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Abstract

This thesispresentsa framework for low-lateng interactive simulationof linear
elastostationodelsand other systemsassociatedvith linear elliptic partial differention
equations. This approachmalesit feasibleto interactvely simulatelarge-scalephysical
models.

Linearity is exploited by formulatingthe boundaryvalue problem(BVP) solution
in termsof Greensfunctions(GFs)which maybeprecomputedo provide speedandcheap
lookup operations. Runtime BVPs are solved using a collection of Capacitanceviatrix
Algorithms (CMAs) basedon the Sherman-Morrison-\wbdhury formula. Temporalco-
herenceis exploited by cachingand reusing,as well as sequentiallyupdating,previous
capacitancenatrixinverses.

Multiresolution enhancementmake it practicalto simulateand storevery large
models.Ef cient compressetkpresentationsf precomputedFsareobtainedisingsecond-
generatiowaveletsde ned onsurfaces Fastinversewavelettransformsallow fastsumma-
tion methodgo be usedto accelerateuntimeBVP solution. Wavelet GF compressiorfiac-
torsaredirectly relatedto interactive simulationspeedupandexamplesare provided with
hundredfoldmprovementsatmodesterrorlevels. Furthermorehierarchicatonstraintsre
de ned using hierarchicalbasisfunctions, and relatedhierarchicalGFs are then usedto
constructan hierarchicalCMA. This directsolutionapproachs suitablefor hardrealtime
simulationsinceit providesa mechanisnfor gracefullydegradingto coarseresolutionap-
proximations,andthe wavelet representationallow for runtime adaptve multiresolution
rendering.

TheseGF CMAs arewell-suitedto interactive hapticapplicationssinceGFsallow
randomaccess$o solutioncomponentandthe capacitancenatrixis the contactcompliance
usedfor high- delity forcefeedbackendering.Examplesareprovidedfor distributedand
point-like interactions.

PrecomputednultizonekinematicGF modelsare also consideredwith examples
providedfor characteanimationin computergraphics.

Finally, webrie y discusghegeneratiorof multiresolutionGF modelsusingeither
numericalprecomputatiomethodsor reality-basedobotic measurement.
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Chapter 1

Intr oduction

Interactive multi-modalsimulationof deformableobjects,in which a usermay manipulate
e xible objectsandreceve immediatesensoryfeedback/ia human-computeinterfacesjs
amajor challengefor computergraphicsandvirtual environments.Deformationis essen-
tial in computeranimationfor plausiblymodelingthebehaior of thehumanbody, animals,
andsoft objectssuchasfurniture upholsterybut interactve applicationssuchascomputer
games have very limited computingbudgetsfor 3D physical continuumsimulation. Cur
rentvirtual prototypingandassemblyapplicationsalsorequiredeformableandalso e xible
kinematicmodelssuitablefor interactve simulationssuchasassemblypathplanning.De-
formablemodelshave a long history (seex1.1) and, one might say arewell understood
within the graphics,scienti ¢ andengineeringcommunities. The challengeaddressedhy
this thesisis the designof deformablemodelsthatareboth sufciently realisticto capture
therelevantphysics,andsufciently fastfor interactve simulationon ubiquitouscomputing

hardware.

Thedif culty is thattraditionalscienti c computingalgorithmsarecapableof gen-
eratingsolutionsto relatively complex 3D deformationproblemsontime-scale®f minutes
or secondsbut interactvity requiressolutiontimeson thetime-scalesassociatedavith hu-
man sensoryperception. For example,an interactve elasticobject simulationshouldbe
capableof providing solutionsfor visual displayat sufcient framerates(30 Hz), aswell
as hapticforce feedbackat kinestheticallycorvincing rates(1000Hz), and perhapseven
contactforce response$or soundgeneration.Failure to achiese sufciently fastsolution
ratesintroducedateng andresultsin anuncorvincing simulation.Givensuchseveretime
constraintsjt makessenseo do asmuchwork aheadof time aspossibleso that solution
costsduringasimulationaresmaller

In recentyears,linear elastostatiogGreen’s function models(LEGFMs) have been
shavnto strike anattractvetrade-of betweerrealismandspeed.Themodelsarephysically-
basedindareaccuratdor aclassof relatively stiff deformablematerialsvhichtendto reach
equilibrium quickly during continuouscontact. The linearity of the modelallows for the
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Figurel.1l: Exampleof a Comple ElasticModel: An elasticrabbitmodelwith 2562ver-
tices,5120facesands levelsof subdvisionconnectiity (L = 4), capableof beingrendered
at30FPSwith 1 kHz forcefeedbaclonaPCin ourJava-basedhapticsimulation. Theasso-
ciateddensesquareGreens function (GF) submatrixcontainedd1 million oats (166 MB)
but wascompressedown to 655thousandoats (2.6 MB) in this animation(" = :2). The
depicteddeformatiorresultedrom forceinteractionsgle ned ata constraintresolutionthat
wastwo levels coarser(L=2) thanthe visible mesh;for thesecoarseevel constraintsthe
GF matrix block may be further compressedby a factorof approximatelyl6= 42. Even
further compressions possiblewith le formatsfor storageandtransmissiorof models.
(Reparameterizedhbbitmodelgeneratedrom meshcourtesyof Cyberware[Cyb].)

useof very fastsolutionalgorithmsbasedon linear superpositiorwhich supportreal-time
renderingandstableforce feedback.The useof thesetechniquesn interactive simulation
wasadwancedby [BC96, CDA99, JP99ajwho demonstratedealtime interactionwith de-
formablemodelsin applicationssuchasforce feedbacksuigical simulationandcomputer
animation. A naturalconnectionalso exists betweenLEGFMs and actve measurement
techniquedor the directacquisitionof deformableobjects[PvdDJ" 01]. In this thesiswe
shaw thatlinear superpositionechniquesanleadto truly low-costinteractive simulation
of small-strairdeformation®f extremelylargemodels.Neverthelesswe alsoconsidetthis
a startingpoint for the developmentof a completesetof hybrid solutiontechniqueswith
theultimategoal of developingef cient simulationtoolsfor dif cult nonlinearphenomena

2



associateavith stiff modelssubjectto constraints.

Thekey to thefastsimulationtechniques theuseof precomputedreensfunctions
(GFs).Intuitively, Greens functionsform abasisfor representingll possibledeformations
of anobjectin a particulargeometriccon guration of boundaryconstrainttypes,e.g.,es-
sential(Dirichlet), natural(Neumann)pr mixed (Robin). Thebene t of linearity is thatthe
responseo ary setof boundaryvaluescanbe quickly reconstructedby a linear combina-
tion of precomputedsFs. In this way, thesesolutiontechniquesanbe usedto obtainthe
solutionfor ary setof appliedconstraintdy usingthe GFsin combinationwith acollection
of matrix updatingmethods(relatedto the Sherman-Morrison-\wodhury formula) which
we referto collectively asCapacitancéatrix Algorithms,or simply CMAs.

Furthermorethe GF-basedCMA matrix solversare not limited to just LEGFMs,
andcanin factbe usedto simulatenumerousothercontinuousphysical systemsn equi-
librium. Interestingexamplesare the visualizationof solutionsto linear elliptic partial
differentialequationdPDESs),suchasthoseusedto modelelectrostaticelds, equilibrium
diffusion, and transportphenomena.The unifying propertyis thatarny physical (or non-
physical) equilibrium' systemfor which thereexists a linear matrix relationshipbetween
speci edandunspeci edboundaryaluescanbesimulatedthisisindeedaverylargeclass
of systemgyiventhatit containsall modelsdescribedoy discreteBVPs arisingfrom dis-
cretizationsof linear elliptic PDESs. An interestingpoint is that LEGFMs are small strain
approximationsof nite strain elasticity however other physical systemsare accurately
modeledby linearelliptic PDES,e.qg.,electrostaticsThe readershouldkeepin mind that,
althoughthis thesisis largely explainedin termsof deformableobjectsimulation,parallel
relationshipsexist betweerthe physicalquantitiesn otherapplications.

Recentlywe have shavn that GF formulationsplay animportantrole in the direct
acquisitionof deformablemodelsby active measuremer{PvdDJ" 01]. Usingthe simula-
tion methoddhere,it is possiblefor the quasi-GFmeasurement®s beimmediatelyusedfor
interactve visualization. Multiresolutiontechniquesievelopedhere,suchashierarchical
GFs,arealsovery usefulin the context of measuremendndestimation. The GF's input-
outputboundarydescriptionalsoprovidesanimportantstartingpoint for the de nition of
inverseproblemsfor determininginternalmaterialpropertiesof deformableobjects.Once
the possiblyquite complicatednternalmaterialdistribution is estimateda morecomplete
simulationcanthenbeundertalken,e.g.,includingnonlinearstrain.

However, the CMAs achieve theirimpressve visualizationspeedO(sn) time per
solution, wheren is the simulatedmodel's geometriccompleity ands is the numberof
nonzero(or modi ed) boundaryconditions)at the expenseof storingO(n?) elementsof

IWe restrictour discussiorto time-independergystemsecausegventhoughGreens function
methodscan be usedfor time-dependensystems.e.g., parabolicor even hyberbolic PDEs, the
storagecostsareexacerbatedby the extratime dimension.



the large denseGreens function matriceswhich canbe accessedn constantime. This

clearly doesnt scalewell to large models;for examplethe GF matrix storedas oats for

a vertex-basedmodel with 100 verticesrequiresonly 360KB, however one with 10000
verticessuchasdragonin Figurex3.5 (p. 56) would require 3.6GB! For theseproblems
bus and cacheconsiderationsire signi cant aswell. In addition, the capacitancematrix

algorithmpresentedn [JP994 requiresanO(s®) factoringof thedensecapacitancenatrix,

which scalesvery poorly asthe numberof run-timeconstraintsncrease.

In this thesiswe presenta family of algorithmsfor simulatingdeformablemodels
andrelatedsystemghatmalke Greens functiontechniquegpracticalfor very large models.
Themultiresolutionenhancemeniatroduceddo muchmorethansimply compres$reens
functionsto minimizestorage As arule, theseapproachearecompatiblewith andimprove
the performanceand real time feasibility of numericaloperationsrequiredfor the direct
solutionof boundaryalueproblems.Thealgorithmsexploit thefactthatthereexist several
distinct,yetrelated spatialscalesorrespondindo

geometriadetail,

elasticdisplacementelds,
elastictraction elds, and
numericaldiscretization.

We developmultiresolutionsummatiortechniqueso quickly synthesizeleformationsand
hierarchicalcapacitancematrix algorithmsto dealwith constraintchanges.Wavelet GF
representationare alsousefulfor simulatingmultiresolutiongeometryfor graphicaland
hapticrendering. Numerousother optimizationsand applicationsare also presentedand
aresummarizedn x1.2.

1.1 RelatedWork

This thesisborrons from andbuilds on several elds of research.

1.1.1 Traditional Numerical Methodsfor Linear Elastostatics

Staticlinearelasticityis anold andwell-understoodopic[Lov27]. Boundaryintegralequa-
tion (BIE) formulationsof Navier's equationand other potentialtheoriesalso have very
establishedoots[Kel29,JS77].Numericalmethoddor approximatinghe solutionsof lin-

earelasticity suchasthe Finite ElementMethod (FEM) [Zie77] and, morerecently the
BoundaryElementMethod (BEM) [BTW84], are well-known andcommonlyused. Ef -

cientiteratve methodsexist for the solutionof large scaleproblems,with notableexam-
plesbeingmultigrid [Hac85]for domaindiscretizationandpreconditionedastmultipole
methods[GR87, YNKO1] for boundaryintegral equations. Suchmethodsare useful for



Figure 1.2: Early examplescreatedusing ARTDEFO the Java-basedsystemdescribed
in [JP99a]. Eachof theseconstantelementBEM modelshaslessthan 300 nodes,and
only a smallfraction of theseare ever contactedat the sametime. The basiccapacitance
solveris adequatdo handletheseinteractionsandproduceinteractve frameratesona PC.
To ef ciently interactwith morecomplex modelsaswell asallow more contactechodes,
the optimizationgpresentedh this thesisarevery useful.



precomputingGreens functionsfor simulations,but these(fast) solutionmethodsaim to
reducethe total solutiontime andwere never intendedfor interactve simulationapplica-
tionswherelow lateng is moreimportantthantotal solutiontime or asymptotidarge-scale
costcompleities. In this respecta lineartime solution algorithm, suchas multigrid or
the fast multipole method,is not optimal for force feedback. On the other hand, while
the capacitancenatrix algorithmincurs signi cant precomputatiorcosts,it is capableof
computingforce responsese.g.,in constanttime for point-like contact,andthis is more
desireable.

1.1.2 Deformable Objectsfor Computer Graphics and Haptics

Substantialvork hasappearean physical deformableobjectsimulationandanimationin
computergraphicsandrelated elds [TPBF87,BW92, GM97, CDA99, ZC00, DDBCO01],
althoughnot all is appropriatefor interactive or force feedbackapplications. Important
interactive applicationsof elasticsimulationinclude computeranimationand interactve
games,suigical simulation,computeraideddesign,interactve path planning,andvirtual
assemblyfor increasinglycomplicatedmanugcturingprocesses Several broadsuneys
are availablefor graphicsfGM97] and sugical simulation[Del98], and we refer readers
therefor additionaldetails.

Fromthe pointof view of this work, therearetwo clearly effective classe®f inter-
active simulationmethodgfor complex 3D physical elasticobjects:methodgor simulating
stiff quasistaticystemsindersmallstrain,andexplicit time-steppingschemesor simulat-
ing softdynamicmaterials.Thisis primarily dueto thefactthattheseapproacheavoid the
constructionandsolution of large systemsof equationsat eachstepof a simulation. The
fast(quasi-)linearlastostatienodelswhich canin a sense'precomputeout stiffness”are
complementaryto explicit (lumpedmass)time-steppingschemesnost effective for soft,
dynamic, highly deformableelasticmodels,e.g.,[ZC00, PDAO1, DDBCO0]. Analogous
to application=of rigid bodysimulation,equilibriumsystemsareusefulfor simulatingstiff
materialsandin placeof dynamicdeformatiorthatis too fastto be meaningfullyresohed.
Ever sincethe beginning of computergraphics,soft deformableobjectshave beensimu-
lated,andthis is partly becausehey aremucheasierto computethanthoseinvolving stiff
systemf equationgWil89]. For forcefeedbacknteractionwith stiff geometricallycom-
plex deformablemodels,n which modelcompleity andinteraction delity arecompeting
factors fastapproximatiormethodssuchasthosepresentedhere,arevery useful. Perhaps
oneof the mostattractve featuresof LEGFM simulationsis thatit is possibleto simulate
contacforcefeedbaclatextremelyhigh-ratesvithoutever simulatingtheentiremodel;this
is the reasonthat LEGFM simulationscanachieve a much higherforce feedback delity

2“Someoneoncesaidthata Boeing747is notreally anairplane,but ve million parts ying in
closeformation’(from [CM92])



thantime-steppedimulations. We also expectthatinteractve simulationsof deformable
objectswill involve morehybrid numericalmodelsin thefuture.

In recentyears,the importanceof implicit® integration methodsfor numerically
stiff simulationsof constrainedleformabledynamicalsystemshasbeenrevivedin graph-
ics [TF88, HEO1]. Implicit methodshave beenvery successfullyappliedto cloth simu-
lation for off-line computeranimation[BW98], andalsofor interactie simulationat con-
stantframeratesusingapproximatelothmodelsof modestompleity [DSB99,KCC™ 00].
Implicit-explicit (IMEX) time-steppingschemeslevelopedfor PDES[ARW95] have also
beenusedto addressstiffnessin the presenceof nonlinearitiesand contactf KROM99,
EEHO0Q. However, with theexceptionof simpli ed clothmodelsjmplicit integrationmeth-
ods have remaineduncommorfor interactve simulationof 3D volumetricelasticmodels
dueto the needto solve alargelinearsystemof (possiblychanging)equationsat eachtime
step,althoughthis might changewith vectorsupercomputingpardware[Tay91].

Therehasbeenanaturalrecenttrendtowardexplicit temporaintegrationof lumped
massnonlinearFEM systemswith examplesusingparallelcomputatiofSBD* 00], adap-
tivity in spaceand perhapstime [ZC00, DDBC01, WDGTO01] and also adaptve use of
linear and nonlinearelementdPDAO1]. Theseapproachesire very usefulfor modeling
soft materialsin sugical simulationwherea wide rangeof comple biological materials
undegoing very large strain mustbe simulatedand modi ed during virtual suigical pro-
cedures. Despitethe appropriatenessf this approachfor humantissuemodeling,it has
severallimitationswhich canbe overcomen thecaseof linearelastostatienodels:(1) only
severalhundrednteriornodescanbeintegratedatagiventime®* (withoutspeciahardware),
andwhile adaptvity doeshelp, this ultimately limits modelcompleity; (2) deformations
requiringthat nely detaileddiscretizationde resohedwill be slow dueto CFL time-step
restrictions)(3) while excellentfor soft materials stiff objectswith detaileddiscretizations
aredif cult to time-stepwith explicit methods.

Multirate integrationapproacheareusefulfor introducinghapticinteractionswith
dynamicmodels[cT00, DDBCO01]. An interestingexampleis thework of Astley andHay-
ward [AH98] who precomputemultilevel Norton equivalentsfor the stiffnessmatrix of a
linearviscoelastidcEM modelsothathapticinteractionsare possibleby employing anex-
plicit multirate integration schemewhereina modelassociatedvith the contactregion is

SA suitablebackgroundext on issuesrelatedto time-steppingmethods/AP98] might alsobe
consultedoy theunfamiliar reader

4Szelely et al. [SBD* 00] analyzedthe time-steppingcostof their “optimized explicit nite-
elementalgorithms” for nonlinearCaucly-Greenstrain with a neo-Hoolean strain enegy func-
tional. They arrived ata costof 650 ops perelementpertime-step,or about1000 ops including
collision detection. Basedon their restrictedtime-stepof 100 s they estimatethat for a 2000
elementmodelthe sustainedcomputationapower requiredis 20 GFlops,hencetheir parallelcom-
putingapproach As shavn in the Resultschapterthis modelis approximatelyonethousandimes
morecostlythanthe correspondind. EGFM approximation.



integratedat a higherratethantheremainingcoarsemodel.Local buffer modelshave also
beenintroducedfor deformableobjectsimulationgBal00, dBLOO].

