thefactthatthereexist several
distinct,yet related,spatialscalescorrespondingto

� geometricdetail,

� elasticdisplacement�elds,

� elastictraction�elds, and

� numericaldiscretization.

Wedevelopmultiresolutionsummationtechniquesto quickly synthesizedeformations,and
hierarchicalcapacitancematrix algorithmsto dealwith constraintchanges.Wavelet GF
representationsarealsouseful for simulatingmultiresolutiongeometryfor graphicaland
hapticrendering.Numerousotheroptimizationsandapplicationsarealsopresented,and
aresummarizedin x1.2.

1.1 RelatedWork

This thesisborrows from andbuildsonseveral�elds of research.

1.1.1 Traditional Numerical Methods for Linear Elastostatics

Staticlinearelasticityis anold andwell-understoodtopic[Lov27]. Boundaryintegralequa-
tion (BIE) formulationsof Navier's equationandotherpotentialtheoriesalsohave very
establishedroots[Kel29,JS77].Numericalmethodsfor approximatingthesolutionsof lin-
earelasticity, suchasthe Finite ElementMethod(FEM) [Zie77] and,morerecently, the
BoundaryElementMethod(BEM) [BTW84], arewell-known andcommonlyused.Ef�-
cient iterative methodsexist for the solutionof large scaleproblems,with notableexam-
plesbeingmultigrid [Hac85] for domaindiscretizationsandpreconditionedfastmultipole
methods[GR87, YNK01] for boundaryintegral equations.Suchmethodsareuseful for
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Figure 1.2: Early examplescreatedusing ARTDEFO the Java-basedsystemdescribed
in [JP99a]. Eachof theseconstantelementBEM modelshaslessthan 300 nodes,and
only a small fractionof theseareever contactedat the sametime. The basiccapacitance
solver is adequateto handletheseinteractionsandproduceinteractive frameratesonaPC.
To ef�ciently interactwith morecomplex modelsaswell asallow morecontactednodes,
theoptimizationspresentedin this thesisareveryuseful.
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precomputingGreen's functionsfor simulations,but these(fast)solutionmethodsaim to
reducethe total solutiontime andwerenever intendedfor interactive simulationapplica-
tionswherelow latency is moreimportantthantotalsolutiontimeor asymptoticlarge-scale
costcomplexities. In this respect,a linear-time solutionalgorithm,suchasmultigrid or
the fast multipole method,is not optimal for force feedback. On the other hand,while
the capacitancematrix algorithmincurssigni�cant precomputationcosts,it is capableof
computingforce responses,e.g., in constanttime for point-like contact,andthis is more
desireable.

1.1.2 Deformable Objects for Computer Graphics and Haptics

Substantialwork hasappearedon physicaldeformableobjectsimulationandanimationin
computergraphicsandrelated�elds [TPBF87,BW92, GM97, CDA99, ZC00, DDBC01],
althoughnot all is appropriatefor interactive or force feedbackapplications. Important
interactive applicationsof elasticsimulationinclude computeranimationand interactive
games,surgical simulation,computeraideddesign,interactive pathplanning,andvirtual
assemblyfor increasinglycomplicatedmanufacturingprocesses2. Several broadsurveys
areavailable for graphics[GM97] andsurgical simulation[Del98], andwe refer readers
therefor additionaldetails.

Fromthepointof view of this work, therearetwo clearlyeffectiveclassesof inter-
activesimulationmethodsfor complex 3D physicalelasticobjects:methodsfor simulating
stiff quasistaticsystemsundersmallstrain,andexplicit time-steppingschemesfor simulat-
ing softdynamicmaterials.This is primarily dueto thefactthattheseapproachesavoid the
constructionandsolutionof large systemsof equationsat eachstepof a simulation. The
fast(quasi-)linearelastostaticmodelswhich canin a sense“precomputeout stiffness”are
complementaryto explicit (lumpedmass)time-steppingschemesmosteffective for soft,
dynamic,highly deformableelasticmodels,e.g.,[ZC00, PDA01, DDBC01]. Analogous
to applicationsof rigid bodysimulation,equilibriumsystemsareusefulfor simulatingstiff
materialsandin placeof dynamicdeformationthatis too fastto bemeaningfullyresolved.
Ever sincethe beginning of computergraphics,soft deformableobjectshave beensimu-
lated,andthis is partly becausethey aremucheasierto computethanthoseinvolving stiff
systemsof equations[Wil89]. For forcefeedbackinteractionwith stiff geometricallycom-
plex deformablemodels,in whichmodelcomplexity andinteraction�delity arecompeting
factors,fastapproximationmethods,suchasthosepresentedhere,areveryuseful.Perhaps
oneof themostattractive featuresof LEGFM simulationsis that it is possibleto simulate
contactforcefeedbackatextremelyhigh-rateswithouteversimulatingtheentiremodel;this
is the reasonthat LEGFM simulationscanachieve a muchhigherforce feedback�delity

2“Someoneoncesaidthata Boeing747is not really anairplane,but � ve million parts�ying in
closeformation.”(from [CM92])
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thantime-steppedsimulations.We alsoexpectthat interactive simulationsof deformable
objectswill involvemorehybrid numericalmodelsin thefuture.

In recentyears,the importanceof implicit3 integration methodsfor numerically
stiff simulationsof constraineddeformabledynamicalsystemshasbeenrevived in graph-
ics [TF88, HE01]. Implicit methodshave beenvery successfullyappliedto cloth simu-
lation for off-line computeranimation[BW98], andalsofor interactive simulationat con-
stantframeratesusingapproximateclothmodelsof modestcomplexity [DSB99,KCC+ 00].
Implicit-explicit (IMEX) time-steppingschemesdevelopedfor PDEs[ARW95] have also
beenusedto addressstiffnessin the presenceof nonlinearitiesand contact[KROM99,
EEH00]. However, with theexceptionof simpli�ed clothmodels,implicit integrationmeth-
odshave remaineduncommonfor interactive simulationof 3D volumetricelasticmodels
dueto theneedto solvea largelinearsystemof (possiblychanging)equationsateachtime
step,althoughthismight changewith vectorsupercomputinghardware[Tay91].

Therehasbeenanaturalrecenttrendtowardexplicit temporalintegrationof lumped
massnonlinearFEM systems,with examplesusingparallelcomputation[SBD+ 00], adap-
tivity in spaceand perhapstime [ZC00, DDBC01, WDGT01] and also adaptive useof
linear andnonlinearelements[PDA01]. Theseapproachesarevery useful for modeling
soft materialsin surgical simulationwherea wide rangeof complex biological materials
undergoing very large strainmustbe simulatedandmodi�ed during virtual surgical pro-
cedures.Despitethe appropriatenessof this approachfor humantissuemodeling,it has
severallimitationswhichcanbeovercomein thecaseof linearelastostaticmodels:(1) only
severalhundredinteriornodescanbeintegratedatagiventime4 (withoutspecialhardware),
andwhile adaptivity doeshelp, this ultimately limits modelcomplexity; (2) deformations
requiringthat�nely detaileddiscretizationsberesolvedwill beslow dueto CFL time-step
restrictions;(3) while excellentfor soft materials,stiff objectswith detaileddiscretizations
aredif�cult to time-stepwith explicit methods.

Multirate integrationapproachesareusefulfor introducinghapticinteractionswith
dynamicmodels[cT00,DDBC01]. An interestingexampleis thework of Astley andHay-
ward [AH98] who precomputemultilevel Norton equivalentsfor the stiffnessmatrix of a
linearviscoelasticFEM modelsothathapticinteractionsarepossibleby employing anex-
plicit multirateintegrationschemewhereina modelassociatedwith the contactregion is

3A suitablebackgroundtext on issuesrelatedto time-steppingmethods[AP98] might alsobe
consultedby theunfamiliar reader.

4Szeḱely et al. [SBD+ 00] analyzedthe time-steppingcost of their “optimized explicit �nite-
elementalgorithms” for nonlinearCauchy-Greenstrain with a neo-Hookeanstrain energy func-
tional. They arrivedat a costof 650�ops perelementper time-step,or about1000�ops including
collision detection. Basedon their restrictedtime-stepof 100 � s they estimatethat for a 2000
elementmodelthesustainedcomputationalpower requiredis 20 GFlops,hencetheir parallelcom-
putingapproach.As shown in theResultschapter, this modelis approximatelyonethousandtimes
morecostlythanthecorrespondingLEGFM approximation.
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integratedatahigherratethantheremainingcoarsermodel.Localbuffer modelshavealso
beenintroducedfor deformableobjectsimulations[Bal00,dBL00].

Modal analysisfor linear elastodynamics[PW89] can also be usedfor interac-
tive [Sta96]andforcefeedbackapplications[Bas01]by precomputingmodaldata.Related
dimensionalreductiontime-steppingmethodsalsoexist for nonlinearsolid dynamics,e.g.,
see[KLM01]. Soundmodelsbasedon modalsynthesiscanalsobe usedto rendercon-
tact sounds[vdDP98,PvdDJ+ 01]. The deformationmethodis costly asmoremodesare
used,but aswith the superpositionof GF global deformationbases,the superpositionof
modaldeformationbasescanalsobeacceleratedusingfast-summationmethods;for sim-
ple geometries,e.g.,1D, the FFT is commonlyused. Unfortunately, while ideal for stiff
free-vibratingdynamicmodels,resolvingconstraintsassociatedwith continuouscontact
interactionsareproblematic.

This thesisis most closely relatedto, and builds on, researchon precomputed
Green's function basedmodelsfor real time simulationand force feedbackinteraction
[BC96, HK98, CDA99, JP99a,JP01]. Of notablementionis thework on hepaticsurgery
simulationby the groupat INRIA [BC96, CDA99, BN96]. In [BC96], a precomputation
phaseis usedto condense[Zie77] a linear systemof FEM equationsto producea dense
boundary-onlysystemof equationswhicharesolvedto obtainasetof surfaceGreen'sfunc-
tions,while an iterative methodis usedin [CDA99]. During a laproscopicforcefeedback
simulationthey solveasmallsystemof equationsto determinethecorrectsuperpositionof
GFs,e.g.,to applydisplacementconstraintsat verticesof a triangle,which maybeidenti-
�ed asaspecialcaseof theCMA. Theapproachtakenby Hirotaetal. [HK98] alsoinvolves
precomputingwhatareGFsof a FEM modelin orderto imposea point contactconstraint
with force feedbackrendering.Our work on the ARTDEFO simulator[JP99a]derivedca-
pacitancematrix updatingequationsin termsof GFsdirectly from theBEM matrix equa-
tionsusingtheSherman-Morrison-Woodbury formulae,andprovidedseveralexamplesof
distributedcontactconstraints[JP99b]. Thegeneralityof thisGFupdatingformulaandim-
plicationsfor forcefeedbackhapticsweredescribedin [JP01]. Despitetheir effectiveness,
all of theseapproachessuffer from a potentially long precomputationperiod,andpoorly
scalingmemoryrequirementswhich limit thecomplexity of modelsthatcanbeconstructed
and/orsimulated.Additionally, thebasicCMA approachwill ultimatelydegradeinteractive
performancefor largecontactareas.All of theseshort-comingsareaddressedby this the-
sis.Nevertheless,evenwith theselimitations,theprecomputedFEM modelof [BC96] is of
practicaluse,e.g.,in brainsurgerysimulation[HL98] andForschungszentrumKarlsruhe's
commercialKISMET endoscopicsurgerysimulators[KcM99].
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1.1.3 Subdivision and Wavelets

We make extensive useof multiresolutionmodelingrelatedto Loop subdivision surfaces
[Loo87] andtheir displacedvariants[LMH00]. Suchgeometricsubdivision schemeshave
provento behighly successfulgeometricmodelingtools[Sub00, War95,DKT98,CPD+ 96,
ZSS96,ZSS97]. For the BEM, notablebene�ts of subdivision meshingarehigh-quality
surfacetriangulationsandcontrolover meshuniformity. We alsoexploit thesemi-regular
subdivisionmeshstructureto de�ne interpolatingmultiscalebases,suchassurfaceadapted
hierarchicalbasisfunctions[Yse86].

We aremostlyconcernedwith theef�cient representationof Green's functionsde-
�ned on subdivision surfaces.Naturaltoolsherearesubdivision wavelets[LDW97], since
geometricsubdivisionhasdeepconnectionswith waveletsandtheconstructionof multires-
olution analyses(MRA) on generalmanifolds. We make extensive useof suchwavelets
basedon thelifting scheme[Swe98,SS95a,SS96],sincethis providesa way to ef�ciently
representfunctionson arbitrarysurfaces[SS95a, SS95b]aswell asa meansto construct
fastO(n) wavelettransformsfor usein GF fastsummationcalculations.

Ef�cient GF representationis alsorelatedto the muchlarger areaof multiresolu-
tion andprogressive geometricrepresentation[KSS00], and the ef�cient representionof
functionson surfaces[KL97]. The issuesgoverningchoiceof waveletsvariesbecauseof
the very differentquantitiesbeingrepresented.In particular, 3D geometryandquantities
de�ned on it constitutea very broadclassof functions,whereasdisplacement�elds for 3D
boundaryGreen's functionsof elliptic PDEsarea very particularclassof functionswhich
aretypically extremelysmooth(or nearlyconstant)over very largeportionsof thesurface
with the exceptionof fastvariationsnearconstraints.For example,a surfaceregion de-
scribedby a GF maybelocally undergoingtranslation(constantdisplacement�eld) while
theunderlyinggeometryis highly complex. For suchreasons,we have observedthatvery
simplewavelets,suchaslifted linearwavelets,haveperformancecomparableto oftenbetter
performingsmootherbases,suchaslifted butter�y wavelets.

Our multiresolutionelastostaticsurfacesplinesalsohave connectionswith varia-
tional and physically-basedsubdivision schemes[DLG90, WW98, WW99, WW00]. A
relevant point is that the multiresolutionframework presentedherecanbe usedto accu-
ratelysolveboundaryvalueproblemsarisingfrom inhomogeneouslinearpartialdifferential
equationsby accuratelymodelingthenonlocal(dense)in�uencesof (changing)boundary
conditions.This contrastswith the local rulesobtainedfor subdivision modeling,e.g.,of
linearStokes�o w [WW99], which do not solve arbitraryboundaryvalueproblemsperse
but ratherprovideatool for convenientvariationalmodelingof plausiblephysicalsolutions.
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1.1.4 FastSummationand Integral Transforms

Our work on waveletGreen's functionsis stronglyrelatedto multiresolutiondiscretization
techniques[BCR91b, ABCR93] for sparselyrepresentingintegral operatorsandobtaining
fastsummationsfor fastmatrix multiplication. However, unlike the casesfrom classical
potentialtheory wherethe integral operator's kernel is explicitly known [JS77] and can
be exploited [GR87, HN89, YNK01], or for waveletradiosity in which the form factors
may be extractedrelatively easily [GSCH93], herethe integral operator's discretematrix
elementsarede�ned implicitly asGreen's functionswhich areobtainedby solvinga class
of boundaryvalueproblems.Nevertheless,it is known that such(Green's function) inte-
graloperatorswhichdescribethesolutionsto boundaryvalueproblemsarisingfrom elliptic
partialdifferentialequationsmaybeef�ciently representedin waveletbases[Bey92]. How-
ever, unlike thesemultiresolutiondiscretizationapproachesthat arecommonlyusedwith
iterative solutionmethods,we arenot primarily interestedin performingfastmatrix-vector
multiplieswith thefull Green's functionmatrix; we alsorequirea numberof speciallyop-
timizedmatrix-vectormultiplicationandmatrix elementextractionoperationsfor usewith
capacitancematrixalgorithmconstraintsolver.

1.1.5 CapacitanceMatrix Algorithms

Themainfocusof thiswork is oncapacitancealgorithmsusedfor updatingmatricesin the
solutionof linearalgebraicsystems.This topic hasa long andinterestinghistory [OW79,
PW80,Dry83, CS85, Yip86, KT87, Che87, Hag89, GMW91, Rie92, LV98, AGH01] dat-
ing backto thepioneeringwork by Sherman,Morrison,Woodbury [She53,SM50,Woo50,
PFTV87]anda few others.The rangeof applicationof thesemethodsis very broad,and
hundredsof papershave beenpublishedon updatingmatrices,especiallyfor optimization
andleastsquares[Hag89].Thereis alsoa fundamentalrelationbetweencapacitancemeth-
odsanddomaindecomposition,imbeddingandSchurcomplements,e.g.,see[PV94,PV95]
andreferencescontainedtherein,andthisis discussedlaterin thecontext of multizonemod-
els with precomputedGFs. Recently, a generalizedcapacitancematrix algorithm[LV98]
hasappearedfor updatingmatriceswith generaldimensionsandrank.

1.1.6 CapacitanceMatrix Updating and Downdating

Methodsfor updatinganddowndating5 thecapacitancematrix inverse,in which rows and
columnsarerespectively addedor deleted,arevery importanttoolsfor exploiting temporal
coherencewith theCMAs (discussedin x2.3).Matrix factorizationsmayalsobeef�ciently
updated[GL96, GMW91], in additionto updatingtheexplicit capacitancematrix inverse.

5I will referto updatinganddowndatingcollectively asupdating.
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This is not a new idea, as the updatingof capacitanceinversesand their factorizations
hasbeena useful tool for a few decades,e.g., in linear programmingandquasi-Newton
recurrences[BGS70,BG66, Hag89]. Ef�ciently updatingQR factorizationshasbeenan
importantproblem,e.g.,for leastsquares(see [GL96] andreferencestherein).It is possi-
bleto updateLU factorizations[GL96,GGMS74,Ste79];howeverfor variousreasons,e.g.,
pivoting requirements,this canbeproblematic.While therearenicepropertiesof QR fac-
torizationsfor thecapacitanceproblem,e.g.,stability, thegenerallylargercostof updating
matrix factorizationscomparedto inversesleadsusto explicitly considerinverseupdating
methods.

1.1.7 Static Reanalysisand Contact Mechanics

The engineeringcommunityusesupdatingmethodsfor the analysisof elasticstructures
undergoingchanges,e.g.,duringa designprocess,andit is generallyreferredto asstatic
reanalysis(see[Aro76, KT87, BH93] for comprehensive reviews). Thesenumerousdirect
solutiontechniquesarevery similar to the generalmatrix updatingschemes,andit turns
out thatmany arerelatedto theSherman-Morrison-Woodbury formula. It is alsopossible
to extendreanalysisto handlenonlinearmaterialchanges[AGH01].

Theformaldescriptionof contactbetweendeformable/rigidobjectsusingunilateral
inequalities(precludingtensilecontacttractionsandmaterialinterpenetration)andfurther
equationsapproximatingfriction andothercontactphysics, is the subjectof contactme-
chanics[Joh85,BC00]. In theBE contactcommunity, Sherman–Morrison–Woodbury re-
latedmethodsarecommonlyusedto modify contactconstraintsbetweencontactingelastic
bodies[EO89, MAR93]; this providedaninsightwhich eventuallyled usto useCMAs for
solving contactproblemsinteractively, e.g.,in [JP99a].Couplingelasticmodelstogether
is alsorelatedto domaindecompositionandmultizonemodels,andthis is discussedlater
in x5.1 in the context of precomputedGF models. While the methodsdescribedin this
thesisareappropriateandintendedfor solving quasistaticcontactproblems,we focuson
developingfastmethodsfor computingthe structuralresponseof elasticmodels,anddo
not explicitly addressthesolutionof contactproblems.Theselatter issuesarealreadyad-
dressedby theliterature(althoughnot in aninteractive context), andwe have madeuseof
this information in our software for interactive simulationof deformationresultingfrom
contact.

1.2 ThesisOrganizationand Contrib utions

Theorganizationandcontributionsof eachchapterof this thesisareasfollows:

� Chapter2 introducestheCapacitanceMatrix Algorithm (CMA) for interactivesimu-
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lation of Green's function(GF) basedphysicalmodels(x2.1-2.2).We usea generic
formulationandnotationwhich separatesdiscretizationdetailsfrom simulationis-
sues.This formulationhighlightstheroleof thecapacitancematrix in theBVP solu-
tion processandalsosimpli�es discussionof latermaterial.The�nal section(x2.3)
providesextensivedetailonef�cient methodsfor sequentialupdatingandcachingof
capacitancematrix inversesto exploit temporalcoherencein BVPs.

� Chapter3 introducesseveral new multiresolutionenhancementsfor the CMA. A
summaryof multiresolutionanalysison manifolds is given for second-generation
biorthogonalvertex-basedwaveletswith fastlifted wavelettransforms(x3.1). These
areusedto constructsparsewaveletGF approximationswhichyield substantialcom-
pression(x3.2). This also allows the de�nition of a fast summationCMA which
signi�cantly improvessimulationspeedsfor largemodels(x3.3). A multiresolution
constraintformalismbasedon hierarchicalbasisfunctionsis alsointroduced(x3.4)
to improve the ef�ciency of simulatingdetailedmodels,especiallyin the presence
of numerous(updated)constraints.GFscorrespondingto hierarchicalconstraints,or
hierarchical GFs(x3.5),areusedto de�ne anhierarchicalCMA (x3.6)alsosupport-
ing fastsummation.Approachesfor multiresolutionanddetailedrenderingarealso
discussed(x3.7).

� Chapter4 outlinesthespecialpropertiesof theCMA for hapticinteraction.Section
4.1 illustratesthespecialrole of thecapacitancematrix asa surfacecompliance,and
its usefor forcefeedbackof distributedcontact.Theimportantspecialcaseof point-
likecontactfor forcefeedbackrenderingis consideredin x4.2.Weintroducepressure
masksfor smoothforcerenderingandconsistentscale-speci�cde�nition of boundary
conditionsfor theotherwiseill-de�ned caseof point contact.

� Chapter5 presentsseveraladvancedmodelingtechniquesfor extendingtheGF sim-
ulationframework to includenonlinearstrainand/ormaterialproperties.Aspectsof
multizoneGF modelsfor simulationarediscussed(x5.1), andextensionsfor multi-
zoneelastostatickinematicmodelswith largestrainarederived.

� Chapter6 addressesthe generationof GFsprior to simulation. Numericalprecom-
putationis discussedin x6.1with anemphasison boundaryintegral methods;exam-
plesareprovidedfor directBEM matrix solver, aswell asa preconditionediterative
methodemploying fast integral transformsbasedon wavelets. As an alternative to
numericalprecomputation,theacquisitionof multiresolutionGFmodelsusingreality
basedmodelingtechniquesin introducedin x6.2.

� Chapter7 presentsvariousexperimentalresults. Timings of key CMA operations
aregiven in x7.2 for typical BVP solutionandcapacitancematrix inversioncosts,
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andfor sequentialcapacitancematrix inverseupdatingin x7.3. Bene�ts relatedto
multiresolutionenhancementsaredescribedin x7.4 for (hierarchical)GF compres-
sionandconsequentfastsummationspeedup.Theremainderof thechapterdiscusses
forcefeedbacksimulationexamples(x7.5),precomputationtimes(x7.6),andwavelet
compressionof realitybasedmodels(x7.7).

� Chapter8 presentsourconclusionsandsuggestionsfor futurework.

Severalappendicesprovidetutorialsonboundaryintegralformulationsof Navier'sequation
(xA) andtheboundaryelementmethod(BEM) (xB), aswell asajusti�cation of ourpressure
maskapproachfor point contact(xC), andan overview of the systemsystemdeveloped
duringthis thesisproject(xD).
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Chapter 2

Interacti veSimulation of Green's
Function ModelsusingMatrix

Updating Techniques

2.1 Linear ElastostaticBoundary Model Preliminaries

Linear elastostaticobjectsare generalizedthreedimensionallinear springs,and as such
they areusefulmodelingprimitivesfor physically-basedsimulations.In thissection,back-
groundmaterialfor a genericdiscreteGreen's function (GF) descriptionfor a variety of
precomputedlinear elastostaticmodelsis provided. While this chaptercan standon its
own to a certaindegree, it is not an introductionto this topic, and the readerunfamil-
iar with suchmodelsmight alsoconsulta suitablebackgroundreferencebeforecontinu-
ing [Bar92,Har85, Zie77,BTW84,JP99a].Conceptually, GFsform a basisfor describing
all possibledeformationsof a linear elastostaticmodelsubjectto a certainclassof con-
straints.This is usefulbecauseit (1) providesa commonlanguageto describeall discrete
models,(2) subsumesextraneousdiscretizationdetailsby relating only physical quanti-
ties, and(3) clari�es the generalityof the force feedbackandmultiresolutionalgorithms
describedlater.

Anotherbene�t of usingGFsis thatthey provideanef�cient meansfor exclusively
simulatingonly boundarydata(displacementsandforces). This is usefulwhenrendering
of interior datais not requiredor in caseswhereit maynot evenbeavailable,suchasfor
reality-basedmodelsobtainedvia boundarymeasurement[PvdDJ+ 01]. While it is possible
to simulatevariousinternalvolumetricquantities(x2.1.5),simulatingonly boundarydata
involveslesscomputation.This is suf�cient sincein interactive computergraphicswe are
primarily concernedwith haptic interactionsthat imposesurfaceconstraintsandprovide
feedbackvia visiblesurfacedeformationandcontactforces.
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2.1.1 Geometryand Material Properties

Given that the fastsolutionmethodis basedon linear systemsprinciples,essentiallyany
linear elastostaticmodel with physical geometricand materialpropertiesis admissible.
We shall considermodelsin threedimensions,althoughmany argumentsalso apply to
lower dimensions.Suitablemodelswould of courseincludeboundedvolumetricobjects
with variousinternalmaterialproperties,aswell asspecialsubclassessuchasthin plates
andshells. Sinceonly a boundaryor interfacedescriptionis utilized for specifyinguser
interactions,otherexotic geometriesmay alsobe easilyconsideredsuchassemi-in�nite
domains,exterior elasticdomains,or simply any setof parametrizedsurfacepatcheswith
a linear response.Similarly, numerousrepresentationsof the surfaceandassociateddis-
placementshapefunctionsarealsopossible,e.g.,polyhedra,NURBSandsubdivision sur-
faces[Sub00]. Theundeformedboundaryis denotedby � .

Gu Figure2.1: Illustration of discretenodal displacementsu
de�ned at verticeson the undeformedboundary� (solid
blue line), that result in a deformationof the surface(to
dashedred line). Although harderto illustrate,a similar
de�nition existsfor thetractionvector, p.

2.1.2 Nodal Displacementsand Tractions

The changein shapeof the surfaceis describedby the surfacedisplacement�eld u(x),
x 2 � , andthesurfaceforcedistribution is calledthetraction �eld p(x), x 2 � . We will
assumethateachsurface�eld is parametrizedby n nodalvariables(seeFigure2.1),sothat
thediscretedisplacementandtractionvectorsare

u = [u1; : : : ; un ]T (2.1)

p = [p1; : : : ; pn ]T ; (2.2)

respectively, whereeachnodal value is a vector in R3. This descriptionadmitsa very
largeclassof surfacedisplacementandtractiondistributions,suitablefor consideringthose
associatedwith elasticitydiscretizations.

Eachdiscretevector�eld u andp havecontinuouscounterparts,whosecomponents
belongto acontinuousscalarspaceon themodel'sboundary, e.g.,

L = spanf � j (x); j = 1: : : n; x 2 � g; (2.3)

where� j (x) is ascalarbasisfunctionassociatedwith thej th node.Thecontinuoustraction
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�eld maythenbede�ned asa3-vectorfunctionwith componentsin L ,

p(x) =
nX

j =1

� j (x)pj ; (2.4)

The force on any surfaceareais equalto the integral of p(x) on that area. We canthen
de�ne thenodalforceassociatedwith any nodaltractionas

f j = aj pj where aj =
Z

�
� j (x)d� x (2.5)

de�nestheareaassociatedwith thej th node.A similar spaceexistsfor thecontinuousdis-
placement�eld components,andis in generaldifferentfrom thetraction�eld, andperhaps
moresmooth.

Our implementationuseslinearboundaryelementmodels,for which thenodesare
verticesof aclosedtrianglemeshmodelusingLoopsubdivision[Loo87]. Suchsurfacesare
convenientfor obtainingmultiresolutionmodelsfor renderingaswell assmoothlyparam-
eterizedsurfacessuitablefor BEM discretizationanddeformationdepiction.We describe
boththetraction�eld andthepolyhedraldisplacement�eld usingcontinuouspiecewiselin-
earbasisfunctions:� j (x) representsa “hat function” locatedat the j th vertex normalized
so that1 � j (x i ) = � ij : Givenour implementation,we shall often refer to nodeandvertex
interchangeably. The displacementandtraction�elds both have convenientvertex-based
descriptions

uj = u(x j ); pj = p(x j ); (2.6)

wherex j is thej th vertex.

2.1.3 DiscreteBoundary ValueProblem(BVP)

At eachstepof thesimulation,a discreteBVP mustbesolvedwhich relatesspeci�ed and
unspeci�ednodalvalues,e.g.,to determinedeformationandforcefeedbackforces.With-
out loss of generality, it shall be assumedthat either position or traction constraintsare
speci�edat eachboundarynode,althoughthis canbeextendedto allow mixedconditions,
e.g.,normaldisplacementandtangentialtractions.Let nodeswith prescribeddisplacement
or tractionconstraintsbespeci�edby themutuallyexclusive index sets� u and� p, respec-
tively, sothat� u \ � p = ; and� u [ � p = f 1; 2; :::; ng. In orderto guaranteeanequilibrium

1� ij is theKronecker deltafunction,

� ij =
�

1; i = j ;
0; i 6= j
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constraintcon�guration we will requirethat thereis at leastonedisplacementconstraint,
i.e., � u 6= ; . Weshallreferto the(� u ; � p) pair asthesystemconstraintor BVPtype.

Typical boundaryconditionsfor a force feedbackloop consistof specifyingsome
(compactlysupported)displacementconstraintsin theareaof contact,with freeboundary
conditions(zerotraction)andother(often zerodisplacement)supportconstraintsoutside
thecontactzone.Thesolutionto (2.8)yieldstherenderedcontactforcesandsurfacedefor-
mation.

Denotetheunspeci�edandcomplementaryspeci�ednodalvariablesby

vj =

(
pj : j 2 � u

uj : j 2 � p
and �vj =

(
uj : j 2 � u

pj : j 2 � p
; (2.7)

respectively. By linearity of thediscreteelasticmodel,thereformally existsa linear rela-
tionshipbetweenall nodalboundaryvariables

0 = Av + �A�v = Av � z (2.8)

wherethe BVP systemmatrix A and its complementarymatrix �A are, in general,dense
blockn-by-n matrices[Har85]with 3-by-3blocks.

Bodyforcetermsassociatedwith otherphenomena,e.g.,gravity, havebeenomitted
for simplicity, but canbe includedsincethey only addanextra contribution to thez term.
Moregenerally(2.8)maybewritten

0 = Av + �A�v � b = Av � z (2.9)

where
z = b � �A�v: (2.10)

For laterpurposes,it is usefulto parametricallydescribecontributionsto b as2

b = B� =
X

j

B:j � j (2.11)

where� aresomescalarparameters.For example,gravitationalbody forcecontributions
canbeparameterizedin termsof gravitationalacceleration,g 2 R3.

A fundamentalrelationshipbetweenBVP systemmatrices(A; �A) arisingfrom dif-
ferentBVP types(� u ; � p) is that they are relatedby exchangesof correspondingblock
columns,e.g.,(A:j ; �A:j). Thereforechangesto a small numberof nodesin the BVP type
will resultin low-rankchangesto theBVP systemmatrices(seex2.2.3).

While theboundary-onlysystemmatricesin (2.8) couldbeconstructedexplicitly,
e.g.,via condensation[Zie77] or usingaboundaryintegral formulation(seenext section),it
neednotbein practice.Equation2.8isprimarilyacommonstartingpointfor laterde�nition
of GFsandderivationof theCMA, while GFsmaybecomputedbyanyconvenientmethod.

2Notation:Throughoutwe usea colonsubscriptto referto all componentsof a matrix quantity,
e.g.,B:j representsthej th (block)columnvectorof thematrixB.
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2.1.4 Example: Boundary ElementMethod (BEM) Models

Closed-formde�nitions of (A; �A) are possiblefor boundaryelementmodels([BTW84,
JP99a],AppendixB). BEM discretizationsarepossiblefor modelswith homogeneousand
isotropicmaterialproperties.The surfacenodalquantitiesarerelatedby the denselinear
blockmatrix system

0 = Hu � Gp (2.12)

0 =
nX

j =1

hij uj �
nX

j =1

gij pj ; i = 1: : : n; (2.13)

whereG andH aren-by-n block matrices,with eachmatrix element,gij or hij , a 3-by-3
in�uence matrix with known formulae[BTW84]. In this case,thej th block columnsof A
and�A maybeidenti�ed ascolumnexchangedvariantsof GandH:

A:j =

(
� G:j : j 2 � u

H:j : j 2 � p
and �A:j =

(
H:j : j 2 � u

� G:j : j 2 � p
: (2.14)

2.1.5 FastBVP Solution with Green'sFunctions (GFs)

Green's functions(GFs)of a singleBVP type provide an economicalmeansfor solving
(2.8)for thatBVP, andwhencombinedwith theCMA (x2.2)will alsobeusefulfor solving
otherBVP types.From(2.8),thegeneralsolutionof aBVP type(� u ; � p) maybeexpressed
in termsof discreteGreen's functions(GFs)3 as

v = � �v =
nX

j =1

� j �vj =
X

j 2 � u

� j �uj +
X

j 2 � p

� j �pj ; (2.15)

wherethediscreteGFsof theBVP systemaretheblockcolumnvectors

� j = �
�
A� 1 �A

�
:j (2.16)

and
� = � A� 1 �A = [� 1� 2 � � � � n ] : (2.17)

Equation(2.15) may be taken as the de�nition of the discreteGFs,sinceit is clear that
the j th GF simply describesthe linear responseof the systemto the j th node's speci�ed

3Noteon GF terminology:we areconcernedwith discretenumericalapproximationsof contin-
uousGFs,however for conveniencetheseGFvectorswill simplybereferredto asGFs.
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boundaryvalue,�vj (seeFigure2.2). This equationmaybeinterpretedasthediscreteman-
ifestationof a continuousGreen's function integral equation4. Oncethe GFshave been
computedfor oneBVP type,thatBVP maythenbesolvedeasilyusing(2.15). An attrac-
tive featurefor interactive applicationsis that the entiresolutioncanbe obtainedin 18ns
�ops5 if only s boundaryvalues(BV) arenonzero(or havechangedsincethelasttimestep);
moreover, individual componentsof the solutionmay alsobe computedindependentlyat
proportionatelysmallercosts,asshown below.

Parameterizedbodyforcecontributionsmayalsobeincludedin (2.15)to yield the
summation

v = � �v +
�
A� 1B

�
� ; (2.19)

for which thematrix
�
A� 1B

�
couldbeprecomputed.

Temporalcoherencemayalsobeexploitedby consideringtheeffect of individual
changesin componentsof �v on thesolutionv. For example,givena sparsesetof changes
to theconstraints,� �v, if follows from (2.15)thatthenew solutioncanbeincrementedef�-
ciently,

�vnew = �vold + � �v (2.20)

vnew = vold + � � �v: (2.21)

By only summingcontributionsto constraintswhich have changedsigni�cantly, temporal
coherencecanbeexploitedto reduceBVP solve timesandobtainfasterframerates.

Furtherleveraginglinearsuperposition,eachGFsystemresponsemaybeenhanced
with additionalinformationin orderto simulateotherprecomputablequantities.In thisway,
volumetricstress,strainanddisplacementdatamayalsobesimulatedat preselectedloca-
tions.For example,aGFcouldbeaugmentedwith additionalrowscontainingquantitiesto
besuperposed,

� modif ied
j =

2

6
6
6
6
4

� j

uvolume
j

...
� j

3

7
7
7
7
5

(2.22)

4Thecontinuousrepresentationmaybewritten, in anobviousnotation,as

v(x) =
Z

� u

� u (x ; y ) �u(y )d� y +
Z

� p

� p(x ; y ) �p(y )d� y (2.18)

5Flopsconvention[GL96]: countboth+ and� . For example,thescalarsaxpy operationy :=
a � x + y involves2 �ops, sothatthe3-by-3matrix-vectormultiply accumulate,vi := � ij �vj + vi ,
involves9 saxpy operations,or 18 �ops.
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v = 0 v = � j ẑ

v = � j x̂ v = � j ŷ

Figure2.2: Illustrationof thej th Green's functionblock column,� j = � :j , representingthe
model's responsedueto the threeXYZ componentsof the j th speci�ed boundaryvalue,
�vj . Herethevertex belongsto the(“free”) tractionboundary, j 2 � p, andso� j is literally
thethreeresponsesdueto unit tractionsappliedin the(RGB color-coded)XYZ directions.
Whiteedgesemanatingfrom the(displaced)j th vertex helpindicatetheresultingdeforma-
tion. Notethat thevertex doesnot necessarilymove in thedirectionof theXYZ tractions.
Using linear superposition,the CMA candeterminethe combinationsof theseandother
tractionsrequiredto moveverticesto speci�edpositions.
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Applicationscould usethis to monitor stressesandstrainsto determine,e.g., if fracture
occursor that a nonlinearcorrectionshouldbe computed. The multiresolutionmethods
presentedlatercanbeextendedto ef�ciently handlesuchvolumetricdata.

2.1.6 Precomputationof Green'sFunctions

SincetheGFsfor a singleBVP typeonly dependon geometricandmaterialpropertiesof
the deformableobject, they may be precomputedfor usein a simulation. Obtainingthe
GF deformationbasisaheadof time is a key stepthatprovidesa dramaticspeed-upfor the
simulation.While this is notnecessarilyahugeamountof work (seeTable7.7)(p.118),the
principalbene�ts for interactive simulationsarereducedlatency dueto theavailability of
theGF elementsvia cheaplook-uptableoperations,andeliminationof redundantruntime
computation.For example,usinga hapticdevice to graba vertex of themodelandmove
it aroundsimply rendersa singleGF, however an iterative methodwould recomputethe
solutioneachtime.

Onceasetof GFsfor aLEGFM areprecomputed,theoverallstiffnesscanbevaried
at runtime by scalingBVP forcesaccordingly, however changesin compressibilityand
internalmaterialdistributionsdo requirerecomputation.In practiceit is only necessaryto
computethe GF correspondingto nodeswhich may have changingor nonzeroboundary
valuesduringthesimulation.

Furtherdetailsof the approachestaken for precomputationof GFs (using BEM
models)aswell asroboticmeasurement[PvdDJ+ 01] arediscussedin Chapter6.

2.2 Fast Global Deformation using CapacitanceMatrix Algo-
rithms (CMAs)

This sectionpresentsanalgorithmfor usingtheprecomputedGFsof a relevant reference
BVP(RBVP) typeto ef�ciently solveotherBVP typesby avoiding redundantcomputation
andproviding randomaccessto solutioncomponents.This sectionon CMA laysthefoun-
dationfor theframework of thisthesis.With animprovednotationandemphasisonhaptics,
this sectionalsohelpsto unify andextendtheapproachespresentedin [JP99a] exclusively
for BEM models,andfor FEM modelsin, e.g.,[BC96], in a way that is applicableto all
LEGFMsregardlessof discretization.Thekey bene�t of the formulationfor hapticappli-
cationsis thatthecapacitancematrix is thesurfacecomplianceof thecontactzone.This is
discussedfurtherin x4.1.
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2.2.1 ReferenceBoundary ValueProblem(RBVP) Choice

A key stepin theprecomputationprocessis theidenti�cation of a RBVP type,denotedby
(� 0

u ; � 0
p), thatis similar to theBVP typesarisingduringasimulation.For interactionswith

anexposedfreeboundary, acommonchoiceis to have theuncontactedmodelattachedto a
rigid support(seeFigure2.3). Thesystemmatricesassociatedwith theRBVP aredenoted
by6 A0 and�A0, andthecorrespondingGFswill hereafterbesimply representedby � .

0
pL

0
uLFixed Boundary;

Free Boundary;

Figure 2.3: ReferenceBoundaryValue Problem(RBVP)De�nition: The RBVP associ-
atedwith a modelattachedto a �at rigid supportis shown with boundaryregionshaving
displacement(“�x ed”, � 0

u) or traction(“free”, � 0
p) nodalconstraintsindicated. A typical

simulationwould thenimposecontactson the freeboundaryvia displacementconstraints
with thecapacitancematrixalgorithm.

Figure2.4: RabbitmodelReferenceBoundaryValue Problem(RBVP):A RBVP for the
rabbitmodelis illustratedwith white dotsattachedto positionconstrainedverticesin � 0

u .
These(zero)displacementconstraintswerechosento hold therabbitmodeluprightwhile
userspushedonhisbelly in a forcefeedbacksimulation.

6It is convenientto usesubscriptsto identify A and �A matricesof differentBVPs. NotethatA0

and�A0 still representsquaren-by-n blockmatrices.
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2.2.2 Sherman-Morrison-Woodbury InverseUpdating Formula

The Sherman-Morrison-Woodbury (SMW) formula is usedto relateGFsof oneBVP to
thoseof anotherBVP, andis includedherefor reference.

Considerann-by-n blockmatrixB0, andasecondblockmatrixrelatedby ageneral
rank3s change

B = B0 + UVT ; (2.23)

wherebothU andV aren–by–s blockmatrices.TheSMW formula[PFTV87, GL96] gives
anexpressionfor therank3s differencebetweenB� 1

0 andB� 1, namely

B� 1 = B� 1
0 � B� 1

0 UC� 1VT B� 1
0 (2.24)

C = I + VT B� 1
0 U (2.25)

wherethes-by-s blockmatrixC is calledthecapacitancematrix. Thebene�t of this is that
only thesmallercapacitancematrix mustbeinvertedto obtainB� 1 if B� 1

0 is known. This
formula is alsousefulfor evaluatingmatrix-vectorproductswith the new inversewithout
explicitly forming it, which is thespirit in which it will beusedhere.

2.2.3 CapacitanceMatrix Algorithm (CMA) Formulae

PrecomputedGFsspeed-upthesolutionto theRBVP, but they canalsodramaticallyreduce
theamountof work requiredto solvea relatedBVP whenusedin conjunctionwith CMAs.
If this were not so, precomputingGreen's functionsfor a single BVP would have little
practicaluse.

Supposetheconstraint-typechanges,e.g.,displacement$ traction,with respectto
theRBVPats nodesspeci�edby thelist of nodalindices

S = f S1; S2; : : : ; Ssg: (2.26)

As mentionedearlier, it follows from (2.7) and(2.8) that the new BVP systemmatrices
(A; �A) arerelatedto thoseof theRBVP (A0; �A0) by s block columnswaps. This maybe
writtenas

A = A0 +
� �A0 � A0

�
EET (2.27)

�A = �A0 +
�
A0 � �A0

�
EET (2.28)

whereE is ann-by-s blockmatrix

E =
h
I:S1

I:S2
� � � I:Ss

i
: (2.29)

containingcolumnsof then-by-n identity block matrix, I, speci�ed by the list of updated
nodalindicesS. Postmultiplicationby E extractscolumnsspeci�edby S. Throughout,E is
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usedto write sparsematrixoperationsusingdensedata,e.g.,� , andliketheidentitymatrix,
it shouldbenotedthatthereis nocostinvolvedin multiplicationby E or its transpose.

An explicit formula for the GF matrix of the new BVP in termsof the old BVP's
GF matrix � canbeobtainedusingtheSherman-Morrison-Woodbury formula(x2.2.2)for
A� 1,

A� 1 = A� 1
0 � A� 1

0

� �A0 � A0
�

EC� 1ET A� 1
0 : (2.30)

Substitutingthis in theexpressionfor thenew GFsandsimplifying with theexpressionfor
theold GFs,

� = � A� 1
0

�A0; (2.31)

weobtain

� new = � A� 1 �A (2.32)

=
�
I + (E + (� E))C� 1ET

� �
�( I � EET ) � EET

�
(2.33)

= � + (� + I)EC� 1ET (� � I) (2.34)

It thenfollows immediately7 thattheBVP solutionmaybewritten in termsof theprecom-
putedGFs.Theresultingcapacitancematrix formulaefor v are

v = v(0)
|{z}
n � 1

+ (E + (� E))
| {z }

n � s

C� 1
|{z}
s � s

ET v(0)
| {z }
s � 1

(2.35)

whereC is thes-by-s capacitancematrix, anegatedsubmatrixof � ,

C = � ET � E; (2.36)

andv(0) is theresponseof theRBVPsystemto z, sothatA0v(0) = z and

v(0) = A� 1
0 z = � A� 1

0
�A�v =

�
�

�
I � EET

�
� EET

�
�v: (2.37)

If bodyforcesareincluded,it follows from (2.10)and(2.11)that(2.37)becomes

v(0) = A� 1
0 z = � A� 1

0
�A�v +

�
A� 1

0 B
�

� =
�
�

�
I � EET

�
� EET

�
�v +

�
A� 1

0 B
�

� : (2.38)

2.2.4 A CapacitanceMatrix Algorithm for Global Solution

With � precomputed,formulae(2.35)-(2.37)immediatelysuggestanalgorithmgiventhat
only simplemanipulationsof � andinversionof the smallercapacitancesubmatrixis re-
quired.An algorithmfor computingall componentsof v is asfollows:

7alternatelyfrom [JP99a] with A� 1
0 �AS= (I� �) E.
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� For eachnew BVP type(with a differentC matrix) encountered,constructandtem-
porarily storeC� 1 (or LU factors)for subsequentuse.

� Constructv(0) .

� ExtractET v(0) andapplythecapacitancematrix inverseto it, C� 1(ET v(0) ).

� Add thes columnvectors(E + (� E)) weightedby C� 1(ET v(0) ) to v(0) for the�nal
solutionv.

Eachnew capacitancematrix inversion/factorizationinvolves O(s3) work, after
which eachsolve takesno morethanO(ns) operationsgivenO(s) nonzeroboundaryval-
ues.This is particularlyattractivewhens� n is small,suchasoftenoccursin practicewith
localizedsurfacecontacts.

An importantfeatureof theCMA for interactivemethodsis thatit is adirectmatrix
solver with a deterministicoperationcount. It is thereforepossibleto predictthe runtime
costassociatedwith eachmatrixsolveandassociatedforcefeedbacksubcomputations(see
x4.1),thusmakingCMAs predictablefor real-timecomputations.

2.2.5 Numerical Stability of the CMA

The stability of solving a modi�ed linear system(2.23)usingthe SMW formula is deter-
minedby theconditioningof thematricesinvolved,therelativescalingof matrixquantities,
andtheparticular(nonunique8) choiceof theUVT updatepair;Yip [Yip86] hasshown that
if B andB0 arewell-conditioned,thenthereexists a choiceof updatepair suchthat the
processis stable.

Sinceour formulationinvolvesprecomputedGF quantities,andsothecapacitance
matrices(submatricesof theGFmatrix)areall explicitly known beforehand,understanding
stabilityissuesisslightlydifferent.Onthepracticalside,for theexamplemodelsconsidered
in this thesis,we have observed that the CMA, and in particularthe capacitancematrix
inversionandrelatedupdatingtechniques(in x2.3),have beennumericallystable,andcan
be evaluatedusing 32-bit �oating point operationsprovided that certainprecautionsare
taken(seebelow). TherearehowevercaseswheretheCMA canfail, andweshallmention
why thismightoccur.

In practice,themainprecautionto betakenregardstheappropriaterelative scaling
of quantitiesusedin the capacitancematrix formulae(2.35)-(2.37).SinceGFsareadded
andsubtractedfrom columnsof the identity matrix, to avoid problemstheGF's shouldbe
of a similar magnitude.This meansthat the tractionsanddisplacementsdescribedby the
rowsof theGFmatrix,aswell asthepostmultipliedconstraints,shouldbesuitablynormal-
ized. Suitablenondimensionalizationcanbe easilyachieved by describingdisplacements

8Considerinsertingans-by-s matrix factoredasXX� 1.
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asmultiplesof theobject's lengthscale,andtractionsin termsof theobject'saverageshear
modulus9. Without suchprecautions,the capacitancematrix inversioncaneasily leadto
catastrophiccancellationerrorsandbenumericallyunstable.For example,failure to suit-
ably rescalefor an objectof unit sizewith a large shearmodulus,e.g.,108, is askingfor
troublein singleprecisionarithmetic,andwill alsomakeprecomputationmoreproblematic.

This latter point leadsto the secondandmoreseriousaspectof stability: the nu-
mericalconditioningof invertedmatricesinvolved,i.e.,B0 andC = I + VT B

� 1
0 U. Because

of our precomputationphase,in practice,all problemsenterthroughthe GF matrix. Put
simply, the stability of the CMA, after suitablenondimensionalization,is limited by the
conditioningof the GF matrix andits submatrices.First, the issueof the conditioningof
B0 is really a moot point here,asB0 is a formality of our derivation, andhaseffectively
beensubsumedby the“black box” GF precomputationphase.In practiceit is possibleto
precomputetheGFsusinga suitablestablediscretizationscheme,e.g.,FEM or BEM, to a
speci�ableaccuracy. Thereforetherealstability concernis thecapacitancematrix, whose
expression(2.25)hasbeenconvenientlyidenti�ed asanegatedGFsubmatrix,thusavoiding
furthernumericalconcerns.Stablyupdatingfrom oneRBVP to all othervalid BVP types
requiresthatall possiblecapacitancematricesmustalsobewell-conditioned;this is amuch
strongerconditionthansimply requiringthattheGF matrix bewell-conditioned.This also
ensuresthattheGF summation(thelaststepof theCMA (x2.2.4))is well behaved,sothat
GFsof oneBVP typecanbeusedto describeGFsof anotherBVP type.

Theoverall conditioningof theGF submatricesdependson several factors:geom-
etry, materialproperties,underlyingdiscretization,accuracy of precomputedGFs,andthe
RBVP choice.It is dif�cult to make any generalstatementsregardingconditioningin this
case.If necessary, GFconditioningpropertiescouldbequanti�edbeforesimulationbegins.

Finally, later in this thesis,methodsareconsideredwhich introduceapproximation
errorsinto theGF matrix,e.g.,by waveletcompressionand/orreality-basedGF estimation
techniques.For a well-behavedGF matrix andsuf�ciently smallerrorsthereareno prob-
lems,however for GFswith badconditioningand/orlargererrorsoneis walking uponless
stableground. Nevertheless,for our presentedwavelet GF examples,we have observed
that theCMA hasbeenstablelong after theapproximation's utility hasvanished,e.g.,for
contactmechanicsproblems.

2.2.6 SelectiveDeformation Computation

A major bene�t of the CMA with precomputedGFsis that it is possibleto just evaluate
selectedcomponentsof the solutionvectorat runtime,with the total computingcostpro-

9Our BEM modelsareprecomputedwith unit shearmodulus,G, with overall stiffnessbeing
modi�ed at runtimeby suitablyscalinginput/outputtractions. On the otherhand,Poisson's ratio
cannotbechangedat runtimefor 3D objects.
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portionalto thenumberof componentsdesired.This randomaccessto theBVP solutionis
a key enablingfeaturefor hapticswhere,e.g.,contactforceresponsesaredesiredat differ-
entratesthanthegeometricdeformations.Selectiveevaluationis alsousefulfor optimizing
(self) collision detectionqueries,aswell asavoiding simulationof occludedor undesired
portionsof themodel.

In general,any subsetof solutioncomponentsmaybedeterminedat a smallercost
thancomputingv entirely. Let thesolutionbedesiredatnodesspeci�edby thesetof indices
D, with thedesiredcomponentsof v extractedby ET

D. Using (2.35),theselectedsolution
componentsmaybeevaluatedas

ET
Dv = ET

Dv(0) + ET
D (E + (� E)) C� 1ET v(0) (2.39)

usingonly O(s2 + sjDj) operations.ThecasewhereS= D is especiallyimportantfor force
feedbackandis discussedexclusively in thefollowing section.

Lastly, we mentionthatselective evalutionalreadyprovidesa mechanismfor mul-
tiresolutionrenderingof displacement�elds generatedusingtheCMA algorithm. For ex-
ample,randomaccessallows displacementsto beadaptively computedin a coarseto �ne
fashion,however, this will not reducesummationcostslike the wavelet fast summation
of x3.3.

2.3 SequentialCapacitanceMatrix Inversion

In many physical simulations,thereexists temporalcoherence.Changesin BVP typeare
dueto only smallmodi�cationsto thesetof updatednodesS (seeFigure2.5). Smallmod-
i�cations to S resultin low rankmodi�cations to thecapacitancematrix C. This temporal
coherencecanbe exploited by again usingmatrix updatingtechniquesto reducethe cost
of matrix inversion(or factorization).In practicethis “inversion”costcanbereducedfrom
O(s3) to O(s2) operationsin thepresenceof temporallycoherentBVP types.Sonot only
is thecapacitancematrix algorithmusefulfor solving largesystemsof equations,but it is
alsoausefultool in its own implementation[Hag89].

2.3.1 CapacitanceMatrix InverseUpdating Formulae

A formula for updatinga capacitancematrix inversefor a slightly modi�ed BVP, suchas
spreadingcontact,will now be presented.The bene�t of this inversionapproachis that
thecostof invertingthecapacitancematrix is reducedfrom O(s3) to O(s2s� ) operations,
wheres� is the numberof nodechangesbetweenthe two BVP. In practice,it shouldbe
expectedthats� � s. Comparedwith updatingfactorizations,it turnsout that it is (about
four times)cheaperto work explicitly with the matrix inverse(shown in x2.3.2). This is
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Figure2.5: Illustrationof temporal coherencein BVPtypeduringa contactsequence.

alsoconvenientin practicesinceit providesrandomaccessto individual elementsof the
inverse,e.g.,for randomaccessof forcefeedbackstiffnesses.

ConsiderthreeBVPs: (#0) theRBVP with known GFs,(#1) the�rst updatedBVP
with updatednodelist S1 for which we know thecapacitancematrix inverseC� 1

1 , and(#2)
the secondupdatedBVP for which we wish to determinethe capacitancematrix inverse
C� 1

2 , andwhich hasanupdatednodelist S2 = S1 � S� resultingfrom s� = jS� j distinct
nodesbeingaddedto S1. Wewill �rst only consideradditionof nodesto S1 andthenshow
in x2.3.5that this canbeusedfor ef�cient addanddeleteoperations.Thematrix view of
thedesiredC� 1

2 matrix with appendedrow andcolumn(+) correspondingto anadditional
updatednodebeingaddedto four othersis

C� 1
2 =

2

6
6
6
6
6
4

� � � � +
� � � � +
� � � � +
� � � � +
+ + + + +

3

7
7
7
7
7
5

: (2.40)

Thenecessaryrow expansionoperatorsarede�ned as

E1 � ES1 E� � ES� : (2.41)

Expressionsfor theBVP matricesare

A1 = A0 +
� �A0 � A0

�
E1ET

1 (2.42)
�A1 = �A0 +

�
A0 � �A0

�
E1ET

1 (2.43)

A2 = A1 +
� �A1 � A1

�
E� ET

� (2.44)

= A1 +
� �A0 � A0

�
E� ET

� (2.45)

wherein the last line we madeuseof an identity which follows from the previous two
expressions,

�A1 � A1 =
h

�A0 +
�
A0 � �A0

�
E1ET

1

i
�

h
A0 +

� �A0 � A0
�

E1ET
1

i
(2.46)
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= �A0 � A0 � 2
� �A0 � A0

�
E1ET

1 (2.47)

+ (2.48)
� �A1 � A1

�
E� =

� �A0 � A0
�

E� (2.49)

sinceET
1 E� = 0 (asS1

T
S� = ; ).

Wewill introduceaconvenientshortenednotationfor thecolumndifferences

� A1 =
� �A0 � A0

�
E1 (2.50)

� A� =
� �A0 � A0

�
E� (2.51)

sothat

A1 = A0 + � A1 ET
1 (2.52)

A2 = A1 + � A� ET
� (2.53)

andtheGFrelatedquantitiesto beusedin our �nal formulaeare

B1 = � A� 1
0 � A1 = (I + �) E1 (2.54)

B� = � A� 1
0 � A� = (I + �) E� : (2.55)

Wede�ne v(i ) astheBVP solutionsto

A0v(0) = z (2.56)

A1v(1) = z (2.57)

A2v = A2v(2) = z: (2.58)

Thecapacitancematrix formulae(2.35)impliesthatthey arethusrelatedby

v(1) = v(0) + B1 C� 1
1 ET

1 v(0) (2.59)

and

v(2) = A� 1
2 z (2.60)

= v(1) � A� 1
1 � A� C� 1

� ET
� v(1) (2.61)

= v(0) +
h

B1 B�

i
C� 1

2

"
ET

1

ET
�

#

v(0) (2.62)

wherewewish to obtainC� 1
2 . Substitutingexpression(2.59)for v(1) into expression(2.61)

for v(2) , usingtheupdatingformula(2.30)for A� 1
1 , andfactoringtermsyields

C� 1
2 =

"
C� 1

1 + C� 1
1 ET

1 B� C� 1
� ET

� B1 C� 1
1 C� 1

1 ET
1 B� C� 1

�

C� 1
� ET

� B1 C� 1
1 C� 1

�

#

C� 1
� =

�
I + ET

� ( A� 1
1 � A� )

� � 1

=
�
I � ET

� B� � ET
� B1 C� 1

1 ET
1 B�

� � 1
:

(2.63)
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In termsof GFmatrixblocksthisbecomes

C� 1
2 =

"
C� 1

1 + C� 1
1 B1� C� 1

� B�1 C� 1
1 C� 1

1 B1� C� 1
�

C� 1
� B�1 C� 1

1 C� 1
�

#

C� 1
� =

�
I � B�� � B�1 C� 1

1 B1�
� � 1

(2.64)

where
Bab = ET

a (I + �) Eb; a; b 2 f 1; � g: (2.65)

Noticethat theformulaconsistsentirelyof precomputedquantitiesandrow extractionop-
erationswith theexceptionof thetrivial s� –by–s� matrix inversionC� 1

� .

2.3.2 CapacitanceMatrix InverseUpdating Algorithm

Explicitly forming thenew capacitancematrix inverseC� 1
2 insteadof leaving it in thefac-

toredform of (2.64),leadsto moreef�cient evaluationandusein laterupdates.By carefully
evaluatingmatrix subexpressions,it canbeconstructedat costdominatedby 3 s � s � s�

blockmatrix-matrixmultiplies.Thesequenceof operationsis

1. LookupC� 1
1 ; B1� ; B�� ; B�1 .

2. Dominantmatrix-matrixmultiply

D1� = C� 1
1 B1� : (2.66)

Cost: 54s� s2 �ops.

3. Subdominantmatrix-matrixmultiply

D�� = B�1 D1� (2.67)

Cost: 54s2
� s �ops.

4. ConstructC� ,
C� = I � B�� + D�� (2.68)

Cost: 9s2
� + 3s� �ops.

5. ComputeC� 1
� . Cost: 72s3

� �ops.

6. Two matrix-matrixmultiplies(only B�1 C� 1
1 dominant)

D�1 = C� 1
� B�1 C� 1

1 (2.69)

Cost: 54s2
� s + 54s� s2 �ops. (Not all columnsarerequiredwhendeletingnodes.)
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7. Evaluate(required)elementsof C� 1
2 from theformula

C� 1
2 =

"
C� 1

1 + D1� D�1 D1� C� 1
�

D�1 C� 1
�

#

(2.70)

which involvesthethird and�nal dominantmatrix-matrixmultiply D1� D�1 . Cost:
54s� s2 + 54s2

� s + 9s2.

2.3.3 CostAnalysisof Updating Involving NodeAddition

Thetotal costof performingthis updateto adds� nodesto a previoussystemwith s= s1

nodesis

CostUpdate = 162(s� s2
1 + s2

� s1 +
4
9

s3
� ) + f 9(s2

1 + s2
� ) + 3s� g 
ops (2.71)

wherethe last setof termsin bracketsaresubdominantfor larger problems. In order to
comparethis costto thatof just performingLU decomposition(andinversion),it is useful
to write thecostin termsof thedimensionof the�nal resultingmatrix,s2, where

s2 = s1 + s� ! s1 = s2 � s� : (2.72)

In thisnotation,thecostof LU decompositionis

CostLU = 18s3
2 
ops (2.73)

andthecostof generatingthe inverseaswell is 4 timeslarger. Thereforethecostratio of
updatingto LU decompositionis

R =
CostUpdate

CostLU
= 9r (1 � r +

4
9

r 2) +
9s2

2 � 18s� s2 + 3s�

18s3
2

(2.74)

wherer = s� =s2. Neglectingthe lower orderfraction term which is only signi�cant for
smallproblems,e.g.,s2 < 10, weobserve thatupdatingis moreef�cient (R < 1) when

9r (1 � r +
4
9

r 2) < 1 ) r < 0:1261::: � 0:12 (2.75)

or when s� < 0:12s2. On the other hand, inverse updatingfor nodeaddition always
involvesfewer operationsthangenerating thematrix inversedirectly(usingLU decompo-
sitionandsubsequentmatrix inversion),since

9r (1 � r +
4
9

r 2) < 4 ) r < 1: (2.76)

For modestupdatesthesemethodsperformvery well in simulations;timingsareshown in
theResultschapter(x7). We will returnto costanalysisfor generaladdanddeleteupdate
operationsin x2.3.6.
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2.3.4 Comparison to Factorization Updating

Wenotethattheupdatednodesetcanbeincrementedmoreef�ciently usingthisalgorithm
for inversesthanexisting algorithmsfor factorizations.As mentionedearlier, dueto piv-
oting problemsLU factorizationsarenot suitablefor updating[GL96, GGMS74,Ste79],
unlikeQRfactorizationswhicharecommonlyused[GL96].

Foracostcomparisonwereferto ([GL96], x12.4“UpdatingMatrix Factorizations”)
whereit is shown (in x12.5.1)thatupdatingevena rank-onechangeto a QR factorization
of ann-by-n matrix requiresabout26n2 �ops. On theotherhand,theSherman-Morrison-
Woodbury formulacanbeusedto constructthe inverseaftera rank-onechangeusingap-
proximately2 matrix-vectormultipliesandonevectorouterproductfor a total costof 6n2

�ops. Similarly, thealgorithmjust presentedalsoonly requiresabout6n2 �ops to append
(or delete)asinglescalarrow andcolumnto thecapacitancematrix inverse.

2.3.5 Supporting Addition and Deletionof UpdatedNodes

Theformulaepresentedfor updatednodeadditiononly arealsousefulfor determiningan
algorithmsupportingsimultaneousadditionanddeletion. Updatednodesmay be deleted
by formally addingthe nodeto be deleteda secondtime but negating the corresponding
columnsin � A� (andthereforeB� also).Thisredundantupdatehastheeffectof subtracting
thecontribution to thesolutionproducedby theundesirednodes,but convenientlyprovides
a formula for the new capacitancematrix inverse: it is thenobtainedby only calculating
thoserows andcolumnsof the large redundantcapacitancematrix inversenot associated
with deletednodes.