Modal analysisfor linear elastodynamic$PW89] can also be usedfor interac-
tive [Sta96]andforcefeedbaclapplicationgBas01]by precomputingnodaldata.Related
dimensionafeductiontime-steppingnethodsalsoexist for nonlinearsolid dynamicse.g.,
see[KLMO1]. Soundmodelsbasedon modal synthesiscanalso be usedto rendercon-
tact soundgvdDP98,PvdDJ 01]. The deformationmethodis costly asmore modesare
used,but aswith the superpositiorof GF global deformationbasesthe superpositiorof
modaldeformationbasescanalsobe acceleratedisingfast-summatiomethods;for sim-
ple geometriese.g., 1D, the FFT is commonlyused. Unfortunately while ideal for stiff
free-vibratingdynamic models, resolving constraintsassociatedvith continuouscontact
interactionsareproblematic.

This thesisis most closely relatedto, and builds on, researchon precomputed
Greens function basedmodelsfor real time simulation and force feedbackinteraction
[BC96, HK98, CDA99, JP99a,JP0]. Of notablementionis the work on hepaticsuigery
simulationby the groupat INRIA [BC96, CDA99, BN96]. In [BC96], a precomputation
phaseis usedto condensdZie77] a linear systemof FEM equationgo producea dense
boundary-onlsystenof equationsvhicharesolvedto obtaina setof surfaceGreensfunc-
tions, while aniterative methodis usedin [CDA99]. During a laproscopidorce feedback
simulationthey solve a smallsystemof equationgo determinehe correctsuperpositiorof
GFs,e.g.,to apply displacementonstraintsat verticesof a triangle,which may be identi-

ed asaspecialcaseof theCMA. Theapproachakenby Hirota etal. [HK98] alsoinvolves
precomputingvhatare GFsof a FEM modelin orderto imposea point contactconstraint
with force feedbackrendering.Our work on the ARTDEFO simulator[JP99a]derived ca-
pacitancematrix updatingequationsn termsof GFsdirectly from the BEM matrix equa-
tionsusingthe Sherman-Morrison-\Wodhury formulae,andprovided several examplesof
distributedcontactconstraint§JP998. Thegeneralityof this GF updatingformulaandim-
plicationsfor force feedbackhapticsweredescribedn [JP0]. Despitetheir effectiveness,
all of theseapproachesuffer from a potentiallylong precomputatiorperiod, and poorly
scalingmemoryrequirementsvhich limit thecompleity of modelsthatcanbeconstructed
and/orsimulated Additionally, thebasicCMA approachwill ultimatelydegradeinteractve
performancdor large contactareas.All of theseshort-comingsareaddressedty this the-
sis. Neverthelessevenwith thesdimitations,the precomputed-EM modelof [BC96] is of
practicaluse,e.qg.,in brainsumgery simulation[HL98] andForschungszentrudarisruhes
commerciaKISMET endoscopisulgery simulatorgdKcM99].



1.1.3 Subdivision and Wavelets

We make extensive useof multiresolutionmodelingrelatedto Loop subdvision surfaces
[Loo87] andtheir displacedvariants]LMHO0]. Suchgeometricsubdvision schemehave
provento behighly successfujjeometrianodelingtools[Sub0Q War95,DKT98, CPD" 96,
Z2S5S96,2S5S97. For the BEM, notablebene ts of subdvision meshingare high-quality
surfacetriangulationsandcontrol over meshuniformity. We alsoexploit the semi-regular
subdvision meshstructureto de ne interpolatingmultiscalebasessuchassurfaceadapted
hierarchicabasisfunctions[Yse84.

We aremostly concernedvith the ef cient representationf Greens functionsde-

ned on subdvision surfaces.Naturaltools herearesubdvision wavelets[LDW97], since
geometricsubdvision hasdeepconnectionsvith waveletsandtheconstructiorof multires-
olution analyseMRA) on generalmanifolds. We make extensie useof suchwavelets
basednthelifting schemgSwe98,5595aSS96],sincethis providesaway to ef ciently
represenfunctionson arbitrary surfaces[SS95a SS95blaswell asa meansto construct
fastO(n) wavelettransformdor usein GF fastsummatiorcalculations.

Ef cient GF representatiolfis alsorelatedto the muchlarger areaof multiresolu-
tion and progressie geometricrepresentatiofkK SS00], andthe ef cient representiorof
functionson surfaces|KL97]. The issuesgoverningchoiceof waveletsvariesbecausef
the very differentquantitiesbeingrepresentedIn particular 3D geometryand quantities
de ned onit constitutea very broadclassof functions,whereaslisplacementelds for 3D
boundaryGreens functionsof elliptic PDEsarea very particularclassof functionswhich
aretypically extremelysmooth(or nearlyconstant)ver very large portionsof the surface
with the exceptionof fastvariationsnearconstraints. For example,a surfaceregion de-
scribedby a GF may belocally undegoingtranslation(constantlisplacementeld) while
the underlyinggeometryis highly comple. For suchreasonswe have obseredthatvery
simplewavelets, suchaslifted linearwavelets have performanceomparabléo oftenbetter
performingsmootheibasessuchaslifted butter y wavelets.

Our multiresolutionelastostaticsurface splinesalso have connectionswith varia-
tional and physically-basedsubdvision schemegDLG90, WW98, WW99, WWQ00]. A
relevant point is that the multiresolutionframenork presentecherecan be usedto accu-
ratelysolve boundaryalueproblemsarisingfrom inhomogeneouknearpartialdifferential
equationsby accuratelymodelingthe nonlocal(dense)n uencesof (changing)boundary
conditions. This contrastswith the local rulesobtainedfor subdvision modeling,e.g.,of
linear Stokes o w [WW99], which do not solve arbitraryboundaryvalue problemsper se
but ratherprovide atool for corvenientvariationalmodelingof plausiblephysicalsolutions.



1.1.4 FastSummationand Integral Transforms

Ourwork onwaveletGreens functionsis stronglyrelatedto multiresolutiondiscretization
techniqueg§BCR91h ABCR93 for sparselyrepresentingntegral operatorsandobtaining
fastsummationdor fastmatrix multiplication. However, unlike the casedrom classical
potentialtheory wherethe integral operators kernelis explicitly known [JS77 andcan
be exploited [GR87, HN89, YNKO1], or for waveletradiosityin which the form factors
may be extractedrelatively easily[GSCH93, herethe integral operators discretematrix
elementsarede ned implicitly asGreens functionswhich areobtainedby solvinga class
of boundaryvalue problems. Neverthelessit is known that such(Greens function) inte-
graloperatorsvhichdescribehesolutionsto boundaryalueproblemsarisingfrom elliptic
partialdifferentialequationgnaybeef ciently representeth waveletbasegBey92]. How-
ever, unlike thesemultiresolutiondiscretizationapproacheshat are commonlyusedwith
iterative solutionmethodswe arenot primarily interestedn performingfastmatrix-vector
multiplieswith the full Greens function matrix; we alsorequirea numberof speciallyop-
timized matrix-vectormultiplicationandmatrix elementextractionoperationgor usewith
capacitancenatrix algorithmconstraintsolver.

1.1.5 CapacitanceMatrix Algorithms

Themainfocusof thiswork is on capacitancalgorithmsusedfor updatingmatricesn the
solutionof linear algebraicsystems.This topic hasa long andinterestinghistory [OW79,
PW80,Dry83, CS85 Yip86, KT87, Che87 Hag89 GMW91, Rie92 LV98, AGHO1] dat-
ing backto the pioneeringwork by ShermanMorrison, Woodhury [She53,SM50,Wo0050Q

PFTV87]anda few others. The rangeof applicationof thesemethodsis very broad,and
hundredsf papershave beenpublishedon updatingmatrices,especiallyfor optimization
andleastsquare$Hag89]. Thereis alsoa fundamentatelationbetweercapacitanceneth-
odsanddomaindecompositionimbeddingandSchurcomplementse.g.,segPV94,PV95]
andreferencesontainedherein andthisis discussedthterin thecontext of multizonemod-
elswith precomputedsFs. Recently a generalizedtapacitancenatrix algorithm[LV98§]

hasappearedor updatingmatriceswith generaldimensionsandrank.

1.1.6 CapacitanceMatrix Updating and Downdating

Methodsfor updatinganddowndating the capacitancenatrix inverse,in which rows and
columnsarerespectiely addedor deleted arevery importanttoolsfor exploiting temporal
coherencavith the CMAs (discussedh x2.3). Matrix factorizationgnayalsobeef ciently

updatedGL96, GMW91], in additionto updatingthe explicit capacitancenatrix inverse.

5 will referto updatinganddowndatingcollectively asupdating.

10



This is not a new idea, as the updatingof capacitancenversesand their factorizations
hasbeena usefultool for a few decadese.g.,in linear programmingand quasi-N&ton

recurrence$BGS70,BG66, Hag89. Ef ciently updatingQR factorizationshasbeenan

importantproblem,e.qg.,for leastsquaregsee [GL96] andreferencesherein). It is possi-
bleto update_U factorization§GL96, GGMS74,Ste79];howeverfor variousreasonse.g.,

pivoting requirementsthis canbe problematic.While therearenice propertiesof QR fac-

torizationsfor the capacitanc@roblem,e.g.,stability, the generallylarger costof updating
matrix factorizationscomparedo inversedeadsusto explicitly considerinverseupdating
methods.

1.1.7 Static Reanalysisand Contact Mechanics

The engineeringcommunity usesupdatingmethodsfor the analysisof elasticstructures
undegoing changese.g.,during a designprocessandit is generallyreferredto asstatic

reanalysiqsee[Aro76, KT87, BH93] for comprehensk reviews). Thesenumeroudirect

solutiontechniquesare very similar to the generalmatrix updatingschemesandit turns

outthat mary arerelatedto the Sherman-Morrison-WWodhury formula. It is alsopossible
to extendreanalysigo handlenonlineamrmaterialchangegAGHO1].

Theformal descriptiorof contactbetweerdeformable/rigicbbjectsusingunilateral
inequalities(precludingtensilecontacttractionsand materialinterpenetrationandfurther
equationsapproximatingfriction and othercontactphysics, is the subjectof contactme-
chanics[Joh85,BC0J. In the BE contactcommunity Sherman—Morrison—@bdhury re-
latedmethodsarecommonlyusedto modify contactconstraintdetweercontactingelastic
bodies[EO89 MAR93]; this providedaninsightwhich eventuallyled usto useCMAs for
solving contactproblemsinteractiely, e.g.,in [JP99a]. Coupling elasticmodelstogether
is alsorelatedto domaindecompositiorand multizonemodels,andthis is discussedater
in x5.1in the context of precomputedsF models. While the methodsdescribedn this
thesisare appropriateandintendedfor solving quasistaticcontactproblems,we focuson
developing fastmethodsfor computingthe structuralresponseof elasticmodels,and do
not explicitly addresgshe solutionof contactproblems.Theselatterissuesarealreadyad-
dressedy theliterature(althoughnotin aninteractive context), andwe have madeuseof
this informationin our software for interactve simulationof deformationresultingfrom
contact.

1.2 ThesisOrganizationand Contrib utions
Theorganizationandcontributionsof eachchaptetrof this thesisareasfollows:

Chapter2 introduceghe Capacitancélatrix Algorithm (CMA) for interactve simu-
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lation of Greens function (GF) basedohysical models(x2.1-2.2). We usea generic
formulation and notationwhich separatesliscretizationdetailsfrom simulationis-
sues.Thisformulationhighlightstherole of the capacitancenatrixin the BVP solu-
tion processandalsosimpli es discussiorof latermaterial. The nal section(x2.3)
providesextensve detailon ef cient methoddor sequentialpdatingandcachingof
capacitancenatrix inversedo exploit temporalcoherencén BVPs.

Chapter3 introducesseveral new multiresolutionenhancementfor the CMA. A
summaryof multiresolutionanalysison manifoldsis given for second-generation
biorthogonalertex-basedvaveletswith fastlifted wavelettransformgx3.1). These
areusedto construcsparsevaveletGF approximationsvhichyield substantiatom-
pression(x3.2). This also allows the de nition of a fastsummationCMA which
signi cantly improvessimulationspeeddor large models(x3.3). A multiresolution
constraintformalismbasedon hierarchicalbasisfunctionsis alsointroduced(x3.4)
to improve the ef ciency of simulatingdetailedmodels,especiallyin the presence
of numerougupdated}onstraintsGFscorrespondingo hierarchicalkconstraintspr
hierarchical GFs(x3.5),areusedto de ne anhierarchicalCMA (x3.6) alsosupport-
ing fastsummation.Approachegor multiresolutionanddetailedrenderingarealso
discussedx3.7).

Chapterd outlinesthe specialpropertiesof the CMA for hapticinteraction.Section
4.1illustratesthe specialrole of the capacitancenatrix asa surfacecomplianceand

its usefor forcefeedbaclof distributedcontact.Theimportantspecialcaseof point-

like contacffor forcefeedbackenderings consideredn x4.2. We introducepressue

maskdor smoothforcerenderingandconsistenscale-speci ade nition of boundary
conditionsfor the otherwiseill-de ned caseof pointcontact.

Chapters presentseveraladvancedmodelingtechniquedor extendingthe GF sim-
ulationframework to includenonlinearstrainand/ormaterialproperties. Aspectsof
multizoneGF modelsfor simulationare discussedx5.1), and extensionsfor multi-
zoneelastostati&kinematicmodelswith large strainarederived.

Chapter6 addressethe generatiorof GFsprior to simulation. Numericalprecom-
putationis discussedn x6.1with anemphasi®n boundaryintegral methodsexam-
plesareprovidedfor direct BEM matrix solver, aswell asa preconditionedterative
methodemplgying fastintegral transformsbasedon wavelets. As an alternatve to
numericalprecomputationtheacquisitionof multiresolutionGF modelsusingreality
basednodelingtechniquesn introducedn x6.2.

Chapter7 presentsvariousexperimentalresults. Timings of key CMA operations
aregivenin x7.2 for typical BVP solution and capacitancematrix inversioncosts,
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andfor sequentiatapacitancenatrix inverseupdatingin x7.3. Bene ts relatedto
multiresolutionenhancementare describedn x7.4 for (hierarchical)GF compres-
sionandconsequerfiastsummatiorspeedupTheremaindenof thechaptediscusses
forcefeedbaclksimulationexampleg(x7.5), precomputatiotimes(x7.6),andwavelet
compressiomf reality basednodels(x7.7).

Chapter8 present®ur conclusionsandsuggestion$or futurework.

Severalappendiceprovide tutorialson boundaryintegralformulationsof Navier'sequation
(xA) andtheboundaryelemenimethod BEM) (xB), aswell asajusti cation of ourpressure
maskapproachfor point contact(xC), and an overvien of the systemsystemdeveloped
duringthisthesisproject(xD).
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Chapter 2

Interacti ve Simulation of Green's
Function Models using Matrix
Updating Techniques

2.1 Linear ElastostaticBoundary Model Preliminaries

Linear elastostatimbjectsare generalizedhree dimensionallinear springs,and as such
they areusefulmodelingprimitivesfor physically-basedimulations.In this section back-
groundmaterialfor a genericdiscreteGreens function (GF) descriptionfor a variety of
precomputedinear elastostatianodelsis provided. While this chaptercan standon its
own to a certaindegree, it is not an introductionto this topic, and the readerunfamil-
iar with suchmodelsmight also consulta suitablebackgroundeferencebeforecontinu-
ing [Bar92,Har85 Zie77,BTW84, JP99a].ConceptuallyGFsform a basisfor describing
all possibledeformationsof a linear elastostatianodel subjectto a certainclassof con-
straints. This is usefulbecausdt (1) providesa commonlanguageo describeall discrete
models,(2) subsumesxtraneousdiscretizationdetailsby relating only physical quanti-
ties, and (3) clari es the generalityof the force feedbackand multiresolutionalgorithms
describedater

Anotherbene t of usingGFsis thatthey provide anef cient meandor exclusively
simulatingonly boundarydata(displacementandforces). This is usefulwhenrendering
of interior datais not requiredor in casesvhereit may not even be available,suchasfor
reality-basedanodelsobtainedvia boundarymeasuremeriPvdDJ" 01]. While it is possible
to simulatevariousinternalvolumetricquantities(x2.1.5), simulatingonly boundarydata
involveslesscomputation.This is sufcient sincein interactive computergraphicswe are
primarily concernedwith hapticinteractionsthat imposesurface constraintsand provide
feedbackia visible surfacedeformatiorandcontactforces.
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2.1.1 Geometryand Material Properties

Given thatthe fastsolution methodis basedon linear systemsprinciples,essentiallyary

linear elastostatianodel with physical geometricand material propertiesis admissible.
We shall considermodelsin three dimensions,althoughmary amgumentsalso apply to

lower dimensions. Suitablemodelswould of courseinclude boundedvolumetric objects
with variousinternal materialpropertiesaswell asspecialsubclassesuchasthin plates
andshells. Sinceonly a boundaryor interfacedescriptionis utilized for specifyinguser
interactions,other exotic geometriegnay also be easily consideredsuchas semi-in nite

domains exterior elasticdomains,or simply ary setof parametrizegurfacepatcheswith

a linear response.Similarly, numerousepresentationsf the surfaceand associatedlis-

placemenshapefunctionsarealsopossible e.g.,polyhedraNURBS andsubdvision sur

faceqdSub0(q. Theundeformedoundaryis denotedby

de nition existsfor thetractionvector p.