Speci�cally, let theupdatingnodesetsbe

S1 = S1p � S� � (2.77)

S� = S� + � S� � (2.78)

where

S1p : nodesto bepersistent (2.79)

S� + : nodesto beadded (2.80)

S� � : nodesto bedeleted: (2.81)

Theredundantupdatingformulais then

v(2) = v(1) � A� 1
1 � A� C� 1

� ET
� v(1) (2.82)

= v(0) +
h

B1 B�

i
~C

� 1
2

"
ET

1

ET
�

#

v(0) (2.83)

32



= v(0) +
h

B1p B� � B� + (� B� � )
i

~C
� 1
2

2

6
6
6
4

ET
1p

ET
� �

ET
� +

ET
� �

3

7
7
7
5

v(0) (2.84)

where the over-sized redundantcapacitanceinverse ~C
� 1
2 containsunnecessaryrow and

columnsassociatedwith thedeletionprocess(� elements)

~C
� 1
2 =

2

6
6
6
6
6
6
6
6
6
6
6
6
4

� � � � � + + �
� � � � � + + �
� � � � � + + �
� � � � � + + �
� � � � � � � �

+ + + + � + + �
+ + + + � + + �
� � � � � � � �

3

7
7
7
7
7
7
7
7
7
7
7
7
5

(2.85)

(2.86)

andis not explicitly computed.Instead,the desiredcapacitancematrix inverseC� 1
2 only

containselementsnotassociatedwith deletion

C� 1
2 =

2

6
6
6
6
6
6
6
4

� � � � + +
� � � � + +
� � � � + +
� � � � + +
+ + + + + +
+ + + + + +

3

7
7
7
7
7
7
7
5

: (2.87)

Thenonredundantupdatingformulafor theBVP solutioncorrespondingto updatednodes

S2 = S1p � S� + (2.88)

is then

v(2) = v(0) +
h

B1p B� +

i
C� 1

2

"
ET

1p

ET
� +

#

v(0) : (2.89)

Note that while the inverseof the rank-de�cient matrix ~C2 doesnot exist, applying the
algorithmof x2.3.2 to computethe nonredundantentriesof C� 1

2 is not only ef�cient but
numericallystablein practice.Finally, for implementationourupdatednodelistsaresorted
for ef�cient searching,and the block structureshown in the capacitancematrix inverse
illustrationsis for pedagogicalpurposesonly.
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Lastlywe mentionthata moredirectapproachto deletionis to useupdatingon the
capacitancematrix to zerotheinteractionbetweendeletednodesandpersistent(andadded)
nodes.This is accomplishedby usingupdatingto replacethecapacitancematrix's deleted
node'sdth row andcolumnwith zerosexceptfor aoneon thediagonal,

C1 =

2

6
6
6
6
6
4

� � � � �
� � � � �
� � � � �
� � � � �
� � � � �

3

7
7
7
7
7
5

) ~C2 =

2

6
6
6
6
6
4

� � 0 � �
� � 0 � �
0 0 1 0 0
� � 0 � �
� � 0 � �

3

7
7
7
7
7
5

: (2.90)

The new inverseis thenonly evaluatedfor the persistent(andadded)elements.This is a
ranktwo update,whichwouldseemto costabouttwiceasmuchto evaluateastheprevious
approach,but becauseof sparsityin theupdate(let C = C1)

UVT = [(CddI:d � C:d) I:d][I:d (� Cd:)]T ; (2.91)

it is aboutthe same.The advantageof the algorithmfrom this sectionis that it doesnot
requirea sparsematrix implementationto be ef�cient, and the dominantupdatingwork
only involvesoptimizedLevel 3 BLAS operations.

2.3.6 CostAnalysisof UpdatesInvolving Addition and Deletionof Nodes

This sectionprovides�oating point operationcountsfor thegeneralupdatingcase,andis
slightly moreinvolvedthanthecaseinvolving only addednodesin x2.3.3,sincefor deletion
not all elementsof the expandedC� 1

2 matrix requirecomputation.We shall �rst usethe
analysisof x2.3.3,andthensubtracttheredundantoperations.As in x2.3.3,we will de�ne
the�nal numberof nodes,

s2 = s1 � s� + s+ ! s1 = s2 + s� � s+ (2.92)

wheres2 = jS2j, s1 = jS1j, s� = jS� � j ands+ = jS� + j Thenumberof updatednodesis

s� = s� + s+ : (2.93)

Thereforefrom (2.71)thecostof performingtheupdate,includingthecomputationof re-
dundantentriesassociatedwith deletion,is (leadingorderterms)

CostUpdate = 162(s� + s+ )
�

(s2 + s� � s+ )(s2 + 2s� ) +
4
3

(s� + s+ )2
�


ops :

(2.94)
Someavoidable redundantdeletion-relatedoperationslisted in the algorithm of

x2.3.2areasfollows:
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1. (Step2) Avoid computings� rowsof

D1� = C� 1
1 B1� : (2.95)

Avoid: 54s� s� s1 �ops.

2. (Step6) Avoid computings� columnsof

D�1 = C� 1
� B�1 C� 1

1 (2.96)

Avoid: 54s� s� s1 �ops.

3. (Step7) Userow andcolumnreducedformsof D1� andD�1 , respectively, to com-
puteD1� D�1 andD1� C� 1

� . Avoid: 54s� s� (2s1 � s� ) + 54s� s2
� �ops.

In totalwemayavoid

108s� s� s1 + 54s� s� (2s1 � s� ) + 54s� s2
� 
ops : (2.97)

Subtractingtheseoperationsfrom (2.94)andusing(2.92)for s1, thetotal updatingcost(to
leadingorder)in unitsof theLU decompositioncostis

R =
CostUpdate

CostLU
(2.98)

= f 9r + + 9r � g +
�

� 9r 2
+ + 6r � r+ + 15r 2

�

	
(2.99)

+
�

+4 r 3
+ + 3r � r 2

+ + 9r 2
� r+ + 10r 3

�

	

where
r+ =

s+

s2
; r � =

s�

s2
: (2.100)

Thecostfunctionreducesto (2.74)for purelyadditiveupdating(r � = 0)

R = 9r+ � 9r 2
+ + 4r 3

+ ; (2.101)

while for updatesonly involving deletion(r + = 0) it is

R = 9r � + 15r 2
� + 10r 3

� ; (2.102)

which justi�es theclaim thatpuredeletionupdatesaremorecostlythanpureaddition.For
comparison,puredeletionupdatesarecheaperthanLU decomposition(R < 1) andLU
inversegeneration(R < 4) when

R < 1 ! r � < 0:0950::: � 0:095 (2.103)

R < 4 ! r � < 0:2842::: � 0:28 (2.104)

For thegeneralcase,plotsof therelativecostfunctional(2.99)areshown in Figure2.6.
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Figure2.6: Plot of capacitancematrix inverseupdatingcostsin unitsof correspondingLU
decomposition.Plotsof R (equation2.99)versusthefractionof updatednodesadded(r + ,
“ADDED”) anddeleted(r � , “DELETED”). (Left) R < 1 rangeassociatedwith updates
cheaperthanLU decomposition,(Right) R < 4 rangeassociatedwith updatescheaperthan
LU decompositionfollowed by inversegeneration.In eachcase,it is clearly evident that
it is morecostly to deletenodesthanit is to addthem. In fact, updatingis alwaysmore
ef�cient thanLU inversionwhendeletionis not required.(Note: Shadingirregularitiesare
artifactsof Maple6.)

2.3.7 Prediction of Updating Costs

For real time applications,predictingthe cost of updatinga capacitancematrix inverse
for a set of nodeaddition and deletionoperationsis an importanttopic. We do this by
constructingan updatingcost functional � (S1; S2) which estimatesthe cost of updating
from a BVP with updatednodesetS1 to onewith S2 (wherethe lists arenonemptyand
unequal).This is especiallyusefulwhenmaintainingacacheof capacitancematrix inverses
(topicof followingsection),for thenit canbedecidedwhichof severalcachedBVP inverses
maybeupdatedmosteasily, or if theinverseshouldbeconstructedfrom scratch,or thatthe
fastestsolutionis too slow andsomethingmoredramaticmustoccur, e.g.,multiresolution
degradation(x3.6).

Predictionof updatinganddirect inversioncostsis performedusinga polynomial
costmodelcalibratedusingsoftware run timeson the samecomputerplatform usedfor
simulation. This takes implementationinto account,since�op countsare not always a
goodindicationof run times.Thecostmodelsfor directinversionandupdatingare

� LU D I nv erse =
X

0� � � 3

a� s�
2 (2.105)

� Updating =
X

0� � 2 ;� + ;� � � 3

a� 2 � + � � s� 2
2 s� +

+ s� �
� (2.106)

Thecoef�cients werecalibratedusingpreevaluatedtimingsfor a relevantrangeof values.
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2.3.8 CapacitanceMatrix InverseCachingStrategies

Whenrelatively smallchangesoccurin thecapacitancenodeset,it is moreef�cient to up-
datethepreviouscapacitancematrix inversethanit is to computetheinversefrom scratch.
For situationsin which thetemporalcoherenceis reducedandlargerchangesoccur, it can
beveryusefulto useamoresophisticatedcachingstrategy thansimply trying to updatethe
currentcapacitancematrix inverse.

Quickly queryinga modestdatabaseof alreadycomputedupdatesis worthwhile if
it resultsin suf�ciently lessupdatingwork. Givenasetof candidateupdatingnodelists

f S1; S2; : : : ; Sdg (2.107)

for which inversesarecached,wecomputetheminimumpredictedupdatingcost

� min
Updating = min

i
� (Si ; S0) (2.108)

to obtain the desiredBVP list, S0. This minimum cost computationis very cheap,and
lookup tablescanbe usedto reducethis cost further. The cheapestupdateis performed
if its estimatedcostis lessthanthat of computingthe inversefrom scratch,� LU D I nv erse.
For largedatasets,it will beimportantto cull “distant” elementssothattime is not wasted
computingthecostfunctional;we suspectthat this couldbeef�ciently achievedby cross-
indexing BVPson differentcriteria,e.g.,usinga spatialhierarchy of updatednodepopula-
tions.

Theeffectivenessof a cachingstrategy dependsheavily on thesequenceof BVPs
requiredby anapplication,however for physicalsimulationswith temporalcoherencewe
have found that cachingcanbe very useful. In the presenceof extremetemporalcoher-
ence,e.g.,only oneadd/deleteat a time,only thepreviousinverseis required,however for
largerupdatescachingis effective. A usefulstrategy is to cacheeachconstructedinverse
with a key indicatingthetime it waslastused.Additionsareaccompaniedby randomized
deletionof olderentriessuchthat the total memoryusageis bounded.A smallnurseryof
recentinversescontainstheentrieswhich areimperviousto deletionandarebestupdating
candidatesin thepresenceof coherence.
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Chapter 3

Enhancementsfor Multir esolution
Simulation

The Green's function (GF) basedcapacitancematrix algorithm(CMA) hasmany appeal-
ing qualitiesfor simulation,however it doessuffer inef�ciencies whenusedfor complex
geometricmodelsor large systemsof updatedconstraints.Fortunately, theselimitations
mostlyarisefrom usingdensematrix representationsfor thediscreteGF integral operator,
andcanbeovercomeby usingmultiresolutionbasesto controltheamountof datathatmust
bemanipulated.This chapterprovidesseveralmultiresolutionenhancementsfor theCMA
which generallyextendits applicability. We begin with a summaryof themultiresolution
analysistoolsthatwill beusedthroughouttheremainderof thiswork.

3.1 Summary of FastLifted WaveletTransforms on Manif olds

This sectionprovidesthenecessarynotationandbackgroundto describeour useof second
generationbiorthogonalwaveletsbasedon the lifting scheme[Swe98,SS95a, DS96] and
a commonnotationto describehierarchicalbases.This sectionis a summaryof material
presentedin [Swe98,SS95a]and usessimilar notation. Greatermathematicaldetail on
waveletscan be found elsewhere,e.g., [Dau92,CDF92]. With the exceptionof a very
minor clari�cation of the constructionof �lters at surfacedomainboundaries,we have
nothingnew to addto thismaterial.

The readerwho is familiar with this materialmay skip this summaryupon �rst
readingandproceeddirectly to “WaveletGreen'sFunctions”in Section3.2.

3.1.1 Multir esolutionAnalysis

Thissectiondescribestheconceptsandequationsbehindvertex-basedmultiresolutionanal-
ysisusingbiorthogonalwavelets.
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Given a spaceL 2 = L 2(� ; d�) describingvertex-basedfunctionson the surface,
the�rst stepis to constructasequenceof nestedspacesVj � L 2, j � 0; where[SS95a]

� Vj � Vj +1 (�ner spaceshavehigherindex),

�
S

j � 0 Vj is densein L 2,

� for eachlevel j , scalingfunctions� j ;k correspondingto verticesk 2 K(j ) exist so
thatf � j ;k jk 2 K(j )g is aRieszbasisof Vj .

For our semi-regular meshes,the nestedmultiresolutionvertex index setsK(j ) are illus-
tratedin Figure3.1; the�nest level L vertex index setcontainsall verticesin the(domain)
setandis denotedby K(L). Themeasured� describesdifferentialareasonourpolyhedral
boundary� . Thefact that thespacesarenestedimplies thateachscalingfunctionmaybe
writtenasa linearcombinationof �ner scalingfunctionsusinga re�nementrelation,

� j ;k =
X

l2K (j +1)

hj ;k;l � j +1 ;l ; (3.1)

wherehj ;k;l arede�ned for j � 0; k 2 K(j ), andl 2 K(j + 1).

Figure3.1: Illustrationof WaveletVertex Sets: Theimageshowsasimpletwo-level surface
meshpatchonlevel j + 1 (herej = 0). Thefour evenvertices(soliddots)belongto thebase
meshandconstituteK(j ), whereastheoddverticesof M (j ) all correspondto edge-splits
(“midpoints”) of parentedges.Theunionof the two setsis thesetof all verticeson level
j + 1, namelyK(j + 1) = K(j ) [ M (j ).

EachMRA is accompaniedby adualMRA consistingof spaces~Vj , with dualscal-
ing functions~� j ;k biorthogonalto thescalingfunctions

< � j ;k ; ~� j ;k0 > = � k;k0 for k; k0 2 K(j ): (3.2)

where< f ; g > =
R

f gd� is theinnerproducton thesurface� . Thedualscalingfunctions
alsosatisfya re�nementrelation

~� j ;k =
X

l2K (j +1)

~hj ;k;l
~� j +1 ;l : (3.3)
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In thebiorthogonalsetting,it is assumedthattheprimal anddualscalingfunctionsarenot
equal(hencenotorthogonal),andthattheprimalanddualspacesarealsonotequal(hence
not semi-orthogonal).This is useful in practicefor constructingfastwavelet transforms
whichhavesparse�lters andtunablewaveletproperties.

Waveletson level j describethedifferencebetweenadjacentlevelsof themultires-
olution representationby forming thebasisof Wj whereVj +1 = Vj � Wj . For our vertex
bases,the wavelet functionsaref � j ;m jj � 0; m 2 M (j )g, whereM (j ) � K(j + 1) is
an index setcorrespondingto odd verticesin K(j + 1) which areassociatedwith “edge
split” subdivision operations(seeFigure3.2). Ideally onewould like thewaveletsto form
a Rieszbasisfor L 2(�) , andthesetf � j ;m jm 2 M (j )g to form a Rieszbasisof Wj . Since
Wj � Vj +1 thewaveletson level j maybewritten in termsof scalingfunctionson level
j + 1

 j ;m =
X

l2K (j +1)

gj ;m;l � j +1 ;l for m 2 M (j ): (3.4)

A similar relationoccursfor thedualwaveletbasisfunctions

~ j ;m =
X

l2K (j +1)

~gj ;m;l
~� j +1 ;l for m 2 M (j ): (3.5)

Thedualwaveletbasisfunctionsarebiorthogonalto thewaveletsandsatisfy

<  j ;m ; ~ j 0;m 0 > = � m;m 0� j ;j 0; j ; j 0 � 0; m 2 M (j ); m0 2 M (j 0) (3.6)

< ~ j ;m ; � j ;k > = < ~� j ;k ;  j ;m > = 0; m 2 M (j ); k 2 K(j ) (3.7)

sothatfor f in L 2 wemaywrite

f =
X

j ;m

< ~ j ;m ; f >  j ;m =
X

j ;m


 j ;m  j ;m : (3.8)

It thenfollows thatthescalingfunctionssatisfytherelationship

� j +1 ;l =
X

k2K (j )

~hj ;k;l � j ;k +
X

m2M (j )

~gj ;m;l  j ;m ; l 2 K(j + 1): (3.9)

Theforwardfastwavelettransformmapsthescalingfunctioncoef�cients of afunc-
tion f ,

f � j ;k = < f ; ~� j ;k > jk 2 K(j )g; (3.10)

at the�nest level of resolutionj = L to thewaveletcoef�cients

f 
 j ;m j0 � j < L; m 2 M (j )g and f � 0;k jk 2 K(0)g: (3.11)
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This is recursively computedonelevel ata time, from �ne to coarsescales,as

� j ;k =
X

l2K (j )

~hj ;k;l � j +1 ;l (3.12)


 j ;m =
X

l2M (j )

~gj ;m;l � j +1 ;l : (3.13)

The inversetransformundoesthis processonelevel at a time, from coarseto �ne scales,
using

� j +1 ;l =
X

k2K (j )

hj ;k;l � j ;k +
X

m2M (j )

gj ;m;l 
 j ;m : (3.14)

3.1.2 The Lifting Schemeand FastLifted WaveletTranform

Thelifting schemeprovidesa straightforwardmeansof constructingsmall �lters g; h; ~g; ~h
correspondingto waveletswith desiredproperties.This is doneby startingfrom a simple
MRA andusinglifting to constructabetterperformingsetof �lters.

As in [SS95a],theold quantitiesaredenotedby “ o”, sothatthe�lters of theoriginal
MRA areho

j ;k;l , ~ho
j ;k;l , go

j ;k;l , and~go
j ;k;l . Thenthelifting schemerelatestheold andnew �lters

by

hj ;k;l = ho
j ;k;l (3.15)

~gj ;m;l = ~go
j ;m;l (3.16)

gj ;m;l = go
j ;m;l �

X

k2K (j )

sj ;k;m hj ;k;l (3.17)

~hj ;k;l = ~ho
j ;k;l �

X

m2M (j )

sj ;k;m ~gj ;m;l (3.18)

andguaranteesthat the resulting�lters arebiorthogonaland invertible for any valuesof
f sj ;k;m g. Thescalingfunctionsareunchangedbut thedualscalingfunctionandtheprimal
anddualwaveletshave all changed.Thenew basisfunctionsarerelatedby there�nement
relation

 j ;m =
X

l2K (j +1)

go
j ;m;l � j +1 ;l �

X

k2K (j )

sj ;k;m � j ;k (3.19)

~� j ;k =
X

l2K (j +1)

~ho
j ;k;l

~� j +1 ;l +
X

m2M (j )

sj ;k;m
~ j ;m (3.20)

It follows thatthefastwavelet transformafter lifting maybewritten asa sequence
of two stepsoneachlevel


 j ;m =
X

l2K (j +1)

~go
j ;m;l � j +1 ;l (3.21)
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� j ;k =
X

l2K (j +1)

~ho
j ;k;l � j +1 ;l +

X

m2M (j )

sj ;k;m 
 j ;m : (3.22)

Finally theinversefastwavelettransformis

� j +1 ;l =
X

k2K (j )

ho
j ;k;l

0

@� j ;k �
X

m2M (j )

sj ;k;m 
 j ;m

1

A +
X

m2M (j )

go
j ;m;l 
 j ;m : (3.23)

Thefastlifted wavelettransformis thenwritten factoredinto lifting stepsas

Analysis
For level = leafLevel to rootLevel

AnalysisI (level)
AnalysisII(level)

Synthesis
For level = rootLevel to leafLevel

SynthesisI (level)
SynthesisII(level)

Weshallconsiderspeci�c �lters in thefollowing sections.

3.1.3 Inter polating ScalingFunctions for Vertex Bases;Hierar chical Bases

Thelifting schemeallows �lters of interpolatingtransformsto beinterpretedasa lifting of
theLazywavelettransform,a trivial orthogonaltransformwhichsimplysubsamplesdata

ho
j ;k;l = ~ho

j ;k;l = � k;l and go
j ;m;l = ~go

j ;m;l = � m;l : (3.24)

By applicationof dual lifting to theLazy wavelet, the �lters associatedwith interpolating
scalingfunctionswith Diracdeltafunctionsastheir formaldualmaybewrittenas

hj ;k;l =

(
� k;l l 2 K(j )
~sj ;k;l l 2 M (j )

and ~gj ;m;l =

(
� ~sj ;l ;m l 2 K(j )
� m;l l 2 M (j )

(3.25)

Thecoef�cients f ~sj ;l ;m gl2K (j ) interpolatedatafrom nearbyeven verticesof K(j )
at the odd vertex m 2 M (j ). Let the requiredeven verticesnearm be denotedby K m .
The caseof linear interpolationhasthe two vertex stencilK m = f v1; v2g illustratedin
Figure 3.2, with interpolationweightsset to 1

2 . Other interpolantsmay also be usedto
increasethe dual wavelet's numberof vanishingmoments,e.g., quadraticinterpolation,
or its degreeof smoothness,e.g.,Butter�y interpolation[DLG90]. In practice,smoother
baseswork betterfor smootherdata,andlifted Butter�y waveletsappearto work well in
this respect[SS95a].TheButter�y interpolant's stencilis shown in Figure3.3.
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Figure3.2: Theedge-split stencilfor linear interpolation is usedto interpolateat anodd
vertex m 2 M (j ) usingthe (weighted)averageof valuesat its two aunt verticesK m =
f v1; v2g � K(j ).
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Figure 3.3: The edge-split stencil for Butter�y subdivision is used to interpolate
at an odd vertex m 2 M (j ) using the (weighted) average of values in K m =
f v1; v2; f 1; f 2; e1; e2; e3; e4g � K(j ). As with linear interpolation,the auntsof vertex
m will bede�ned asv1 andv2.

Theinterpolatingtransformanalysisandsynthesisstagesarethen

AnalysisI (j ) :

8k 2 K(j ) : � j ;k := � j +1 ;k (3.26)

8m 2 M (j ) : 
 j ;m := � j +1 ;m �
X

k2K m

~sj ;k;m � j ;k (3.27)

SynthesisII (j ) :

8k 2 K(j ) : � j +1 ;k := � j ;k (3.28)

8m 2 M (j ) : � j +1 ;m := 
 j ;m +
X

k2K m

~sj ;k;m � j ;k : (3.29)

Usingthesetransformstages(without AnalysisII andSynthesisI from thefollow-
ing section)lead to interpolatingtransforms.While we arenot interestedin using these
unlifted transformsfor compressingGreen's functions,theinterpolatingprimal basisfunc-
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tions f � j ;kg, e.g., hierarchicalbasisfunctions[Yse86] for linear interpolation,are used
for describinghierarchicalconstraintsin x3.4. In a slight abuseof terminology, we will
sometimesreferto interpolatingbasisfunctionsashierarchicalbasisfunctions.

3.1.4 Lifted Vertex Bases

Theprevioussectionintroduced�lters for interpolatingscalingfunctionswhich we useto
de�ne variantsof hierarchicalbasisfunctionsfor thede�nition of hierarchicalconstraints
in x3.4. Unfortunately, for ef�ciently representingtheGFs(columnsof GF matrix � ) the
waveletsaretoo simple;theprimal waveletsdo not have any vanishingmomentsandactu-
ally correspondto primalscalingfunctions.Repeatedlifting canimprove thesituation,and
it is usedhereto ensurethatprimalwavelethasonevanishingmoment,andwill havebetter
convergencepropertiesandbehavior whenthresholding.

Following [SS95a]the lifting coef�cients of the lifted wavelets(3.19) are deter-
minedby requiringthatthenew primalwaveletshaveavanishingmoment.Giventhelifted
waveletde�nition

 j ;m = � j +1 ;m � sj ;v1 ;m � j ;v1 � sj ;v2 ;m � j ;v2 (3.30)

theweightssj ;v� ;m arechosenby requiring
Z

�
 j ;m d� = 0 = I j +1 ;m � sj ;v1 ;m I j ;v1 � sj ;v2 ;m I j ;v2 (3.31)

where

I j ;k =
Z

�
� j ;kd� (3.32)

thensimplychoosing

sj ;k;m =
I j +1 ;m

2I j ;k
(3.33)

for eachcoef�cient. ThescalingfunctionintegralsI j ;k arecomputedrecursively in practice
sincethere�nementrelation(3.1) impliesthat

I j ;k =
X

l2K (j +1)

hj ;k;l I j +1 ;l (3.34)

andthevaluesof f I L;l gl2K (L ) aretrivial tocompute.Herehj ;k;l isgivenin termsof f ~sj ;k;m g
by (3.25).

Oncelifting coef�cients f sj ;k;m g aredeterminedthe primal wavelet lifting stages
of thefastwavelettransformbecome

AnalysisII (j ) :

8m 2 M (j ) :

(
� j ;v1 + = sj ;v1 ;m 
 j ;m

� j ;v2 + = sj ;v2 ;m 
 j ;m
(3.35)
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SynthesisI (j ) :

8m 2 M (j ) :

(
� j ;v1 � = sj ;v1 ;m 
 j ;m

� j ;v2 � = sj ;v2 ;m 
 j ;m
(3.36)

3.1.5 Adapting Transforms To SurfaceDomains

It remainsto describehow the vertex bases'interpolating�lter coef�cients f ~sj ;k;m g and
lifting coef�cients f sj ;k;m g are determinednear the boundariesof the surfacedomains
f D i gd

i=1 . In suchcasesit is possiblethat,respectively, anoddvertex m doesnothaveboth
its v1; v2 aunts(seeFigures3.2and3.3)containedin thesamedomain,e.g.,to interpolate
from(AnalysisI or SynthesisII ), or toprovidealifting updateto (AnalysisII
or SynthesisI ). Theseproblemscanbeovercome;ouruseof multiresolutionanalyses
adaptedto surfacedomainsresultedin nocomplications.

Modi�ed lifting �lters at domainboundarieswereconstructedasfollows (seealso
[SS95a]).In casesfor which only oneaunt,v1, belongsto thedomain,this auntwasused
for lifting in ananalogousmanner:thelifted waveletwasde�ned as

 j ;m = � j +1 ;m � sj ;v1 ;m � j ;v1 (3.37)

andtheweightsj ;v1 ;m is chosenby requiring
Z

�
 j ;m d� = 0 = I j +1 ;m � sj ;v1 ;m I j ;v1 (3.38)

sothat

sj ;v1 ;m =
I j +1 ;m

I j ;v1

: (3.39)

In the rarecasefor which both auntsareoutsidethe domainthe wavelet is currently left
unlifted.

For linear interpolants,boundarystencilslackingbothaunts(v1; v2) wereapprox-
imatedusinga constantestimate:verticeswith only oneauntusedtheaunt's valueasthe
estimate,andverticeswith noauntsin thedomainusedthenearestneighbour(ontheaunt's
level) for the estimate. For butter�y interpolants,boundarycasesoccurmore often due
to the largerbutter�y stencil. Casesfor which thebutter�y stencil is not containedin the
domainarehandledby resortingto linear interpolation,andthe aforementionedconstant
approximationswhenlinearis notpossible.No interestingconsequencesof theseboundary
approximationswereobserved.

3.2 WaveletGreen'sFunctions

Displacementandtraction�elds associatedwith deformationsarisingfrom localizedloads
exhibit signi�cant multiscalepropertiessuchasbeingverysmoothin largeareasawayfrom
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theloadingpoint (andotherconstraints)andachieving a localmaximaaboutthepoint. For
this reason,freespaceGFs(or fundamentalsolutions)of unboundedelasticmediaandour
boundaryGFsof 3Dobjectsareef�ciently representedbymultiresolutionbases.And justas
thispropertyof freespacefundamentalsolutionsallows for effectivewaveletdiscretization
methodsfor a wide rangeof integral equations[BCR91a], it will alsoallow usto construct
sparsewavelet representationsof discreteelastostaticGF integral operatorsobtainedfrom
numericalsolutionsof constrainedgeometricmodelsaswell asmeasurementsof realworld
objects.

OnecouldtreattheGF matrix � asa genericoperatorto beef�ciently represented
for full matrix-vectormultiplication, but this is inappropriatefor our application. In the
CMA constraintsolver, column-basedGF operationssuchasweightedsummationsof se-
lectedGF columnsdominatethefastsolutionprocess,andGF elementextractionmustbe
arelatively cheapoperationin orderfor capacitancematricesto beobtainedcheaplyat run-
time. Becauseof this, during precomputationwe representindividual GF columnsof the
large GF matrix, � , in the wavelet basis,but we do not transformacrossGF rows. Re-
quirementsaffecting the particularchoiceof wavelet schemearediscussedin x3.2.4,and
row-basedmultiresolutionconstraintsareaddressedin x3.4

3.2.1 Domain Structur eof the Green'sFunction Matrix

EachGFcolumnvectordescribesnodaltractionanddisplacementdistributionsondifferent
domainsof the boundary, both of which have differentsmoothnesscharacteristics.Inter-
facesbetweendomainsarethereforeassociatedwith discontinuitiesandtheadjacenttrac-
tion anddisplacementfunction valuescanhave very differentmagnitudesandbehaviors.
For thesereasons,multiresolutionanalysisof GFsis performedseparatelyon eachdomain
to achieve bestresults.Froma practicalstandpoint,this alsoaidsin simulatingindividual
domainsof themodelindependently(x2.2.6).

Domainsareconstructedby �rst partitioningnodesinto � 0
u and� 0

p lists for which
theGFsdescribetractionsanddisplacements,respectively. Theselists areagain split into
disjointsubdomainsif theparticularwavelettransformemployedcannotexploit coherence
betweenthesenodes.Let theboundarynodesbepartitionedinto d domains

D = f D1; : : : ; Ddg with
d\

i =1

D i = ; (3.40)

whereD i is a list of nodesin the naturalcoarseto �ne resolutionorderof that domain's
wavelettransform.

The d domainsintroducea naturalrow andcolumnorderingfor the GF matrix �
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which resultsin aclearblockstructure

� =
dX

i;j =1

ED i � D i D j ET
D j

(3.41)

= [ED 1 ED 2 : : : ED d ]

2

6
6
6
6
4

� D 1D 1 � D 1D 2 � � � � D 1D d

� D 2D 1 � D 2D 2

...
...

...

� D d D 1 � � � � D d D d

3

7
7
7
7
5

2

6
6
6
6
4

ET
D 1

ET
D 2
...

ET
D d

3

7
7
7
7
5

(3.42)

wherethe(i; j ) GFblock
� D i D j = ET

D i
� ED j (3.43)

mapsdatafrom domainD i to D j asillustratedin Figure3.4.

u
0LD  =2

D  = L 0
p1

1D D1
X

2
XD D1 2D DX

22
XD D

1

Figure3.4: Illustration of correspondencebetweenboundarydomainin�uencesand do-
mainblock structure of theGF matrix � : Thein�uencesbetweentwo boundarydomains
areillustratedhereby arrows; eacharrow representstherole of a GF block, � D i D j , in the
�o w of informationfrom speci�edBVs on domainD j to unspeci�edBVs on domainD i .
Theself-effectof theexposedcontactablesurface(redarrow at top) is of primarypractical
interestfor deformationvisualization. Eachcolumnof � D 1D 1 representsa displacement
�eld on D1 which decribesthe effect of a force appliedover someportion of D 1; this
displacement�eld is ef�ciently representedusingwaveletsin x3.2.
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3.2.2 WaveletTransforms on SurfaceDomains

Considertheforwardandinversefastwavelettransform(FWT) pair, (W; W� 1), itself com-
posedof FWT pairs

W =
dX

i =1

ED i Wi ET
D i

= ED (diagi (Wi )) ET
D (3.44)

W� 1 =
dX

i =1

ED i W
� 1
i ET

D i
= ED

�
diagi (W

� 1
i )

�
ET

D (3.45)

with thei th pair (Wi ; W� 1
i ) is de�ned ondomainD i .

3.2.3 WaveletGreen'sFunctions

Puttingthingstogether, thewavelettransformof theGFmatrix is then

W� = [(W� 1) (W� 2) � � � (W� n )] =
dX

i;j =1

ED i

�
Wi � D i D j

�
ET

D j
(3.46)

or with ashorthand“tilde” notationfor transformedquantities,

~� =
h

~� 1 ~� 2 � � � ~� n

i
=

dX

i;j =1

ED i

�
~� D i D j

�
ET

D j
(3.47)

Theindividual block componentof thej th waveletGF ~� j = ~� :j correspondingto vertex i
on level l of domaind will bedenotedwith roundedbracket subscriptsas

�
~� j

�

(l ;i ;d)
= ~� (l ;i ;d)j : (3.48)

Thisnotationis complicatedbut nomorethannecessary, sinceit correspondsdirectly to the
multiresolutiondatastructureusedfor implementation.

3.2.4 Choiceof MRA and FastWaveletTransforms

By design,variouscustommultiresolutionanalysesand fast wavelet transformscan be
pluggedinto the framework developedhere. However, thereareseveralpracticalrequire-
ments: interactive inversetransformspeeds(for fast summation),goodGF compression
(evenfor smallmodelsgiventhatprecomputationcostsquickly increase),supportfor level
of detailcomputations,easeof transformde�nition on user-speci�edsurfacedomainsD i ,
aswell assupportfor datafrom awide rangeof discretizations.
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An interactive fastsummationclearly dictatesthe needfor a fast inversewavelet
transform,while motivationsfor symmetricforward and inversewavelet transformcosts
areruntimechangeof constraintbases(suchaswith pressuremasks)andreferencecon-
straintdomainD modi�cation, aswell asreductionof precomputationtime and�e xibility
wheninitially transformingGFsinto thewaveletbasis.We notethat,at thecostof some
runtime�e xibility , it maybepossibleto employ amoresophisticated(andslower) forward
wavelet transformduringprecomputationprovidedit yieldssigni�cantly greatercompres-
sion[KSS00]andthusfasterruntimeBVP solutionspeeds.Suchissuesarealsoimportant
considerationsfor storageandtransmission(the centralmotivation in [KSS00]),however
we speci�cally mentionthatwe areseparatingthis from thecurrentdiscussionon simula-
tion methods.

Given the many constraints,we use biorthogonallifted fast wavelet transforms
basedon secondgenerationwaveletsderived from the lifting schemeof Sweldenset al.
[Swe98,DS96,SS95a],which weresummarizedin x3.1. We shall initially consideronly
FWTsbasedonasinglelifting of hierarchicalbasisfunctions,i.e., thedualwavelethasone
vanishingmoment,aswell asthesmootherlifted butter�y wavelets.Intuitively, onemight
expectthebutter�y schemeto performbetterat characterizingsmoothportionsof theGF,
while thelinearwaveletmaybebetterat describingtheir spike-like behavior. Lifted linear
waveletshave cheapertransformsthanlifted butter�y, unlessthecompressionobtainedby
butter�y is signi�cantly greaterthanlinear, which doesnot seemto be thecase(x7). The
compactedge-splitstencilis alsoeffective for geometricmodelsof very modestgeometric
complexity. Finally, adrawbackof linearwaveletsis thatfor veryhighcompressionratios,
they canintroducepolygonalartifactswhenaddingGFdisplacementsto avery �at surface,
unlike thesmootherbutter�y reconstructions.

3.2.5 TensorWaveletThr esholding

Each3-by-3block of theGF matrix describesa tensorin�uence betweentwo nodes.The
wavelettransformof aGF(whoserow elementsare3 � 3 matrixblocks)is mathematically
equivalent to 9 scalartransforms,one for eachtensorcomponent.However, in order to
reduceruntime sparsematrix overhead,it is desireableto evaluateall transformsat the
block level. For this reason,weusea thresholdingoperationwhicheitheracceptsor rejects
anentireblock.

Ouroraclefor waveletGFthresholdingcomparestheFrobeniusnormof eachblock
waveletcoef�cient 1 to a domainandlevel speci�c thresholdingtolerance,andsetstheco-

1TheFrobeniusnormof a real-valued3-by-3matrixa is

kakF =
s X

ij

a2
ij :
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ef�cient to zeroif it is smaller. Thresholdingof the j th waveletGF, ~� j , on a domaind is
performedfor thei th coef�cient if f i 2 Dd, i 2 M (l) and

k~� ij kF < " l kET
D d

� j k1 F (3.49)

where
kET

D d
� j k1 F � max

i 2 D d

k� ij kF (3.50)

is a weightedmeasureof GF amplitudeon domaind, and" l is a level dependentrelative
thresholdparameterdecreasedoncoarserlevels(smallerl ) as

" l = 2l � L "; l = 1; :::; L; (3.51)

with " theuser-speci�edthresholdparameter. Weusuallydonot thresholdbaselevel (l = 0)
coef�cients evenwhenthis introducesacceptableerrorsbecausethelack of response,e.g.,
pixel motion,in theseregionscanbeperceptuallybothersome.

For ourmodelswehaveobservedstablereconstructionof thresholdeddata,e.g.,

kET
D d

�
� j � W� 1 ~� j

�
k1 F < C"kET

D d
� j k1 F (3.52)

typically for someconstantC near1. Examplesareshown in x7. Although thereareno
guaranteesthat wavelet basesconstructedon any particularmodelwill form an uncondi-
tional basis,andso the thresholdingoperationwill leadto stablereconstructions,noneof
ournumericalexperimentswith discreteGFshavesuggestedanythingto thecontrary. Sim-
ilar experienceswerereportedby thepioneersof thelifting schemein [SS95a]for wavelets
on the sphere.Someformal conditionson the stability of multiscaletransformationsare
provenin [Dah96]. Numerousexperimentalresultsshowing therelationshipbetweenerror
andthresholdingtolerancecanbefoundin x7.4.

3.2.6 Multir esolutionMesh Issues

We usemultiresolutiontrianglemesheswith subdivision connectivity to convenientlyde-
�ne waveletsandMR constraints(x3.4) aswell asprovide detailedgraphicalandhaptic
rendering(x3.7). Many of our mesheshave beenmodeledusingLoopsubdivision [Loo87]
which trivializesthegenerationof multiresolutionmeshes,andsomeexamplesareshown
in Figures1.2(p. 5) and7.18(p. 117).For generalmesheswhichhavenotbeenmodeledas
subdivision surfaces,severalsuccessfulreparameterizationapproachesfor producingmul-
tiresolutionmesheshave appearedin the literature[EDD+ 95, KL96, LSS+ 98, GVSS00,
LMH00] andtherearecommerciallyavailablepackages,e.g.,RaindropGeomagic[Rai]
andParaform[Par]. For ourpurposes,wehave implementedreparameterizationalgorithms
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basedon normalmeshes[GVSS00,LMH00], andhave usedthe relateddisplacedsubdi-
vision surfaceapproach[LMH00] for renderingdetaileddeformingmodelsandgenerating
displacementmap.Examplesof modelswehavereparameterizedaretherabbitmodel(Fig-
ures1.1 (p. 2) and3.9 (p. 64)) (original meshcourtesyof Cyberware[Cyb]), the dragon
model(Figure3.5,p. 56;originalmeshcourtesyof theStanfordComputerGraphicsLabo-
ratory),andthereality-basedtiger model(Figure6.4,p. 6.4). For thedragonmodel2 some
undesireableparameterizationartifactsarepresentnearsharpfeaturessuchasthe horns,
however thiscouldbeavoidedwith morecare.

For goodwaveletcompressionresults,it is desireableto havemany subdivisionlev-
els for a givenmodel. This alsoaidsin reducingthesizeof thedensebaselevel GF data,
if it is left unthresholded.In caseswherethecoarsestresolutionof themeshis still large,
reparamerizationshouldbeconsideredbut it is still possibleto considermoreexotic lifted
waveletson arbitrarypoint sets.To maximizethenumberof levels for smallmodels,e.g.,
for therabbitmodel,weresortedto manual�tting of coarsebaselevel parameterizations,al-
thoughmoresophisticatedapproachesareavailable[EDD+ 95,KL96, LSS+ 98,GVSS00].

Lastlywementionthatadaptivemeshingof geometrymustbeusedwith caresince
it canlimit thescalesat which displacementandtraction�elds mayresolve surfacedefor-
mationsandconstraints.

3.2.7 Storageand Transmissionof Green'sFunctions

Waveletsprovide basesfor sparselyrepresentingGFs,but furthercompressionis possible
for storageformats. Given the potentially vast amountof information precomputed,an
ef�cient �le format is animportantpracticalconcernfor datastorageandtransmission.In
this respect,ef�cient waveletquantizationandcodingschemes[DJL92, Sha93, SP96]have
alreadybeenextendedto dramaticallyreducethe�le sizesof surfacefunctionscompressed
usingthelifting scheme[KL97]. Similarapproachescouldbeappliedto GFdata.

3.3 CMA with FastSummationof WaveletGFs

The CMA is only slightly moreinvolved whenthe GFsarerepresentedin wavelet bases.
Thechiefbene�t is theperformanceimprovementobtainedby usingtheFWT for fastsum-
mationof GF andbody force responses.While MR solutionreconstructionfor rendering
waspossiblepreviouslyby exploiting randomaccessselectivecomputation,it will bemore
ef�cient usingthesparsewaveletGFsandthefollowing algorithm.

2Thedragonmodelalsorequiredspecialcaredueto numerousholespresentin theoriginalmesh.
Althoughtherearetechniquesto �ll these[GW01], a signi�cantly worseproblemwasnonphysical
interiorcavity meshingonthebottomof theobject,atwhatprobablywereinjectionmouldinginlets;
thesewereremodeledby handbeforeapplyingthereparameterizationprocess.
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3.3.1 Moti vation

In additionto reducingmemoryusage,it is well known thatby sparselyrepresentingourGF
columnsin a waveletbasiswe canusetheFWT for fastmatrix multiplication [BCR91a].
For example,considerthecentraltaskof computingaweightedsummationof s GFs

X

j 2S
� j �vj ; (3.53)

involving sn 3� 3 matrix-vectormultiply-accumulateoperations.Quickevaluationof such
expressionsis crucial for fastBVP solution(c.f. (2.15))andgraphicalrenderingof defor-
mations,andit is requiredat leastonceby theCMA solver. Unfortunately, ass increases
this operationquickly becomesmoreandmorecostly andass ! n eventually involves
O(n2) operations.However, by usinga fastwavelettransform(FWT) it is possibleto per-
form suchsumsmoreef�ciently in aspacein whichtheGFcolumnsmaybeapproximately
representedwith sparserepresentations.

The weightedGF summationcanbe rewritten by premultiplying (3.53) with the
identityoperatorW� 1W: X

j 2S
� j �vj = W� 1

X

j 2S

~� j �vj : (3.54)

By precomputingsparsethresholdedapproximationsof thewavelet transformedGFs, ~� , a
fastsummationwill resultin (3.54)providedthattheadvantageof sparselyrepresenting� ,
morethancompensatesfor theextra costof applyingW� 1 to thevectordata.This occurs
in practice,dueto theFWT'sspeedandexcellentdecorrelationpropertiesfor GFdata.

3.3.2 Formulae

Thenecessaryformulaeresultfrom substituting

� = W� 1W� (3.55)

into theCMA formulae(2.35-2.38),andusingtheGFexpression(3.47).Theresultmaybe
writtenas

v = v(0) +
�

E + W� 1( ~� E)
�

C� 1
�

ET v(0)
�

(3.56)

C = �
�
ET W� 1�

( ~� E) (3.57)

v(0) = W� 1
h
~�

�
I � EET

�
�v + (WA� 1

0 B)�
i

� EET �v (3.58)

ET v(0) =
�
ET W� 1� h

~�
�
I � EET

�
�v + (WA� 1

0 B)�
i

� ET �v (3.59)

wherewehave takentheliberty of sparselyrepresentingtheparameterizedbodyforcecon-
tributionsin thewaveletbasis.With theseformulae,it is possibleto evaluatethesolutionv
usingonly oneinverseFWT evaluationandsomepartialreconstructionsET W� 1.
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3.3.3 SelectiveWaveletReconstructionOperation, (ET W� 1)

Theoperator(ET W� 1) representsthereconstructionof a wavelet transformedfunctionat
theupdatednodesS. This is requiredin atmosttwo places:(1) capacitancematrixelement
extractionfrom ~� ; (2) evaluationof (ET v

(0)
) in caseswhenthe�rst termof v(0) (in square

brackets)is nonzero.It follows from thetreestructureof thewavelet transformthat these
extractionoperationscanbeevaluatedef�ciently with worst-caseper-elementcostpropor-
tional to the logarithm of the domainsize. In practice,several optimizationsrelatedto
spatialandtemporaldatastructurecoherencecansigni�cantly reducethis cost.For exam-
ple,portionsof C areusuallycachedandsoextractioncostsareamortizedover time,with
typical very few entriesrequiredper new BVP. Also, spatialclusteringof updatednodes
leadsto the expectedcostof extractingseveral clusteredelementsbeingnot muchmore
thanthe costof extractingone. Furthermore,spatialclusteringin the presenceof tempo-
ral coherenceallows usto exploit coherencein a sparseGF waveletreconstructiontree,so
thatnodeswhicharetopologicallyadjacentin themeshcanexpectto haveelementsrecon-
structedat very small costs.For thesereasons,it is possibleto extractcapacitancematrix
entriesatafractionof thecostof LU factorization.Performanceresultsfor blockextraction
operationsaregiven in x7.4.4. The logarithmiccostpenaltyintroducedby wavelet repre-
sentationsis further reducedin thepresenceof hierarchicalconstraints,anda hierarchical
variantof thefastsummationCMA is discussedin x3.6.

3.3.4 Algorithm

An ef�cient algorithmfor computingthe entiresolutionvectorv is possibleby carefully
evaluatingsubexpressionsasfollows:

1. Givenconstraints,�v, andlist nodesto beupdated,S.

2. ObtainC� 1 (or factorization)for this BVP typeeitherfrom thecache(Cost: Free),
usingupdating(x2.3)(Cost: O(s2s� ) �ops), or from scratch(Cost: 2s3/3 �ops).

3. If nonzero,evaluatethesparsesummation

~g1 =
h
~�

�
I � EET

�
�v + (WA� 1

0 B)�
i

: (3.60)

(Cost:18�s~n �ops from �rst termwherewhere~n is theaveragenumberof nonzero3-
by-3 blocksperwaveletGF beingsummed(in practice~n � n), and�s is thenumber
of nonupdatednonzeroconstraints.Secondbody force term is similar but ignored
dueto ambiguity. Costcanbe reducedby exploiting temporalcoherence,e.g.,see
(2.21).).
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4. Computetheblocks-vector

ET v(0) =
�
ET W� 1�

~g1 � ET �v: (3.61)

(Cost: Selective reconstructioncost(if nontrivial g1) 3sRS whereRS is theeffective
costof reconstructinga scalargiven S (discussedin x3.3.3;expectedcost is RS =
O(1), worstcasecostis RS = O(log n)), plus3s �ops for addition).

5. Evaluatetheblocks-vector
g2 = C� 1(ET v(0) ) (3.62)

(Cost: 18s2 �ops).

6. Performthesparsesummation

~g1 += ( ~� E)g2 (3.63)

(Cost: 18s~n �ops).

7. PerforminverseFWT (canbeperformedin placeonblock3-vectordata)

v = W� 1~g1 (3.64)

(Cost: 3CIFWT n �ops; whereCIFWT is approximately4 for lifted linearwavelets.).

8. Correctupdatedvaluesto obtainthe�nal solution,

v += E(g2 � ET �v) (3.65)

(Cost: 6s �ops).

3.3.5 CostAnalysis

Thetotal costof evaluatingthesolutionis

Cost = 3CIFWT n + 18(s + �s)~n + 18s2 + 3s(RS + 3) 
ops (3.66)

wherethe notableimprovementintroducedby fast summationis the replacementof the
18sn densesummationcostwith thatof thesparsesummationandinverseFWT. This ex-
cludesthecostof capacitancematrix inverseconstruction(or factorizationor updating),if
updatingis performed,sincethisis experiencedonly onceperBVP typeandamortizedover
frames.

Two interestingspecialcasesarewhennonzeroconstraintsareeitherall updated
(�s= 0) or whennoconstraintsareupdated(s= 0). In thecasewhereall nonzeroconstraints
areupdated(�s= 0), andthereforestep3 haszerog1, thetotal costof thecalculationis

Cost = 3CIFWT n + 18s~n + 18s2 + 3s(RS + 3) 
ops : (3.67)
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Casesin which updatednodeshave zeroconstraintsareslightly cheaper. Whenno con-
straintsareupdated(s= 0) only GF fastsummationis involved,andthecostis

Cost = 3CIFWT n + 18�s~n 
ops : (3.68)

In practicewehave reducedthesecostsby only reconstructingthesolutiononsub-
domains(reducesFWT costandsummationcost)whereit is required,e.g.,for graphical
rendering.It clearly follows that it is possibleto reconstructthe solutionat coarserreso-
lutionsfor multiple LOD rendering,i.e., by only evaluatingg1 andtheIFWT in step7 for
coarseresolutions,andthis issueis discussedfutherin x3.7.

We found this algorithmto be very effective for interactive applications,andes-
pecially for force feedbacksimulationwith point-like contacts(x4.2; small �s ands = 0).
Timingsandtypical �op countsareprovidedin theResultschapter(x7). For largemodels
with many updatedconstraints,thes~n ands2 contributions,in additionto thecapacitance
matrix inversion,canbecomecostly. This issueis addressedin the following sectionby
introducingmultiresolutionconstraintswhichcanfavourablyreducetheeffectivesizeof s.

3.4 Hierar chical Constraints

TheMR GF representationsmake it feasibleto storeandsimulategeometricallycomplex
elasticmodelsby eliminatingthedominantbottlenecksassociatedwith denseGFmatrices.
However, �ner discretizationscanintroducecomplicationsfor realtime simulationswhich
imposenumerousconstraintsonthesesame�ne scales:(1) evensparsefastsummationwill
eventuallybecometoo costlyasmoreGF columnscontributeto thesum,and(2) updating
numerousconstraintswith theCMA incurscostlycapacitancematrix inversioncosts.

We provide a practicalsolutionto this problemwhich canalsooptionally reduce
precomputationcosts. Our approachis to reducethe numberof constraintsby imposing
constraintsat a coarserresolutionthanthe geometricmodel(seeFigure3.5). This elim-
inatesthe aforementionedbottleneckswithout sacri�cing model complexity. Combined
with wavelet GFswhich enabletrue multiresolutionBVP simulationandsolutionoutput,
multiresolutionconstraintsprovide the BVP's complementarymultiresolutioninput con-
trol. Suchan approachis well-suitedto the CMA which effectively works by updating
constraintsde�ned over �nite areas;in thecontinuouslimit, asn ! 1 andscalingfunction
measuresgo to zero,theareaaffectedby theuniresolution�nite-rank-updatingCMA also
goesto zeroandtheCMA wouldhavenoeffect.

Themultiresolutionconstraintsaredescribedby nestedspaceswith nodeinterpo-
latingbasisfunctionsde�ned oneachdomain.Usinginterpolatingscalingfunctionsallows
hierarchicalconstraintsto coexist with nodalconstraintdescriptions,which is useful for
de�ning the hierarchicalversionof the CMA (in x3.6). For our piecewise linear function
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Figure3.5: MultiresolutionConstraint Parameterizations:Two dragonmeshes(L=3) with
coarserconstraintparameterizationsindicatedfor differentresolutionsof theGreen's func-
tion hierarchy; (left) constraintson level 0, and(right) on level 1. In this way, interactive
tractionconstraintscanbeappliedon thecoarsescalewhile deformationsarerenderedus-
ing �ne scaledisplacement�elds. (Reparameterizeddragonmodelgeneratedfrom mesh
courtesyof StanfordComputerGraphicsLaboratory.)

spacesthesecorrespondto “hierarchicalbasisfunctions”[Yse86] andtheinterpolation�l-
tersarealreadyavailablefrom theunliftedportionof thelinearFWT usedfor theMR GFs.

Let thescalarhierarchicalbasisfunction

� [l ;k;d] = � [l ;k;d](x); x 2 � ; (3.69)

correspondto vertex index k belongingto level l anddomainD d. Herethesquaresubscript
bracket is usedto indicateanhierarchicalbasisfunction;recall(equation3.48)thatrounded
subscriptbracketsareusedto refer to row componentsof wavelet transformedvectorsor
matrix columns.In thisnotation,thetraditional“hat functions”on the�nest scaleare

� k (x) = � [L;k ;d](x); k 2 Dd: (3.70)

In bracketnotation,there�nementrelationsatis�edby theseinterpolatingscalingfunctions
is

� [l ;k;d] =
X

j 2K (l+1)

h[l ;k;j ;d] � [l+1 ;j ;d]; (3.71)

whereh is de�nedby (3.25)fromx3.1.3.Asaresult,thesurfacehierarchicalbasisfunctions
areunit normalized

� [l ;i ;d](x (l ;j ;d) ) = � ij (3.72)

where� ij is the Kronecker delta function. The re�nement relationfor hierarchicalbasis
functionsalsomeansthathierarchicalconstraintboundaryvaluesarede�ned on �ner con-
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straintscalesby interpolatingsubdivision (with theh re�nement�lter (3.25))as

�v[l ;:;:] = HT
l �v[l+1 ;:;:] ; (3.73)

wherewehaveusedabrief operatornotation,or simply

�v[l ] = HT
l �v[l+1] : (3.74)

However, asweshallseein thenext section,while thehierarchicalconstraintsaredescribed
at a coarseresolution,thecorrespondingdeformationresponsecomputedwith hierarchical
GFsinvolvesall scales.

3.5 Hierar chical Green'sFunctions

TheGF responsescorrespondingto eachhierarchicalconstraintbasisfunctionarenamed
hierarchical GFs. From a GF matrix perspective, the coarseningof the constraintscales
is associatedwith a reductionin GF columns(seeFigure3.6). A graphicalillustrationof
hierarchicalGFsis givenin Figure7.1(p. 98).

3.5.1 Notation

ThehierarchicalGFsareidenti�ed usingthesquarebracket notationintroducedfor HBFs:
let

� [l ;k;d] = � :;[l ;k;d] (3.75)

denotethehierarchicalGF associatedwith thek th vertex containedon level l anddomain
Dd. Therefore

� [0;k;d]; � [1;k;d]; : : : ; � [L;k ;d] (3.76)

areall hierarchicalGFsassociatedwith thek th vertex herecontainedon thebaselevel of
thesubdivision connectivity mesh.ThehierarchicalwaveletGFs(illustratedin Figure3.6)
areeasilyidenti�ed by botha tilde andsquarebrackets,e.g.,

~� [l ;k;d] = ~� :;[l ;k;d]: (3.77)

3.5.2 Re�nement Relation

HierarchicalGFsandhierarchicalbasisfunctionssharethe samere�nement �lters since
eachhierarchicalGFis expressedin termsof a linearcombinationof GFson�ner levelsby

� [l ;k;d] =
X

j 2K (l+1)

h[l ;k;j ;d] � [l+1 ;j ;d] (3.78)
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Figure3.6: Illustrationof Hierarchical WaveletGF Matrix Structure: Sparsitypatternsand
constraintparameterizationsof thecoarselevel 2 (L=2) rabbitmodel's threelevel GF hier-
archy for themain � 0

p “free-boundary”self-effect block � � 0
p � 0

p
(illustratedin Figure3.4).

This modelhas160 vertices,with the lifted linear FWT de�ned on a domainof 133 ver-
ticespartitionedinto threelevelswith sizes(9,25,99).Thematricesare: (left) �nest scale
GFsquarematrixblock (# nonzeroblocks,nnz=4444),(middle)once-coarsenedconstraint
scaleGF block (nnz=1599),(right) twice-coarsenedconstraintscaleGF block (nnz=671).
In eachcase,sparsityresultingfrom thresholdingthe wavelet transformedGF columns
clearly illustratesthewavelet transform's excellentdecorrelationability. Themultiresolu-
tion structureof thewaveletcoef�cients is apparentin eachmatrixasaresultof multiresolu-
tion reorderingof rowsandcolumns;noticethedenseunthresholdedbaselevel coef�cients
in the top mostrows. Perhapssurprisingfor sucha smallmodel,modestcompressionra-
tios arealreadybeingobtained:here" = 0:10 andthe largeblock hasretainednnz=4444
elementsor 25%of theoriginal size.
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or in operatornotation
� l = � l+1 HT

l : (3.79)

This follows from thehierarchicalGFansatz

� l �v[l ] = � l+1 �v[l+1] ; (3.80)

for alevel l hierarchicalconstraint�v[l ], aftersubstitutingthehierarchicalboundarycondition
subdivisionequation(3.74),

�v[l ] = HT
l �v[l+1] : (3.81)

Figure3.6providesintuitivepicturesof theinducedGFhierarchy,

� [L; � ;d]; : : : ; � [1;� ;d]; � [0;� ;d]: (3.82)

3.5.3 Matrix BVP De�nition

While there�nementrelation(3.79)canbeusedto computecoarsescalehierarchicalGFs
from �ner resolutions,it is alsopossibleto computethemdirectly usingthe de�nition of
the accompanying hierarchicalboundaryvalueconstraints.From (2.8), the matrix BVP
satis�edby hierarchicalGFsis

0 = A� [l ;k;d] + �A�V[l ;k;d] (3.83)

wheretheright-handsideconstraintmatrix �V 2 R3n� 3 containsall zeronodalblocksexcept
for nodesin thesupportof � [l ;k;d],

( �V[l ;k;d]) i = � [l ;k;d](x i ) I3: (3.84)

This provides an attractive approachto (hierarchically)precomputing(and transmitting)
very largemodels,andthis is consideredfurtherin x6.

3.6 Hierar chical CMA

It is possibleto usethehierarchicalGFsto producevariantsof theCMA from x2.2. The
key bene�tsobtainedfrom usinghierarchicalGFsarerelatedto thesmallernumberof con-
straints(seeFigure3.8): (1) anacceleratedfastsummation(sincefewer weightedcolumns
needbesummed),(2) smallercapacitancematrices,and(3) improvedfeasibilityof caching
potentialcapacitancematrix elementsat coarsescales.Dueto the4-fold changein vertex
countper resolutionlevel, theexpectedimpactof reducingtheconstraintresolutionby J
levelsis

1. 4J reductionin constraintcountandnumberof GFsrequiredin CMA summations,
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Figure3.7: Examplewhere Hierarchical GFs are Useful: A �nger pad in contactwith
a �at surfaceis a goodexampleof wherehierarchicalGFsarebene�cial, as is any case
wherenumerousdensesurfaceconstraintsoccur. Although the traction�eld maycontain
little information,e.g.,smoothor nearlyconstant,large runtimecostscanresultfrom the
numberof GFsbeingsummedand/orby the numberof constraintsbeingupdatedwith a
CMA. Whetherthedeformationis computedwith the�nger pad'sfreeboundaryconstraints
modeledby the userspecifyingtractionsdirectly, or indirectly usingdisplacementsanda
CMA, in bothcaseshierarchicalGFsresultin smallerboundableruntimecosts.

2. 16J reductionin numberof capacitancematrixelementsandcostof updatingcapac-
itancematrix inverses(whens� � s),

3. 64J reductionin costof factoringor directly invertingcapacitancematrix,

4. 4J � 64J reductionin CMA cost.

An illustration of a situationwherethe hierarchicalCMA can be bene�cial is given in
Figure3.7.

It is relatively straight-forward to constructa nonadaptive hierarchicalCMA that
simply limits updateddisplacementconstraintsto �x ed levels of resolution. This is the
easiestmechanismfor providing gracefuldegradationwhenlargesetsof nodesrequireup-
dating: if too many constraintsarebeingtoo denselyappliedthey maysimply beresolved
on a coarserscale. This is analogousto usinga coarserlevel model,with the exception
that the solution, e.g., displacements,are available at a �ner scale. We have found this
simpleapproachworks well in practicefor maintaininginteractivity during otherwisein-
tensive updatingcases.Onedrawbackof the nonadaptive approachis that it can leadto
“popping” whenchangingbetweenconstraintresolutions,andtheinvestigationof adaptive
CMA variantsfor which thisproblemis reducedarefuturework.

60



3.6.1 Hierar chical Capacitances

Similar to thenonhierarchicalcase,hierarchicalcapacitancematricesaresubmatricesof the
hierarchicalGFs.Wecangeneralizethecapacitancenodelist de�nition to includeupdated
nodalconstraintscorrespondingto hierarchicalbasisfunctionsat differentresolutions.We
�rst generalizethenotationof theoriginal (�ne scale)capacitancenodelist andcapacitance
matrixelementsas

S = (k1; k2; : : : ; ks) (3.85)

= ([L; k1; d1]; [L; k2; d2]; : : : ; [L; ks; ds]) (3.86)

Cij = � � k i [L;k j ;dj ]: (3.87)

Hierarchicalconstraintsthenfollow by replacingL with theappropriatelevel. TheCMA
correspondingto coarsenedconstraintscalesfollows immediately, aswell asthe fact that
hierarchicalcapacitancematrix inversescanbeupdatedto addanddeletehierarchicalcon-
straints. Furthermore,it is alsopossibleto mix constraintscalesandconstructtrue mul-
tiresolutionupdatesusingthegeneralizedde�nition

S = ([l1; k1; d1]; [l2; k2; d2]; : : : ; [ls; ks; ds]) (3.88)

Cij = � � k i [l j ;k j ;dj ]: (3.89)

However, due to the additional complexity of specifying adaptive multiresolutioncon-
straintsatruntime,e.g.,for aninteractivecontactmechanicsproblem,wehaveyetto exploit
thisCMA solver functionalityin practice.

Finally, dueto thereducednumberof constraints,therearefewerandsmallercapac-
itancematrices,andthis improvestheeffectivenessof cachingstrategies(seeFigure3.8).

3.6.2 Graceful Degradation

For real time applications,hierarchicalcapacitancesplay an importantrole for resolving
constraintson coarserconstraintscales(or adaptively in general).Considera simulation
with constraintsresolvedon level H . If it encountersa capacitancematrix inverseupdate
taskwhich requirestoo much time it canabortand resortto resolvingthe problemat a
coarserconstraintresolution,e.g.,H � 1 or lower. In thisway it is possibleto �nd acoarse
enoughlevel atwhich thingscanproceedquickly.

As with all variantsof the CMA, thesedirect matrix solutionalgorithmsprovide
predictableoperationcounts,which maybeusedto chooseaneffective real time solution
strategy.
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L-1 L-2L L L-1 L-2
Figure3.8: Hierarchical CapacitanceMatrices: (Left) As in Figure3.6,thematrixview of
hierarchicalGF indicatesanapproximatelyfour-fold reductionin columnsat eachcoarser
constraintresolution.As a result,thenumberof possiblecapacitancematrix elementsare
reducedaccordingly, asrepresentedby the blue matrix blocks. (Right) An illustration of
thecorrespondingspatialhierarchy for thesupportof a coarselevel (extraordinary)“linear
hat” scalingfunction. Circles indicatethe vertex nodes(andbasisfunctions)requiredto
representthecoarselevel scalingfunctionateachlevel.

3.7 DetailedGraphical and Haptic Rendering

At somescale,thereis little practicalbene�t in seekinghigherresolutionelasticmodels,
andgeometricdetailcanbeintroducedby localmapping.

3.7.1 LOD and Multr esolutionDisplacementFields

ThefastsummationCMA with waveletGFs(x3.3)immediatelyprovidesanobviousmech-
anismfor real time adaptive level-of-detail (LOD) rendering[XESV97]. This processis
slightly complicatedby the fact that the geometryis deforming,therebyreducingdepen-
denceon staticallydeterminedgeometricquantities,e.g.,visibility. While we have not ex-
ploredrealtime LOD in our implementation,it wasanimportantalgorithmdesignconsid-
eration.It alsoprovidesanextra mechanismfor realtime gracefuldegradationfor dif�cult
CMA constraintproblems.

3.7.2 Hierachical GFsand GeometricDetail

A favourableexploitationof spatialscalesis obtainedby usinghierarchicalGFs,sincein-
teractionsresolved on relatively coarseconstraintsscalesnaturallyallow visualizationof
�ne scalegeometryanddisplacement�elds. Evenwhencoarselevel constraintsareused,
�ner scaledisplacement�elds arestill available–possiblycomputedfrom anhighly accu-
ratediscretization.An importantpoint is thatdetaildescribedby hierarchicalGFsis repre-
sentedin a globalcoordinateframedueto thegeometricallylinearelasticapproximation,
andthereforelocal displacementmappingis likely to bea betterapproximationfor larger
deformations.This is consideredfurtherin thefollowing section.
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3.7.3 Deformable DisplacedSubdivision Surfaces

Thereis an interestingtransitionat somescalefor which theGF displacement�elds con-
tain little moreinformationthanthoseobtainedby displacementmappinga geometrically
coarserresolutionof the samemodel, the latter beingpossiblein (future) graphicshard-
ware. By only storing GF detail or computingmultiresolutiondisplacement�elds to a
suitablelevel, thedeformedgeometrycanbemappedto �ner scalesvia bumpand/ordis-
placementmapping.Wehaveuseddisplacedsubdivisionsurfaces(DSS)[LMH00] for this
purposebecauseit workswell with deformingmeshes.