,"'@\\w“‘/‘//// G Figure2.1: lllustration of discrete nodal displacements
‘: \((/’ de ned at verticeson the undeformedboundary (solid
I v blue line), that resultin a deformationof the surface (to
'; ‘;: dashedred line). Although harderto illustrate, a similar
+
\

¢
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2.1.2 Nodal Displacementsand Tractions

The changein shapeof the surfaceis describedby the surfacedisplacementeld u(x),
x 2 , andthesurfaceforcedistribution is calledthetraction eld p(x),x 2 . We will

assumehateachsurface eld is parametrizedby n nodalvariables(seeFigure2.1),sothat
thediscretedisplacemenandtractionvectorsare

u = [ug:: :;un]T (2.1)
p Pal; (2.2)

1
—
o
=
S

respectiely, whereeachnodal valueis a vectorin R3. This descriptionadmitsa very
large classof surfacedisplacemenandtractiondistributions,suitablefor consideringhose
associateavith elasticitydiscretizations.

Eachdiscretevector eld uandp have continuousounterpartsyhosecomponents
belongto a continuousscalarspaceon themodels boundarye.qg.,

L = spanf j(x); j=1::in; x2 0; (2.3)

where j (x) is ascalaasisfunctionassociatewvith thej h hode.Thecontinuoudraction
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eld maythenbede ned asa 3-vectorfunctionwith componentsn L,

x
p(x) = i (P (2.4)
j=1

The force on ary surfaceareais equalto the integral of p(x) on thatarea. We canthen
de ne thenodalforceassociatedavith any nodaltractionas
Z
fi = ap where a = j(x)d x (2.5)

de nestheareaassociateavith thej " node.A similar spacesxistsfor the continuouddis-
placementeld componentsandis in generaldifferentfrom thetraction eld, andperhaps
moresmooth.

Ourimplementatiorusedinearboundaryelementmodels for which the nodesare
verticesof aclosedrianglemeshmodelusingLoop subdvision[Loo87]. Suchsurfacesare
corvenientfor obtainingmultiresolutionmodelsfor renderingaswell assmoothlyparam-
eterizedsurfacessuitablefor BEM discretizationand deformationdepiction. We describe
boththetraction eld andthepolyhedraldisplacementeld usingcontinuougieceaviselin-
earbasisfunctions: j(x) represents “hat function” locatedat the | th vertex normalized
sothat i (xi) = j : Givenourimplementationye shall often referto nodeandvertex
interchangeably The displacemenandtraction elds both have corvenientvertex-based
descriptions

u =u(x); B = pxp); (2.6)

wherex; isthej ™ vertex.

2.1.3 DiscreteBoundary Value Problem (BVP)

At eachstepof the simulation,a discreteBVP mustbe solved which relatesspeci ed and
unspeci ednodalvalues,e.g.,to determinedeformationandforce feedbackiorces. With-
out loss of generality it shall be assumedhat either position or traction constraintsare
speci ed at eachboundarynode,althoughthis canbe extendedto allow mixed conditions,
e.g.,normaldisplacemenandtangentiakractions.Let nodeswith prescribedlisplacement
or tractionconstraintde speci ed by themutuallyexclusve index sets  and p, respec-
tively, sothat ,\ p=;and y[ = f1;2::ng. Inordertoguarante@anequilibrium

1 ij istheKroneclerdeltafunction,
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constraintcon guration we will requirethatthereis at leastone displacementonstraint,
i.e., y 6 ;.Weshallrefertothe( y; p) pairasthesystemconstraintor BVPtype

Typical boundaryconditionsfor a force feedbacKoop consistof specifyingsome
(compactlysupportedgisplacementonstraintsn the areaof contact,with free boundary
conditions(zerotraction) and other (often zero displacementyupportconstraintoutside
thecontactzone.Thesolutionto (2.8) yieldstherenderedtontactforcesandsurfacedefor
mation.

Denotetheunspeci edandcomplementarysp(?ci ednodalvariablesby
o2 and vj = uj:!2u; (2.7)
uy : j2 p P12
respectiely. By linearity of the discreteelasticmodel,thereformally exists a linearrela-
tionshipbetweerall nodalboundaryariables

Vi =

‘O:Av+ Av=Av z (2.8)

wherethe BVP systemmatrix A andits complementarymatrix A are,in general,dense
block n-by-n matricegHar85]with 3-by-3blocks.

Body forcetermsassociatewvith otherphenomenag.g.,gravity, have beenomitted
for simplicity, but canbeincludedsincethey only addan extra contribution to the z term.
More generally(2.8) maybewritten

0=Av+ Ay b=Av 2z (2.9)

where
z=b Av (2.10)
For later purposesit is usefulto parametricallydescribecontritutionsto b as®
X

b=B = B;j i (2.11)
j
where aresomescalarparametersFor example,gravitational body force contritutions
canbeparameterizeih termsof gravitational accelerationg 2 R3.

A fundamentalelationshippetweerBVP systemmatrice(A; A) arisingfrom dif-
ferentBVP types( y; p) is thatthey arerelatedby exchangesof correspondindlock
columns,e.g.,(A;j; A;j). Thereforechangego a small numberof nodesin the BVP type
will resultin low-rankchangedo the BVP systemmatriceg(seex2.2.3).

While the boundary-onlysystemmatricesin (2.8) could be constructedxplicitly,
e.g.,viacondensatiofZie77] or usingaboundanyintegralformulation(seenext section) t
neednotbein practice.Equation2.8is primarily acommonstartingpointfor laterde nition
of GFsandderiationof the CMA, while GFsmaybe computedy anycorvenientmethod

2Notation: Throughoutwe usea colonsubscriptto referto all component®f a matrix quantity
e.g.,B; representthej " (block) columnvectorof thematrix B.
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2.1.4 Example: Boundary Element Method (BEM) Models

Closed-formde nitions of (A; A) are possiblefor boundaryelementmodels([BTW84,
JP99a] AppendixB). BEM discretizationg@repossiblefor modelswith homogeneouand
isotropic materialproperties. The surfacenodal quantitiesarerelatedby the denselinear
block matrix system

0 = Hu Gp (2.12)
X X

hij Uj gjpy; =1l (2.13)
j=1 j=1

o
1

whereG andH aren-by-n block matriceswith eachmatrix elementg; or hj , a 3-by-3
in uence matrix with known formulae[BTW84]. In this casethej ™ block columnsof A
andA maybeidenti ed ascolumnexchangedrariantsof G andH:

( . ( .
G ]2 4 andA.j: Hij ]2 4

A = . .

(2.14)

2.1.5 FastBVP Solution with Green's Functions (GFs)

Greens functions(GFs) of a single BVP type provide an economicalmeansfor solving
(2.8)for thatBVP, andwhencombinedwith the CMA (x2.2) will alsobeusefulfor solving
otherBVP types.From(2.8),thegenerabkolutionof aBVP type( ,; p) maybeexpressed
in termsof discreteGreens functions(GFs) as

X X X
i=1 i2 u i2 p

wherethediscreteGFsof the BVP systemaretheblock columnvectors

= ACA (2.16)

and

= A'A=[1, I (2.17)

Equation(2.15) may be taken asthe de nition of the discreteGFs, sinceit is clearthat
thej™ GF simply describeghe linear responsef the systemto thej ™ nodes speci ed

3Note on GF terminology: we areconcernedvith discretenumericalapproximationf contin-
uousGFs,however for corvenienceheseGF vectorswill simply bereferredto asGFs.
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boundaryvalue,v; (seeFigure2.2). This equationmay beinterpretedasthediscreteman-
ifestationof a continuousGreens function integral equatiof. Oncethe GFs have been
computedor oneBVP type,thatBVP maythenbe solved easilyusing(2.15). An attrac-
tive featurefor interactize applicationss thatthe entire solution canbe obtainedin 18ns
ops?® if only s boundarywalues(BV) arenonzerdqor have changedincethelasttime step);
morewer, individual component®f the solutionmay alsobe computedndependentlyat
proportionatelysmallercosts,asshovn below.

Parameterizethody force contritutionsmay alsobeincludedin (2.15)to yield the
summation

v= v+ A B ; (2.19)

for whichthematrix A B couldbeprecomputed.

Temporalcoherencemay alsobe exploited by consideringthe effect of individual
changesn component®f v on the solutionv. For example,givena sparsesetof changes
to the constraints, v, if follows from (2.15)thatthe new solutioncanbeincrementedf -
ciently,

new

V = Wy v (2.20)
yew = old gy (2.21)

By only summingcontritutionsto constraintsvhich have changedsigni cantly, temporal
coherenceanbe exploitedto reduceBVP solve timesandobtainfasterframerates.
FurtherleveraginglinearsuperpositioneachGF systenresponsenaybeenhanced
with additionalinformationin orderto simulateotherprecomputablguantities.In thisway,
volumetricstress strainanddisplacementlatamay alsobe simulatedat preselectedoca-
tions. For example,a GF couldbeaugmentedavith additionalrows containingquantitiesto

besuperposed, 2 3
i
dif ied uyolume
modif ied _ J

i = : (2.22)

i

4The continuousepresentatiomay bewritten, in anobvious notation,as

z z

v(x) = u(Xsy)u(y)d y + p(X;y)p(y)d y (2.18)

SFlopscorvention[GL96]: countboth+ and . For example,the scalarsaxyy operationy :=
a x+ yinvolves2 ops, sothatthe 3-by-3matrix-vectormultiply accumulatey; := j vj + vi,
involves9 saxyy operationspr 18 ops.
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v= % v= ¥

Figure2.2: lllustration of thej " Greensfunctionblodk column, i = j,representinghe
models responsalueto the threeXYZ component®f thej ™ speci ed boundaryvalue,
vj . Herethevertex belongsto the (“free”) tractionboundaryj 2, andso j is literally
thethreeresponsedueto unit tractionsappliedin the (RGB color-coded)XYZ directions.
White edgessmanatingrom the (displaced) ! vertex helpindicatetheresultingdeforma-
tion. Notethatthevertex doesnot necessarilynove in the directionof the XYZ tractions.
Using linear superpositionthe CMA candeterminethe combinationsof theseand other
tractionsrequiredto move verticesto speci ed positions.
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Applicationscould usethis to monitor stressesnd strainsto determine.e.qg.,if fracture
occursor that a nonlinearcorrectionshouldbe computed. The multiresolutionmethods
presentedatercanbe extendedo ef ciently handlesuchvolumetricdata.

2.1.6 Precomputationof Green's Functions

Sincethe GFsfor asingleBVP type only dependon geometricand materialpropertiesof
the deformableobject, they may be precomputedor usein a simulation. Obtainingthe
GF deformationbasisaheadf time is akey stepthatprovidesa dramaticspeed-ugor the
simulation.While thisis notnecessarilyahugeamountof work (seeTable7.7) (p. 118),the
principal bene ts for interactve simulationsarereducedateny dueto the availability of
the GF elementsia cheaplook-uptableoperationsandeliminationof redundantuntime
computation.For example,usinga hapticdevice to graba vertex of the modelandmaove
it aroundsimply rendersa single GF, however an iteratve methodwould recomputethe
solutioneachtime.

Onceasetof GFsfor aLEGFM areprecomputedtheoverall stiffnesscanbevaried
at runtime by scalingBVP forcesaccordingly however changesn compressibilityand
internalmaterialdistributionsdo requirerecomputationln practiceit is only necessaryo
computethe GF correspondingo nodeswhich may have changingor nonzeroboundary
valuesduringthe simulation.

Further details of the approachesaken for precomputatiorof GFs (using BEM
models)aswell asroboticmeasuremerfPvdDJ" 01] arediscussedn Chapterb.

2.2 Fast Global Deformation using Capacitance Matrix Algo-
rithms (CMAS)

This sectionpresentsan algorithmfor usingthe precomputedsFsof arelevantrefelence
BVP (RBVP)typeto ef ciently solve otherBVP typesby avoiding redundantomputation
andproviding randomaccesgo solutioncomponentsThis sectionon CMA laysthefoun-
dationfor theframework of thisthesis.With animprovednotationandemphasi®n haptics,
this sectionalsohelpsto unify andextendthe approachepresentedn [JP994 exclusively
for BEM models,andfor FEM modelsin, e.g.,[BC96€], in away thatis applicableto all
LEGFMsregardlessof discretization.The key bene t of the formulationfor hapticappli-
cationsis thatthe capacitancenatrix is the surfacecomplianceof the contactzone.Thisis
discussedurtherin x4.1.
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2.2.1 ReferenceBoundary Value Problem (RBVP) Choice

A key stepin the precomputatiomprocesss theidenti cation of a RBVP type,denotedby
o, g), thatis similarto the BVP typesarisingduringa simulation.For interactionswith

anexposedreeboundaryacommonchoiceis to have theuncontactednodelattachedo a

rigid support(seeFigure2.3). The systemmatricesassociatedavith the RBVP aredenoted

by® Ag andAg, andthe correspondingsFswill hereaftebe simply representetly

\

Free Boundary; LS

Fixed Boundary; LS

Figure 2.3: RefeenceBoundaryValue Problem (RBVP)De nition: The RBVP associ-
atedwith a modelattachedo a at rigid supportis shavn with boundaryregionshaving
displacement” x ed”, Q) or traction (“free”, g) nodal constraintdndicated. A typical
simulationwould thenimposecontactson the free boundaryvia displacementonstraints
with the capacitancenatrix algorithm.

Figure 2.4: RabbitmodelRefeenceBoundaryValue Problem(RBVP): A RBVP for the
rabbitmodelis illustratedwith white dotsattachedo positionconstrainedzerticesin 9.
These(zero)displacementonstraintsverechoserto hold the rabbitmodeluprightwhile

usergpushecbn his belly in aforcefeedbacksimulation.

81t is corvenientto usesubscriptdo identify A and A matricesof differentBVPs. Notethat Ag
andAg still represensquaren-by-n block matrices.
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2.2.2 Sherman-Morrison-Woodbury InverseUpdating Formula

The Sherman-Morrison-\Wodhury (SMW) formula is usedto relate GFs of one BVP to
thoseof anotheBVP, andis includedherefor reference.
Considerann-by-n blockmatrix Bg, andasecondlock matrixrelatedby ageneral
rank 3s change
B=Bp+ UV'; (2.23)

wherebothU andV aren—by-s block matrices. The SMW formula[PFTV87, GL96] gives
anexpressiorfor therank3s differencebetweerB, landB 1!, namely

B! = B,! Byuc vTB,? (2.24)
C I+ VTB, U (2.25)

wherethe s-by-s block matrix C is calledthe capacitancematrix. Thebene t of thisis that
only the smallercapacitancenatrix mustbe invertedto obtainB ! if By 1is known. This
formulais alsousefulfor evaluatingmatrix-vectorproductswith the new inversewithout
explicitly formingit, whichis thespiritin whichit will beusedhere.

2.2.3 CapacitanceMatrix Algorithm (CMA) Formulae

PrecomputeGFsspeed-ughesolutionto the RBVP, but they canalsodramaticallyreduce
theamountof work requiredto solve arelatedBVP whenusedin conjunctionwith CMAs.
If this were not so, precomputingGreens functionsfor a single BVP would have little
practicaluse.

Supposéhe constraint-typechangese.g.,displacemer traction,with respecto
the RBVP ats nodesspeci ed by thelist of nodalindices

S=1$;S;:::; S0 (2.26)

As mentionedearlier it follows from (2.7) and (2.8) that the new BVP systemmatrices
(A; A) arerelatedto thoseof the RBVP (Ag; Ag) by s block columnswaps. This may be
written as

A = Ag+ Ay A9 EET (2.27)
A = Ap+ Ay A9 EET (2.28)
whereE is ann-by-s block matrix
h [
E= |:Sl|:s2 IZSs . (229)

containingcolumnsof the n-by-n identity block matrix, I, speci ed by thelist of updated
nodalindicesS. Postmultiplicatiorby E extractscolumnsspeci edby S. ThroughoutE is

23



usedto write sparsematrix operationsisingdenseadata,e.g., , andliketheidentity matrix,
it shouldbe notedthatthereis no costinvolvedin multiplicationby E or its transpose.

An explicit formulafor the GF matrix of the new BVP in termsof the old BVP's
GFmatrix canbeobtainedusingthe Sherman-Morrison-\@odhury formula (x2.2.2)for
Al

Alt=At At A Ay ECIETALL (2.30)

Substitutingthis in the expressiorfor the new GFsandsimplifying with the expressiorfor
theold GFs,

= AA; (2.31)
we obtain
new = A 1A (2.32)
= I+(E+( E)CE" (I EE") EFE (2.33)
= +( +NDECE"( ) (2.34)

It thenfollows immediately thatthe BVP solutionmaybewrittenin termsof the precom-
putedGFs. Theresultingcapacitancematrix formulaefor v are

il R ) B (2.35)
n 1 n s S ss 1

whereC is the s-by-s capacitancamatrix, a negatedsubmatrixof ,

C= E' E (2.36)

andv(® is therespons®f the RBVP systento z, sothatAqv® = z and

vO = Ajtz= Aj'Av= 1 EET EEN v (2.37)

If bodyforcesareincluded,it follows from (2.10)and(2.11)that(2.37)becomes

VO = A lz= AJtAVH AB = | EET EE v+ A,'B : (2.38)

2.2.4 A CapacitanceMatrix Algorithm for Global Solution

With  precomputedformulae(2.35)-(2.37)immediatelysuggestn algorithmgiven that
only simplemanipulationsof ~ andinversionof the smallercapacitancesubmatrixis re-
quired.An algorithmfor computingall component®f v is asfollows:

"alternatelyfrom [JP99a with Ay * As= (I ) E.
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For eachnew BVP type (with a differentC matrix) encounteredgonstructandtem-
porarily storeC * (or LU factors)for subsequentse.