A signi�cant concernwhendisplacementmappingcoarsemodelsis that it leads
to inexact displacementconstraints.This problemis exaggeratedby DSSeven for small
changesdueto mapping,becausetheLoop subdivision processconvertsour interpolating
constraintscalingfunctionsinto noninterpolatingones.Intuitively, this occursbecausead-
jacentvertex displacementscomputedby CMA for the coarsecontrol meshareaveraged
duringthesubdivisionprocess,thusleadingto inexactconstraintvalues.This is in contrast
to the interpolatingconstraintsachieved with hierarchicalGFs. Nevertheless,for �nely
meshedmodelsthemismatchcausedby displacementmappingis reduced.

Onesettingfor which we have foundDSSto bestill very usefulis for hapticforce
feedbackapplicationsinvolving point-like contacts.Hereperceptualproblemsrelatedto
surfacepenetrationdueto inaccuratesurfacedisplacementconstraintsarecommonlyover-
comeby a “god-objectapproach”[ZS94] in which a proxy for the objectin contactwith
thesurfaceis alwaysdrawn on thesurface(the“god” object)regardlessof whetheror not
penetrationoccurs.We have successfullyusedthis in severalpoint-like contactinteractive
forcefeedbacksimulations,andpicturesareshown in Figures3.9and6.4.

3.7.4 ForcefeedbackRenderingof Detail

In addition to graphicalrendering,surfacedetail may also enhanceforce feedbackren-
deringby usingnormalmapsto modulatepoint contactfriction forces[MS96] asis done
in commercialforce feedbacksystems,e.g.,[Rea]. In this way, the hierarchicalGFspa-
rameterizethecoarsescaleforceresponseof thecompliantsurface,while thenormalmaps
rendersurfacedetail.Forcefeedbackrenderingof point-likecontactsareconsideredfurther
in x4.2.
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Figure3.9: Elastically DeformedDisplacedSubdivisionSurfaces:Displacedsubdivision
surfacesprovideanaturalextensionto anhierarchy of elasticspatialscales.In thisexample,
a level 2 elasticrabbitmodelis renderedon level 5 usingdisplacementmapping(computed
in software). In additionto providing exact displacementconstraintson detailed(or just
subdivided) surfaces,hierarchicalGFs allow greaterelasticcontentto be depictedthan
simple displacementmappingof coarsegeometry. In either case,suchapproachescan
effectively transfertheruntimesimulationburdenalmostentirelyto graphicalrendering.
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Chapter 4

Haptic Interaction

4.1 CapacitanceMatrices asLocal Buffer Models

For forcefeedbackenabledsimulationsin whichuserinteractionsaremodeledasdisplace-
mentconstraintsappliedto anotherwisefreeboundary, thecapacitancematrix hasa very
importantrole: it constitutesanexactcontactforceresponsemodelby describingthecom-
plianceof thecontactzone. Borrowing terminologyfrom [Bal00], we saythat thecapac-
itancematrix canbe usedasa local buffer model. While the capacitancematrix is used
in x2.2.4 to determinethe linear combinationof GFsrequiredto solve a particularBVP
andreconstructtheglobaldeformation,it alsohasthedesirablepropertythat it effectively
decouplesthe global deformationcalculationfrom that of the local force response.The
mosthapticallyrelevantbene�t is thatthelocalcontactforceresponsemaybecomputedat
amuchfasterratethantheglobaldeformation.

4.1.1 CapacitanceMatrix Local Buffer Model

From(2.35),theScomponentsof thesolutionv are

ET v = ET
h
v(0) + (E + (� E)) C� 1ET v(0)

i
(4.1)

= ET v(0) +
�
ET E

�

| {z }
C� 1ET v(0) +

�
ET � E

�

| {z }
C� 1ET v(0) (4.2)

# I � C (from (2.36))

= ET v(0) + C� 1ET v(0) � ET v(0) (4.3)

= C� 1
�

ET v(0)
�

: (4.4)

Considerthe situation, which naturally arisesin haptic interactions,in which the only
nonzeroconstraintsareupdateddisplacementconstraints,i.e.,

�v = EET �v ) v(0) = � �v (using(2.37)): (4.5)
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In this case,the capacitancematrix completelycharacterizesthe local contactresponse,
since(using(4.5) in (4.1))

ET v = � C� 1ET �v: (4.6)

This in turnparametrizestheglobalresponsesincethesecomponents(not in S) are

(I � EET )v = (I � EET )
h
v(0) + (E + (� E)) C� 1ET v(0)

i
(4.7)

= (I � EET )v(0)

| {z }
+ (I � EET )E

| {z }
C� 1ET v(0) + (I � EET )(� E) C� 1(ET v(0) )

| {z }

# 0 0 ET v

= (I � EET )(� E)(ET v) (4.8)

Suchpropertiesallow the capacitancematrix and � to be usedto derive ef�cient local
modelsfor surfacecontact.

For example,giventhespeci�edcontactzonedisplacements

uS = ET �v; (4.9)

theresultingtractionsare

pS = ET v = � C� 1 �
ET �v

�
= � C� 1uS; (4.10)

andtherenderedcontactforceis

f = aT
SpS =

�
� aT

SC� 1
�

uS = KSuS; (4.11)

where
aS = (aS1; aS2; : : : ; aSs)

T 
 I 3 (4.12)

representsthe effective nodalareas(from (2.5, p. 16)) andKS is the effective stiffnessof
thecontactzoneusedfor forcefeedbackrendering.A similar expressionmaybeobtained
for torquefeedback.Thevisualdeformationcorrespondingto solutioncomponentsoutside
thecontactzoneis thengivenby (4.7)usingpS= ET v.

4.1.2 Example: SingleDisplacementConstraint

A simplecasethat is relevant for haptics(generalizedin x4.2) consistsof imposinga dis-
placementconstrainton a singlenodek which otherwisehada tractionconstraintin the
RBVP1. The new BVP thereforehasonly a single constraintswitch with respectto the

1This caseoccurs,for instance,whenthetip of a hapticdevice comesinto contactwith thefree
surfaceof anobject.
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RBVP, andsos= 1 andS= f kg. Thecapacitancematrix hereis just C= � � kk sothatthe
kth nodalvaluesarerelatedby

pk = � C� 1uk = (� kk ) � 1 uk or uk = � kkpk : (4.13)

Thecapacitancematrix cangeneratethe force response,f = akpk , requiredfor hapticsin
O(1) operations,andfor graphicalfeedbackthecorrespondingglobalsolutionis v= � kpk :

4.1.3 Forcefeedbackfor Multiple DisplacementConstraints

When multiple force feedbackdevices are interactingwith the model by imposingdis-
placementconstraints,the force and stiffnessfelt by eachdevice are tightly coupledin
equilibrium. For example,thestiffnessfelt by thethumbin thegraspingsimulationshown
in Figure4.1will dependonhow other�ngers aresupportingtheobject.For multiplecon-
tactslike this, thecapacitancematrix again providesanef�cient forceresponsemodelfor
haptics.

Figure4.1: Interactivegraspingsimulationusinga CyberGlove datainput device (manu-
facturedby Virtual TechnologiesInc.). Thevirtual handseenherewasusedto interactively
deforma smoothelastostaticBEM modelwith approximately900surfacedegreesof free-
dom (dof) at graphicalframerates(30 framesper second)on a personalcomputer(dual
PentiumII 450MHz). Thecapacitancematrix algorithmwasusedto imposedisplacement
constraintson anotherwisefreeboundary, oftenupdatingover 100dof per frame. While
forcefeedbackwasnotpresent,this sectionshowshow thecapacitancematricescomputed
could alsohave beenusedto rendercontactforcesat a ratemuchhigherthanthat of the
graphicalsimulation.

Theforceresponsesfor eachof thecontactpatchescanbederivedfrom thecapac-
itancematrix inversein a mannersimilar to equations(4.9)-(4.12). In the simplecaseof
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d contactpatcheswith updatednodesetsf Si gd
i=1 , theblockpartitionedcapacitancematrix

inverse,P = C� 1, describeseachpatch's tractionresponsedueto displacementsat other
patches,

P =
dX

i;j =1

ESi PSi Sj ET
Sj (4.14)

=
�
ES1 ES2 : : : ESd

�

2

6
6
6
6
4

PS1S1 PS1S2 � � � PS1Sd

PS2S1 PS2S2
...

...
...

PSd S1 � � � PSd Sd

3

7
7
7
7
5

2

6
6
6
6
4

ET
S1

ET
S2

...
ET

Sd

3

7
7
7
7
5

(4.15)

wherethe(i; j ) stiffnessmatrixblock

PSi Sj = ET
Si PESj (4.16)

describestractioncontributionsto contactnodesin Si from displacementsat nodesin Sj .
The bene�t of having an explicit capacitancematrix inverse,insteadof a factorization,is
clearlyevidentin this case.

4.2 SurfaceStiffnessModels for Point-lik eContact

Point-like interactionsarecommonlydiscussedin the hapticsliteraturefor rigid surface
models[MS94, HBS99], andalso for linear elasticobjects[CDA99], largely due to the
availability of hardwarefor rendering3 DOF forcefeedback.For elasticmodels,theben-
e�t of point-like contactsis the convenienceof the point-like parameterizationof contact
andnot becausethecontactis highly concentratedor “pin-lik e”. In fact,unlike their rigid
counterparts,specialcaremustbetakenwith elasticmodelsto de�ne meaningfulcontactar-
easfor point-like interactions;point-likecontactsde�ned only assingle-or adjacent-vertex
constraintswill producemesh-relatedartifactswhenthe meshis re�ned (seeFigure4.2).
We presentanapproachusingvertex pressure maskswhich maintainsthepoint contactde-
scriptionyet distributesforceson a speci�ed scale. This allows point contactstiffnesses
to be consistentlyde�ned as the meshscaleis re�ned, andprovidesan ef�cient method
for forcefeedbackrenderingof forceswith regularsurfacevariations.Sucha techniqueis
presentedherefor point contacts,but couldbegeneralizedto otherill-posedor unresolved
contactsituations,e.g.,contactwith a line.

4.2.1 Vertex PressureMasks for Distrib uted Point-lik eContacts

In this section,thedistribution of forceis describedusingcompactly-supportedper-vertex
pressuremasksde�ned on thefreeboundaryin theneighbourhoodof eachvertex.
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Figure4.2: Point ContactMust Not be Taken Literally for Elastic Models: This �gure
illustratesthe developmentof a displacementsingularity associatedwith a concentrated
surfaceforceasthecontinuumlimit is approached.In the left image,a unit forceapplied
to avertex of adiscreteelasticmodelresultsin a �nite vertex displacement.As themodel's
meshis re�ned (middleandright image),thesameconcentratedforceloadeventuallytends
to producea singulardisplacementat the contactlocation,andthe stiffnessof any single
vertex approacheszero(seeTable4.1). Suchconstraintsaremathematicallyill-posedfor
linearmodelsbasedonasmall-strainassumption,andcareshouldbetakento meaningfully
de�ne theinteraction.

(x)r

0

p

f

Figure4.3: CollocatedScalarMasks: A direct meansfor obtaininga relative pressure
amplitudedistributionabouteachnode,is to employ auser-speci�edscalarfunctionalof the
desiredspatialscale.Thescalarpressuremaskis thengivenby nodalcollocation(left), after
whichthevectortractiondistributionassociatedwith anodalpoint loadis thencomputedas
theproductof theappliedforcevectorandthe(compactlysupported)scalarmask(right).

Vertex PressureMask De�nition

Scalarpressuremasksprovide a �e xible meansfor modelingvectorpressuredistributions
associatedwith eachnode.Thisallowsa forceappliedat thei th nodeto generatea traction
distributionwhich is a linearcombinationof f � j (x)g andnot just � i (x).

In the continuoussetting,a scalarsurfacedensity � (x) : � ! R will relatethe
localizedcontactforcef to theappliedtractionp via2

p(x) = � (x)f (4.17)

which in turn impliesthenormalizationcondition
Z

�
� (x)d� x = 1: (4.18)

2In asimilarmanner, tensor-valuedmasksfor torque-feedbackcanalsobecomputed.
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In thediscretesetting,thepiecewiselinearsurfacedensityon � is

� (x) =
nX

j =1

� j (x)� j 2 L ; (4.19)

andis parameterizedby thediscretescalarvertex maskvector,

� = [� 1; � 2; : : : ; � n ]T : (4.20)

Substituting(4.19)into (4.18),thediscretenormalizationconditionsatis�edbecomes

aT � = 1; (4.21)

wherea arethevertex areasfrom (2.5).Noticethatthemaskdensity� hasunitsof 1
area.

In practice,the vertex pressuremask� may be speci�ed in a variety of ways. It
couldbespeci�edat runtime,e.g.,asthebyproductof a physicalcontactmechanicssolu-
tion, or bea userspeci�edquantity. We shallconsiderthecasewherethereis a compactly
supportedscalarfunction � (x) speci�ed at eachvertex on the free boundary. The corre-
spondingdiscretevertex mask� may thenbe de�ned usingnodalcollocation(seeFigure
4.3),

� j =

(
� (x j ); j 2 � 0

p;
0; j 2 � 0

u :
; (4.22)

followedby suitablenormalization,

� :=
�

aT �
; (4.23)

to ensurethesatisfactionof (4.21).
In the following, denotethe densitymaskfor the i th vertex by the n-vector � i ,

with nonzerovaluesbeing indicatedby the set of masked nodal indicesM i . Sincethe
intentionis to distributeforceon thefreeboundary, maskswill only bede�ned for i 2 � 0

p.
Additionally, thesemaskswill only involve nodeson thefreeboundary, M i � � 0

p, aswell
asbenonempty, jM i j > 0.

Example: SphericalMask Functionals

Sphericallysymmetricradially decreasingmaskfunctionalswith a scaleparameterwere
suitablecandidatesfor constructingvertex masksvia collocationon smoothsurfaces.One
functionalweused(seeFigure4.4and4.5)hadlinearradialdependence,

� i (x ; r ) =

(
1 � jx � x i j

r ; jx � x i j < r;
0; otherwise:

; (4.24)

wherer speci�estheradialscale3. Theeffectof changingr is shown in Figure4.4.
3r maybethoughtof asthesizeof thehapticprobe's tip.
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Figure4.4: Illustration of ChangingMaskScale: An exaggeratedpulling deformation
illustratesdifferent spatialscalesin two underlyingtraction distributions. In eachcase,
pressuremasksweregeneratedusingthe linearsphericalmaskfunctional(seex4.2.1)for
differentvaluesof theradiusparameter, r .

4.2.2 Vertex StiffnessesusingPressureMasks

Having consistentlycharacterizedpoint-like force loadsusing vertex pressuremasks,it
is now possibleto calculatethe stiffnessof eachvertex. In the following sections,these
vertex stiffnesseswill thenbeusedto computethestiffnessatany pointonmodel'ssurface
for hapticrenderingof point-likecontact.

Elastic Vertex Stiffness,KE

For any singlenode,i , on thefreeboundary, i 2 � 0
p, a �nite forcestiffness,Ki 2 R3� 3, may

beassociatedwith its displacement,i.e.,

f = Ki ui ; i 2 � 0
p: (4.25)

As asignconvention,it will benotedthatfor any singlevertex displacement

ui � f = ui � (Ki ui ) � 0; i 2 � 0
p (4.26)

sothatpositivework is donedeformingtheobject.
Given a force f appliedat vertex i 2 � 0

p, the correspondingdistributed traction
constraintsare

pj = � i
j f : (4.27)

Sincethedisplacementof thei th vertex is

ui =
X

j 2M i

� i
j � ij f ; (4.28)

theeffectivestiffnessof themaskedvertex is

Ki = KE
i =

0

@
X

j 2M i

� i
j � ij

1

A

� 1

; i 2 � 0
p: (4.29)
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Someexamplesareprovidedin Table4.1andFigure4.5.
Therefore,in thesimplecaseof a singlemaskedvertex displacementconstraintui ,

thelocal forceresponsemodelexactly determinestheresultingforce,f = K i ui , distributed
in themaskedregion. Thecorrespondinggloballyconsistentsolutionis

v = � i f =

0

@
X

j 2M i

� i
j � j

1

A f (4.30)

where� i is the convolution of the GFswith the mask� , andcharacterizesthe distributed
force load. The limiting caseof a singlevertex constraintcorrespondsto M i = f ig with
� i

j = � ij =ai sothattheconvolutionsimpli�es to � i = � i =ai .

SubdivisionLevel # Vertices Singlevertex kKtopkF Maskedvertex kKtopkF

1 34 7.3 13.3
2 130 2.8 11.8
3 514 1.1 11.2

Table 4.1: Vertex StiffnessDependenceon MeshResolution: This table shows vertex
stiffnessmagnitudes(arbitraryunits) at the top centervertex of the BEM model in Fig-
ure 7.18(a),asgeometricallymodeledusingLoop subdivision meshesfor threedifferent
resolutions.Thestiffnesscorrespondingto asinglevertex constraintexhibitsa largedepen-
denceonmeshresolution,andhasamagnitudewhichrapidlydecreasesto zeroasthemesh
is re�ned. On theotherhand,thestiffnessgeneratedusinga vertex pressuremask(collo-
catedlinear spherefunctional(seex4.2.1)with radiusequalto the coarsestmesh's mean
edgelength)hassubstantiallylessmeshdependence,andquickly approachesa nonzero
value.

Rigid Vertex Stiffness,KR

For rigid surfacesa �nite forceresponsemaybede�ned usinganisotropicstiffnessmatrix,

KR = kRigidI3 2 R3� 3; kRigid > 0: (4.31)

This is usefulfor de�ning responsesatpositionconstrainedverticesof adeformablemodel,

Ki = KR; i 2 � 0
u ; (4.32)

for at leasttwo reasons.First, while it may seemphysically ambiguousto considercon-
tactinga constrainednodeof a deformableobject, it doesallow us to de�ne a response
for theseverticeswithout introducingothersimulationdependencies,e.g.,how thehaptic
interactionwith theelasticobjectsupportis modeled.Second,we shall seein x4.2.3that
de�ning stiffnessresponsesat thesenodesis importantfor determiningcontactresponses
onneighbouringtriangleswhicharenot rigid.
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(a)a(x) (b) kK(x)k (c) maskedkK(x)k

Figure4.5: Effectof Pressure Maskson SurfaceStiffness: Evenmodelswith reasonable
meshquality, suchasthis simpleBEM kidney model,canexhibit perceptiblesurfacestiff-
nessirregularitieswhensingle-vertex stiffnessesareused.A plot (a) of thevertex area,a,
clearlyindicatesregionsof large(darkred)andsmall(light blue)triangles.In (b) thenorm
of thesingle-vertex surfacestiffness,kK(x)k, revealsa noticeabledegreeof mesh-related
stiffnessartifacts.Ontheotherhand,thestiffnessplottedin (c) wasgeneratedusingapres-
suremask(collocatedlinearspherefunctional(seex4.2.1)of radiustwice themesh'smean
edgelength)andbetterapproximatestheregularforceresponseexpectedof suchamodel.

4.2.3 SurfaceStiffnessfr om Vertex Stiffnesses

Giventhevertex stiffnesses,f Ki gn
i=1 , thestiffnessof any locationon thesurfaceis de�ned

usingnodalinterpolation

K(x) =
nX

i =1

� i (x)Ki ; x 2 � ; (4.33)

so that (K(x)) kl 2 L . Note that thereareno morethanthreenonzerotermsin thesumof
(4.33),correspondingto theverticesof thefacein contact.In thisway, thesurfacestiffness
maybecontinuouslyde�ned usingonly j� 0

pj freeboundaryvertex stiffnessesanda single
rigid stiffnessparameter, kRigid, regardlessof theextentof themasks.Theglobaldeforma-
tion is thenvisually renderedusingthecorrespondingdistributedtractionconstraints.

For apoint-likedisplacementconstraintappliedatx 2 � onatrianglehaving vertex
indicesf i 1; i 2; i 3g, thecorrespondingglobalsolutionis

v =
X

i 2f i 1 ;i 2 ;i 3g

� i � i (x)f : (4.34)

Thismaybeinterpretedasthecombinedeffectof barycentricallydistributedforces,� i (x)f ,
appliedateachof thetriangle's threemaskedvertex nodes,which is consistentwith (C.8).

4.2.4 Renderingwith Finite StiffnessHaptic Devices

Similarto hapticrenderingof rigid objects,elasticobjectswith stiffnessesgreaterthansome
maximumrenderablemagnitude(dueto hardwarelimitations) arehapticallydisplayedas
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Figure4.6: Geometryof a Point-likeContact:Thesurfaceof thestatic/undeformedgeome-
try (curveddashedline) andthatof thedeformedelasticmodel(curvedsolidline) areshown
alongwith: appliedforce (f ), staticcontactlocation(xC), deformedelasticmodelcontact
location(xE), hapticprobe-tiplocation(xH), hapticcontactdisplacement(uH = xH � xC),
elasticcontactdisplacement(uE = xE � xC), staticcontactnormal(nC) andelasticcontact
normal(nE). Oncethecontactis initiatedby thecollision detector, thesliding contactcan
betrackedin surfacecoordinatesat forcefeedbackrates.

softer materialsduring continuouscontact. This can be achieved using a haptic vertex
stiffness, KH

j , which is proportionalto the elasticvertex stiffness. While the stiffnesses
couldall beuniformly scaledon thefreeboundary, thiscanresultin verysoft regionsif the
modelhasawide rangeof surfacestiffness.Anotherapproachis to set

KH
j = � j KE

j where � j = min

 

1;
kKRk

kKE
j k

!

; (4.35)

so that the elastichaptic model is never more stiff than a rigid haptic model. The sur-
face's hapticstiffnessKH(x) is thendeterminedasbefore,usingequation(4.33),so that
kKH(x)k � kKRk; 8x 2 � .

In accordancewith forcere�ecting contact,thedeformedelasticstatecorresponds
to the haptic force appliedat the contactlocation xC. This producesgeometriccontact
con�gurationssimilar to that shown in Figure4.6, wherethe hapticdisplacementuH can
differ from theelasticdisplacementuE. Thegeometricdeformationis determinedfrom the
appliedforce f andequation(4.34). Note that whenthe hapticandelasticstiffnessesare
equal,suchasfor soft materials,thenso arethe elasticandhapticdisplacements.In all
cases,the generalized“god object” [ZS94] or “surfacecontactpoint” [Sen] is de�ned as
theparametricimageof xC on thedeformedsurface.
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Chapter 5

AdvancedModeling Techniques

In thischapterwedescribeapplicationsof theCMA formalismto someadvancedmodeling
scenarios.

5.1 Multizone Kinematic Green'sFunction Models

Multizonemodelsreferto modelsdescribedby severalLEGFMs(“zones”)joinedby some
physicalconstraints(seeFigure5.1and5.2). This typeof domaindecompositionis useful
because(1) certainmodelsareeasilydescribedor constructedusingseparatecomponents,
(2) it canreduceprecomputationandstoragecostsfor boundarydescriptions,and(3) it is
usefulfor simulatingkinematicstructuresinvolving elasticmaterial,aswell asfor approx-
imatingnonlinearstrainin structureswith rotation.

Multizonesubstructuringmethodsarecommonlyusedin boundaryelementanaly-
sis,e.g.,[KKP91], to avoid theconstructionof largedenseBEM matrices(H andG) such
asfor direct solversandalsofor usewith Krylov iterative methods.A commonstrategy
is to usecondensationon thesystemof multizoneequationsto arrive at a reducedsystem
of equationsrelatingonly boundaryvaluesbelongingto interzonalinterfaces. Oncethe
condensedsystemis solved,theinterfacevaluesareusedto constructthesolutionon each
domain.Suchamultizoneapproachis centrallyrelatedto domaindecomposition.

Thereasonmultizonemodelsareof interesthereis thatprecomputedGFsfor each
zonalLEGFM provide thecondensedmultizonematrix description“for free” sincethere-
sponseof eachzoneis known in theform of theGFlookuptable.Thesolutionto thesecon-
densedinterfaceequationsis thenusedto computethe deformationof eachzonalmodel,
similar to the capacitancematrix algorithm. Provided this canbe doneef�ciently , large
coupledsystemscanbe interactively simulated. It follows immediatelythat multiresolu-
tion GFs and constraintdescriptionscan be usedfor multizonemodels,and in fact our
implementation(discussedlater)cantransparentlyusetheMR GF implementationto gain
speed-upandstoragebene�ts.
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1 2S12 S21

Figure5.1: Twozonemodel with zonesandinterfacenodesetsindicated.

Finally, materialrelatedto thissectionappearsin [JP02].

5.1.1 Multizone Model Description

For thesimpletwo zonemodelillustratedin Figure5.1consistingof zones1 and2, let the
quantitiesassociatedwith eachLEGFM zonebedenotedby asuperscript1 or 2. For exam-
ple, theGFsof eachzoneare� 1 and� 2, thetraction�elds arep1 andp2, andsimilarly for
displacement�elds. Initially, all quantitieswill bede�ned in acommoncoordinatesystem,
althoughthiswill begeneralizedlaterin x5.1.3for moregeneralkinematicrelationships.

Let the interfacebetweenthe zonesbe de�ned by two orderedlists of nodes:let
S12 denotenodesin zone1 interfacingwith zone2, andsimilarly let S21 representnodes
in zone2 contactingzone1. Without lossof generality, we shallassumethat the interface
discretizationsconform,sothattheinterfacelistsarethesamesize(jS12j = jS21j), andthat
the j th nodeof eachlist correspondsto thesameinterfacevertex. The interfacedisplace-
mentsandtractionsfor zone1 arethenthearraysu1

S12
andp1

S12
, while for zone2 they are

u2
S21

andp2
S21

.

5.1.2 Multizone Equationsand Condensation

As an example,considerthe two-zonemodel joined alonga seamcontainingnodeswith
tractionboundaryconditionsin thereferenceBVP1, i.e.,seamnodesin � 0

p for eachsystem.
Theinterfacedisplacementsandtractionsaregovernedby

u1
S12

= û1
S12

+ � 1
S12 S12

p1
S12

(5.1)

u2
S21

= û2
S21

+ � 2
S21 S21

p2
S21

(5.2)

wheretheinterfaces'self-in�uencematricesare

� 1
S12 S12

= ET
S12

� 1ES12 (5.3)

� 2
S21 S21

= ET
S21

� 2ES21 (5.4)

andû1
S12

andû2
S21

describethedisplacementcontribution at theinterfacedueto constraints
outsidethe seam,e.g.,a zone1 nonzerotractionconstraintp1

j 1
at nodej 1 62S12 would

1Wewill considerdisplacementreferenceBVP conditionsin thefollowing section.
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Figure5.2: Multizoneelastickinematicchain modelschematicwith zonesand interface
nodesetsindicated. Here interfacenodeshave displacementconstraintsin eachzone's
RBVP, andexternalconstraintsarenotshown.

imply
û1

S12
= ET

S12
� 1

j 1
p1

j 1
: (5.5)

The bene�t of the multizoneapproachwhencombinedwith LEGFMs is immedi-
atelyapparentfrom (5.1-5.2):condensedinterfaceequationsareavailablepractically“for
free” whengiventheprecomputedGFs.Similar to theforcefeedbackapplication,thema-
jor bene�t is that the equilibrium canbe determinedby solving problemsinvolving only
interfacevariables.For example,in orderto physically bondthezonalLEGFM modelsat
theinterfaceonemayusetheinterfaceboundaryconditions

u1
S12

= + u2
S21

(Continuitycondition) (5.6)

p1
S12

= � p2
S21

(Newton's3r d law): (5.7)

Substitutingtheseconditionsin (5.1-5.2)yieldsthelinearsystemto besolvedto determine
theinterfaceconstraintsrequiredto simulatethebondedmaterial

�
� 1

S12 S12
+ � 2

S21 S21

�
p2

S21
= û1

S12
� û2

S21
: (5.8)

Oncethe interfaceconstraintsaredeterminedfrom this condensedinterfaceequationthey
areappliedto theLEGFMsin theusualway to computethedesireddeformation.Because
suchcondensedequationsareavailablevia aGFlookupoperation,constructingsuchmatrix
systemsis trivial.

5.1.3 Elastic Kinematic Chains

In many ways, LEGFMs shouldbe thoughtof as nearly rigid objectswith an inherent
frameof reference.Attaching the elastostaticmodel to a kinematicstructure,suchasa
rigid “bone” in askeleton-basedcharacteranimation(discussedin x5.1.4),is anaturalway
to associatethis relationshipin a simulation.By connectingLEGFMswith multiple frame
of referencestogether, muchlargerrelativedeformationscanbeachievedthanwouldother-
wisebepossiblewith asingleLEGFMattachedtomultiplemovingbones.WhileLEGFMs'
linearCauchy strainapproximationof Greenstrainis not invariantunderrotation,it is quite
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possibleto rotateLEGFMsrelative to eachother. As anexample,later in x5.1.4we shall
considersecondaryanimationof �nger pad deformationduring interactive graspingand
contacttaskswith asimpli�ed �nger model.

In this section,we shallconsidera multizonekinematicchainof coupledLEGFMs
asschematicallyshown in Figure5.2. This multizonekinematiccon�guration resultsin a
block tridiagonalsystemof equationscomprisinganonlinearcomplianceequationrelating
theinterfacedisplacementsde�ned in eachLEGFM's inherentcoordinateframe.Thestiff-
nessresponseis nonlinearin thesensethat it dependson thecon�gurationof the joints in
thechain,but for any singlecon�gurationit is linear.

Wewill describekinematicchainsonly for notationalsimplicity, but thesameargu-
mentsapplyto moregeneralmultizoneinterfacetopologiesandkinematicstructures.The
practicalconsequenceis thatthesolutionof theseamequationswill ceaseto beblock tridi-
agonal,but may still be ef�ciently solved. The issues,andmeansof handlingthem,are
similar to thosein multi-rigid bodydynamics[APC97,LNPE92, Bar96, Fea87].

Similar boundaryin�uence equationsfor coupling elasticbodiesin equilibrium
arisewhencomputingcontactconstraintsbetweenmultipleelasticobjects[AB93, MAR93,
EO89]. UsingtheprecomputedGF models,thecontactresponsecouldbeef�ciently com-
putedandintegratedat high ratesto solve simpli�ed contactproblemsinteractively with
hapticforcefeedback.

TheLEGFM'szonalframesof referencearerelatedby coordinatetransformations:
let theoperatorjj +1 F mapquantitiesfrom framej + 1 to j , andj +1

j F from j to j + 1. A left
superscriptwill denotetheframeof referenceof aquantity, e.g.,j ai representsaquantitya
of zonei in frameof zonej . Someillustrative coordinatetransformationsof quantitiesin
zonej from framej to j + 1 are

j +1 uj
S = j +1

j F j uj
S (5.9)

j +1 � j
SS = j +1

j F j � j
SS: (5.10)

TakingtheRBVPof eachzoneto havespeci�eddisplacementboundaryconditions
for seamconstraints(seeFigure5.2),theLEGFMequationsdescribingthetractionresponse
onbothsides(j andj + 1) of seamj = 0; 1; : : : ; n � 1 are

j pj
Sj ;j +1

= j p̂j
Sj ;j +1

+ j � j
Sj ;j +1 Sj ;j +1

j uj
Sj ;j +1

+ j � j
Sj ;j +1 Sj ;j � 1

j uj
Sj ;j � 1

j +1 pj +1
Sj +1 ;j

= j +1 p̂j +1
Sj +1 ;j

+ j +1 � j +1
Sj +1 ;j Sj +1 ;j

j +1 uj +1
Sj +1 ;j

+ j +1 � j +1
Sj +1 ;j Sj +1 ;j +2

j +1 uj +1
Sj +1 ;j +2

wherethenodesetsS0;� 1 andSn;n +1 maybetakenastheemptysetto yield theendseam
equations

0p0
S01

= 0p̂0
S01

+ 0� 0
S01 S01

0u0
S01

(5.11)
npn

Sn;n � 1
= n p̂n

Sn;n � 1
+ n � n

Sn;n � 1Sn;n � 1
nun

Sn;n � 1
: (5.12)
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Theseambondingconditions,accountingfor transformationsbetweenzoneframes
of reference,are

j xj
Sj ;j +1

+ j uj
Sj ;j +1

= j
j +1 F

�
j +1 xj +1

Sj +1 ;j
+ j +1 uj +1

Sj +1 ;j

�
(Continuity) (5.13)

0 = j pj
Sj ;j +1

+ j
j +1 F j +1 pj +1

Sj +1 ;j
(Newton's3r d law) (5.14)

wherej xj
� representundisplacedvertex positions.Theseseamconditionsmayberewritten

for substitutionas

j +1 uj +1
Sj +1 ;j

= j +1
j F

�
j xj

Sj ;j +1
+ j uj

Sj ;j +1

�
� j +1 xj +1

Sj +1 ;j
(5.15)

j +1 pj +1
Sj +1 ;j

= � j +1
j F j pj

Sj ;j +1
: (5.16)

Substitutingthe bondingconditionsinto the LEGFM equationsby eliminatingvariables
with non-increasinginterfaceindex pairs2 we obtainthe nonsymmetricblock tridiagonal
seamequationsrelatingeachsetof seamdisplacements(eachin its naturalframeof refer-
ence)to adjacentseams,

0 =
�

j � j
Sj ;j +1 Sj ;j � 1

j
j � 1F

�
j � 1uj � 1

Sj � 1;j
(5.17)

+
�

j � j
Sj ;j +1 Sj ;j +1

+ j � j +1
Sj +1 ;j Sj +1 ;j

j +1
j F

�
j uj

Sj ;j +1
(5.18)

+
�

j � j +1
Sj +1 ;j Sj +1 ;j +2

�
j +1 uj +1

Sj +1 ;j +2
(5.19)

+ j p̂j
Sj ;j +1

+ j p̂j +1
Sj +1 ;j

(5.20)

+ j � j
Sj ;j +1 Sj ;j � 1

�
j xj � 1

Sj � 1;j
� j xj

Sj ;j � 1

�
(5.21)

+ j � j +1
Sj +1 ;j Sj +1 ;j

�
j +1 xj

Sj ;j +1
� j +1 xj +1

Sj +1 ;j

�
(5.22)

for j = 0; 1; : : : ; n � 1 andS0;� 1 = Sn;n +1 = ; .
This systemof equationsmaybeef�ciently solvedusingblock tridiagonalLU fac-

torization[GL96] which is effective givensmall setsof interfacevariables.However, the
systemmatrix's nonlineardependenceon chain orientationmeansthat this factorization
mustbeperformedfor eachorientation,or thatsuitableinterpolationmustbeused.

Two meansfor acceleratingthis process,bothbasedon reducingthe total number
of interfacevariables,areasfollows. The �rst approach,usefulfor thin seams,is to only
constraindegreesof freedomnearor on thesurface.This approachwastried for the�nger
exampleafter discovering that the differencewas visually undetectable.A secondand
moregeneralapproachis to apply hierarchicalGFsin seamregionsto coarsenthe seam
constraints,therebyspeci�ably reducingtheeffort requiredto solve thecoupledinterface
equationsaswell assimulatetheLEGFM zone.

2For example,eliminateuSj +1 ;j but keepuSj ;j +1 .
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5.1.4 Implementation: SecondaryDeformation for Character Animation

MultizonekinematicdescriptionscanmakeLEGFMsausefultool for interactiveanimation
of plausiblebodytissuedeformations:notonly doesthemodelrespondplausiblyto skeletal
motions,but thephysicalmodelalsosupportsinteraction.Justasclothing is drapedover
scriptedanimationsof moving charactersfor secondaryanimation, deformationsassociated
with motion,contacttasksandotherformsof interactionmayalsobeadded.Considering
only secondaryanimationavoidslimitationsassociatedwith linearstrainandalinearstress-
strainrelationshipbecausethephysicalmodelis only usedto computeplausibledeforma-
tionsfor scriptedmotionsandnot to computethemotionsthemselves.SinceLEGFMsare
suf�ciently fast,it is possiblefor themto beusedin interactive applicationssuchasvideo
games.Theinterface-onlyfeatureof precomputedLEGFMsallows themto beeasilycom-
binedwith other typesof physical models,e.g.,a sophisticatedmodel for wrinkled skin
regions,aswell asmoretraditionalcharacteranimationapproacheslikevertex blending.

Figure5.3: Finger with elastic�nger padsusedfor interactivesimulation: A simpli�ed
�nger modelcomposedof threeindividual multiresolutionelastostatic�nger pads(L = 3)
with internalstructurevisible. Thedistalbone's �ngertip padis alsodrawn insetfor clarity.
Each�nger pad is de�ned in a frame of referencerigidly attachedto its corresponding
“bone” and this allows large relative strainsto be simulatedduring interactive character
animation(seeFigure5.4). Signi�cant wavelet compressionof the �nger padmodelsis
alsopossible(x7.4).
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Figure5.4: Simulationof �nger with elastic�nger pads: An illustrativebone-basedskele-
tal animationof a �nger modeledusingthreeindividual multiresolutionelastostatic�nger
pads. The �nger extensionmotion shown wascomputedusingthe fastsummationCMA
with hierarchicalwavelet GFs,andrunsat near60 FPSin our ARTDEFO simulator. The
modelmayalsobeinteractedwith directly, andthis is shown in Figure3.7.

We have implementeda multizonemodelfor interactive �nger animationandthis
is describedfurther in Figures5.3 and 5.4. PrecomputedmultiresolutionLEGFMs are
usedfor each�nger padzone,with displacementconstraintsspeci�ed at seams(shown in
Figure5.4) in eachzone's referenceBVP. The �nger padsareconnectedusingcontinuity
constraintsat interfaceseams,e.g.,locatednearkinematicjoints. Imposingseambonding
constraintsasin theprevioussectionleadsto anonlinearinterfacecompliancesystem.

For real time animationapplicationssuchasvideo games,we suggestan alterna-
tive approximationwhich decoupleseachzoneandthusavoids thesolutionof a changing
systemmatrix. This is achievedby specifyinginterfacepositionconstraintskinematically
using bone-weightedvertex blending,a techniquecommonlyusedfor characteranima-
tion. As thekinematicjoints move, thedisplacementconstraintsappliedin eachLEGFM's
frameof referencealsochange.Becausetheconstraintsaredeterminedkinematically, ad-
jacentzonesaredecoupledfrom eachotherandthismakesit unnecessaryto solve for seam
constraints.In this manner, incorporatingLEGFMs into skeletalanimationsis a straight-
forward task,and the resultingsystemmay be simulatedin real time. This approachis
discussedfurtherin Figure5.4for the�nger example.

5.1.5 Hybrid Models

JustasLEGFMs may be attachedtogether, so may otherphysical models. Suchhybrid
modelsallow a largervarietyof deformableobjectsto beconstructed,with moreexpensive
or accuratemodelsusedin areaswherethey areneeded.Suchapproacheshavebeenusedin
thesurgical simulationcommunityto allow morecostlydynamicmodelsto beusedin re-
gionsof interestwheredynamictissuecuttingis to beperformed[HL98, CDA99]. It seems
alsopossibleto performsuchdecompositionsadaptively usinga hierarchy of multizone
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models,aswell aswith adaptiveconstraintresolutionfor eachzonalinterface.

5.2 Relationshipof CMAs to Simulation of Nonlinear Physics

This sectionbrie�y mentionstwo relationshipsthat CMA haswith simulatingnonlinear
equilibrium physical systems.We remindthe readerthat materialin this sectionhasnot
beenimplemented,andis thesubjectof futurework.

5.2.1 Inter pretation of CMA asSensitivity Analysis

It is possibleto generalizetheCMA to nonlinearelastostaticsby interpretingGFsaslocal
systemresponsesobtainedby sensitivity analysismethods.For example,agivenRBVPhas
solutionscharacterizedby thelinearequation(2.15),

v = � �v:

This is a linearapproximationof thenonlinearrelationship

v = G(�v) (5.23)

whoseTaylorseriesexpansionabout�v= 0 is

v = G(0) + (r �vG(0)) �v + : : : (5.24)

= (r �vG(0)) �v + : : : (5.25)

(sinceG(0) = 0 in theundeformedstate),which impliesthenumericalapproximation

� � (r �vG(0)) : (5.26)

By expandingaboutanonzerodeformedstate(w; �w), where

v = w + � v (5.27)

�v = �w + � �v; (5.28)

andw= G( �w), theexpansion

v = w + � v = G( �w) + (r �wG( �w)) � �v + : : : ; (5.29)

impliesthelocal linearapproximation

� v = (r �wG( �w)) � �v (5.30)

= �( �w)� �v: (5.31)
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While it is not practicalto precomputeall �( �w) arising in a simulation3 for arbitrary �w,
with suf�cient computingresources,sensitivities dueto changesin theBVP input, or GF
responsessuchas �( �w) :j could be computed. Temporalcoherenceand multiresolution
approximationscould make this processmorefeasible. By computingselectedlocal GF
sensitivites, theCMA canbeusedto updatethis subspaceof constraints,andtheprovide
stablehapticforcefeedback.

In thismanner, aprecomputedLEGFM andCMA couldbeusedfor fastsimulation
of smallstrainresponses,including(sliding)contact,while anonlinearCMA with runtime
generatedsensitivites is usedto handlelargedeformations,andsointerpolatebetweenthe
morecostlysolutionsandalsoderive localbuffer modelsfor forcefeedback.

5.2.2 Nonlinear Reanalysis

Theideaof adaptively modifying zonesto simulatenonlinearmaterialresponseis directly
relatedto recentdevelopmentsin nonlinearreanalysis[AGH01] for which nonlinearmate-
rial modi�cations for individual elementscanbe updated,e.g.,to accountfor yielding or
buckling. It is shown thattheSherman-MorrisonandWoodbury formulascanbeextended
to allow for nonlinearchangesin matrix quantities.In [AGH01], it is shown that a FEM
stiffnessequation

Kd 0 = f : (5.32)

canbeupdatedef�ciently to accountfor bothlinearandnonlinearmodi�cations. In general,
themodi�ed equilibriumequationresultingfrom smembersbehaving nonlinearlytakesthe
form

Kd +
sX

i =1

ai (d)w i = f ; (5.33)

wherethevolumetricdisplacementsolutionis of theform

d = d0 � R � (5.34)

and
R = K � 1W ; W = [w1 ; : : : ; ws]; � = [� 1 ; : : : ; � s]T : (5.35)

Substituting(5.34)into (5.33)andusing(5.32)and(5.35),leadto thecondition
sX

i =1

(ai (d) � � i ) w i = 0: (5.36)

If thevectorsw i arelinearly independent,this leadsto scouplednonlinearequationsin � i

ai (d0 � R � ) � � i = 0; i = 1; : : : ; s: (5.37)
3For simpli�ed interactionssuchaspoint-like contact,limited formsof precomputationmaybe

possible,but this is not truein general.
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If not all the changesare nonlinearthen the problemis simpler: �rst a linear updating
problemis solvedandthenasmallernonlinearsystemof equations.

In order to producea form of this that is suitablefor interactive simulation,we
observe that it may be possibleto precomputequantitiessuchasK � 1W andef�ciently
representthemin volumetricwaveletbasesfor ef�cient storage,fastsummationandmatrix
elementextraction.

5.3 Multir esolutionConstraint Generation

In this sectionwe brie�y addressthe problemof determiningwhat constraintsare to be
imposedonmultiresolutionmodelsduringasimulation.

Currentlyour ARTDEFO simulatorsupportstwo modesfor constraintgeneration.
The�rst modehasbeenusedto modeldisplacementconstraintsfor unilateralcontactwith
rigid objects,andthisusesanode-basedcollisionandCMA constraintgenerationapproach.
Hierarchicalconstraintsare easily supportedgiven the nodalde�nition of contact. This
workswell providedcontactzonesaresuf�ciently well resolvedby theconstraintresolution
sothatsigni�cant interpenetrationdoesnotoccur.

Thesecondconstraintgenerationmodesupportsspatiallylocalizedcontactsusing
pressuremasks,andcurrentlythis is usedfor force feedbackrenderingof point-like con-
tacts.For hierarchicalconstraints,thedistributionof contactforcesis notdeterminedby the
barycentriccoordinateof contactwithin a singletriangle,but by the parametricbarycen-
tric coordinatewithin a triangularconstraintpatchat theappropriateconstraintresolution.
Triangularconstraintparameterizationsareillustratedin Figure3.5for thedragonmodel.
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Chapter 6

Generationof Green'sFunctions

Two signi�cantly differentapproachesexist for constructingGFmodels.The�rst approach
is to usenumericalmethodsfor linearelasticityto precomputetherequiredGFs,while the
secondapproach[PvdDJ+ 01] is basedon thedirectmeasurementof realphysicalobjects.

6.1 Numerical Precomputationof Green'sFunctions

Precomputationof discreteGFsis a straightforwardapplicationof standarddirector iter-
ative “black box” BVP solutiontechniquesfor any suitablediscretizationtechnique,e.g.,
FEM, BEM, FDM, FVM. For example,�nite elementformulationswith direct anditera-
tive solverswereusedin [BC96, CDA99], anddirect BEM solutionin [JP99a].For very
largemodels,directapproacheseventuallybecomelessappealingandfastpreconditioned
iterative matrix solvers,suchasmultigrid [Hac85], canbe used. However, becausevery
many, e.g.,O(n), GFsmaybeprecomputed,factorizationcostsfor directsolutionmethods
areoffset by the large numberof solvesthe factorizationsareusedfor, whereasiterative
methodstypically becomecompetitive only for very large modelsin which direct matrix
factorizationsareinfeasible,e.g.,dueto memorylimitations.

6.1.1 Dir ectSolution UsingBEM

Our implementationis basedon the BoundaryElementMethod(BEM) [BTW84, JP99a]
for discretizingboundaryintegral equationdescriptionsof Navier's equationof homoge-
neous,isotropiclinearelastostatics.BEM providesanappealinganddirectapproach,since
only theboundarygeometrymustbeconsidered,andtheA and �A matricescorrespondto
thecolumnsof theBEM's G andH matrices.Thefactthatmany GFsarecomputedmakes
direct matrix factorizationapproachesquite effective relative to iterative approacheseven
for moderatelysizedproblems,e.g.,n = 2500; oncethe LU decompositionof A is con-
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structedit may be reusedto solve (in parallel)for every singleGF1. In practiceit is only
necessaryto storetheonelargedensematrix (A or its LU factors)in memoryat once,and
thesizeof this matrix is theonepracticallimitation of themethod.Despitethe relatively
commoncommentsin theliteraturederidingBEMsdensematrix, this is oneapplicationin
which thedensefactorizationis well used.Precomputationtimesarepresentedin x7.6,and
arefor examplesigni�cantly fasterthanthosepresentedin [CDA99].

6.1.2 Nonoverlapping Block PreconditionedMultir esolution BEM Iterati ve
Solver

Dueto thelimitationsof thedirectBEM solver for very largemodels,amoresophisticated
solver is required. For this purpose,we have implementedan iterative boundaryintegral
equationsolver for constructing(hierarchical)GFs.

Very recently, progresshasbeenmadeon generalizingthe fastmultipole method
(FMM) for Laplace'sequationto 3D elastostatics[PN95,FKR+ 98,YNK01], andthework
of Nishimuraetal. [YNK01] isparticularlypromising.However, afterapreliminaryinvesti-
gationandpartialsoftwareimplementation,this approachwasabortedbecauseit appeared
that solving for hundreds,let alonethousands,of GFswould be impractical2. While the
FMM achieved optimal O(n) memoryandO(n(log n) � ) (� � 0) CPU complexity, the
CPUconstantwastoo largefor ourprecomputationneeds.

Instead,a relatively simple,engineeringaccuracy, fast iterative solver wasimple-
mentedby computingthe unlifted wavelet coef�cients of the columnsof the BEM's G
andH matricesto a speci�ed level of accuracy. This resultedin sparsematrix representa-
tions, so that fastsummation,for A and �A, waspossibleusingthe unlifted inverseFWT.
For a giveniterative solver (discussedbelow) a preconditioneris highly effective here,and
we useda nonoverlappingblock preconditioner[NH97] basedon anadaptive octtreepar-
titioning of nodes. Matrix A in�uences are assembledbetweennodescontainedwithin
eachocttreeleaf cell, andthesesquareblocksare invertedandusedasa diagonalblock
preconditioner. Preliminaryinvestigationsuggestedthatoverlappingblockpreconditioners
did performslightly better[NKLW94], however theminor improvementdid not merit the
additionalconstructioncost. It makessenseto constructa relatively large preconditioner
for thisapplicationsincelargerblockscanimproveconvergencerates,andtheconstruction

1Similarly, building a sparseCholesky factorizationfor FEM modelswould likely have led to a
moreef�cient solver thanthecondensationsolver usedin [BC96] or theconjugategradientsolver
in [CDA99], especiallyconsideringthemodestsizesof livermodelsconsidered.

2Theboreholegeometryexamplein [TKN99] (andsimilarproblemsin [YNK01]) requiredmore
than5 minutespermatrixmultiply for 30000DOFsin Fortran77onaDECAlpha21164(600MHz).
At this cost,thecomparableL = 3 dragonmodel's hierarchicalGF calculation(assumingaverage
numberof preconditionedGMRESmultiplieswas500(basedon experiment),and123block GFs
or 369solves)would requireoversixhundreddaysfor iterativesolvermatrixmultiplicationalone!
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costis amortizedover multiple GF solves. Regardingthechoiceof iterative method,pre-
liminary experimentswith MatlabsuggestedthatGMRES[SS86]requiredfewer iterations
thanotheravailablemethods,e.g.,BiCGSTAB, QMR, CGS,andwith the block precon-
ditioner, GMRESwithout restartswasmosteffective; this wasconsistentwith the choice
of [YNK01]. Furtherlargemodelprecomputationdetailsarediscussedin x7.6.2.

An interestingpracticalpoint is thatiterativesolversfor BEM discretizationsonour
Loopsubdivisionsurfacesmaybeexaggeratingiterationcountsdueto problemsintroduced
by thesteepmeshgradingatextraordinaryvertices[KKP91], e.g.,valence3. Thisproblem
might be reducedby the preconditionerused,but we plan to investigatethis issuein the
future.

6.1.3 Hierar chical GF

Fastiterativesolutionmethodscanreducethecostof computingaGFfrom a largemodels,
while usinghierarchicalGFsfor coarseconstraintscalescanreducethetotalnumberof GFs
thatmustbeprecomputed.Insteadof computingcoarsescaleGFsfrom theGF re�nement
relations(3.78),hereit is desireableto iteratively solve (3.83),e.g.,seethedragonmodel
in x7. This providesan attractive precomputationalternative that is particularlysuitedto
interactive applicationssuchasgameswhich areunlikely to requiretensof thousandsof
constraintDOFs(seeFigure3.9). This approachcouldalsobeusedfor modelingto pro-
vide supportfor semi-interactive modi�cation of themodel.HierarchicalGFsalsoprovide
apracticalmechanismfor computingGFsatvery �ne resolutionsto ensurenumericalcon-
vergence.

6.2 Reality BasedDeformation Modeling

A promisingalternative to numericalGFprecomputationis theactive roboticmeasurement
andestimationof GFscorrespondingto realdeformableobjects.Theboundary-onlyinput-
outputdescriptionprovidedby linearelastostaticGFsis a convenientandnaturalmodelto
estimate.By applyingknown contactforcesto thesurfaceof anobject,suchasthestuffed
toy tiger in Figure6.1, it is possibleto estimatethe associateddisplacementof the free
surfaceusingcomputervision techniques,while the �x ed (bottom)portion of the surface
is assumedto havezerodisplacementsspeci�ed.FromaGFmatrixperspective, thiscorre-
spondsto applyingnonzerotractionsnodesto,andmeasuringdisplacementsof nodesin � 0

p.
By applyingspanningtractionsto enoughsurfacenodes,it is possibleto estimatethecorre-
spondingfreesurfaceGF block, � � 0

p ;� 0
p

(seeFigure3.4). We have discussedthis approach

in [PvdDJ+ 01], andgreaterdetailcanbefoundin thePh.D.thesisof JochenLang3 [Lan01]
3Also advisedby Dr. DineshPai.
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whoseresearchaddressedtheroboticscanningandestimationof deformablemodelsusing
theUBC ActiveMeasurement(ACME) Facility [PLLW99] (shown in Figure6.2).

Aside from a very brief overview of themodelingprocess,we illustratehow mul-
tiresolutiontechniquesmaybeexploitedduringtheGFmeasurement,estimation,andsim-
ulationphases.As with numericalprecomputationof multiresolutionmodels,the�rst stage
of the processis the constructionof a multiresolutionsurfacemesh,andthis is described
in x6.2.1.

Figure6.1: Roboticmeasurementof deformableobjects: A stuffed tiger toy is beingin-
spectedby theforceprobeattachedto ACME's Puma260roboticarm. Therobotsystem-
aticallycontactsverticesof anassociatedmultiresolutiontrianglemeshin orderto measure
displacementresponsesfor relatedGFs.Stereovisionis usedto measuresurfacemovement
duringcontactevents.

Figure6.2: ACME Facility Overview: The UBC Active Measurement(ACME) Facility
is a highly automatedrobotic measurementfacility consistingof a variety of sensorsand
actuators,all undercomputercontrol.

Oncea reality basedGF modelhasbeenacquiredit canbeinteractively simulated
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(with forcefeedback)usingthepreviouslymentionedCMA framework. Framesfrom anin-
terativesimulationusingourARTDEFO simulationsoftwareareshown in Figure6.3.Point-
like contactforce responsesarecomputedusingvertex pressuremasks(x4.2). In general
the resultsarequite satisfactory, capturingnon-localeffectssuchasthe movementof the
headwhenthebackof thetiger is poked. Themodeldoesshow someof thelimitationsof
thelinearmodelstructurefor largeinputdisplacements,with somewhatexaggerateddefor-
mations.However, for moderateinput displacements(approximately< 15%of thetiger's
diameter),thescannedmodelbehavesquiterealistically.

6.2.1 Multir esolutionMeshConstruction and GF Measurement

Beforedeformationmeasurementsareacquired,a geometricrepresentationof theobjectis
�rst scannedandlaterusedto registerGF data. It is convenientto acquirea semi-regular
meshwith subdivisionconnectivity in orderto usemultiresolutiontechniquesfor measure-
ment, dataprocessing,and simulation. For this reason,an initial triangle meshis �rst
acquiredusingstandardtechniquesdescribedin [PvdDJ+ 01], andthenthis meshis repa-
rameterizedusingnormalmeshalgorithmsdescribedin x3.2.6. For renderingpurposes,
extra geometricdetail is mappedon to the model using a displacedsubdivision surface
[LMH00] approach,as describedin 3.7.3. During robotic measurement,the multireso-
lution meshstructureis usedwhen the robot probessurfacelocationscorrespondingto
verticesof thegeometricmodelat thedesiredreconstructionresolution,l . Multilevel GF
interpolationtechniquesare thenusedto approximatelypredict someodd vertex GFs in
M (l + 1) for improvedrenderingquality (describedin x6.2.3).Imagesof themultiresolu-
tion tigermodel,andcontactsamplingpatternsareshown in Figure6.4.Becausemeasured
displacement�elds andtheappliedforcedistributionsmayinvolve differentspatialscales,
this multiresolutionscanningprocessis inherentlyrelatedto hierarchicalGFsandsurface
pressuremasks.

6.2.2 ScatteredDisplacementData Reconstruction

After measuringthedisplacement�eld componentsof � � 0
p � 0

p
, it is commonthatseveralma-

trix elementsareunestimateddueto missingobservationsof thedeformedsurface(shown
in Figure6.5). This problemcanbe minimizedby obtainingmoremeasurementsbut not
entirelyavoided. We usescattereddatareconstructionto �ll in elementsfor eachcolumn
individually. Oneapproachis to interpolatemissingdisplacementsby solving Laplace's
equationover the setof unestimatedvertices. The resultof this interpolationprocessis
shown in Figure6.5.
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Figure6.3: Interactive force feedback simulationof the reality-basedtiger model: Four
imagesequencesareshown(3with 2 images,andonewith 6)with the�o w of timeindicated
by arrowsconnectingrelatedframes.(Toy tigermodelscannedby JochenLang[Lan01].)
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Figure6.4: MultiresolutionMeshand ContactSamplingPattern: (left) CoarseL = 0 pa-
rameterizationof model,usedfor active contactmeasurement,displayedon �nest L = 2
displacedsubdivision surfacemeshsuedfor simulation(seeFigure 6.3); (right) yellow
pointsdrawn on the L = 1 resolutionmark the nodesat which the system's displacement
responseto appliedtractionswaseithermeasured(evenvertices)or inferred(oddvertices).

Figure6.5: Plotsof estimateddisplacementresponses:(left) Missingobservationson the
L = 1 meshresult in unestimatedresponsecomponents(shown in black); the remaining
nodesare color codedwith red indicating the greatestdisplacementand blue the least.
(right) Thesevaluesare estimatedby an interpolatingreconstructionto obtain the �nal
deformationresponses.(Imagescourtesyof JochenLang[Lan01])
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6.2.3 Green'sFunction Inter polation

In order to improve renderingquality and reducemeasurementand estimationtime we
exploit the multiresolutionmeshstructureto optionally infer Green's function responses
for unmeasuredvertices.This is doneby actively pokingthemodelat a resolution(l � 1)
onelevel coarserthanthe resolutionl usedto estimatedisplacement�elds (illustratedin
Figure6.4). Thek th oddvertex on level l hasa response� k inferredif bothevenvertices
(k1; k2) of its parentedgehave responses.If so,thek th response� k is linearly interpolated
from thetwo parentresponses,(� k1 ; � k2 ). Thelocal responses,� kk and� j k whenvertex j
is aone-ringneighborof k, arehandleddifferently.

Unlike long rangedisplacementin�uenceswhicharesmoothlyvarying,theselocal
valuesareassociatedwith a cuspin thedisplacement�eld. Simpleinterpolationfor these
valuesis biasedandleadsto incorrectcontactforcesduring rendering.Instead,the local
valuesare computedas the weightedaverageof parentresponseswhich have had their
local parameterizationssmoothlytranslatedfrom evenvertex k� to oddvertex k, e.g.,� kk

is linearly interpolatedfrom (� k1k1 ,� k2k2 ) not (� kk1 ,� kk2 ). This shifting of the parent's
local responsebeforeaveragingyields a goodestimatorof the local responseat vertex k.
Theresultingdisplacement�eld � :k is alsolinearly independentof � :k1 and� :k2 .

Lastly, we notethatthis linearGF estimatorcouldbeusedto constructaninter-GF
wavelet transform.This would beusefulfor obtaincompressionfor �le storagepurposes,
andcouldbecombinedwith waveletGFs(in next section).Currently, weonly bene�t from
avoidingstorageof theunmeasuredinterpolatedGFs.

6.2.4 WaveletGreen'sFunctions

Sinceit is possibleto measurecomplex modelsandobtainGFswith high resolutiondis-
placement�elds, thewaveletGFspresentedin this thesismaybeusedto obtaincompres-
sion and fastsummationbene�ts. While this wasnot consideredin [PvdDJ+ 01], it is a
straight-forward applicationof the methodsfrom Chapter3. Compressionresultsfor the
realitybasedtigermodelarepresentedin x7.7.
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Chapter 7

Results

In additionto the imagesandexamplesalreadypresented,severalmoreexamplesandnu-
mericalresultsareavailablewhichcon�rm theeffectivenessof thepresentedmethods.

7.1 Noteon Numerical Timings

In additionto �op counts,sometimingsareperformedusingunoptimizedJava codeon a
singleprocessorIntel PentiumIII, 450MHz,256MB computerwith Sun's JDK 1.3 client
JVM for Windows 98. Specialcarewastakento eliminatetiming artifactssuchasgarbage
collection,however, resultsstill show severalartifacts,e.g.,cacheeffects. Basedon hand-
coded3-by-3blockeddensematrix-vectormultiplication(seeFigure7.11),this Java com-
puting environmentis ratedat 51 MFlops. By usinghardware-optimizedmatrix libraries
andcurrenthardware,the performanceof the corematrix operationscanbe dramatically
improved1.

7.2 CapacitanceMatrix Algorithm Performance

Theruntimeperformanceof thebasicCMA from x2.2is shown in Table7.1for capacitance
matrix LU factorizationandsubstitution,andGF responsesummationcosts.All of these
timesaresubstantiallysmallerthandirectsolutionandprecomputationcosts(seeTable7.7).
Despitetheir attractive timings,thelimitationssuchaspoorscalingin thecapacitancema-
trix factorization/inversionfor larges andtheGF vectorproductsummationfor boths and
n areevident,andthesearecontrastedby improvementsin following sections.

1 While it is dif�cult to make a generalstatementregardingJava numericalperformance,com-
parisonswith Matlab6'soptimizedLAPACK library callssuggestthatsomeof our timings,e.g.,of
capacitancematrixLU decomposition,maybedividedby a factorof approximately5.
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# Updates,s LUD Factor(ms) LUD Solve (ms) (� E)(ET �v) for n = 100(ms)

10 0.54 0.03 0.38
20 2.7 0.15 0.74
40 19 0.58 1.7
100 310 5.7 5.7

Table7.1: Timingsof CMASuboperations suchasLU decompositionandback-substitution
of thecapacitancematrix, aswell astheweightedsummationof s GFsareshown for dif-
ferentconstraintsizes,s.

7.3 SequentialCapacitanceMatrix InverseUpdating

Large reductionsin capacitancematrix inversioncostsfor sequentialtemporallycoherent
BVPsarepossiblewith thesequentialupdatingalgorithmfromx2.3.Tables7.2,7.3,and7.4
show thetypical costsrequiredto performvariousnodeadditionanddeletionoperationsin
orderto updatevariousstartinginversesto computea particularsolver. Eachtableshows
that sequentialupdatingis an attractive meansfor computinginversesin the presenceof
temporalcoherence.Thetheoreticalpredictionsfor updatingbreakevenin thespecialcases
of nodeaddition(2.75,2.76)or deletion(2.104)areapparentin thenumericalresults.For
smallchangesin updatednodesetsit is fasterthancomputingLU decompositionsaswell as
inversematrices,with greatestbene�tsbeingobtainedfor largecapacitancematrices.Using
updatingit is veryef�cient to maintaincapacitancematrix inversematricesfor simulation.

We have successfullyintegratedtheCMA with sequentialupdatingin simulations.
For example,it wasusedin theinteractively simulatedgraspingtaskillustratedin Figure4.1
correspondingto theLEGFM from Figure7.18(a).While new capacitancematricesarenot
encounteredat eachframeof thesimulation,whennew inversesarerequired,thespeedup
obtainedusingsequentialupdatingdirectly resultsin simulationframeratespeedups.

s2 = 20 Delete,s�

Add, s+ 0 1 2 5 10

0 - 1.1 2.7 (9.9) [27]
1 0.9 2.2 (4.2) (11) [29]
2 1.9 (3.5) (5.5) [13] [32]
5 (4.7) (6.5) (8.7) [16] [36]
10 (7.8) (9.9) [12] [21] [43]

Table7.2: Timesto updatecapacitancematrixinverses:Times(in milliseconds)to compute
asingleinverseof sizes2 = 20usingdifferentstartingBVP inversesof sizes1 = s2 + s� �
s+ . For comparison,timesworsethanthe2.7 msrequiredfor LU factorizationof the60-
by-60 matrix areshown in roundbrackets,whereasthose4 timesworse(11 ms for LU
Inverse)areshown in squarebrackets.