Construct/©
ExtractE" vO) andapplythe capacitancenatrixinversetoit, C 1(ETv(?).

Add the's columnvectors(E + ( E)) weightedby C *(ETV(®) to v(© for the nal
solutionv.

Eachnew capacitancematrix inversion/actorizationinvolves O(s®) work, after
which eachsolve takesno morethanO(ns) operationggiven O(s) nonzercboundaryval-
ues.Thisis particularlyattractve whens  n is small,suchasoftenoccursin practicewith
localizedsurfacecontacts.

An importantfeatureof the CMA for interactve methodss thatit is a directmatrix
solver with a deterministicoperationcount. It is thereforepossibleto predictthe runtime
costassociateavith eachmatrix solve andassociatedorce feedbacksubcomputationésee
x4.1),thusmakingCMAs predictablgor real-timecomputations.

2.2.5 Numerical Stability of the CMA

The stability of solvinga modi ed linear system(2.23) usingthe SMW formulais deter
minedby the conditioningof thematricesnvolved,therelative scalingof matrix quantities,
andtheparticular(nonuniqué) choiceof theUVT updatepair; Yip [Yip86] hasshavn that
if B andBg arewell-conditioned,thenthereexists a choiceof updatepair suchthat the
processs stable.

Sinceour formulationinvolvesprecomputedsF quantities andsothe capacitance
matricegsubmatricesf the GF matrix) areall explicitly known beforehandunderstanding
stabilityissuess slightly different. Onthepracticalside,for theexamplemodelsconsidered
in this thesis,we have obsered that the CMA, andin particularthe capacitancanatrix
inversionandrelatedupdatingtechniquegin x2.3), have beennumericallystable,andcan
be evaluatedusing 32-bit oating point operationsprovided that certainprecautionsare
taken(seebelow). Therearehowever casesvherethe CMA canfail, andwe shallmention
why this mightoccut

In practice the main precautiorto betakenregardsthe appropriateelative scaling
of quantitiesusedin the capacitancenatrix formulae(2.35)-(2.37).SinceGFsareadded
andsubtractedrom columnsof theidentity matrix, to avoid problemsthe GF's shouldbe
of a similar magnitude.This meanghatthe tractionsanddisplacementslescribedy the
rows of the GF matrix, aswell asthe postmultipliedconstraintsshouldbe suitablynormal-
ized. Suitablenondimensionalizatiooanbe easilyachiezed by describingdisplacements

8Considerinsertingans-by-s matrix factoredasXX 1.
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asmultiplesof the objects lengthscale andtractionsin termsof the object's averageshear
modulu$. Without suchprecautionsthe capacitancenatrix inversioncan easily lead to
catastrophicancellatiorerrorsandbe numericallyunstable.For example,failure to suit-
ably rescalefor an objectof unit sizewith a large shearmodulus,e.g., 108, is askingfor
troublein singleprecisionarithmetic,andwill alsomake precomputatiomoreproblematic.

This latter point leadsto the secondand more seriousaspectof stability: the nu-
mericalconditioningof invertedmatricesinvolved,i.e.,Bg andC = | + VT By 'u. Because
of our precomputatiorphase,in practice,all problemsenterthroughthe GF matrix. Put
simply, the stability of the CMA, after suitablenondimensionalizations limited by the
conditioningof the GF matrix andits submatrices First, the issueof the conditioningof
By is really a moot point here,asBg is a formality of our derivation, and haseffectively
beensubsumedy the “black box” GF precomputatiomphase.In practiceit is possibleto
precomputehe GFsusinga suitablestablediscretizationrschemege.g.,FEM or BEM, to a
speci ableaccurag. Thereforethereal stability concernis the capacitancenatrix, whose
expression2.25)hasbeencorvenientlyidenti ed asanegatedGF submatrix thusavoiding
further numericalconcerns.Stablyupdatingfrom oneRBVP to all othervalid BVP types
requireghatall possiblecapacitancenatricesmustalsobewell-conditionedthisis amuch
strongerconditionthansimply requiringthatthe GF matrix be well-conditioned.This also
ensuresghatthe GF summationthe laststepof the CMA (x2.2.4))is well behaed, sothat
GFsof oneBVP type canbeusedto describeGFsof anotheBVP type.

The overall conditioningof the GF submatriceslependsn sereralfactors:geom-
etry, materialpropertiesunderlyingdiscretizationaccurag of precomputedsFs,andthe
RBVP choice. It is dif cult to make ary generalstatementsegardingconditioningin this
caself necessaryGF conditioningpropertiesouldbequanti ed beforesimulationbegins.

Finally, laterin this thesis methodsareconsideredvhich introduceapproximation
errorsinto the GF matrix, e.g.,by waveletcompressiorand/orreality-basedsF estimation
techniquesFor a well-behaed GF matrix andsufciently smallerrorsthereareno prob-
lems,however for GFswith badconditioningand/orlargererrorsoneis walking uponless
stableground. Neverthelessfor our presentedvavelet GF examples,we have obsered
thatthe CMA hasbeenstablelong afterthe approximatiors utility hasvanishedg.g.,for
contactmechanicgroblems.

2.2.6 Selectve Deformation Computation

A major bene t of the CMA with precomputedsFsis thatit is possibleto just evaluate
selecteccomponent®f the solutionvectorat runtime, with the total computingcostpro-

%0Our BEM modelsare precomputedvith unit shearmodulus,G, with overall stiffnessbeing
modi ed at runtime by suitably scalinginput/outputtractions. On the otherhand,Poissonrs ratio
cannotbe changedat runtimefor 3D objects.
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portionalto the numberof componentslesired.This randomaccesgo the BVP solutionis
a key enablingfeaturefor hapticswhere,e.g.,contactforce responsearedesiredat differ-
entratesthanthegeometricdeformations Selectve evaluationis alsousefulfor optimizing
(self) collision detectionqueries,aswell asavoiding simulationof occludedor undesired
portionsof themodel.

In generalary subsebf solutioncomponentsnay be determinecht a smallercost
thancomputingv entirely. Let thesolutionbedesiredatnodesspeci edby thesetof indices
D, with the desiredcomponent®f v extractedby ET. Using (2.35),the selectedsolution
componentsnaybeevaluatedas

Elv = EVO+ EL(E+ ( B)C EWVO (2.39)

usingonly O(s? + sjDj) operationsThecasewhereS= D is especiallyimportantfor force
feedbaclandis discusseaxclusively in thefollowing section.

Lastly, we mentionthatselectie evalutionalreadyprovidesa mechanisnfor mul-
tiresolutionrenderingof displacementelds generatedisingthe CMA algorithm. For ex-
ample,randomaccessllows displacementto be adaptvely computedn a coarseto ne
fashion,however, this will not reducesummationcostslike the wavelet fast summation
of x3.3.

2.3 SequentialCapacitanceMatrix Inversion

In mary physical simulations thereexists temporalcoherence Changesn BVP typeare
dueto only smallmodi cationsto the setof updatedhodesS (seeFigure2.5). Smallmod-
i cations to Sresultin low rank modi cationsto the capacitancenatrix C. Thistemporal
coherencecanbe exploited by again using matrix updatingtechniquego reducethe cost
of matrix inversion(or factorization).In practicethis “inversion”costcanbereducedrom
0(s®) to O(s?) operationsn the presencef temporallycoherenBVP types.Sonot only
is the capacitancenatrix algorithmusefulfor solving large systemsof equationsput it is
alsoausefultool in its own implementatiorjHag89.

2.3.1 CapacitanceMatrix InverseUpdating Formulae

A formulafor updatinga capacitancenatrix inversefor a slightly modi ed BVP, suchas
spreadingcontact,will now be presented.The bene t of this inversionapproachis that
the costof invertingthe capacitancenatrix is reducedrom O(s®) to O(s?s ) operations,
wheres is the numberof nodechangedetweenthe two BVP. In practice,it shouldbe
expectedthats s. Comparedvith updatingfactorizationsit turnsout thatit is (about
four times) cheapetto work explicitly with the matrix inverse(shavn in x2.3.2). Thisis
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Figure2.5: lllustration of temporl coheencein BVPtypeduring a contactsequence

alsocorvenientin practicesinceit providesrandomaccesdo individual elementsof the
inverse e.g.,for randomacces®f forcefeedbaclkstiffnesses.

ConsidetthreeBVPs: (#0) the RBVP with known GFs,(#1) the rst updatedBVP
with updatedchodelist S; for which we know the capacitancenatrix inverseC; 1 and(#2)
the secondupdatedBVP for which we wish to determinethe capacitancenatrix inverse
C, !, andwhich hasanupdatechodelist S, = S; S resultingfroms = jS j distinct
nodesbeingaddedo S;. We will rst only consideradditionof nodesto S; andthenshaw
in x2.3.5thatthis canbe usedfor ef cient addanddeleteoperations.The matrix view of
thedesiredC, ! matrix with appendedow andcolumn(+) correspondindgo anadditional
updatedchodebeingaddedo four othersis

2 3
+
+
C,tl= + (2.40)
+
+ 4+ + o+ |+
Thenecessaryow expansionoperatorarede ned as
= Esl E Es : (2.41)
Expressiongor the BVP matricesare
Ar = Ag+ Ag Ay EiE] (2.42)
Ar = Ag+ Ay Ay EiE] (2.43)
A, = A+ A; AL EE' (2.44)
= A1+ Ag Ay E ET (2.45)

wherein the lastline we madeuse of an identity which follows from the previous two
expressions, _ _
h i h i

Ar Ap = Ag+ Ay Ag EiE] Ao+ Ag Ap EiE]  (2.46)
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= Ay Ay 2 Ay Ag EiE]
+

Ay, AtE = Ay Ay E
T
sinceElE =0(@sS; S =;).

(2.47)
(2.48)
(2.49)

We will introducea cornvenientshortenedhotationfor the columndifferences

A1 = Ay A B

A = Ay A E
sothat

Al = Ap+ ALE]

A, = A+ AFE

andthe GF relatedquantitiesto beusedin our nal formulaeare

B = AL A =(+)E
B = ALA =(+)E:
We de ne V(1) asthe BVP solutionsto
AV = 2
AV = 7
Av= AV® = Zz

(2.50)
(2.51)

(2.52)
(2.53)

(2.54)
(2.55)

(2.56)
(2.57)
(2.58)

The capacitancenatrix formulae(2.35)impliesthatthey arethusrelatedby

V(l) = V(O) + Bl Cl 1 EI V(O)
and
v = ALz

v oAl A CETVD,
i

E

h #
) 1 E
v + BB Gt %

(2.59)

(2.60)
(2.61)

v©) (2.62)

wherewe wishto obtainC, 1. Substitutingexpression(2.59)for v into expression(2.61)
for vi@ , usingthe updatingformula(2.30)for A ! andfactoringtermsyields

C,'+ C,'E[B C'E™B:1C'| C'E[B C!

Gt =
C E™B; C,* |

1

o I+ ET(AL A)

1
| E'B E'B1C, E]B
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In termsof GF matrix blocksthis becomes

n 4

c1 oo c'+c'Bp c'B;Cllc !B C!
2 cB;,C! | c! (2.64)
1
cl= 1B B1 C,'B;
where
Ban=E! (I+ ) Ep; ab2fl, g (2.65)

Noticethatthe formulaconsistsntirely of precomputedjuantitiesandrow extractionop-
erationswith the exceptionof thetrivial s —by-s matrixinversionC *.
2.3.2 CapacitanceMatrix InverseUpdating Algorithm

Explicitly forming the new capacitancenatrix inverseC, ! insteadof leaving it in the fac-
toredform of (2.64),leadsto moreef cient evaluationandusein laterupdatesBy carefully
evaluatingmatrix subexpressionsit canbe constructedt costdominatecoy3s s s
block matrix-matrixmultiplies. The sequencef operationss

1. LookupC,*;B; ;B ;Bj .
2. Dominantmatrix-matrixmultiply
Dy =C,'B; : (2.66)
Cost: 54s s? ops.
3. Subdominanimatrix-matrixmultiply
D =B;D; (2.67)
Cost: 54s? s ops.

4. ConstruciC
CcC =1 B +D (2.68)

Cost: 95 + 3s  ops.
5. ComputeC 1. Cost: 7253 ops.

6. Two matrix-matrixmultiplies(only B 1 C; ! dominant)
D; =C B; Ct (2.69)

Cost: 54s? s+ 54s s? ops. (Notall columnsarerequiredwhendeletingnodes.)
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7. Evaluate(required)elementof C, ! from theformula
mn #
C,'+Di D; |[D; C!

1 _
G- = D, ‘Cl

(2.70)

which involvesthe third and nal dominantmatrix-matrixmultiply D; D, . Cost:
54s s?+ 54s? s+ 9s2.
2.3.3 CostAnalysis of Updating Involving Node Addition

Thetotal costof performingthis updateto adds nodesto a previous systemwith s= s;
nodess

4
CoStypdate = 162( 2+ s? 51 + §s3 )+ fo(s?+s?)+3s g ops (2.71)

wherethe last setof termsin bracletsare subdominantor larger problems. In orderto
comparethis costto thatof just performingLU decompositior{andinversion),it is useful
to write the costin termsof thedimensionof the nal resultingmatrix, s,, where

Sp= 81+ S ! S1=Sy S : (2.72)
In this notation the costof LU decompositions
Costy = 1853 ops (2.73)

andthe costof generatinghe inverseaswell is 4 timeslarger Thereforethe costratio of
updatingto LU decompositions

9sZ 185 sp+ 3s
18s3

_ Costypdate
CostLy

=or(l r+ ng) + (2.74)

wherer = s =s,. Neglectingthe lower orderfractiontermwhich is only signi cant for
smallproblemsge.g.,s < 10, we obsere thatupdatingis moreefcient (R< 1) when

4
or (1 r+§r2)<1 ) r<0:1261: 012 (2.75)

orwhens < 0:12s,. On the other hand,inverse updatingfor node addition always
involvesfewer operationsthan geneiating the matrix inversedirectly (usingLU decompo-
sition andsubsequennatrix inversion),since

4
or (1 r+§r2)<4 ) r< i (2.76)

For modestupdateghesemethodsperformvery well in simulationstimingsareshown in
the Resultschaptenx7). We will returnto costanalysisfor generaladdanddeleteupdate
operationsn x2.3.6.
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2.3.4 Comparisonto Factorization Updating

We notethatthe updatechodesetcanbeincrementedanoreef ciently usingthisalgorithm
for inversesthan existing algorithmsfor factorizations.As mentionedearlier dueto piv-
oting problemsLU factorizationsare not suitablefor updating[GL96, GGMS74,Ste79],
unlike QR factorizationsvhich arecommonlyused[GL96].

Foracostcomparisorwereferto (|[GL96], x12.4“UpdatingMatrix Factorizations”)
whereit is shavn (in x12.5.1)thatupdatingeven a rank-onechangeto a QR factorization
of ann-by-n matrix requiresabout26n? ops. Ontheotherhand,the Sherman-Morrison-
Woodhury formula canbe usedto constructthe inverseafter a rank-onechangeusingap-
proximately2 matrix-vectormultiplies andonevectorouterproductfor atotal costof 6n?
ops. Similarly, the algorithmjust presentedilsoonly requiresaboutén? ops to append
(or delete)asinglescalarrow andcolumnto the capacitancenatrix inverse.

2.3.5 Supporting Addition and Deletion of Updated Nodes

Theformulaepresentedor updatednodeadditiononly arealsousefulfor determiningan
algorithm supportingsimultaneousadditionand deletion. Updatednodesmay be deleted
by formally addingthe nodeto be deleteda secondtime but negating the corresponding
columnsn A (andthereforeB also).Thisredundanupdatehastheeffectof subtracting
thecontrikution to the solutionproducedy the undesirechodesbut corvenientlyprovides
a formulafor the newv capacitancenatrix inverse:it is thenobtainedby only calculating
thoserows and columnsof the large redundantapacitancenatrix inversenot associated
with deletednodes.
Speci cally, let theupdatingnodesetsbe

S = &, S (2.77)
S =S, S (2.78)
where
S;, : nodesto bepersistent (2.79)
S ., nodesto beadded (2.80)
S : nodesto bedeleted (2.81)

Theredundantupdatingformulais then

V= v A ACTET (2.82)

h I T
0 1 B
VO + B [B G T

v (2.83)
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v (2.84)

2
: 1
= v+ B, B |[B, (B ) G

. . : 1 .
where the over-sized redundantcapacitancenverseC, - containsunnecessaryow and
columnsassociateavith the deletionprocesg elements)

2 3

+ o+

+ o+

+ o+

1 + o+

C, = (2.85)

+ + o+ o+

+ + o+ o+ + o+

(2.86)

andis not explicitly computed.Instead the desiredcapacitancenatrix inverseC, L only

containselementshot associatedvith deletion
2 3

(2.87)

+ + |+ + + 4+
+ +|+ + + 4+

Thenonredundanapdatingformulafor the BVP solutioncorrespondingo updatedhodes
$=S, S. (2.88)

isthen
h i #

ET
v@ = V@ + BB, G! ?%p_ v (2.89)

+

Note that while the inverseof the rank-de cient matrix C, doesnot exist, applyingthe
algorithmof x2.3.2to computethe nonredundanéntriesof C, is not only efcient but
numericallystablein practice.Finally, for implementatiorour updatechodelists aresorted
for efcient searching,and the block structureshavn in the capacitancenatrix inverse
illustrationsis for pedagogicapurpose®nly.
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Lastly we mentionthata moredirectapproacho deletionis to useupdatingon the
capacitancenatrix to zerotheinteractionbetweerdeletechodesandpersistenfandadded)
nodes.This is accomplishedby usingupdatingto replacethe capacitancenatrix's deleted
nodes d" row andcolumnwith zerosexceptfor aoneonthediagonal,

2 3 2 3

0 0 7: (2.90)

Q)
AN
Il
N—r
Y
I
o
o
O Oo|r|O o

The new inverseis thenonly evaluatedfor the persisten{andadded)elements.This is a
ranktwo update whichwould seemto costabouttwice asmuchto evaluateastheprevious
approachbut becaus®f sparsityin theupdate(let C = Cy)

UVT = [(Cggld  Caq) lallla ( Ca)l'; (2.91)

it is aboutthe same. The advantageof the algorithmfrom this sectionis thatit doesnot
requirea sparsematrix implementationto be ef cient, andthe dominantupdatingwork
only involvesoptimizedLevel 3 BLAS operations.

2.3.6 CostAnalysis of Updatesinvolving Addition and Deletion of Nodes

This sectionprovides oating point operationcountsfor the generalupdatingcase andis
slightly moreinvolvedthanthe casanvolving only addechodesn x2.3.3,sincefor deletion
not all elementsof the expanded021 matrix requirecomputation. We shall rst usethe
analysisof x2.3.3,andthensubtractheredundanbperationsAs in x2.3.3,we will de ne
the nal numberof nodes,

Sp=s; S +s; | S1=S,+ S S+ (2.92)
wheres; = |S;),51=jS1j, s =jS jands: =]S , j Thenumberof updatechodess
S =s +s;: (2.93)

Thereforefrom (2.71)the costof performingthe update,ncluding the computatiorof re-
dundantentriesassociatedavith deletion,is (leadingorderterms)

4
CoStypgaie = 1625 + 5:) (S2+s  Si)(S2+ 25 )+ o(s + s+)?2  ops:

(2.94)
Someavoidable redundantdeletion-relatecbperationslisted in the algorithm of
x2.3.2areasfollows:
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1. (Step2) Avoid computings rows of
D; =C,'B; : (2.95)
Avoid: 54s s s; ops.
2. (Step6) Avoid computings columnsof
D; =C B; Ct (2.96)
Avoid: 54s s s; ops.

3. (Step7) Userow andcolumnreducedormsof D; andD ; , respectrely, to com-
puteD; D; andD; C 1 Avoid: 54s s (2s; s )+ 54s s ops.

In total we may avoid
108 s s+ 54s s (251 S )+ 54s s>  ops: (2.97)

Subtractingheseoperationgrom (2.94)andusing(2.92)for s;, thetotal updatingcost(to
leadingorder)in unitsof the LU decompositiorcostis

Costypdate
R = P& 2.98
Costiy ( )
= f9r, +9r g+ 9r2 + 6r ry + 15r2 (2.99)

+ +4r3+3r r2+9r%r, + 10r°

where S S
ry = —; ro= >—: (2.100)
So So
Thecostfunctionreducego (2.74)for purelyadditive updating(r = 0)
R=09r, 9r2+4r3; (2.101)
while for updatesonly involving deletion(r + = Q) it is
R=9r +15r2 + 10r3; (2.102)

whichjusti es theclaim thatpuredeletionupdatesaremorecostlythanpureaddition. For
comparisonpure deletionupdatesare cheapertthan LU decompositionR < 1) andLU
inversegeneration(R < 4) when

R<1 ! r <0:095Q0: 0:095 (2.103)
R<4 ! r <0:2842:: 028 (2.104)

For thegenerakase plotsof therelative costfunctional(2.99)areshovn in Figure2.6.
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Figure2.6: Plot of capacitancenatrix inverseupdatingcostsin unitsof corresponding.U
decompositionPlotsof R (equation2.99)versusthefraction of updatechodesadded(r . ,
“ADDED”) anddeleted(r , “DELETED"). (Left) R < 1 rangeassociatedvith updates
cheapethanLU decomposition(Right) R < 4 rangeassociateavith updatesheapethan
LU decompositiorfollowed by inversegeneration.In eachcaseiit is clearly evidentthat
it is more costly to deletenodesthanit is to addthem. In fact, updatingis always more
efcient thanLU inversionwhendeletionis not required.(Note: Shadingrregularitiesare
artifactsof Maple6.)

2.3.7 Prediction of Updating Costs

For real time applications,predictingthe cost of updatinga capacitancematrix inverse
for a setof nodeaddition and deletionoperationss an importanttopic. We do this by
constructingan updatingcost functional (S;;Sy) which estimateshe cost of updating
from a BVP with updatednodesetS; to onewith S, (wherethe lists are nonemptyand
unequal).Thisis especiallyusefulwhenmaintaininga cacheof capacitancenatrixinverses
(topicof following section) for thenit canbedecidedvhich of severalcachedBVP inverses
maybeupdatednosteasily or if theinverseshouldbe constructedrom scratchor thatthe
fastestsolutionis too slov andsomethingmoredramaticmustoccurt e.g.,multiresolution
degradation(x3.6).

Predictionof updatinganddirectinversioncostsis performedusinga polynomial
costmodel calibratedusing software run times on the samecomputerplatform usedfor
simulation. This takesimplementationinto account,since op countsare not alwaysa
goodindicationof runtimes. The costmodelsfor directinversionandupdatingare

LUDInverse = as, (2.105)
Updating = a,, Sy’s.'s (2.106)
0 2; +; 3

Thecoefcients werecalibratedusingpree/aluatedimingsfor arelevantrangeof values.
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2.3.8 CapacitanceMatrix InverseCaching Strategies

Whenrelatively smallchange®ccurin the capacitanceodeset,it is moreef cient to up-
datethe previous capacitancenatrix inversethanit is to computetheinversefrom scratch.
For situationsin which thetemporalcoherencés reducedandlargerchangesccur it can
bevery usefulto usea moresophisticated¢achingstrategyy thansimply trying to updatethe
currentcapacitancenatrix inverse.

Quickly queryinga modestdatabasef alreadycomputedupdateds worthwhile if
it resultsin sufciently lessupdatingwork. Givena setof candidateupdatingnodelists

fS1; 20005840 (2.107)
for which inversesarecachedwe computethe minimum predictedupdatingcost
rL]qu]dating = miin (S,S% (2-108)

to obtain the desiredBVP list, S° This minimum cost computationis very cheap,and
lookup tablescan be usedto reducethis costfurther The cheapesupdateis performed
if its estimateccostis lessthanthat of computingthe inversefrom scratch, Ly pinverse-

For large datasetsit will beimportantto cull “distant” elementsothattime is not wasted
computingthe costfunctional;we suspecthatthis could be ef ciently achiezedby cross-
indexing BVPson differentcriteria, e.g.,usinga spatialhierarcly of updatechodepopula-
tions.

The effectivenessof a cachingstratgly dependsheavily on the sequencef BVPs
requiredby anapplication,however for physical simulationswith temporalcoherencave
have found that cachingcanbe very useful. In the presenceof extremetemporalcoher
ence.e.g.,only oneadd/deleteat atime, only the previousinverseis required howvever for
larger updatescachingis effective. A usefulstrat@y is to cacheeachconstructednverse
with akey indicatingthetime it waslastused.Additionsareaccompaniedby randomized
deletionof olderentriessuchthatthe total memoryusages bounded.A small nurseryof
recentinversescontainsthe entrieswhich areimperviousto deletionandarebestupdating
candidatesn the presenc®f coherence.
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Chapter 3

Enhancementsor Multir esolution
Simulation

The Greens function (GF) basedcapacitancenatrix algorithm (CMA) hasmary appeal-
ing qualitiesfor simulation,however it doessuffer inef ciencies whenusedfor comple

geometricmodelsor large systemsof updatedconstraints. Fortunately theselimitations
mostly arisefrom usingdensematrix representationfr the discreteGF integral operatoy
andcanbeovercomeby usingmultiresolutionbasego controltheamountof datathatmust
be manipulated.This chaptemprovidesseveral multiresolutionenhancement®r the CMA

which generallyextendits applicability We begin with a summaryof the multiresolution
analysigoolsthatwill beusedthroughoutheremaindeiof this work.

3.1 Summary of FastLifted Wavelet Transforms on Manifolds

This sectionprovidesthe necessaryotationandbackgroundo describeour useof second
generatiorbiorthogonalwaveletsbasedon the lifting scheme[Swe98,5S95a DS96]and
a commonnotationto describehierarchicalbases.This sectionis a summaryof material
presentedn [Swe98,SS95a]and usessimilar notation. Greatermathematicabletail on
waveletscan be found elsavhere,e.g.,[Dau92,CDF93. With the exceptionof a very
minor clari cation of the constructionof Iters at surface domainboundarieswe have
nothingnew to addto this material.

The readerwho is familiar with this materialmay skip this summaryupon rst
readingandproceedlirectly to “WaveletGreens Functions”in Section3.2.

3.1.1 Multir esolutionAnalysis

Thissectiondescribesheconceptaindequationdehindvertex-basednultiresolutionanal-
ysisusingbiorthogonalwavelets.
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GivenaspacelL, = Ly( ;d) describingvertex-basedfunctionson the surface,
the rst stepis to constructasequencef nestedspaces/; L,,j 0; where[SS953

Vi Vj+1 (ner spacedhave higherindex),
i oV isdensenlLy,

for eachlevel j, scalingfunctions .« correspondingdo verticesk 2 K(j) exist so
thatf ;«jk 2 K(j)gis aRieszbasisof V;.

For our semi-rgular meshesthe nestedmultiresolutionvertex index setsK(j) areillus-
tratedin Figure3.1;the nest level L vertex index setcontainsall verticesin the (domain)
setandis denotedby K(L). Themeasural describeglifferentialareason our polyhedral
boundary . Thefactthatthe spacesarenestedmpliesthateachscalingfunctionmaybe
written asalinearcombinationof ner scalingfunctionsusingare nementrelation,

X
ik = R 1 (3.1
12K (j +1)

whereh; i, arede nedforj 0O;k 2 K(j),andl 2 K(j + 1).

Figure3.1: lllustration of Wavelet\ertex Sets: Theimageshavs asimpletwo-level surface
meshpatchonlevelj + 1 (herej = 0). Thefour evenvertices(solid dots)belongto thebase
meshandconstituteK (j ), whereaghe oddverticesof M (j) all correspondo edge-splits
(“midpoints”) of parentedges.The union of the two setsis the setof all verticeson level

j + LnamelyK(j + 1)= K(j)[ M ().

EachMRA is accompaniethy adualMRA consistingof spacesy; , with dualscal-
ing functions 7 biorthogonalo the scalingfunctions

< ik Tjko>= ko for k: k%2 K(): (3.2)

R
where< f;g>= fgd istheinnerproductonthesurface . Thedualscalingfunctions
alsosatisfyare nementrelation

X
= Mg TG (3.3)
12K (j +1)

ik
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In the biorthogonalketting,it is assumedhatthe primal anddual scalingfunctionsarenot
equal(hencenot orthogonal) andthatthe primal anddual spacesrealsonot equal(hence
not semi-orthogonal).This is usefulin practicefor constructingfastwavelet transforms
which have sparselters andtunablewaveletproperties.

Waveletson levelj describehedifferencebetweeradjacentevelsof themultires-
olutionrepresentatioby forming the basisof W; whereV;.; = V;  W;. For ourverte
basesthe waveletfunctionsaref j.mjj O0;m 2 M (j)g, whereM (j) K(j + 1)is
anindex setcorrespondingo odd verticesin K(j + 1) which are associatedvith “edge
split” subdvision operationgseeFigure3.2). Ideally onewould like the waveletsto form
aRieszbasisfor L»() , andthesetf j.mjm 2 M (j)g to form aRieszbasisof W; . Since
W; V.1 thewaveletsonlevel j maybewritten in termsof scalingfunctionson level
j+1 X

jm = g:mi j+1y for m2M(j): (3.4)
12K (j +1)
A similarrelationoccursfor the dualwaveletbasisfunctions

X
jm = G:m;) j+1y for m2M(j): (3.5)
12K (j +1)

Thedualwaveletbasisfunctionsarebiorthogonato thewaveletsandsatisfy

< jms jome> = mmo % j;jo O;mZM(j);mOZM(j() (3.6)
< TGms jk> = < Tk pm>= 0 m2M(j) k2 K(j) (3.7)

sothatfor f in L, we maywrite
X X
f= < TGmif > jm = jim jm: (3.8)
jim jim
It thenfollows thatthe scalingfunctionssatisfytherelationship

X X )
j+1; = hj;k;l ikt G:m:l j:m; 12 K(j + 1): (3.9)
k2K (j) m2M (j)

Theforwardfastwavelettransformmapsthescalingfunctioncoefcients of afunc-
tionf,
fix=<fTx>]k2K()g; (3.10)

atthe nest level of resolutionj = L to thewaveletcoefcients

f im0 j<Lim2M()g and f gjk 2 K(0)g: (3.11)
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Thisis recursvely computedonelevel atatime, from ne to coarsescalesas

X

ik = i j+12 (3.12)
12K (j
X(J)

im = G:m; j+1° (3.13)
12M (j)

The inversetransformundoesthis processonelevel at a time, from coarseto ne scales,
using X X
j+1: = hj;k;l ikt Oim;g j;m- (3.14)
k2K (j) m2Mm (j)

3.1.2 TheLifting Schemeand FastLifted Wavelet Tranform

Thelifting schemeprovidesa straightforvard meansof constructingsmall lters g; h; &; h
correspondindo waveletswith desiredproperties.This is doneby startingfrom a simple
MRA andusinglifting to constructa betterperformingsetof lters.

Asin [SS95a]theold quantitiesaredenoteddy “°”, sothatthe Iters of theoriginal
MRA areh?, ., i’y ., &y, andg’, . Thenthelifting shemerelatesheold andnew Iters
by

iy = hjo;k;l (3.15)
m = gjo;m;l X (3.16)
Gmi = Gmi Sj kom Nj ks (3.17)
k2K (j
% ()
My = hjo;k;| Sj;k;m G ;mil (3.18)
m2M (j)

and guaranteeshat the resulting Iters are biorthogonalandinvertible for ary valuesof
fsi.k:m 9. Thescalingfunctionsareunchangedbut the dualscalingfunctionandthe primal
anddualwaveletshave all changed.The new basisfunctionsarerelatedby there nement
relation

X o X
jm = Om; j+13l Sjkim ik (3.19)
12K (j +1 k2K (]
>é1+ ) X(J)
Tk = APy G + Sjkm jsm (3.20)
12K (j +1) m2M (j)

It follows thatthe fastwavelettransformafterlifting may bewritten asa sequence

of two stepson eachlevel
X
im = gjo;m;| j+1;l (3.22)
12K (j +1)
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X o X
ik = hj;k;l j+1 t Sjk;m j;m: (3.22)
12K (j +1) m2M (j)

Finally theinversefastwavelettransformis

0 1
X X X
j+1 = hfis @ Sjam jmA + Qi jim: (3.23)
K2K () maM (j) maM (j)

Thefastlifted wavelettransformis thenwritten factorednto lifting stepsas

Analysis
For level = leafLevel to rootLevel
Analysisl (level)
Analysisli(level)
Synthesis
For level = rootLevel to leafLevel

Synthesisl (level)
Synthesisli(level)

We shallconsiderspeci c lters in thefollowing sections.

3.1.3 Inter polating ScalingFunctionsfor Vertex Bases;Hierar chical Bases

Thelifting schemeaallows lIters of interpolatingtransformgo beinterpretedasallifting of
the Lazy wavelettransformatrivial orthogonatransformwhich simply subsampledata

hjo;k;l = hjo;k;| = k;| and gﬁm;l = gjo;m;l = m;|: (324)

By applicationof duallifting to the Lazy wavelet, the Iters associatedvith interpolating
scalingfunctionswith Dirac deltafunctionsastheir formal dualmaybewritten as

ki 12 K(@) and g = Siam 12 K()

s 12 M () m 12m(G) G

hjsa =
The coefcients fsj.:m ok (j) interpolatedatafrom nearbyeven verticesof K(j)
attheoddvertex m 2 M (j). Lettherequiredevenverticesnearm be denotedby K .
The caseof linear interpolationhasthe two vertex stencilK,, = fvy;vog illustratedin
Figure 3.2, with interpolationweightssetto % Otherinterpolantsmay also be usedto
increasethe dual wavelet's numberof vanishingmoments,e.g., quadraticinterpolation,
or its degreeof smoothnesse.g.,Butter y interpolation[DLG90]. In practice,smoother
baseswvork betterfor smootherdata,andlifted Butter y waveletsappearto work well in
thisrespec{SS95a].TheButter y interpolants stencilis shavn in Figure3.3.
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Vo

Figure3.2: Theedge-splitstencilfor linear interpolation is usedto interpolateat an odd
vertex m 2 M (j) usingthe (weighted)averageof valuesat its two auntverticesK ,, =

fvi;vog  K(j).

Figure 3.3: The edge-split stencil for Buttery subdivision is usedto interpolate
at an odd vertex m 2 M (j) using the (weighted) average of valuesin K =

fvi;vo;fi;farer; e es eng K(j). As with linear interpolation,the aunts of vertex
m will bede ned asv; andv;.

Theinterpolatingtransformanalysisandsynthesistagesarethen

Analysisl (j):
8k 2 K(j) . ik = j+1k X (3.26)
8m2M(j): j:m = j+1m Sjikim jik (3.27)
k2K m
Synthesisll (j) :
8k 2 K(j) . j+1k = ik X (3.28)
8BM2M(): jaim = jm*t Sjkm k- (3.29)
k2K m
Usingthesetransformstageqgwithout Analysisl| andSynthesisl  from thefollow-

ing section)leadto interpolatingtransforms. While we are not interestedn usingthese
unlifted transformdor compressingsreens functions,theinterpolatingprimal basisfunc-
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tionsf ;xg, e.g., hierarchicalbasisfunctions[Yse8@ for linear interpolation,are used
for describinghierarchicalconstraintan x3.4. In a slight abuse of terminology we will
sometimeseferto interpolatingbasisfunctionsashierarchicabasisfunctions.