94



s2 = 40 Delete,s�

Add, s+ 0 1 2 5 10

0 - 6.1 12 (32) [77]
1 5.5 11 17 (38) [84]
2 11 16 (22) (43) [90]
5 (23) (29) (35) (57) [107]
10 (40) (47) (54) [78] [129]
20 (63) (70) (78) [106] [166]

Table7.3: Timesto updatecapacitancematrixinverses:Times(in milliseconds)to compute
asingleinverseof sizes2 = 40usingdifferentstartingBVP inversesof sizes1 = s2 + s� �
s+ . For comparison,timesworsethanthe19 msrequiredfor LU factorizationof the120-
by-120matrix areshown in roundbrackets,whereasthose4 timesworse(76 ms for LU
Inverse)areshown in squarebrackets.

s2 = 100 Delete,s�

Add, s+ 0 1 2 5 10 20

0 - 37 70 174 (374) (865)
1 36 68 101 206 (410) (908)
2 67 98 131 243 (440) (941)
5 154 186 220 (329) (536) (1045)
10 286 (322) (358) (469) (684) (1212)
20 (520) (555) (595) (712) (940) [1410]

Table7.4: Timesto updatecapacitancematrixinverses:Times(in milliseconds)to compute
asingleinverseof sizes2 = 100usingdifferentstartingBVP inversesof sizes1 = s2 + s� �
s+ . For comparison,timesworsethanthe310msrequiredfor LU factorizationof the300-
by-300matrix areshown in roundbrackets,whereasthose4 timesworse(1240msfor LU
Inverse)areshown in squarebrackets.

7.4 Multir esolutionEnhancements

This sectiondescribesresultsrelatedto waveletGF compressionandtherelatedfastsum-
mationspeedup,aswell ascompressionsachievedfor hierarchicalGFs.All multiresolution
analysisis performedon the� 0

p domain,andGFcompressionis concernedwith the� � 0
p � 0

p

GF self-effect block, sinceit is of greatestpracticalimportancein simulations. As a re-
minder, this GF block describessurfacedisplacmentson � 0

p dueto tractionsappliedto � 0
p.
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Severalmodelshave beenanalyzedandaredescribedin Table7.5. A fair estimate2 of the
numberof tetrahedrain correspondinguniform tetrahedralizationsarealsostated.

Model Tetra Face Vertex,n jDomainj jM (l)j MB

Rabbit2 872 320 162 133 (9,25,99) .64
Rabbit3 6903 1280 642 537 (9,26,101,401) 10
Rabbit4 54475 5120 2562 2145 (9,26,100,404,1606) 166
Dragon3 176702 19840 9920 7953 (123,372,1495,5963)2277

Finger2 976 416 210 129 (6,23,100) .60
Finger3 7829 1664 834 545 (6,23,100,416) 11

Tiger1 5751 1176 590 509 (126,383) 9.3

Table7.5: Propertiesof modelsusedin multiresolutionexperiments: rabbit,dragon,�n-
gertipandreality-basedtigermodels.Columnsareprovidedfor thenumberof trianglesand
verticeson theboundary, anestimateof thenumberof tetrahedrafor auniformtetrahedral-
ization,andthesizeof the� 0

p domainalongwith its partitionedlevel structureonwhichthe
waveletGFsareanalyzed.For comparison,the lastcolumnindicatesthememorysize(in
MB) of theotherwiseuncompresseddense� � 0

p � 0
p

matrixof 32-bit �oats.

7.4.1 WaveletGF Compressionand Err or Examples

ThissectionshowsthatsubstantialGFcompressioncanbeobtainedat thecostof introduc-
ingverypracticallevelsof approximationerror. Thepracticalconsequenceis thatspecifying
thelevelof simulationerror allowsthespeedupof our interactivesimulationsto bedirectly
controlled, andthis is extremelyusefulfor realtimeapplications.

Measuresof Err or

For a given level of compression,we give two measuresof the error in the reconstructed
GF matrix block �̂ � 0

p � 0
p

relative to theexactvalue� � 0
p � 0

p
. The�rst errorestimateis based

on therelativeFrobenius(or Euclidean)normof theerror, herecalledthe“RMS” error:

RM S =
k�̂ � 0

p � 0
p

� � � 0
p � 0

p
kF

k� � 0
p � 0

p
kF

; (7.1)

2 Tetrahedracountsarebasedondividing thevolumeof themodel,V , by thevolumeof aregular
tetrahedron,Vtet , with trianglefaceareaequalto themesh's meanfacearea,a:

Vtet =
192

1
4

9
a

3
2 ) #T etrahedra � d

V

0:4126a
3
2

e:

96



and is a robust estimateof the averageGF matrix elementerror. The secondestimate
providesa measureof themaximumrelative blockwiseerrorover all GFs,herecalledthe
“MAX” error:

M AX = max
j 2 � 0

p

kET
� 0

p

�
�̂ j � � j

�
k1 F

kET
� 0

p
� j k1 F

(7.2)

wherek � k1 F is de�ned in (3.50,p. 50).

Rabbit Model

Compressionresultsfor the three(L = 2), four (L = 3) and � ve (L = 4) level rabbit
modelsareshown in Figures7.2, 7.3 and7.4, respectively. An imageof the compressed
GF matrix for thesmallerL = 2 rabbitmodelwasalsoshown earlierin Figure3.6(p. 58)).
In general,the compressionresultsindicatea trendtoward greatercompressionratiosfor
largermodels(this is characterizedfurtherin x7.4.2).In orderto illustratetheperformance
bene�t of lifting theLinearandButter�y wavelets,resultsobtainedusingtheunliftedbases
are also shown for reference. To avoid clutter in our plots, the generallylesseffective
unlifted wavelet resultsareplottedin a lighter color for clarity. Graphicaldepictionof the
errorsassociatedwith GFcompressionareshown in Figure7.1.

Therelationshipof relative RMS andMAX errorsto therelative thresholdingtol-
erance," , for variouswavelets,areshown for rabbit modelsin Figures7.5 (L = 2), 7.6
(L = 3) and7.7 (L = 4). Interestingly, the behavior of errorsfor Linear andButter�y
waveletsare nearly identical for respective lifted and unlifted types. In both cases,the
inverseFWT reconstructionprocessis stable.

Fingerpad Model

Compressionresultsfor thethree(L = 2) andfour (L = 3) level �ngertip modelsareshown
combinedin Figure 7.8, wherewe have allowed thresholdingof the baselevel wavelet
coef�cients. Dependenceof theerrorson thresholdtoleranceis shown in Figure7.9for the
�ner model.A usefuldegreeof compressionis observedin eachcasefor modesterror, e.g.,
5-10%MAX error, with dramaticimprovementsfor theL = 3 model.

7.4.2 Dependenceof GF Compressionon Model Complexity

To betterunderstandhow compressionor fastsummationspeedupratesdependon the � 0
p

domainresolutionof a model, the ratio of fastsummationspeedupfactorsfor modelsof
adjacentresolutions,(L + 1) andL , areshown in Figure7.10asa functionof relativeRMS
error. Givena modelwith m verticesin its � 0

p domain,thefastsummationspeedupfactor
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" = 0:01 " = 0:05 " = 0:20

Figure7.1: Rabbitmodel(L = 4) approximatewaveletGF reconstructionsfor lifted linear
waveletsat threethresholds," = (0:01; 0:05; 0:20), correspondingto compressionfactors
of (8:4; 25; 68). ThreehierarchicalGFsareshown with constraintlevels2 (toprow),3 (mid-
dle row) and4 (bottomrow), andwerecomputedusingthe re�nement relationfrom �ne
scale(level 4) thresholdedGFs. Relative errorsproportionalto the thresholdarevisible,
especiallyin theneighbourhoodof therabbit'snosewhereanexaggeratednormaldisplace-
mentconstrainthasbeenappliedto eachmodel.
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Figure7.2: Rabbitmodel(L = 2): WaveletGF error versuscompression
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Figure7.3: Rabbitmodel(L = 3): WaveletGF error versuscompression
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Figure7.4: Rabbitmodel(L = 4): WaveletGF error versuscompression
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Figure7.5: [Rabbitmodel(L = 2): WaveletGF errorversusthresholdingtolerance]Rabbit
model(L = 2): WaveletGF error versusthresholdingtolerance: (Top) Linear wavelets;
(Bottom)Butter�y wavelets.
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Figure7.6: Rabbitmodel(L = 3): WaveletGF error versusthresholdingtolerance: (Top)
Linearwavelets;(Bottom)Butter�y wavelets.
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Figure7.7: Rabbitmodel(L = 4): WaveletGF error versusthresholdingtolerance: (Top)
Linearwavelets;(Bottom)Butter�y wavelets.
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Figure7.9: Fingerpadmodel(L = 3): WaveletGF error versusthresholdingtolerance:
(Top)Linearwavelets;(Bottom)Butter�y wavelets.
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is de�ned astheratio of thenumberof denseGF elements,m2, to thenumberof nonzero
waveletGFblocks,nnz, or

speedup(m) =
m2

nnz(m; " )
: (7.3)

Theratioof speedupfor two adjacentlevelswith m and4m verticesis therefore

speedup(4m)
speedup(m)

=
(4m)2

nnz(4m; ")
nnz(m; " )

m2 =
16nnz(m; " )
nnz(4m; ")

: (7.4)

To provideintuition, lineardependenceof thenumberof nonzeros,nnz(m; " ), onm would
yield a ratioof 4, whereasfor nnz(m; " ) = C" m logm onewouldobtain

speedup(4m)
speedup(m)

=
4log(m)
log(4m)

< 4: (7.5)

While the limited informationin Figure7.10doesnot allow usto con�dently estimatethe
exact dependenceof nnz on m, it doesprovide a very usefulobservation regarding the
dependenceof theratio of fastsummationspeedupson error. It establishesthat in practice
thereis little improvementin relativespeedupbetweenresolutionsoncetheRMSerrorlevel
hasincreasedto acertainlevel.
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7.4.3 Veri�cation of FastSummationSpeedup

Fastsummationspeedupsaredirectly relatedto thecompressionachievedusingwavelets.
Our runtime simulationsexperiencedcloseto a proportionalspeed-up,with the inverse
lifted Linearwavelettransformbeingapproximatelyascostlyasanextranormalcomputa-
tion. WedonotuseButter�y waveletsfor our interactivesimulationbecausethenegligible
compressionbene�ts (if any) do not outweighthe increasedcost of the inversewavelet
transform3. As thenumberof constraintsincreasesandGFresponsesummationsdominate
thegraphicssimulationcost,speedupsfromwaveletfastsummationdirectly translateinto
speedupsfor interactivesimulations.For example,considertheARTDEFO forcefeedback
simulatorwehaveimplemented(x7.5).Thegraphicsloopsimulationtimeperframet f r ame

is equalto thesumof ourfastsummationcosttsum andothergraphicsrelatedfactorstother .
For simulationsof large-scalemodels,thesimulationframerate

f f r ame =
1

tsum + tother
=

1
tsum

+ O(
tother

t2
sum

) (7.6)

is dominatedby therateof summation.Thereforespeedupin fastsummationtimesresults
in proportionalspeedupfor framerates.Experimentalevidencefor the lineardependence
of fastsummationspeeduponGFcompressionis illustratedin Figure7.11.

7.4.4 Timings of SelectiveWaveletReconstructionOperations,(ET W� 1)

Theperformanceof inverseFWToperationsfor theextractionof GFblockelements(x3.3.3)
areshown in Table7.6for anunoptimizedrecursiveelementreconstructionimplementation
usinglinearwavelets.Theimplementation'sreconstructionof eachelementinvolvesredun-
dantcalculationoverheadof approximatelya factorof two. Nevertheless,thesepessimistic
timesaresuf�ciently fastfor practicaluseandcanbeoptimizedfurtherusingtheapproaches
mentionedin x3.3.3.

# Levels 2 3 4
Time/block,� sec 8 20 36

Table7.6: Pessimistictimingsof selectivereconstructionoperations for GF 3-by-3block
elementextraction.Block extractiontimesarelistedasa functionof thenumberof resolu-
tion levels(# Levels)thatmustbeadaptively reconstructedto obtaintheelement.

3Butter�y subdivision requiresaveragingof 4 timesasmany valuesasLinear, however it canbe
ef�ciently implementedto beonly twiceascostly.
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Figure7.11: Fastsummationcostper GF summed: Comparisonof waveletGF fastsum-
mationtimings(in milliseconds)of a rabbitmodel(L = 3, 537vertex domain)with dense
GF matrix multiplication(horizontalline, time=0.19ms/GF)for full matrix multiplication.
ThelineardependenceonnonzeroGFmatrixelementscon�rms thecostanalysisof x3.3.5
(equation3.68, p. 55): fast summationcostsare directly proportionalto the numberof
nonzerowaveletGF elements.Timingsarefor thelifted Linearwavelets,for which thein-
verseFWT requires0.38ms.Basedonthe3-by-3densematrixmultiplicationperformance
(18*537�op in .19ms)thisJavacomputingenvironmentis ratedat51MFlops.
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7.4.5 WaveletCompressionof Hierar chical Green'sFunctions

Rabbit Model

Wavelet compressionresultsare shown in Figure 7.12 for hierarchicalGFs correspond-
ing to the rabbit model. Compressionbehaviors for eachlevel of the GF hierarchy are
approximatelythe same,althoughthe coarserandthereforesmootherGF levels result in
only slightly bettercompressionfor a givenRMS error, with this beingmoreapparentfor
the smootherlifted Butter�y basis. Figure 7.13 displaysRMS reconstructionerror ver-
susthresholdingtolerancefor eachlevel of the hierarchy. The approximatelyequivalent
compressionratesfor GFsacrossconstraintscalesimpliesthata fourfold reductionin con-
straintsper coarsenedconstraintlevel resultsin approximatelya fourfold speedupin fast
summationfor agivenlevel of error.

Dragon Model

The four-level dragon(L = 3) is our largestmodel,with 19840faces,9920vertices,and
7953verticesin the� 0

p domainpartitionedacrossfour levelsof sizes(123; 372; 1495; 5963).
In orderto reducetheprecomputationtime,weonlycomputedhierarchicalGFsatthecoars-
est(l = 0) constraintscale(illustratedin Figure3.5,p. 56),whichonly required123GFsto
beprecomputedinsteadof 7953(discussedfurtherin x7.6,p. 116).Thedeformationsasso-
ciatedwith thesecoarselevel constraintsarevery smooth(shown in Figure7.16(p. 115),
andfor this reasonthecompressionachievedfor theseGFsis quitegoodfor a givenRMS
error;compressionresultsareshown in Figure7.14,anderrorversusthresholdis shown in
Figure7.15.

7.5 Forcefeedbackfor Point-lik eContacts

Ourcurrentforcefeedbackimplementationis basedon thepoint-likecontactapproachdis-
cussedin x4.2. Forcesarerenderedby a 3 dof PHANToMTM hapticinterface(model1.0
Premium),on a dual PentiumIII computerrunningWindows 2000. The hapticsimula-
tion was implementedin C++, partly using the GHOSTc
 toolkit, and interfacedto our
ARTDEFO elastostaticobject simulationwritten in JavaTM and renderedwith Java 3DTM .
Collision detectionandthe frictional contactproblemareentirelycomputedon thehaptic
servo loop runningat 1 kHz, which enablesvery high �delity contactforcefeedbackeven
for very slow graphicalsimulations. The haptic loop cachesstatevalueswhich areused
to prescribeboundaryconditionsfor theslower graphicalsimulation,e.g.,runningat 25–
80 Hz. For a point-like contact,it wasonly necessaryto performcollision detectionon the
undeformedmodel,sothis wasdoneusingtheGHOSTc
 API. A photographof theauthor
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Figure7.12: Rabbitmodel(L = 4): Hierarchical waveletGF error versuscompression:
(Top)Lifted Linear;(Bottom)Lifted Butter�y.
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Figure7.13: Rabbitmodel(L = 4): Hierarchical waveletGF error versusthresholding
tolerance:(Top)Lifted Linear;(Bottom)Lifted Butter�y.
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Figure7.14:Dragonmodel(L = 3): Hierarchical waveletGF error versuscompression:
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Figure7.15: Dragon model(L = 3): Hierarchical waveletGF error versusthresholding
tolerance:(Top)Linearwavelets;(Bottom)Butter�y wavelets.
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Figure7.16: Deformeddragon model(L = 3): (Top) Undeformedmodel; (Bottom) hi-
erarchicalGF model deformeddue to a downward force appliedto top side of headon
constraintlevel 0. Thisvery largemodelcompressesextremelywell (approx.factorof 100
at5%RMSerror)andis suitablefor interactive forcefeedbacksimulation.
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demonstratingthe simulationis shown in Figure7.17, anda numberof screenshotsfor
variousmodelspresentedin [JP01] areshown in Figure7.18.

Figure7.17: : Photograph of force feedback simulationin
use: Userswereableto push,slideandpull on thesurface
of the modelusinga point-like manipulandum.Addition-
ally, it was possibleto changethe surfacefriction coef�-
cient, aswell as the propertiesof the pressuremask,with
noticeableconsequences.The PHANToMTM (heremodel
1.0 Premium)was usedin all force feedbacksimulations,
andis clearlyvisible in theforeground.

We foundvertex pressuremasks(from x4.2)producednoticeableimprovementsin
thesmoothnessof thesliding contactforce,especiallywhenpassingover regionswith ir-
regulartriangulations(seeFigure4.5).Wehavenotconductedaformalhumanstudyof the
effectivenessof our simulationapproach.However, thehapticsimulationhasbeendemon-
stratedto hundredsof usersat severalconferences:the10th AnnualPRECARN-IRIS(In-
stitutefor RoboticsandIntelligentSystems)Conference(Montreal,Quebec,Canada,May
2000,bestposter)andin theACM SIGGRAPH2000Exhibition (New Orleans,Louisiana,
USA, July 2000). More recently, an invited demonstrationof the multiresolutionrabbit
modelwaswell receivedatACM1 (inviteddemonstration,SanJose,March2001),andour
demonstrationof thetigerreality-basedmodelat the11th AnnualPRECARN-IRISConfer-
ence(Ottawa, Ontario,Canada,June2001)won the �rst prize for technologydemonstra-
tion. Usersreportedthatthesimulationfelt realistic. In general,theprecomputedLEGFM
approachwasfoundto bebothstableandrobustfor realtimesimulation.

7.6 PrecomputationTimes

7.6.1 Dir ectBEM Solver

Timingsfor thedirect isoparametriclinearelementBEM precomputationstageareshown
in Table7.7 for severalmodels,including thoseshown in Figure7.18. While thesetimes
arenot excessive, they areseveral thousandtimeslarger thanthe simulationtimesshown
for comparison.Sincethe precomputationphaseinvolves“pleasantlyparallel” computa-
tions,ourBEM solver is multithreadedandcapableof computingH andGmatrixelements,
andperformingLU back-substitutionin parallel; LU factorizationcould be performedin
parallelusingblock LU decomposition(which maximizeslevel-3 �ops) [GL96], however
we have not implementedthis. For simplicity, all timesgiven in Table7.7 arefor single
processorcalculationswith theexceptionof “Rabbit 4” which took approximately9 hours
asanovernightjob on an8-way SMPserver (8 PentiumIII 450MHzCPUs,1 GB shared
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(a)A simplenodularshapewith a �x edbaseregion.

(b) A kidney-shapedmodelwith positionconstrainedverticesonpartof theoccludedside.

(c) A plasticspatulawith apositionconstrainedhandle.

(d) A seeminglygel-�lled bananabicycleseatwith matchingmetalsupports.

Figure7.18: Screenshotsfrom real time haptic simulations: A wide rangeof ARTDEFO

modelsareshown subjectedto variousdisplacementsusingthemaskedpoint-like contacts
of x4.2. For eachmodel,themiddleof thethree�gures is uncontactedby theuser's inter-
actionpoint (asmallgreenball).

memory, Solaris,Java JDK 1.2.2)with muchof thetime (about4 hours)spentperforming
theuniprocessorLU factorization.Usingoptimizednative code,it mayhave beenpossible
to precomputethe“Rabbit4” modelsigni�cantly faster(in approximately2 hoursassuming
thespeedupof 5 mentionedin footnoteonp. 93).
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Model Tetra Face Vertex,n jDomainj Precomp LUD % Sim(ms)

Nodule 820 256 130 89 1.1min 1 0.05
Kidney 2690 640 322 217 7.7min 3 0.13
Spatula 1514 1248 620 559 45min 6 0.34
BananaSeat 3013 1088 546 245 25min 20 0.15
Rabbit2 872 320 162 133 1.8min 1 0.07
Rabbit3 6903 1280 642 537 40min 9 0.33

Rabbit4 54475 5120 2562 2145 *9 hours N/A 1.3

Table7.7: Green'sFunctionprecomputationandsimulationtimes for BEM models(some
depictedin Figure7.18). All GFscorrespondingto moveablefreevertices(in � (0)

p ) were
computed,andtheprecomputationtime(Precomp)of thelargestmodelis lessthananhour
(seetext for “Rabbit 4”). As is typical of BEM computationsfor modelsof modestsize,
theO(n2) constructionof thematrices(H andG in equation2.13)is a signi�cant portion
of the computation,e.g.,relative to the O(n3) costof performingthe LU decomposition
(LUD %) of theA matrix. The last columnindicatesthat (sub)millisecondgraphics-loop
computations(Sim) arerequiredto determinethepoint-like contactdeformationresponse
of eachmodel's freeboundaryfor forcefeedbacksimulations.

For comparison,publishedLEGFM precomputationtimesappearin [CDA99] for
FEM modelsof comparablecomplexity. A modestvolumetriclivermodelwith 6500tetra-
hedraand1400internalnodestook approximately8 hoursto precomputeon a DecAlpha
400MHz machineusinga preconditionedconjugategradientiterative method.In compar-
ison, the direct BEM solver precomputationtimesgiven in Table7.7 arequite appealing,
e.g.,compare“Rabbit 3,” andespeciallysincethey arecomputedin Java. This is partly
dueto the fact that thenumberof boundarynodesn is smallerthantheexpectednumber
of volumenodesO(n

3
2 ); for comparison,estimatedtetrahedracountsarealsogiven (see

footnoteonpage96 for calculation).

7.6.2 Iterati veMultir esolutionBEM Solver

For larger modelsandcaseswhereonly a few (hierarchical)GFsaredesired,the mem-
ory andprocessingoverheadassociatedwith constructinglarge factorizationsis onerous.
Nevertheless,comparedwith theiterativesolutionalternatives,wehave founddirectmeth-
odsto besuf�ciently goodwhencomputingO(n) GFs,providedthat thefactorizations�t
into mainmemory. However, in orderto constructtheL = 3 dragonmodel(19840triangles,
9920vertices),whosedenselinearBEM matrixwouldbe29760-by-29760andrequireover
3.5GB of RAM, theGMRESiterative solver (seex6.1.2)wasused.UsingBEM matrices
adaptively constructedwith unlifted linearwavelettransformedcolumns(" = 0:04), andan
adaptively partitionedocttreeblockpreconditioner, each~A matrix-vectormultiply andpre-
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conditioneriterationrequiredapproximately11 seconds.The unrestartedGMRESsolves
usedanaverageof 470matrix-vectormultipliespersolve (to visualtolerance),sothateach
solvewasapproximately90minuteslong,andthereforethe369multithreadedBVP solves
required23daysof CPUtime. Thisprocesswouldbene�t from furtheroptimization.Using
theARTDEFO forcefeedbacksimulator, theentire23daysof CPUtimecanbeexperienced
in justa few seconds(seeFigure7.16,p. 115).

7.7 Multir esolutionReality-basedModels

GFsestimatedfrom realphysicalmodelscanalsobene�t from compressedwaveletrespre-
sentations,althoughthiswasnotconsideredby usin [PvdDJ+ 01]. As anexample,consider
thesparserepresentationof theGFmatrix for thescannedtigermodelshown in Figure6.4.
Unliketherabbitmodel,themeasuredtigermodel'ssubdivisionconnectivity meshhasonly
2 levels,with a relatively largebaseresolution;themeasuredsurfacedomainhas509ver-
ticespartitionedinto two levelswith (126,383)vertices.As a result,limited bene�t canbe
obtainedfrom thresholdingwhenall base-level vertex valuesareretained;in thebestcase,
only baselevel elementswill remain,i.e., approximately25% nonzero.This behavior is
evidentin thecompressiongraphof therelatedFigures7.19and7.20.By allowing thebase
resolutionto bethresholded,bettercompressioncanbeobtained,e.g.,for a practical10%
RMS error, andthis result is shown in Figures7.21 and7.22. In all cases,lifted Linear
waveletsperformbest,with Butter�y waveletsnoticeablyworse;a partial explanationis
thatthisgeometricmodelis verycoarse,so(a) thecompactnessof theLinearinterpolantis
morefavourablethanthe largerButter�y stencil,and(b) thebene�t of Butter�y' s smooth
interpolationcannotyetbeobservedon thisscaleof thedisplacedsubdivisionmesh.

An interestingobservation is thatmaximumrelative maxnormGF error for lifted
Linear wavelet GFs(seeFigure7.22) is signi�cantly lessthanthe thresholdingtolerance
" , whereasfor BEM models,e.g.,“Rabbit 4” in Figure7.7 (p. 104),theoppositewastrue
except for very small models,e.g., “Rabbit 2” in Figure 7.5 (p. 102). This behavior is
likely relatedto thetwo level mesh,but perhapsalsoto thefactthattheLaplacianregular-
izedscattereddatareconstructionapproach(x6.2.2)hasintroducedGF displacement�eld
smoothingof a lesselasticnature.
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Figure7.19: Reality-basedtiger model(L = 1): Waveletcompressionof two-level model
with unthresholdedbaseresolution.Compressionis limited to below a factorof approxi-
matelyfour. (Top)RelativeRMSerror;(Bottom)RelativeMAX error.
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Figure 7.20: Reality-basedtiger model(L = 1): WaveletGF error versusthresholding
tolerance of two-level modelwith unthresholdedbaseresolution.(Top) Linearwavelets;
(Bottom)Butter�y wavelets.
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Figure7.21: Reality-basedtiger model(L = 1): Waveletcompression of two-level model
with thresholdedbaseresolution.Compressioncanexceeda factorof four with moderate
error. (Top)RelativeRMSerror;(Bottom)RelativeMAX error.
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Figure7.22:Reality-basedtiger model(L = 1): WaveletGF error versusthresholdingtoler-
anceof two-level modelwith thresholdedbaseresolution.(Top)Linearwavelets;(Bottom)
Butter�y wavelets.
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Chapter 8

Conclusion

8.1 Summary and Conclusions

This thesishasoutlineda framework for interactivesimulationof largescaleGreen's func-
tion (GF)basedphysicalmodelswhichis asigni�cant improvementoverpreviouslyknown
approaches.TheCapacitanceMatrix Algorithm (CMA) formalismfor ef�ciently simulat-
ing precomputedGF modelsallows arbitrarydiscretizedapproximationsof linear elliptic
partialdifferentialequationsto besimulatedusingacommonframework, andthis is useful
conceptuallyandalsofrom a softwareperspective. Theeasyaccessto capacitancematrix
compliancemodelshasprovenhighly effectivefor supportinghapticandforcefeedbackin-
teractionusingordinarypersonalcomputersandour ARTDEFO interactive simulatorwrit-
tenin JavaTM . Ef�cient methodsintroducedfor sequentialupdatingcachedcapacitancema-
trix inverseswerehighly effectiveandprovidedsigni�cant speedupsduringour ARTDEFO

simulationsof unilateralcontact.Numerousmultiresolutionenhancementswerepresented
(hierarchicalwavelet GFs, fastsummationCMA, multiresolutionconstraints)andshown
to offer dramaticimprovementsin CMA effectiveness. Thesemultiresolutionimprove-
mentsgreatlyextendthecomplexity of modelsthatcanbeinteractively simulatedandalso
precomputed.In particular, the fast summationsimulationenhancementswhich exploit
waveletGF compressionwerehighly successful;we have shown how to achieve hundred-
fold reductionsin interactive simulationcostsfor geometricallycomplex elasticmodels
(dragonL = 3) at acceptablelevelsof error(5% RMS). We alsoshowedthatsimilar com-
pressionratescould in fact be achieved using a wide rangeof second-generationlifted
waveletschemes.New approachesfor hierarchicallyprecomputinglargescalemodels,and
alsoacquiringmultiresolutionGF modelsusingreality basedrobotic measurementtech-
niquesturnedout to be highly effective. Several suggestionshave beenmadeto address
the limitations associatedwith linear strainandmaterialproperties:the interpretationof
the CMA asa sensitivity analysismethodextendsit to nonlinearelastostatics;multizone
domaindecompositionmethodscanalsoprovide for nonlinearsimulationby usinghybrid
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nonlinearmodels,aswell asmoregeneralkinematicrelationshipswhich cansupportlarge
relative strains;precomputednonlinearreanalysiscanalsobe usedto simulatenonlinear
materialproperties.With theseimprovementsin ef�ciency andextensionsfor large scale
simulation,interactive Green's functionbasedmodelswill beof muchgreaterusein inter-
active computergraphics,computerhaptics,andrelatedapplicationssuchasvirtual pro-
totyping,videogames,characteranimation,surgical simulation,andinteractive assembly
planning.

8.2 Futur eWork

Thereare a numberof promisingdirectionsfor future researchwith perhapsthe largest
areabeingthe simulationandvisualizationof otherphysical systemsnot directly related
to elastostatics,e.g., thermostatics,hydrostatics,electrostatics,etc. The bene�t of other
waveletschemesshouldbestudiedfor compressionimprovementsandpracticalconcerns
suchastheaccommodationof commondiscretizationsandde�nitions on irregular (base)
meshes.Otherissuesrelatedto smoothnessof discretizationspaces,largermodels,andhigh
accuracy tolerancesshouldalsobe considered.Recentlyit hasbeenshown that smooth
waveletsbasedon Loop subdivision achieve excellent compressionfor complicatedge-
ometry[KSS00] at the costof an expensive (but hereaffordable)forward transform,and
theseschemeshave desireablepropertiesfor compression,summationandvisualsmooth-
ness;this is anavenuefor futureresearch,however we notethatour resultsdo not initially
suggestthatsuchwaveletswill providesigni�cant speedupfor GF compression.Thecom-
pressionof GFmatrixblocksotherthanthefreesurfaceself-effect(illustratedin Figure3.4,
p. 47), shouldbe investigated;preliminarystudiesindicatethat this is alsoeffective. Al-
gorithmsfor adaptive multiresolutionapproximationsof contactconstraintsfor real time
simulationareneeded,e.g., to avoid “popping” artifacts. A carefulstudyof nonsmooth
contactmechanicsshouldbedoneto determineapproximateyet plausible(frictional) con-
tactmodelssuitablefor dynamicor purelykinematicinteractiveapplications.Incorporating
LEGFMsinto adynamicsimulator, possiblywith modeledcontactsounds,wouldof course
bea naturalextension.Methodsfor multizonekinematicelastostaticmodelsappearsto be
very promisingfor interactive simulationof constrainedmultibody�e xible structures,and
shouldbeinvestigatedfurther. Severalof thenonlinearmaterialandstrainextensionsbrie�y
mentionedhold promise,but will requiresigni�cant studyto determinetheir utility in dif-
ferentsettings.Collision detectionfor deformableobjectscanbeoptimizedfor LEGFMs
giventheef�cient randomaccessto statevalues.Effectivestrategiesfor precomputationof
very largemodelscanalsobefurtherimproved;investigationof block iterativemethodsfor
solvingsystemswith multiple right handsides[SG96],andtheeffectsof subdivisionmesh
gradingon iterative solvesshouldbothbeconsidered.Issuesrelatedto thestablesimula-
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tion of modelswhich containerrorsneedto be betterunderstood;this is centrallyrelated
to the simulationof wavelet compressedmodelsandalsomodelsacquiredwith physical
measurement.Lastly, themethodspresentedherearesuitablefor hardrealtime simulation
environmentsandcouldbefurtherstudiedin suchacontext.
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jka. Virtual Reality-BasedSimulationof EndoscopicSurgery. Presence,
9(3):310–333,June2000.