3.1.4 Lifted Vertex Bases

The previous sectionintroduced Iters for interpolatingscalingfunctionswhich we useto
de ne variantsof hierarchicalbasisfunctionsfor the de nition of hierarchicalconstraints
in x3.4. Unfortunately for ef ciently representinghe GFs(columnsof GF matrix ) the
waveletsaretoo simple;the primal waveletsdo not have arny vanishingmomentsandactu-
ally correspondo primal scalingfunctions.Repeatedifting canimprove thesituation,and
it is usedhereto ensurghatprimal wavelethasonevanishingmomentandwill have better
convergencepropertiesandbehaior whenthresholding.

Following [SS95a]the lifting coefcients of the lifted wavelets(3.19) are deter
minedby requiringthatthe new primalwaveletshave avanishingmoment.Giventhelifted
waveletde nition

jm = j+1im  Sjvem jvi o Sjpvam e (3.30)
theweightss;., .m arechoserby requiring
z
jmd = 0=ljs1m  Spvimljve Sivaim|jve (3.31)
where Z
k= jxd (3.32)
thensimply choosing
! _ Ij+1;m
S = e (3:33)

for eachcoefcient. Thescalingfunctionintegralsl;.x arecomputedecursvely in practice

sincethere nementrelation(3.1) impliesthat

X
ljk = hjalj+e (3.34)
12K (j +1)

andthevaluesof f I .| giok (1) aretrivial to compute Hereh; . is givenin termsof f s;.x:m g
by (3.25).

Oncelifting coefcients fs;.x.mg aredeterminedhe primal waveletlifting stages
of thefastwavelettransformbecome

Analysisll  (j) :

gm 2 M () : ja = Sivm i (3.35)

jvat = Sjve;m jim
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Synthesisl (j) :

8M2 M (j): v = Sivam jim (3.36)

jva = Sjvzm jim

3.1.5 Adapting Transforms To Surface Domains

It remainsto describehow the vertex bases'interpolating lter coefcients fs;«.mg and
lifting coefcients fs;.x.mg are determinednearthe boundariesof the surface domains
fDigid:1 . In suchcasest is possiblethat, respectiely, anoddvertex m doesnot have both
its v1; vo aunts(seeFigures3.2 and3.3) containedn the samedomain,e.qg.,to interpolate
from (Analysisl or Synthesisll ), ortoprovidealifting updateto (Analysisl|
or Synthesisl ). Theseproblemscanbeovercomepuruseof multiresolutionanalyses
adaptedo surfacedomaingresultedn no complications.

Modi ed lifting Iters atdomainboundariesvereconstructedasfollows (seealso
[SS95a]).In casedor which only oneaunt,vy, belongsto the domain,this auntwasused
for lifting in ananalogousnanner:ithelifted waveletwasde ned as

jim = j+im Sjvem v (3.37)

andtheweights;.,,:m is choserby requiring
z
j;md = O= Ij+l;m S] ;\/l;mlj;vl (338)

sothat

Sjvi;m =

lj+1im. (3.39)

lva
In the rare casefor which both auntsare outsidethe domainthe waveletis currentlyleft
unlifted.

For linearinterpolantspoundarystencilslacking both aunts(vy; vo) wereapprox-
imatedusinga constanestimate:verticeswith only oneauntusedthe aunts valueasthe
estimateandverticeswith no auntsin thedomainusedthenearesheighbour(ontheaunts
level) for the estimate. For butter y interpolants,boundarycasesoccur more often due
to the largerbutter y stencil. Casedor which the butter y stencilis not containedn the
domainare handledby resortingto linear interpolation,andthe aforementioneadonstant
approximationsvhenlinearis notpossible No interestingconsequenceasf theseboundary
approximationsvereobsened.

3.2 WaveletGreen's Functions

Displacemenandtraction elds associatedavith deformationsarisingfrom localizedloads
exhibit signi cant multiscalepropertiesuchasbeingvery smoothin largeareasaway from
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theloadingpoint (andotherconstraintsandachiezing alocal maximaaboutthe point. For

this reasonfree spaceGFs(or fundamentakolutions)of unboundeclasticmediaandour

boundaryGFsof 3D objectsareef ciently representetly multiresolutionbasesAndjustas
this propertyof free spacdundamentatolutionsallows for effective waveletdiscretization
methoddor awide rangeof integral equationgBCR914, it will alsoallow usto construct
sparsaevaveletrepresentationsf discreteelastostaticsF integral operatorsobtainedfrom

numericalsolutionsof constrainedjeometrionodelsaswell asmeasurementsf realworld

objects.

Onecouldtreatthe GF matrix asagenericoperatorto beefciently represented
for full matrix-vector multiplication, but this is inappropriatefor our application. In the
CMA constraintsolver, column-basedF operationssuchasweightedsummation®f se-
lectedGF columnsdominatethe fastsolutionprocessand GF elementextractionmustbe
arelatively cheapoperationin orderfor capacitancenatriceso be obtainedcheaplyatrun-
time. Becauseof this, during precomputatiorwe representndividual GF columnsof the
large GF matrix, , in the wavelet basis,but we do not transformacrossGF rows. Re-
guirementsaffecting the particularchoiceof wavelet schemearediscussedn x3.2.4,and
row-basednultiresolutionconstraintsareaddresseth x3.4

3.2.1 Domain Structur e of the Green's Function Matrix

EachGF columnvectordescribesiodaltractionanddisplacemendistributionson different
domainsof the boundary both of which have differentsmoothnesgsharacteristicsinter
facesbetweerndomainsarethereforeassociateavith discontinuitiesandthe adjacentrac-
tion and displacementunction valuescanhave very differentmagnitudesand behaiors.
For thesereasonsmultiresolutionanalysisof GFsis performedseparatelyn eachdomain
to achieve bestresults. From a practicalstandpointthis alsoaidsin simulatingindividual
domainsof themodelindependentlyx2.2.6).

Domainsareconstructedy rst partitioningnodesinto 9 and g lists for which
the GFsdescribetractionsanddisplacementsespectiely. Theselists areagain split into
disjointsubdomaing the particularwavelettransformemplosed cannot exploit coherence
betweerthesenodes Let theboundarynodesbe partitionedinto d domains

\d
D =1Dgq;:::;Dqg with Di =; (3.40)
i=1
whereDj is alist of nodesin the naturalcoarseto ne resolutionorderof thatdomains
wavelettransform.
The d domainsintroducea naturalrow andcolumnorderingfor the GF matrix
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whichresultsin aclearblock structure

x T
= EDi DiDj EDJ- (341)
ijj =1
2 32
DiD;  DiD; D1Dg Ep,
: EB
[Ep,Ep,:::Ep,JR PPt PzPe _ ' 24 (342
D4D1 D¢Dy EDd

wherethe(i; j ) GF block

pio; = Eb, Ep, (3.43)

mapsdatafrom domainD; to D asillustratedin Figure3.4.

XDD

171

—10
D,= L0
N

Figure 3.4: lllustration of correspondencéetweernboundarydomainin uencesand do-
mainblock structue of the GF matrix : Thein uencesbetweertwo boundarydomains
areillustratedhereby arrovs; eacharrav representsherole of a GF block, p,p,, in the
o w of informationfrom speci ed BVs ondomainD; to unspeci edBVs ondomainD;.
The self-efectof the exposedcontactablesurface(redarrow attop) is of primary practical
interestfor deformationvisualization. Eachcolumnof p,p, represents displacement
eld on D; which decribesthe effect of a force applied over someportion of D1; this
displacementeld is ef ciently representedsingwaveletsin x3.2.
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3.2.2 Wavelet Transforms on Surface Domains

Considettheforwardandinversefastwavelettransform(FWT) pair, (W; W 1), itself com-
posedof FWT pairs

3

W Ep,WiEL, = Ep (diag;(W)) E} (3.44)

1

w ! Ep,W, 'E}, = Ep diag;(W; *) E} (3.45)

i=1

with theit" pair (W;; W, 1) is de ned ondomainD;.

3.2.3 WaveletGreen's Functions

Puttingthingstogetherthe wavelettransformof the GF matrix is then

xd
W =[W1)Wz2 (Whn)]= Ep
ihj =1

Wi bp; Ep, (3.46)

or with ashorthandtilde” notationfor transformedjuantities,

= 7172 ho= Eo, “oip; Ep, (3.47)

Theindividual block componenbf thej " waveletGF 7 = 7 correspondindo vertex i
onlevel | of domaind will bedenotedwith roundedoraclet subscriptsas

i

= T 3.48
tigy (3.48)

This notationis complicatecbut no morethannecessarysinceit correspondslirectlyto the
multiresolutiondatastructureusedfor implementation.

3.2.4 Choiceof MRA and FastWavelet Transforms

By design,various custommultiresolutionanalysesand fast wavelet transformscan be
pluggedinto the framewvork developedhere. However, thereare several practicalrequire-
ments: interactive inversetransformspeedqfor fastsummation),good GF compression
(evenfor smallmodelsgiventhatprecomputatiortostsquickly increase)supportfor level
of detail computationseaseof transformde nition on userspeci ed surfacedomainsD,
aswell assupportfor datafrom awide rangeof discretizations.
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An interactve fastsummationclearly dictatesthe needfor a fastinversewavelet
transform,while motivationsfor symmetricforward and inversewavelet transformcosts
areruntime changeof constraintbasegsuchaswith pressuranasks)andreferencecon-
straintdomainD modi cation, aswell asreductionof precomputatiotime and e xibility
wheninitially transformingGFsinto the waveletbasis. We notethat, at the costof some
runtime e xibility, it maybe possibleto employ a moresophisticateqandslower) forward
wavelettransformduring precomputatiomprovidedit yields signi cantly greatercompres-
sion[KSS00]andthusfasterruntimeBVP solutionspeedsSuchissuesarealsoimportant
considerationgor storageandtransmissior(the centralmotivation in [KSS00]), however
we speci cally mentionthatwe areseparatinghis from the currentdiscussioron simula-
tion methods.

Given the mary constraints,we use biorthogonallifted fast wavelet transforms
basedon secondgenerationwaveletsderived from the lifting schemeof Sweldenset al.
[Swe98,DS96,SS95a],which weresummarizedn x3.1. We shallinitially consideronly
FWTsbasednasinglelifting of hierarchicabasisfunctions,i.e.,thedualwavelethasone
vanishingmoment,aswell asthe smoothelifted butter y wavelets.Intuitively, onemight
expectthe butter y schemeo performbetterat characterizinggmoothportionsof the GF,
while thelinearwaveletmay be betterat describingtheir spike-like behaior. Lifted linear
waveletshave cheapetransformghanlifted butter y, unlessthe compressiombtainedby
butter y is signi cantly greaterthanlinear, which doesnot seemto bethe case(x7). The
compactedge-splitstencilis alsoeffective for geometrionodelsof very modestgeometric
compl«ity. Finally, adravbackof linearwaveletsis thatfor very high compressiomatios,
they canintroducepolygonalartifactswhenaddingGF displacementto avery at surface,
unlike the smoothetbutter y reconstructions.

3.2.5 TensorWavelet Thresholding

Each3-by-3block of the GF matrix describesa tensorin uence betweerntwo nodes.The
wavelettransformof a GF (whoserow elementsare3 3 matrix blocks)is mathematically
equialentto 9 scalartransforms,one for eachtensorcomponent. However, in orderto
reduceruntime sparsematrix overhead,it is desireableo evaluateall transformsat the
blocklevel. For thisreasonwe useathresholdingoperationwhich eitheracceptor rejects
anentireblock.

Ouroraclefor waveletGFthresholdingcompareshe Frobeniushormof eachblock
waveletcoefcient! to adomainandlevel speci ¢ thresholdingolerance andsetsthe co-

1TheFrobeniusormof areal-\alued3-by-3matrix a is
s
kakg = aﬁ :
ij
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efcient to zeroif it is smaller Thresholdingof the| th wavelet GE 7, onadomaind is
performedior thei™" coefcient iffi 2 Dg,i 2 M (1) and

k=i ke < "KED, jki F (3.49)
where

is a weightedmeasureof GF amplitudeon domaind, and"| is a level dependentelative
thresholdoarametedecreasedn coarsetevels(smallerl) as

"= 2 b | = 1;:L; (3.51)

with " theuserspeci edthresholdparametene usuallydo notthresholdbasdevel (1 = 0)
coefcients evenwhenthis introducesacceptablerrorsbecausehe lack of responsee.g.,
pixel motion,in theseregionscanbe perceptuallybothersome.

For our modelswe have obsered stablereconstructiorof thresholdediata,e.g.,

KES, j W '7 kip < C'KED, jkif (3.52)

typically for someconstantC nearl. Examplesareshavn in xX7. Althoughthereareno
guaranteeshat wavelet basesconstructedbn ary particularmodelwill form an uncondi-
tional basis,andso the thresholdingoperationwill leadto stablereconstructionsnoneof
our numericalkexperimentswith discreteGFshave suggestednythingto the contrary Sim-
ilar experiencesverereportedoy the pioneersof thelifting schemean [SS95alfor wavelets
on the sphere. Someformal conditionson the stability of multiscaletransformationsre
provenin [Dah9q. Numerousexperimentakesultsshaving therelationshipbetweererror
andthresholdingolerancecanbefoundin x7.4.

3.2.6 Multir esolutionMeshIssues

We usemultiresolutiontriangle mesheswith subdvision connectvity to corvenientlyde-
ne waveletsand MR constraintgx3.4) aswell as provide detailedgraphicaland haptic
rendering(x3.7). Many of our meshesase beenmodeledusingLoop subdiision [Loo87]
which trivializesthe generatiorof multiresolutionmeshesandsomeexamplesareshavn
in Figuresl.2(p.5) and7.18(p. 117). For generameshesvhich have notbeenmodeledas
subdvision surfaces several successfuteparameterizatioapproachegor producingmul-
tiresolutionmesheshave appearedn the literature[EDD* 95, KL96, LSS 98, GVSSO00,
LMHOO0] andthereare commerciallyavailable packagese.g., RaindropGeomagidRai]
andParaform[Par]. For our purposeswe have implementedeparameterizatioalgorithms
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basedon normalmeshe4GVSS00,LMHO00], andhave usedthe relateddisplacedsubdi-
vision surfaceapproaciLMHOO] for renderingdetaileddeformingmodelsandgenerating
displacementnap.Examplesf modelswe have reparameterizedretherabbitmodel(Fig-

uresl.1(p. 2) and 3.9 (p. 64)) (original meshcourtesyof Cyberware [Cyb]), the dragon
model(Figure3.5, p. 56; original meshcourtesyof the StanfordComputerGraphics.abo-

ratory),andthereality-basediger model(Figure6.4, p. 6.4). For the dragonmodef some
undesireablgparameterizatiomrtifactsare presentnearsharpfeaturessuchasthe horns,
however this could be avoidedwith morecare.

For goodwaveletcompressiomesultsit is desireableo have mary subdvisionlev-
elsfor a givenmodel. This alsoaidsin reducingthe size of the densebaselevel GF data,
if it is left unthresholdedIn casesvherethe coarsestesolutionof the meshis still large,
reparamerizatioshouldbe consideredut it is still possibleto considemoreexotic lifted
waveletson arbitrarypoint sets. To maximizethe numberof levels for smallmodels,e.g.,
for therabbitmodel,weresortedo manualtting of coarsebasdevel parameterizations|-
thoughmoresophisticateépproacheareavailable[EDD* 95,KL96, LSS" 98, GVSS00].

Lastly we mentionthatadaptve meshingof geometrymustbeusedwith caresince
it canlimit the scalesat which displacemenandtraction elds mayresohe surfacedefor
mationsandconstraints.

3.2.7 Storageand Transmissionof Green's Functions

Waveletsprovide basedor sparselyrepresentingsFs, but further compressions possible
for storageformats. Given the potentially vastamountof information precomputedan
efcient le formatis animportantpracticalconcernfor datastorageandtransmissionin
thisrespectef cient waveletquantizatiorandcodingscheme$DJL92, Sha93 SP96]have
alreadybeenextendedo dramaticallyreducethe le sizesof surfacefunctionscompressed
usingthelifting schemdKL97]. Similarapproachesouldbeappliedto GF data.

3.3 CMA with Fast Summation of Wavelet GFs

The CMA is only slightly moreinvolved whenthe GFsarerepresenteéh waveletbases.
Thechiefbene tis theperformancemprovementobtainedoy usingthe FWT for fastsum-
mationof GF andbody force responsesWhile MR solutionreconstructiorfor rendering
waspossiblepreviously by exploiting randomaccesselective computationijt will bemore
ef cient usingthe sparsevaveletGFsandthefollowing algorithm.

2Thedragonmodelalsorequiredspecialcaredueto numerousgholespresentn theoriginalmesh.
Althoughtherearetechniquedo Il theseflGWO01], a signi cantly worseproblemwasnonplysical
interior cavity meshingonthebottomof theobject,atwhatprobablywereinjectionmouldinginlets;
thesewereremodeledy handbeforeapplyingthereparameterizatioprocess.

51



3.3.1 Motivation

In additionto reducingmemoryusageit is well known thatby sparselyrepresentingur GF
columnsin a waveletbasiswe canusethe FWT for fastmatrix multiplication[BCR914.
For example,considerthe centraltaskof computinga weightedsummatiorof s GFs

X

E (3.53)
j2S
involvingsn 3 3 matrix-vectormultiply-accumulat@perationsQuick evaluationof such
expressionss crucialfor fastBVP solution(c.f. (2.15))andgraphicalrenderingof defor
mations,andit is requiredat leastonceby the CMA solver. Unfortunately ass increases
this operationquickly becomesmore and more costly andass! n eventuallyinvolves
O(n?) operations However, by usinga fastwavelettransform(FWT) it is possibleto per
form suchsumsmoreef ciently in aspacean whichthe GF columnsmaybeapproximately
representedvith sparseepresentations.
The weightedGF summationcan be rewritten by premultiplying (3.53) with the
identity operatotW W: X X
ivi=W ! R (3.54)
i2S i2S
By precomputingparsehresholdedpproximation®f the wavelettransformedsFs, ~, a
fastsummatiorwill resultin (3.54)providedthatthe advantageof sparselyrepresenting ,
morethancompensatefor the extra costof applyingW ? to the vectordata. This occurs
in practice dueto the FWT's speedandexcellentdecorrelatiorpropertiedor GF data.

3.3.2 Formulae
Thenecessarjormulaeresultfrom substituting
=w w (3.55)

into the CMA formulae(2.35-2.38) andusingthe GF expression(3.47). Theresultmaybe
written as

v = V@Q+ E+w ("E) ¢! EVO (3.56)

C = EThW ) i (3.57)
vO = w1~ EE v+ (WA,'B) EETv (3.58)
EV® = Ew!? " | EE" v+ (WA,'B) | ETv (3.59)

wherewe have takentheliberty of sparselyrepresentinghe parameterizetodyforcecon-
tributionsin the waveletbasis.With theseformulae,it is possibleto evaluatethe solutionv
usingonly oneinverseFWT evaluationandsomepartialreconstruction&" W 1.
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3.3.3 Selective Wavelet ReconstructionOperation, (ETW 1)

TheoperatoETW 1) representshe reconstructiorof a wavelettransformedunction at
theupdatechodesS. Thisis requiredin atmosttwo places:(1) capacitancenatrix element
extractionfrom ~; (2) evaluationof (ETv(O)) in casesvhenthe rst termof v (in square
braclets)is nonzero.lIt follows from the tree structureof the wavelettransformthat these
extractionoperationscanbe evaluatedef ciently with worst-casgerelementcostpropor
tional to the logarithm of the domainsize. In practice,several optimizationsrelatedto
spatialandtemporaldatastructurecoherence&ansigni cantly reducethis cost. For exam-
ple, portionsof C areusuallycachedandso extractioncostsareamortizedover time, with
typical very few entriesrequiredper nev BVP. Also, spatialclusteringof updatednodes
leadsto the expectedcostof extracting several clusteredelementsheing not much more
thanthe costof extractingone. Furthermoregpatialclusteringin the presencef tempo-
ral coherenceallows usto exploit coherencen a sparseGF waveletreconstructioriree,so
thatnodeswhich aretopologicallyadjacenin the meshcanexpectto have elementgecon-
structedat very small costs. For thesereasonsit is possibleto extract capacitancenatrix
entriesatafractionof thecostof LU factorization.Performanceesultsfor block extraction
operationsaregivenin x7.4.4. The logarithmic costpenaltyintroducedby waveletrepre-
sentationss furtherreducedn the presencef hierarchicalconstraintsanda hierarchical
variantof thefastsummationCMA is discussedn x3.6.

3.3.4 Algorithm

An efcient algorithmfor computingthe entire solutionvectorv is possibleby carefully
evaluatingsubexpressionsasfollows:

1. Givenconstraintsy, andlist nodesto beupdatedS.

2. ObtainC ! (or factorization)for this BVP type eitherfrom the cache(Cost Free),
usingupdating(x2.3) (Cost: O(s?s ) ops), or from scratch(Cost: 2s3/3 ops).

3. If nonzerogvaluatethe sparsesummation
h i
&= ~ | EE v+ (WA,'B) (3.60)

(Cost: 18sr ops from rst termwherewherer is theaveragenumberof nonzera3-
by-3 blocksperwaveletGF beingsummed(in practices  n), ands is thenumber
of nonupdatedhonzeroconstraints.Secondoody force termis similar but ignored
dueto ambiguity Costcanbe reducedby exploiting temporalcoherencee.g.,see
(2.21).).
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4. Computethe block s-vector
EVvO= Ew'lg Ev (3.61)

(Cost: Selectve reconstructiorcost(if nontrivial g;) 3sRs whereRs is the effective
costof reconstructinga scalargiven S (discussedn x3.3.3; expectedcostis Rg =
0O(1), worstcasecostis Rg = O(logn)), plus3s ops for addition).

5. Evaluatetheblock s-vector
g, = C Y(ETVO) (3.62)

(Cost: 18s? ops).
6. Performthesparsesummation
g+= ("B (3.63)
(Cost: 18sr ops).
7. PerforminverseFWT (canbeperformedn placeon block 3-vectordata)
v=W lg (3.64)
(Cost: 3Crwrn 0ops; whereCpryr is approximately for lifted linearwavelets.).
8. Correctupdatedvaluesto obtainthe nal solution,
v+= E(g, ETv) (3.65)

(Cost: 6s 0ops).

3.3.5 CostAnalysis
Thetotal costof evaluatingthe solutionis
Cost= 3Cpurn + 18(s+ s)r + 18s? + 3s(Rg+ 3) ops (3.66)

wherethe notableimprovementintroducedby fast summationis the replacementf the
18sn densesummationcostwith thatof the sparsesummatiorandinverseFWT. This ex-
cludesthe costof capacitancenatrix inverseconstruction(or factorizationor updating),if
updatingis performedsincethisis experienceanly onceperBVP typeandamortizedover
frames.

Two interestingspecialcasesare whennonzeroconstraintsare eitherall updated
(s= 0) orwhenno constraintareupdateds= 0). In thecasewhereall nonzeraconstraints
areupdateds= 0), andthereforestep3 haszerog,, thetotal costof the calculationis

Cost= 3Cpurh + 18R + 185° + 3s(Rg+ 3)  ops: (3.67)
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Casedn which updatednodeshave zero constraintsare slightly cheaper Whenno con-
straintsareupdateds= 0) only GF fastsummationis involved,andthe costis

Cost= 3Crywrn + 18 ops: (3.68)

In practicewe have reducedhesecostsby only reconstructinghe solutionon sub-
domains(reduce=WT costand summationcost)whereit is required,e.g.,for graphical
rendering. It clearlyfollows thatit is possibleto reconstructhe solutionat coarsereso-
lutionsfor multiple LOD renderingj.e., by only evaluatingg, andthe IFWT in step7 for
coarsaesolutionsandthisissueis discussedutherin x3.7.

We found this algorithmto be very effective for interactive applications,and es-
pecially for force feedbacksimulationwith point-like contactg(x4.2; smalls ands = 0).
Timingsandtypical op countsareprovidedin the Resultschapter(x7). For large models
with mary updatedconstraintsthe ss ands? contritutions,in additionto the capacitance
matrix inversion,canbecomecostly This issueis addressedh the following sectionby
introducingmultiresolutionconstraintavhich canfavourablyreducethe effective sizeof s.

3.4 Hierar chical Constraints

The MR GF representationmale it feasibleto storeandsimulategeometricallycomple
elasticmodelsby eliminatingthedominantbottlenecksssociateavith denseGF matrices.
However, ner discretizationcanintroducecomplicationgfor realtime simulationswhich
imposenumerougonstraintonthesesamene scales(1) evensparsdastsummatiorwill
eventuallybecomeoo costlyasmore GF columnscontritute to the sum,and(2) updating
numerougonstraintsith the CMA incurscostly capacitancenatrix inversioncosts.

We provide a practicalsolutionto this problemwhich canalso optionally reduce
precomputatiorcosts. Our approachis to reducethe numberof constraintshy imposing
constraintsat a coarsemresolutionthanthe geometricmodel (seeFigure 3.5). This elim-
inatesthe aforementionedottleneckswithout sacri cing model compleity. Combined
with wavelet GFswhich enabletrue multiresolutionBVP simulationand solutionoutput,
multiresolutionconstraintsprovide the BVP's complementarymultiresolutioninput con-
trol. Suchan approachis well-suitedto the CMA which effectively works by updating
constraintsle ned over nite areasjn thecontinuoudimit, asn! 1 andscalingfunction
measurego to zero,the areaaffectedby the uniresolution nite-rank-updatingCMA also
goesto zeroandthe CMA would have no effect.

The multiresolutionconstraintsare describedoy nestedspaceswith nodeinterpo-
lating basisfunctionsde ned on eachdomain.Usinginterpolatingscalingfunctionsallows
hierarchicalconstraintso coexist with nodal constraintdescriptionswhich is useful for
de ning the hierarchicalversionof the CMA (in x3.6). For our piecevise linear function
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Figure3.5: MultiresolutionConstraint Parameterizations: Two dragonmesheglL=3) with

coarserconstrainiparameterizationimdicatedfor differentresolutionof the Greens func-
tion hierarcly; (left) constrainton level 0, and(right) on level 1. In this way, interactve
tractionconstraintcanbe appliedon the coarsescalewhile deformationsarerenderedis-
ing ne scaledisplacementelds. (Reparameterizedragonmodelgeneratedrom mesh
courtesyof StanfordComputerGraphics_aboratory)

spaceghesecorrespondo “hierarchicalbasisfunctions”[Yse8q andtheinterpolation I-
tersarealreadyavailablefrom the unlifted portionof thelinearFWT usedfor the MR GFs.
Let thescalarhierarchicabasisfunction

likd = pa(X); X2 (3.69)

correspondo vertex index k belongingto level | anddomainD 4. Herethe squaresubscript
bracletis usedto indicateanhierarchicabasisfunction;recall(equatior3.48)thatrounded
subscriptbracletsare usedto referto row component®f wavelet transformedvectorsor

matrix columns.In this notation thetraditional“hat functions”onthe nest scaleare

k(X) = [L;k;d](x); k 2 Dd: (370)

In bracletnotation there nementrelationsatis edby thesenterpolatingscalingfunctions
is X
ki) = Rkl 4135 (3.71)
j 2K (1+1)
whereh is de nedby (3.25)from x3.1.3.As aresult,thesurfacehierarchicabasisfunctions
areunit normalized

mizd (X)) = i (3.72)
where j is the Kronecler deltafunction. The re nementrelationfor hierarchicalbasis
functionsalsomeanghathierarchicalconstraintooundaryaluesarede ned on ner con-
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straintscaledy interpolatingsubdvision (with theh re nement lter (3.25))as
Vi = H Vi (3.73)
wherewe have useda brief operatomotation,or simply
Vi = H Vg : (3.74)

However, aswe shallseein thenext sectionwhile thehierarchicatonstraintaredescribed
atacoarseesolutionthecorrespondingleformatiorresponseomputedwith hierarchical
GFsinvolvesall scales.

3.5 Hierarchical Green's Functions

The GF responsesorrespondingo eachhierarchicalconstraintbasisfunction are named
hierarchical GFs From a GF matrix perspectie, the coarseningf the constraintscales
is associatedvith a reductionin GF columns(seeFigure3.6). A graphicalillustration of
hierarchicalGFsis givenin Figure7.1(p. 98).

3.5.1 Notation

The hierarchicalGFsareidenti ed usingthe squarebraclet notationintroducedfor HBFs:
let

kel = zlliksd) (3.75)
denotethe hierarchicalGF associateavith the k™ vertex containedon level | anddomain
D4. Therefore

Ok;dls [Lk;d]s -+ 5 [Lksd] (3.76)
areall hierarchicalGFsassociateavith the k™ vertex herecontainedon the baselevel of

thesubdvision connectvity mesh.ThehierarchicawaveletGFs(illustratedin Figure3.6)
areeasilyidenti ed by bothatilde andsquarebraclets,e.g.,

Tekdl = " akad) (3.77)

3.5.2 Re nement Relation

HierarchicalGFs and hierarchicalbasisfunctionssharethe samere nement lIters since
eachhierarchicalGF is expressedn termsof alinearcombinationof GFson ner levelsby

X
k] = Nkl 14130 (3.78)
j 2K (1+1)
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Figure3.6: lllustration of Hierarchical WaveletGF Matrix Structue: Sparsitypatternsand
constrainfparameterizationsf the coarsdevel 2 (L=2) rabbitmodel's threelevel GF hier-
arcty for themain 0 “free-boundary’self-efect block 0 9 (illustratedin Figure3.4).
This modelhas160 vertlces with the lifted linear FWT de ned on adomainof 133 ver
ticespartitionedinto threelevels with sizes(9,25,99). The matricesare: (left) nest scale
GF squarematrix block (# nonzerablocks,nnz=4444)(middle) once-coarsenecbnstraint
scaleGF block (nnz=1599) (right) twice-coarsenedonstraintscaleGF block (nnz=671).
In eachcase,sparsityresulting from thresholdingthe wavelet transformedGF columns
clearlyillustratesthe wavelettransforms excellentdecorrelatiorability. The multiresolu-
tion structureof thewaveletcoefcients is apparenin eachmatrix asaresultof multiresolu-
tion reorderingof rows andcolumns;noticethedenseaunthresholdethasdevel coefcients
in the top mostrows. Perhapsurprisingfor sucha small model, modestcompressiona-
tios arealreadybeingobtained:here" = 0:10 andthelarge block hasretainednnz=4444
elementsr 25% of the original size.
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or in operatomotation
= My (3.79)

This follows from the hierarchicalGF ansatz
Vip = Mg (3.80)

for alevell hierarchicatonstrainty,, aftersubstitutinghehierarchicaboundarycondition
subdvision equation(3.74),
Vi = H Ve (3.81)

Figure3.6 providesintuitive picturesof theinducedGF hierarcly,

(Lol (o sl (3.82)

3.5.3 Matrix BVP De nition

While there nementrelation(3.79)canbe usedto computecoarsescalehierarchicalGFs
from ner resolutionsijt is alsopossibleto computethemdirectly usingthe de nition of
the accompaying hierarchicalboundaryvalue constraints. From (2.8), the matrix BVP
satis ed by hierarchicalGFsis

0= A pica + AVik (3.83)

wheretheright-handsideconstrainmatrixV 2 R3" 2 containsall zeronodalblocksexcept
for nodesn thesupportof ..,

MVid)i = kg (Xi) la: (3.84)

This provides an attractve approachto (hierarchically)precomputing(and transmitting)
very large models andthis is consideredurtherin x6.

3.6 Hierarchical CMA

It is possibleto usethe hierarchicalGFsto producevariantsof the CMA from x2.2. The
key bene tsobtainedrom usinghierarchicalGFsarerelatedto the smallernumberof con-
straints(seeFigure3.8): (1) anacceleratedastsummationsincefewer weightedcolumns
needbesummed)(2) smallercapacitancenatricesand(3) improvedfeasibility of caching
potentialcapacitancenatrix elementsat coarsescales.Dueto the 4-fold changein vertex
countperresolutionlevel, the expectedimpactof reducingthe constraintresolutionby J
levelsis

1. 4’ reductionin constrainttountandnumberof GFsrequiredin CMA summations,
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Figure 3.7: Examplewheee Hierarchical GFs are Useful: A nger padin contactwith
a at surfaceis a good exampleof wherehierarchicalGFsare bene cial, asis ary case
wherenumerougdensesurfaceconstraintsoccur Althoughthetraction eld may contain
little information, e.g.,smoothor nearly constant)arge runtime costscanresultfrom the
numberof GFsbeingsummedand/orby the numberof constraintdbeingupdatedwith a
CMA. Whetherthedeformatioris computedvith the nger pad'sfreeboundaryconstraints
modeledby the userspecifyingtractionsdirectly, or indirectly usingdisplacementanda
CMA, in bothcasegierarchicalGFsresultin smallerboundableuntimecosts.

2. 16’ reductionin numberof capacitancenatrix elementsandcostof updatingcapac-
itancematrix inversegwhens s),

3. 64’ reductionin costof factoringor directly inverting capacitancenatrix,
4. 4 64’ reductionin CMA cost.

An illustration of a situationwherethe hierarchicalCMA can be bene cial is givenin
Figure3.7.

It is relatively straight-forvard to constructa nonadaptie hierarchicalCMA that
simply limits updateddisplacementonstraintsto x ed levels of resolution. This is the
easiestnechanisnfor providing gracefuldegradationwhenlarge setsof nodesrequireup-
dating: if too mary constraintsarebeingtoo denselyappliedthey may simply be resolhed
on a coarserscale. This is analogougo usinga coarserevel model, with the exception
that the solution, e.g., displacementsare available at a ner scale. We have found this
simple approachworks well in practicefor maintaininginteractvity during otherwisein-
tensve updatingcases.One dravback of the nonadaptie approachis thatit canleadto
“popping” whenchangingoetweerconstraintesolutionsandtheinvestigation of adaptve
CMA variantsfor which this problemis reducedarefuture work.

60



3.6.1 Hierarchical Capacitances

Similarto thenonhierarchicatasehierarchicatapacitancenatricesaresubmatricesf the
hierarchicalGFs.We cangeneralizeghe capacitanc@odelist de nition to includeupdated
nodalconstraintorrespondingo hierarchicabasisfunctionsat differentresolutions We
rst generalize¢henotationof theoriginal ( ne scale)capacitanceodelist andcapacitance
matrix elementsas

S = (kikojiiiiks) (3.85)
= ([L; kq;da];[L; ko;do]; s i [L; Ks; ds]) (3.86)
G = ki[Lik; iy (3.87)

Hierarchicalconstraintghenfollow by replacingL with the appropriatdevel. The CMA
correspondindo coarsenedonstraintscalesfollows immediately aswell asthe factthat
hierarchicakapacitancenatrix inversescanbe updatedo addanddeletehierarchicakon-
straints. Furthermoreijt is alsopossibleto mix constraintscalesand constructtrue mul-
tiresolutionupdatesisingthe generalizedle nition

S ..... (3.88)
Cj = kil ki 1 (3.89)
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However, due to the additional compl«ity of specifying adaptve multiresolutioncon-
straintsatruntime,e.g. for aninteractie contactmechanicgroblem we have yetto exploit
this CMA solver functionalityin practice.

Finally, dueto thereducechumberof constraintstherearefewerandsmallercapac-
itancematrices andthisimprovesthe effectivenesf cachingstrat@ies(seeFigure3.8).