[Sen] SensableTechnologies,Inc. GHOSTSDK, http://www.sensable.com.

[SG96] V. SimonciniandE. Gallopoulos.A hybrid block GMRESmethodfor non-
symmetricsystemswith multiple right-handsides. J. Comput.Appl. Math.,
66:457–469,1996.

[Sha93] J. M. Shapiro. Embeddedimagecoding using zerotreesof wavelet coef-
�cients. IEEE Transactionson Acoustics,Speech and Signal Processing,
41(12):3445–3462,1993.

[She53] J. Sherman.Computationsrelatingto inversematrices.Nat. Bur. Standards
Appl.Math.Ser., 29:13–124,1953.

[SM50] J.ShermanandW. J.Morrison. Adjustmentof aninversematrixcorrespond-
ing to a changein oneelementof a given matrix. Annalsof Mathematical
Statistics, 21:124–127,1950.

[SP96] Amir SaidandWilliam A. Pearlman.A new fastandef�cient imagecodec
basedonsetpartitioningin hierarchicaltrees.IEEETransactionsonCircuits
andSystemsfor VideoTechnology, 6:243–250,June1996.

137



[SS86] YoucefSaadandMartin H. Schultz.GMRES:ageneralizedminimal residual
algorithmfor solvingnonsymmetriclinearsystems.SIAMJournal on Scien-
ti�c andStatisticalComputing, 7(3):856–869,1986.

[SS95a] PeterSchr̈oderandWim Sweldens.Sphericalwavelets:Ef�ciently represent-
ing functionsonthesphere.In ComputerGraphicsProceedings(SIGGRAPH
95), pages161–172.ACM Siggraph,1995.

[SS95b] PeterSchr̈oderandWim Sweldens.SphericalWavelets:TextureProcessing.
In P. M. Hanrahanand W. Purgathofer, editors,RenderingTechniques'95
(Proceedingsof theSixthEurographicsWorkshoponRendering), pages252–
263,New York, NY, 1995.Springer-Verlag.

[SS96] Wim SweldensandPeterSchr̈oder. Building your own waveletsat home.In
“Waveletsin ComputerGraphics”,ACM SIGGRAPHCourseNotes,1996.

[Sta96] JosStam.Stochasticdynamics:Simulatingtheeffectsof turbulenceon �e xi-
blestructures.Technicalreport,Inria, 1996.

[Ste79] G. W. Stewart. Theeffectsof roundingerroron analgorithmfor downdating
aCholesky factorization.J. Inst.Math.Applic., 23:203–13,1979.

[Sub00] Subdivisionfor ModelingandAnimation.CourseNotesof SIGGRAPH2000,
ACM SIGGRAPH,July2000.

[Swe98] Wim Sweldens. The lifting scheme:A constructionof secondgeneration
wavelets. SIAM Journal on MathematicalAnalysis, 29(2):511–546,March
1998.

[Tay91] V. Taylor. Application-speci�carchitecturesfor large �nite-elementapplica-
tions. PhDthesis,Dept.El. Eng.andComp.Sci.,Univ. of California,Berke-
ley, CA, 1991.Unpublisheddoctoraldissertation.

[TF88] D. TerzopoulosandKurt Fleischer. Deformablemodels. TheVisual Com-
puter, 4:306–331,1988.

[TKN99] T. Takahashi,S.Kobayashi,andN. Nishimura.FastmultipoleBEM simula-
tion of overcoringin an improved conical-endboreholestrainmeasurement
method.In MechanicsandEngineeringin Honorof ProfessorQinghuaDu's
80thAnniversary, pages120–127,Beijing, 1999.TsinghuaUniversityPress.

[TPBF87] DemetriTerzopoulos,JohnPlatt,Alan Barr, andKurt Fleischer. Elastically
deformablemodels. In MaureenC. Stone,editor, ComputerGraphics(SIG-
GRAPH'87 Proceedings), pages205–214,July1987.

138



[vdDP98] KeesvandenDoel andDineshK. Pai. Thesoundsof physicalshapes.Pres-
ence, 7(4):382–395,1998.

[War95] Joe Warren. Subdivision methodsfor geometry design. unpublished
manuscript,1995.

[WDGT01] X. Wu, M.S. Downes,T. Goktekin,andF. Tendick.Adaptive nonlinear�nite
elementsfor deformablebodysimulationusingdynamicprogressivemeshes.
In A. ChalmersandT.-M. Rhyne,editors,Eurographics2001. Eurographics,
2001.

[Wil89] JohnWilliams. Physically-basedmodeling: Past,present,andfuture. SIG-
GRAPH89Panel,1989.

[Woo50] M. A. Woodbury. Inverting modi�ed matrices. MemorandumReport42,
StatisticalResearchGroup,Princeton,NJ,1950.

[WW98] Henrik WeimerandJoeWarren. Subdivision schemesfor thin platesplines.
ComputerGraphicsForum, 17(3):303–314,1998.ISSN1067-7055.

[WW99] HenrikWeimerandJoeWarren.Subdivision schemesfor �uid �o w. In Alyn
Rockwood, editor, Siggraph 1999,ComputerGraphicsProceedings, pages
111–120,LosAngeles,1999.AddisonWesley Longman.

[WW00] JoeWarrenandHenrik Weimer. Non-stationarysubdivision for inhomoge-
neousoperatordifferential equations. In Larry L. Schumaker, Pierre-Jean
Laurent,and Paul Sablonniere,editors,Curve and SurfaceFitting: Saint-
Malo 99. VanderbiltUniversityPress,2000.

[XESV97] JulieC. Xia, JihadEl-Sana,andAmitabhVarshney. Adaptive real-timelevel-
of-detail-basedrenderingfor polygonalmodels.IEEE Transactionson Visu-
alizationandComputerGraphics, 3(2):171–183,1997.

[Yip86] E. L. Yip. A noteon the stability of solving a rank-p modi�cation of a lin-
earsystemby theSherman-Morrison-Woodbury formula. SIAMJournal on
Scienti�c andStatisticalComputing, 7(2):507–513,April 1986.

[YNK01] Kenichi Yoshida,NaoshiNishimura,and Shoichi Kobayashi. Application
of fastmultipoleGalerkinboundaryintegral equationmethodto elastostatic
crackproblemsin 3D. InternationalJournal for NumericalMethodsin Engi-
neering, 50:525–547,January2001.

[Yse86] H. Yserentant.On the multilevel splitting of �nite elementspaces.Numer.
Math., 49:379–412,1986.

139



[ZC00] YanZhuangandJohnCanny. Hapticinteractionwith globaldeformations.In
Proceedingsof theIEEE InternationalConferenceon RoboticsandAutoma-
tion, 2000.

[Zie77] O.C.Zienkiewicz. TheFinite ElementMethod. McGraw-Hill BookCompany
(UK) Limited, Maidenhead,Berkshire,England,1977.

[ZS94] C. B. Zilles andJ. K. Salisbury. A constraint-basedgod-objectmethodfor
hapticdisplay. In ASMEHaptic Interfacesfor Virtual EnvironmentandTele-
operator Systems, volume1, pages149–150,Chicago,IL (US),1994.

[ZSS96] Denis Zorin, PeterSchr̈oder, and Wim Sweldens. Interpolatingsubdivi-
sion for mesheswith arbitrary topology. In Holly Rushmeier, editor, SIG-
GRAPH96 ConferenceProceedings, AnnualConferenceSeries,pages189–
192.ACM SIGGRAPH,AddisonWesley, August1996.

[ZSS97] DenisZorin, PeterSchr̈oder, andWim Sweldens.Interactive multiresolution
meshediting. In TurnerWhitted,editor, SIGGRAPH97ConferenceProceed-
ings, AnnualConferenceSeries,pages259–268.ACM SIGGRAPH,Addison
Wesley, August1997.

140



Appendix A

Boundary Integral Formulation of
Navier' sEquation

A.1 Navier' sEquation

Linear elastostaticobjectswith isotropicandhomogeneousmaterialproperties,have dis-
placementssatisfyingthewell-known Navier'sequationon 
 ,
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which is convenientlywritten in avectoroperatorform as

(Nu ) (x) + b(x) = 0; x 2 
 : (A.2)

Here� is Poisson's ratio andG is theshearmodulus.Thesearematerialpropertieswhich
can be found in handbooksfor many materials. Suitablevaluesfor Poisson's ratio are
0 < � � 1

2 , with � = 1
2 correspondingto anincompressiblematerial.TheshearmodulusG

is positive,with largervaluesresultingin largerforcesaccompanying a givendeformation.
FigureA.2 shows theeffectof changing� ; seealsoFigureA.1.
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whereni arethedirectioncosinesof theoutwardnormal.In avectoroperatornotationthis
becomes

p(x) = (Pu ) (x); x 2 � : (A.4)
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(a) (b)

FigureA.1: A testnoduleis pinchedbetweentwo �ngers. Thenoduleis a Loop subdivi-
sionsurface,whosecontrolpolyhedronis anoctahedron.Theboundaryof onefaceof the
octahedronis taggedas“sharp” [HDD+ 94] andleadsto a sharpedgearoundthebottom
faceof the object. We imposea zero-displacementboundaryconditionon this face,and
zerotractioneverywhereelse,exceptfor thetwo �nger contacts.

A.2 Boundary Integral Formulation

Similar to Laplace's equation,Navier's equationon a domainmay be convertedto an in-
tegral equationde�ned on the boundaryof that domain. At the heartof the derivation is
integrationby parts,which producesboundaryintegrals from volumeintegrals. The end
resultis thatNavier'sequations(A.1) on,for example,aboundeddomainmaybeconverted
into a setof integral equations.The direct boundaryintegral equationformulationyields
thevectorintegralequation

c(x)u(x) +
Z

�
p � (x ; y )u(y ) d� y (A.5)

=
Z

�
u � (x ; y )p(y ) d� y +

Z



u � (x ; y )b(y ) d
 y

valid at a point x on theboundary� [BTW84]. Threematrix functionsoccurin this equa-
tion:

c = c(x) = [cij ];

u � = u � (x ; y ) = [u�
ij ];

p � = p � (x ; y ) = [p�
ij ]:

Theintegral kernelfunctionsu�
ij (x ; y ) andp�

ij (x ; y ) areknown fundamentalsolutionsand
tractions,respectively, andareprovidedin thenext section.Thecoef�cient cij (x) depends
on the smoothnesspropertiesof the boundaryat x, but is not neededexplicitly (seeAp-
pendixB.2.2).
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(a) (b) (c)

FigureA.2: Poisson's ratio, � , providesan easyway to describethe compressibilityof a
material. Figure(a) shows the examplenodulein its reststate. A coarsereferencemesh
is alsoshown in white on the surface. In �gure (b), � = 0:01, makingthe materialvery
compressible;thenoduleexhibits a sponge-like behavior, deformingmainly in thevicinity
of thecontact.In Figure(c) � = 0:5, makingthematerialincompressible;thesidesof the
nodulebulgeto conservevolume.

A.2.1 FundamentalSolutions

Thefundamentalsolutionsof Navier's equation,u�
ij (x ; y ), correspondto thedisplacement

in the j th directionat a �eld point, y , asproducedby a unit point loadappliedin eachof
the i directionsat a speci�ed loadpoint, x , in an in�nite linearelasticmedium.This cor-
respondsto thefundamentalsolutiondueto Kelvin [Lov27]. Conceptually, this point load
fundamentalsolutionplaysananalogousrole in elasticityasthefamiliar 1

r Coulombpoten-
tial solutionaccompanying a point chargein electrostatics.In bothcases,thefundamental
solutionsarehighly localizedanddecayvery quickly, e.g.,thefundamentaldisplacements
have a typical 1

r characterwhile thefundamentaltractionsbehave like 1
r 2 . Mathematically,

u�
ij (x ; y ) is thej th componentof thedisplacementsolutionto

(Nu ) (y ) + � (x � y )êi = 0; (A.6)

wherethevectoroperatornotationfrom (A.2) hasbeenused.Thefundamentaltractionsare
relatedto thefundamentaldisplacementsvia (A.4), thatis

p � = Pu � : (A.7)

Expressionsfor thefundamentalsolutionsare[BTW84]

u�
ij (x ; y ) =

1
16� (1 � � )G

�
(3 � 4� ) � ij

r
+

r i r j

r 3

�
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p�
ij (x ; y ) =

(1 � 2� )
8� (1 � � )

�
(r i nj � r j ni )

r 3 �
�

� ij

r 2 +
3r i r j

(1 � 2� ) r 4

�
@r

@n(y)

�

where r = y � x

r i = (r ) i

r = jr j
@r

@n(y)
=

r � n(y )
r

(A.8)

andn(y ) is theoutwardunit normalat y 2 � .

A.2.2 Inter nal Body Forces

Any user-speci�ed body forcesmildly complicatethe boundary-onlycharacterof the in-
tegral equations,asthey introducea volumeintegral term in (A.5). However, for certain
classesof functions,e.g.,polynomials,it is possibleto analyticallyconvert thevolumeinte-
gral into aboundaryintegralusingessentiallyrepeatedintegrationby partsvia theMultiple
ReciprocityMethod[BTW84]. For example,aconstantgravitationalforce,b = � g, maybe
evaluatedasa boundaryintegral. More simply, concentratedforceloads,b = b 0 � (x � x0),
are trivial to integrate,andareuseful for introducinginternalbody articulation. Due to
spacelimitations,thebodyforcetermwill notbementionedhereafter.
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Appendix B

Boundary ElementMethod (BEM)
Tutorial

B.1 The Boundary ElementMethod

The BoundaryElementMethod(BEM) is a straight-forward approachto discretizingin-
tegral equationsde�ned on the boundaryvia a collocationmethod. Therearethreemain
stepswhenimplementingtheBEM in 3D:

1. Discretizethe boundary� into a setof N non-overlappingelementswhich repre-
sentthe displacementsandtractionsby functionswhich arepiecewise interpolated
betweentheelement'snodalpoints.

2. Apply the integral equation(s)at eachof the n boundarynodes,and perform the
resultingintegralsover eachboundaryelementin orderto generateanundetermined
systemof 3n equationsinvolving the3n nodaldisplacementsand3n nodaltractions.

3. Apply theboundaryconditionsof thedesiredboundaryvalueproblem,�xing n nodal
values(eitherdisplacementor traction)perdirection.Theremaininglinearsystemof
3n equationsis determinedandmaybesolvedto obtaintheunknown nodalboundary
values.

Drawing on the notationfrom [BTW84], the discretizationof (A.5), droppingthe
body force,maybesummarizedasfollows. Thepiecewise interpolateddisplacementand
tractionfunctionsevaluatedat thepoint x maybewrittenas

u = u(x) = (u1; u2; u3)T = � (x)u (B.1)

p = p(x) = (p1; p2; p3)T = � (x)p
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where� (x) is aninterpolationmatrix andu andp aren-vectorsof thenodaldisplacement
andtraction3-vectors,respectively, e.g.,u = [u1; : : : ; un ]T .

Thedisplacement,tractionandc vectorsat thei th node,x i , will bedenotedby

ui = u(x i ); pi = p(x i ); ci = c(x i );

respectively. Substituting(B.1) into theelasticityintegral equation(A.5) appliedat x i and
converting the surfaceintegrals into sumsof integrals over eachboundaryelement,one
obtains

ci ui +
NX

j =1

 Z

� j

p � (x i ; y ) � (y ) d� y

!

u

=
NX

j =1

 Z

� j

u � (x i ; y ) � (y ) d� y

!

p

which, in anobviousnotation,maybewrittenas

ci ui +
nX

j =1

ĥij uj =
nX

j =1

gij pj : (B.2)

For convenience,de�ne off-diagonalhij asĥij , but let

hii = ci + ĥii : (B.3)

Assemblingtheequationsatall nodesinto ablockmatrix systemyields

nX

j =1

hij uj =
nX

j =1

gij pj or Hu = Gp: (B.4)

The �nal stepis to specifytheboundaryconditionsat eachof then nodes,thenbring the
unknowns to the left-handside,andthe knowns to the right-handsideto obtainthe �nal
linearsystem

Av = z; (B.5)

whichmaybesolvedfor theunknown nodalquantities,v.
All thatremainsis to determinetheintegralsfor thematrixentriesof H andG.

Indeed,this is thepartof theBEM which takesthemajority of a computation.Complete
formulaefor constantboundaryelements,areprovidedin theAppendixfor thosewho are
interestedin constructingtheirown elasticitysolver. It is thesimplestelementfor thereader
to implementandunderstand.Formulaefor linearelementsmaybefoundin [Har89]1

1Unfortunatelythereis a stringof misprintcorrectionsin theliteraturehere.Hartmann[Har89]
correctsa misprint in thesource,but accidentallyintroducesanother. Fortunately, thefalsecorrec-
tion is noticeableuponcomparison.
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B.1.1 ConstantElementCase

Analogousto themidpointrule for integratinga univariatefunction,integrationof a trian-
gularconstantelementis accomplishedusingdatalocatedat thecentroid.Thiscorresponds
to a centroidcollocationscheme,asthe j th node,x j , is identi�ed asthe centroidof the
j th element,andis wherethe elasticstateis representedaccurately. In this casen = N .
Sincethe collocationnodelies in the element's interior, it is calleda nonconformingele-
ment. This happensto make the elementparticulareasyto implement,asconnectivity is
not required.It alsohastheconvenientcasualpropertythatspecialcareneednot betaken
to accommodatecornersor sharpedges[BTW84].

B.2 ConstantElement In�uence Coef�cients

Whenimplementingboundaryelements,therearealwaysa numberof singularintegrals
which theusermustacquireor spendsometime calculating.In therelatively simplecase
of triangularconstantelementswith centroidcollocation,thereareonly afew integrals,and
they arepresentedherefor completeness.

B.2.1 Inter -elementEffects

Theseareintegralscorrespondingto interactionswheretheloadpoint liesat thecentroidof
a triangleotherthantheonebeingintegratedover, i.e.,x i =2 � j : This includestheelements
of the3 � 3 matricesgij andĥ ij , for i 6= j , andthereforecorrespondsto themajority of
the integrals. Sincer = jx i � y j is never zero,thesearenonsingularintegralswhich may
easilybecalculatedusingstandardnumericalquadrature(seeBrebbia[BTW84]).

B.2.2 Self-effects

Self-effectscorrespondto theintegralsin thediagonaltermsof equationB.4suchasg ii and
ĥ ii . Sincethe load point lies in the centerof the trianglebeingintegratedover, theseare
singularintegrals,asthefundamentalsolutionsareunboundedasr ! 0. The�rst integral
is only weaklysingular, while thesecondintegral is stronglysingularandonly exists in a
Cauchy principalvaluesense.

Calculation of h ii

Despiteĥ ii beingstronglysingular, it is easyto calculateindirectly usingrigid bodytrans-
lationsby consideringa boundedobjectwith all nodessubjectedto any arbitraryconstant
displacementboundaryconditions,u j = �u; 8j . Sincethisbodynecessarilyexperiencesno
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inducedsurfacetractions,p j = 0; 8j . It follows from (B.4) that

h ii = �
X

j 6= i

h ij (B.6)

andthereforeneitherĥ ii nor ci needbecalculatedexplicitly. Notethat (B.6) implies that
H is asingularmatrix.

Calculation of gii

Theelementsof

(gii )k l =
1

16� (1 � � )G

Z

� i

�
(3 � 4� ) � k l

r
+

r k r l

r 3

�
d� y

will beexpressedfor a triangle� , usingthenotationin �gure B.1, i.e.,with verticesatq1;
q2, q3, centroidatqc, areaA, andanoutwardunit normaln̂. Omittingany constantfactors,
the�rst integral is J �

1 , andthesecondis

X̂ k X̂ l J �
1 +

1
2

�
X̂ k Ŷ l + X̂ l Ŷ k

�
J �

2 +
�

Ŷ k Ŷ l � X̂ k X̂ l

�
J �

3 :

with
X̂ =

q2 � qc

jq2 � qcj
; Ŷ = n̂ � X̂ ; (B.7)

and
J �

m =
2A
3

�
Jm (� 1; � 2; 0)

r 23
+

Jm (� 2; � 3; 0)
r 31

+
Jm (� 3; � 1; � 1 + � 2)

r 12

�
(B.8)
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where

J1 (� � ; � ; � min ) = ln

"
tan

�
� � + �

2

�

tan
�

�
2

�

#

J2 (� � ; � ; � min ) = sin
�

� min � �
2

�
ln

"
tan

�
� � + �

4

�

tan
�

�
4

�

#

+ cos
�

� min � �
2

�
ln

" �
1 � tan

�
�
4

�� �
1 + tan

�
� � + �

4

��

�
1 + tan

�
�
4

�� �
1 � tan

�
� � + �

4

��

#

J3 (� � ; � ; � min ) = 2sin
�

2� min � � +
� �
2

�
sin

�
� �
2

�

� sin2 (� min � � ) ln

"
tan

�
�
2

�

tan
�

� � + �
2

�

#

:
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Appendix C

Justi�cation of Inter polatedTraction
Distrib utions for Point Contact

This sectionderivesthenodalboundaryconditionsassociatedwith a localizedpoint con-
tact at an arbitrarymeshlocation. The practicalconsequenceis that the discretetraction
distribution may be conveniently interpolatedfrom suitablenearbynodaldistributionsor
masks.

Given a continuoussurfacetraction distribution, p(x), a correspondingdiscrete
distribution �( x)p may be determinedby a suitableprojectioninto L of eachCartesian
componentof p(x). For example,considertheprojectionof ascalarfunctionon � de�ned
astheminimizerof thescalarfunctionalE : R3n 7! R,

E(p) =
Z

�

�
kp(x) � �( x)pk2

2 + kB �( x)pk2
2

�
d� x ; (C.1)

whereB : L 7! R is somelinear operatorthat canbe used,e.g., to penalizenonsmooth
functions,and� (x) : R3n 7! R3 is anodalinterpolationmatrixde�ned on thesurface,

� (x) = [� 1(x)� 2(x) � � � � n (x)] = [� 1(x)� 2(x) � � � � n (x)] 
 I 3; x 2 � ; (C.2)

with � j (x) = � j (x)I 3 andI 3 the3-by-3 identitymatrix. TheEuler-Lagrangeequationsfor
thisminimizationare

nX

j =1

� Z

�
[� i (x)� j (x) + (B � i (x)) (B � j (x)) ] d� x

�
pj =

Z

�
� i (x)p(x)d� x ; (C.3)

i = 1; 2; : : : ; n; which, in anobviousnotation,is writtenasthelinearmatrixproblem

Ap = f (C.4)

to besolvedfor thenodaltractionvaluesp. NotethatA hasunitsof area.
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Therelevant tractiondistribution for point-like contactis a scale-independentcon-
centratedpoint load

p(x) = p � (x) = f � � (x � x � ) (C.5)

which modelsa force f � deliveredat x � 2 � . The force n-vector in equation(C.4) has
components

f i = � i (x � )f � (C.6)

andthecorrespondingpressuredistribution'snodalvaluesare

p = A � 1f : (C.7)

For compactlysupportedbasisfunctions, � i (x), f hasonly a small numberof nonzero
componentsfor any given x. Hence� i (x � ) are the interpolationweightsdescribingthe
contribution of the nearbynodalpressuredistributions,herespeci�ed by the columnsof
A � 1.

As an example,considerthe importantcasewhereL is a continuouspiecewise
linearfunctionspacewith � i (x j ) = � ij . This wasthespaceusedin our implementation.In
this case,at mostonly threecomponentsof f arenonzero,givenby the indicesf i 1; i 2; i 3g
whichcorrespondto verticesof thecontactedtriangle� � , i.e.,for whichx � 2 � � . Thevalues
� i (x � ) arethebarycentriccoordinatesof x � in � � . Thepressuredistribution'snodalvalues
arethen

p = A � 1f =
3X

k=1

�
A � 1�

:i k
f i k =

3X

k=1

� i k (x � )
h�

A � 1�
:i k

f �
i

=
3X

k=1

� i k (x � )p(i k ) ; (C.8)

wherep(i k ) is thepressuredistributioncorrespondingto theapplicationof theloaddirectly
to vertex i k . Thereforethepiecewiselinear pressure distribution for a point load applied
at a barycentriclocationon a triangle is equalto thebarycentricaverage of thepressure
distributionsassociatedwith thepoint load appliedat each of thetriangle's vertices.This
mayberecognizedasanelasticgeneralizationof forceshading[MS96] for rigid models.

Notethatthej th columnof A � 1 is a vertex maskthatdescribesthenodaldistribu-
tion of theloadappliedto thej th vertex. By modifying thepenaltyoperatorB it would be
possibleto engineermasksthatexhibit varyingdegreesof smoothnessandspatiallocaliza-
tion.
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Appendix D

SoftwareSystemOverview

This researchprojectalsoinvolved the developmentof several softwarepackagesfor the
precomputationandsimulationof LEGFMs.Thesesystemswereimplementedin Javaand
graphicallyrenderedwith Java3D,with theexceptionof native interfacesto C++ codefor
thesupportof hapticdevices.Usinghigh-level object-orientedlanguageshelpedreducethe
complexity andamountof coderequired.Nevertheless,thetotal sizeof theentireresearch
codebaseis approximately125000lines of Java code,anda few thousandlines of C++
code. Codeis groupedinto several Java packages,which aid in codereuseand reduce
interminglingof unrelatedcode.Within eachpackage,stronguseof object-orienteddesign
(OOD)patterns[GHJV95]wasmadeto increasethegeneralusabilityof dataandalgorithm
implementations.

The�nal designis considerateof variousJava performanceissues.Becauseof the
often high costof garbagecollectionfor creationalpatternsin Java, new objectsarecre-
atedsparinglyin numericalcomputations,andeveryattemptis madeto preallocateobjects
wherepossible,especiallyfor “real time” simulation. In practice,it waspossibleto avoid
many of theperformancepitfalls commonlyassociatedwith naiveJavaprogramming.

D.1 Subdivision GeometricModeling and Wavelets

Thecomplexity of implementingmultiresolutionalgorithmshasbeeneasedby designinga
geometricmodelingpackagebasedongeometricsubdivision [Sub00],with othermembers
of our Interactive Simulationgroup. A half-edgedatastructure[MP78, GS85]is usedto
representall polyhedralmeshmodelsasa setof connectedfaces,edges,andvertices;each
simplex is implementedasa separateJava object. Geometricsubdivision algorithmsare
theneasilyimplementedasoperationsontheseprimitives.For example,supportis provided
for traversingthemultiresolutionsubdivision meshhierarchy, andrenderingof subdivided
deformingmeshescan be performed“in place” for interactive applications. Simplicies
may be indexed to supportrandomaccessto theseprimitives,e.g.,vertices,andordering
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of associateddata. Collision detectionandproximity queriesaresupported,including a
spheretreeapproach[Hub95] anda standardocttreespacepartitioning. The subdivision
packagealsoprovidessupportfor subdivision connectivity meshreparameterizationand
displacementmappingbasedon displacedsubdivision surfaces[GVSS00,LMH00]; the
normalpiercingphaseis acceleratedusingtheocttreespatialhierarchy.

Multiresolutionanalysisof datade�ned on the surfacegeometryis handledby a
secondpackage.Most notablyit includeslifted fastwavelettransform[Swe98]implemen-
tationsfor processingvarioussurfacefunctiondatatypes,aswell asmethodsfor accessing
multiresolution/hierarchicalbasisfunctionsandtheirassociatedre�nementrelations.

D.2 Green'sFunction Precomputation

Precomputationof GFs is implementedfor boundaryintegral equations,e.g., associated
with LaplaceandNavier's equations.Discretizationis handledby a very generalobject-
orientedPetrov-Galerkin framework, and we refer the readerto [Lag97] for similar de-
sign details. Collocationintegral equationdiscretizationschemes,suchas the BEM, are
a subclassof schemesdescribedby this approach,andimplementationsexist for constant
(centroid-based)andisoparametriclinear (vertex-based)elements.GF matrix solversfor
bothdirectanditerative methodsimplementa commonGF iteratorinterfacewhich allows
for easyparallel/distributedGF precomputation;for multiresolutionmodels,GFscanbe
sequentiallytransformedandthresholdedasthey becomeavailableto avoid memorybottle-
necks.Multithreading(for machineswith SMPsupport)is supportedin thematrixelement
computation,andboth thedirectanditerative GF solutionstages.In orderto handlevery
largeproblems,careis takento neverunnecessarilystoreor copy largematrices.

D.3 Interacti veSimulation

D.3.1 Simulation of Green'sFunction Models

Interfacesareusedto describethevariousGF dataobjects,andprovide seamlesselement
accessand(fast-)summationsupportfor dataassociatedwith dense,waveletandhierarchi-
cal GF matricesof assorted�oating point formats. The interfacedGF objectis usedby a
BVP solver objectto ef�ciently implementtheCMA, seamlesslytakingadvantageof fast-
summationandparallelprocessingif available. BVPs arespeci�ed usinga rank-update
BVP objectwhich internallycomparestheBVP to theRBVP. A commoninterfaceis im-
plementedby BVP solver objectswith differentcapacitancematrix inversionandcaching
capabilities. An interfaceis alsousedto encapsulateGF modelsof differentunderlying
representationsfor usein simulations.For example,the�nger modelcanberepresentedas
a singleGF modeleventhoughit is actuallycomposedof threeconnectedGF models.No
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specialsupportfor simulatingreality-basedmodelsis requiredasthis is implicit in theGF
modeldescription,however extensive softwarefor acquiringthesemodelswasdeveloped
in aseparateproject[PvdDJ+ 01,Lan01].

D.3.2 ARTDEFO Simulator

Our simulator, namedARTDEFO [JP99a], providessupportfor contactinteractionsusing
point-like andconvex rigid manipulandumswhosemotionmaybespeci�edby mouseand
hapticinterfaces,aswell asmoregeneralmeans.A contactmediatorobjectresolvescon-
tactsandappliesappropriatenodalboundaryconditionsto thedeformableobject(s)in con-
tact. Convex rigid manipulandumshelpsimplify nodecollision detectionissues,andcon-
tactstatesarecurrentlydeterminedusinga“trial anderror” approach.At presentfriction is
only implementedfor point-like contacts,sothatnodesof deformableobjectsdo not slide
on rigid objectswhenin contact.Contactstatescanbemonitoredby otherobjectsusinga
contactobserver interface;for example,this is usedto implement(unilateral)compliance
in the mouseandCyberGlove userinterfacesso that large nonphysical forcescannot be
exertedon thedeformableobject.

D.3.3 Haptic Interfaces

Accessto native C++ software APIs for haptic interfacesis provided by corresponding
wrapperclasseswhich encapsulateJava Native Interface(JNI) calls to theC++ API layer.
For example,CyberGlovegraspingapplicationsemploy awrapperobjectwhichusesJNI to
communicatewith theVirtualHandSDK [Imm] to instantiateandaccessaC++virtual hand
object.Duringsimulation,thewrapperobjectprovidesreadaccessto �nger joint anglesand
transforms.Theaccessedhandstateis thenusedto controla secondhandwith compliant
joint kinematicswhich is resistedby thedeformableobject.Each3D �nger link' s meshis
associatedwith aconvex rigid manipulandumin theARTDEFO contactsimulator.

PHANToM forcefeedbackapplicationsusealargerC++ layerconsistingof several
objectsinvolvedin thesimulationof point-likefrictional contact.TheGHOSTSDK's[Sen]
gstForceFieldclassis entendedto rendercontactforcescomputedby our pressuremask
formalism. The collision detection,contactsliding andcontactforce computationareall
performedat approximately1 kHz by theC++ layerrunningon a separatethreadfrom the
graphicssimulation.One-way communicationof thecontactstateinformationis achieved
by writing to a thread-safeobject accessibleby the Java graphicssimulation. The Java
layer is responsiblefor computationand graphicalrenderingof the surfacedeformation
correspondingto the point contact. In this way, even objectswhich are too large to be
renderedat interactive rates,canstill be felt with the force feedbackinterfacedueto the
loosecouplingof forcefeedbackandgraphicalsimulationthreads.
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