3.6.2 Graceful Degradation

For real time applications hierarchicalcapacitanceplay animportantrole for resolving
constraintson coarserconstraintscales(or adaptvely in general). Considera simulation
with constraintgesohedon level H. If it encounters capacitancenatrix inverseupdate
task which requirestoo muchtime it canabortandresortto resolvingthe problemat a
coarserconstraintresolutione.g.,H 1 orlower In thiswayit is possibleo nd acoarse
enoughlevel atwhich thingscanproceedjuickly.

As with all variantsof the CMA, thesedirect matrix solution algorithmsprovide
predictableoperationcounts,which may be usedto choosean effective real time solution
stratey.
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Figure3.8: Hierarchical CapacitanceMatrices: (Left) Asin Figure3.6,thematrixview of

hierarchicalGF indicatesan approximatelyfour-fold reductionin columnsat eachcoarser
constraintresolution. As a result,the numberof possiblecapacitancenatrix elementsare
reducedaccordingly asrepresentedby the blue matrix blocks. (Right) An illustration of

thecorrespondingpatialhierarcly for the supportof a coarsdevel (extraordinary)‘linear

hat” scalingfunction. Circlesindicatethe vertex nodes(and basisfunctions)requiredto

representhe coarsdevel scalingfunctionat eachlevel.

L

3.7 Detailed Graphical and Haptic Rendering

At somescale,thereis little practicalbene t in seekinghigherresolutionelasticmodels,
andgeometricdetailcanbeintroducedoy local mapping.

3.7.1 LOD and Multr esolutionDisplacementFields

ThefastsummatiorCMA with waveletGFs(x3.3)immediatelyprovidesanobviousmech-
anismfor realtime adaptve level-of-detail (LOD) rendering[XESV97]. This processs
slightly complicatedby the fact that the geometryis deforming,therebyreducingdepen-
denceon staticallydeterminedyeometricquantities e.g.,visibility. While we have not ex-
ploredrealtime LOD in ourimplementationit wasanimportantalgorithmdesignconsid-
eration. It alsoprovidesanextra mechanisnfor realtime gracefuldegradationfor dif cult
CMA constrainfproblems.

3.7.2 Hierachical GFsand Geometric Detail

A favourableexploitation of spatialscaleds obtainedby usinghierarchicalGFs,sincein-
teractionsresohed on relatively coarseconstraintsscalesnaturally allow visualizationof
ne scalegeometryanddisplacementelds. Evenwhencoarsdevel constraintsareused,
ner scaledisplacementelds arestill available—possiblycomputedrom an highly accu-
ratediscretization An importantpointis thatdetaildescribedy hierarchicalGFsis repre-
sentedn a global coordinateframe dueto the geometricallylinear elasticapproximation,
andthereforelocal displacemenimappingis likely to be a betterapproximatiorfor larger
deformationsThisis consideredurtherin thefollowing section.
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3.7.3 Deformable DisplacedSubdivision Surfaces

Thereis aninterestingtransitionat somescalefor which the GF displacementelds con-

tain little moreinformationthanthoseobtainedby displacemeniappinga geometrically
coarserresolutionof the samemodel, the latter being possiblein (future) graphicshard-
ware. By only storing GF detail or computingmultiresolutiondisplacementelds to a

suitablelevel, the deformedgeometrycanbe mappedo ner scalesvia bump and/ordis-

placementmapping.We have useddisplacedsubdvision surfacegDSS)[LMHO0O0] for this

purposebecausét workswell with deformingmeshes.

A signi cant concernwhen displacementnappingcoarsemodelsis that it leads
to inexact displacementonstraints.This problemis exaggeratedy DSS even for small
changeslueto mapping,becausehe Loop subdvision processconvertsour interpolating
constraintscalingfunctionsinto noninterpolatingones.Intuitively, this occursbecaused-
jacentvertex displacementsomputedoy CMA for the coarsecontrol meshare averaged
duringthesubdvision processthusleadingto inexactconstraintvalues.Thisis in contrast
to the interpolatingconstraintsachieved with hierarchicalGFs. Neverthelessfor nely
meshednodelsthe mismatchcausedy displacemeniappingis reduced.

Onesettingfor which we have found DSSto be still very usefulis for hapticforce
feedbackapplicationsinvolving point-like contacts. Here perceptualroblemsrelatedto
surfacepenetratiordueto inaccuratesurfacedisplacementonstraintarecommonlyover-
comeby a “god-objectapproach 2S94 in which a proxy for the objectin contactwith
the surfaceis alwaysdravn on the surface(the “god” object)regardlessof whetheror not
penetratioroccurs.We have successfullyusedthis in several point-like contactinteractie
forcefeedbaclksimulationsandpicturesareshavn in Figures3.9and6.4.

3.7.4 ForcefeedbackRendering of Detail

In additionto graphicalrendering,surface detail may also enhanceforce feedbackren-
deringby usingnormalmapsto modulatepoint contactfriction forces[MS96] asis done
in commercialforce feedbacksystemsg.g.,[Rea]. In this way, the hierarchicalGFspa-
rameterizehe coarsescaleforce responsef the compliantsurface while thenormalmaps
rendersurfacedetail. Forcefeedbackenderingof point-like contactsareconsideredurther
in x4.2.
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Figure 3.9: Elastically DeformedDisplacedSubdivisionSurfaces:Displacedsubdvision
surfacegrovide anaturalextensionto anhierarcly of elasticspatialscalesln thisexample,
alevel 2 elasticrabbitmodelis renderedn level 5 usingdisplacementnapping(computed
in software). In additionto providing exact displacementonstraintson detailed(or just
subdvided) surfaces,hierarchicalGFs allow greaterelastic contentto be depictedthan
simple displacementmappingof coarsegeometry In either case,suchapproachegsan
effectively transferthe runtimesimulationburdenalmostentirelyto graphicalrendering.
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Chapter 4

Haptic Interaction

4.1 CapacitanceMatrices asLocal Buffer Models

For forcefeedbackenabledsimulationsn which userinteractionsaremodeledasdisplace-
mentconstraintsappliedto an otherwisefree boundarythe capacitancenatrix hasa very

importantrole: it constitutesanexactcontactforceresponsenodelby describingthe com-

plianceof the contactzone. Borrowing terminologyfrom [Bal00], we saythatthe capac-
itancematrix can be usedasa local buffer model While the capacitancenatrix is used
in x2.2.4to determinethe linear combinationof GFsrequiredto solve a particularBVP

andreconstructhe globaldeformationjt alsohasthe desirablepropertythatit effectively

decoupleghe global deformationcalculationfrom that of the local force response.The
mosthapticallyrelevantbene tis thatthelocal contactforceresponsenaybe computedat
amuchfasteratethanthe globaldeformation.

4.1.1 CapacitanceMatrix Local Buffer Model

From (2.35),the S component®f the solutionv are

h i
E'v = E" vO+ (E+ ( E)) C ETVO (4.1)
= ENVO+ ETE Cc 'ENVO + ET E C 1ETVO (4.2)
| {z-} | {z—
# I C (from(2.36))
= ENVO + c ENVO ETVO (4.3)
= c! ENO (4.4)

Considerthe situation, which naturally arisesin haptic interactions,in which the only
nonzeroconstraintareupdateddisplacementonstraintsi.e.,

v=EE'v ) VO = v (using(2.37)) (4.5)
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In this case,the capacitancematrix completelycharacterizeshe local contactresponse,
since(using(4.5)in (4.1))

Elv= C Ev: (4.6)
Thisin turn parametrizethe globalresponsaincethesecomponentgnotin S) are
h [
(I EE")Yw = (I EE") v@+ (E+ ( E)C EWVO 4.7
= (I WO+ (1 EENEC EETVO + (I EET)( BE)C YETVO
I A R S S0 (¢ EBE Y
# 0 0 ETv
= (I EE")( E)Ev) (4.8)

Such propertiesallow the capacitancamatrix and to be usedto derive ef cient local
modelsfor surfacecontact.
For example,giventhe speci ed contactzonedisplacements

us= E'v; (4.9)
theresultingtractionsare
ps= Elv= C 1! E'v = C lug (4.10)
andtherenderedcontactforceis
f=alps= alC ! us= Kgus; (4.11)
where
as = (as;as,;::;as) " 13 (4.12)

representshe effective nodalareas(from (2.5, p. 16)) andKs is the effective stiffnessof

the contactzoneusedfor force feedbackrendering.A similar expressiormay be obtained
for torquefeedback Thevisualdeformationcorrespondingo solutioncomponentsutside
the contactzoneis thengivenby (4.7) usingps= E'v.

4.1.2 Example: Single DisplacementConstraint

A simplecasethatis relevantfor haptics(generalizedn x4.2) consistof imposinga dis-
placementonstrainton a single nodek which otherwisehad a tractionconstraintin the
RBVPL. The new BVP thereforehasonly a single constraintswitch with respectto the

1This caseoccurs for instancewhenthetip of a hapticdevice comesinto contactwith the free
surfaceof anobject.
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RBVP andsos= 1 andS= fkg. Thecapacitancenatrix hereis just C= kk Sothatthe
ki nodalvaluesarerelatedby

= Clue=(w) ‘u O U= P (4.13)

The capacitancenatrix cangeneratehe force responsef = axp,, requiredfor hapticsin
O(1) operationsandfor graphicafeedbackhe correspondinglobalsolutionisv="p,:

4.1.3 Forcefeedbackfor Multiple DisplacementConstraints

When multiple force feedbackdevices are interactingwith the model by imposingdis-
placementconstraints the force and stiffnessfelt by eachdevice are tightly coupledin
equilibrium. For example the stiffnessfelt by the thumbin the graspingsimulationshovn
in Figure4.1will dependon how other ngers aresupportingthe object. For multiple con-
tactslik e this, the capacitancenatrix again providesan ef cient force responsenodelfor
haptics.

Figure4.1: Interactivegraspingsimulationusinga CyberGlose datainput device (manu-
facturedoy Virtual Technologiesnc.). Thevirtual handseerherewasusedto interactvely
deforma smoothelastostati@®EM modelwith approximately900 surfacedegreesof free-
dom (dof) at graphicalframe rates(30 framesper second)on a personalcomputer(dual
Pentiumll 450MHZz). The capacitancenatrix algorithmwasusedto imposedisplacement
constraintson an otherwisefree boundary often updatingover 100 dof per frame. While
forcefeedbackvasnot presentthis sectionshavs how the capacitancenatricescomputed
could alsohave beenusedto rendercontactforcesat a rate much higherthanthat of the
graphicalsimulation.

Theforceresponsefor eachof the contactpatchesanbe derived from the capac-
itancematrix inversein a mannersimilar to equationg4.9)-(4.12). In the simple caseof
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d contactpatcheswith updatechodesetsf S gid=1 , theblock partitionedcapacitancenatrix
inverse,P = C 1, describesachpatchs tractionresponselueto displacementst other
patches,

x T
P = E5Pgg ESJ (4.14)
_—
N 2 32
Pag Pag Pslsd E-gl
: El
= EgEg:i:Eg § Pes P ' %g _522 (4.15)
PSdSl PSde E;d
wherethe(i; j ) stiffnessmatrix block
Pyg = E; PEy (4.16)

describedractioncontritutionsto contactnodesin S' from displacementst nodesin S .
The bene t of having an explicit capacitancenatrix inverse,insteadof a factorization,is
clearlyevidentin this case.

4.2 SurfaceStiffnessModelsfor Point-lik e Contact

Point-like interactionsare commonlydiscussedn the hapticsliteraturefor rigid surface
models[MS94, HBS99], and alsofor linear elasticobjects[CDA99], largely dueto the
availability of hardwarefor rendering3 DOF force feedback.For elasticmodels,the ben-
e t of point-like contactsis the corvenienceof the point-like parameterizatiolof contact
andnot becausehe contactis highly concentratear “pin-lik e”. In fact, unlike their rigid
counterpartsspecialcaremustbetakenwith elasticmodelsto de ne meaningfukontactar
easfor point-like interactionspoint-like contactsle ned only assingle-or adjacent-ertex
constraintawill producemesh-relatedrtifactswhenthe meshis re ned (seeFigure4.2).
We presentanapproachusingvertex pressue masksvhich maintainsthe point contactde-
scriptionyet distributesforceson a speci ed scale. This allows point contactstiffnesses
to be consistentlyde ned asthe meshscaleis re ned, and provides an ef cient method
for forcefeedbackenderingof forceswith regular surfacevariations.Sucha techniquéds
presentedherefor point contactshut could be generalizedo otherill-posedor unresolhed
contactsituationsg.g.,contactwith aline.

4.2.1 Vertex Pressue Masksfor Distrib uted Point-lik e Contacts

In this section the distribution of forceis describedisingcompactly-supportegdervertex
pressuranasksde ned onthefreeboundaryin theneighbourhooaf eachvertex.
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Figure 4.2: Point ContactMust Not be Taken Literally for Elastic Models: This gure
illustratesthe developmentof a displacemensingularity associatedvith a concentrated
surfaceforce asthe continuumlimit is approachedin theleft image,a unit force applied
to avertex of adiscreteelasticmodelresultsin a nite vertex displacementAs themodel's
meshis re ned (middleandrightimage) thesameconcentratefbrceloadeventuallytends
to producea singulardisplacemenat the contactlocation, andthe stiffnessof ary single
vertex approachegero(seeTable4.1). Suchconstraintsare mathematicallyill-posedfor
linearmodelsbasedn asmall-strairassumptionandcareshouldbetakento meaningfully
de ne theinteraction.

r(x) f

Figure4.3: CollocatedScalarMasks: A direct meansfor obtaininga relative pressure
amplitudedistributionabouteachnode is to emplgy auserspeci edscalarffunctionalof the
desiredspatialscale. Thescalampressurenaskis thengivenby nodalcollocation(left), after
whichthevectortractiondistribution associatedvith anodalpointloadis thencomputedas
the productof theappliedforcevectorandthe (compactlysupportedscalarmask(right).

Vertex Pressue Mask De nition

Scalarpressuranasksprovide a e xible meansor modelingvectorpressuralistributions
associateavith eachnode.This allows aforceappliedatthei nodeto generatetraction
distribution whichis alinearcombinationof f ; (x)g andnotjust ;(x).

In the continuoussetting, a scalarsurfacedensity (x) : ! R will relatethe
localizedcontactforcef to theappliedtractionp via?

p(x) = (xX)f (4.17)

whichin turnimpliesthe normalizationcondition
z
(xX)d x =L (4.18)

2In asimilar manneytensosvaluedmasksfor torque-feedbackanalsobe computed.
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In thediscretesetting,the piecaviselinearsurfacedensityon is

X
(x) = i(x)j2L; (4.19)
i=1
andis parameterizedly the discretescalarvertex maskvector
=[ 1 25 o' (4.20)
Substituting(4.19)into (4.18),thediscretenormalizationconditionsatis ed becomes
a' =1 (4.21)

wherea arethevertex areadrom (2.5). Noticethatthemaskdensity hasunits of %

In practice,the vertex pressureanask may be speci ed in a variety of ways. It
couldbe speci ed atruntime, e.g.,asthe byproductof a physical contactmechanicsolu-
tion, or bea userspeci ed quantity We shallconsiderthe casewherethereis a compactly
supportedscalarfunction (x) speci ed at eachvertex on the free boundary The corre-
spondingdiscretevertex mask maythenbe de ned usingnodalcollocation(seeFigure
4.3),

- : 0.
j = 0;(x,), j ; § ; (4.22)

followedby suitablenormalization,

= = (4.23)

to ensurehe satisactionof (4.21).

In the following, denotethe densitymaskfor the i vertex by the n-vector ',
with nonzerovaluesbeingindicatedby the setof masked nodalindicesM ;. Sincethe
intentionis to distribute force on the free boundarymaskswill only bede ned for i 2 8.
Additionally, thesemaskswill only involve nodeson the free boundaryM 0 aswell

p!
asbenonemptyjM ;j > 0.

Example: Spherical Mask Functionals

Sphericallysymmetricradially decreasingnaskfunctionalswith a scaleparametewere
suitablecandidate$or constructingvertex masksvia collocationon smoothsurfaces.One

functionalwe used(seeFigure4.4 and4.5) hadlinearradialdependence,
ey - 1 KL e

(x;r) = ' :

0; otherwise:

(4.24)

wherer speci estheradialscalé. Theeffectof changing is shovn in Figure4.4.

3r maybethoughtof asthesizeof the hapticprobestip.
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Figure 4.4: lllustration of ChangingMask Scale: An exaggerategulling deformation
illustratesdifferent spatial scalesin two underlyingtraction distributions. In eachcase,
pressureamaskswere generatedisingthe linear sphericalmaskfunctional (seex4.2.1)for
differentvaluesof theradiusparameterr.

4.2.2 Vertex Stiffnesseausing Pressue Masks

Having consistentlycharacterizegoint-like force loadsusing vertex pressuremasks,it
is now possibleto calculatethe stiffnessof eachvertex. In the following sectionsthese
vertex stiffnessewill thenbeusedto computethe stiffnessatarny pointon model's surface
for hapticrenderingof point-like contact.

Elastic Vertex Stiffness,KF

For ary singlenode,i, onthefreeboundaryi 2 g, a nite forcestiffnessK; 2 R® 3, may
beassociatedvith its displacement.e.,

f=Ku; i2 (4.25)

As asigncorvention,it will be notedthatfor ary singlevertex displacement

u f=u (Ku) 0 i2 } (4.26)

sothatpositive work is donedeformingthe object.
Given a force f appliedat vertex i 2 g, the correspondinglistributed traction
constraintsare
po= |f: (4.27)

Ui = Lt (4.28)
j2M

the effective stiffnessof themasledvertex is

1
Ki=KF=@ LA 2 & (4.29)




Someexamplesareprovidedin Table4.1andFigure4.5.
Thereforejn the simplecaseof asinglemasledvertex displacementonstraintu;,
thelocal forceresponsenodelexactly determinegsheresultingforce,f = K;u;, distributed

in themasledregion. The correspondingjlobally consistensolutionis
0 1

X
v= f=@ J' jAf (4.30)
i2M
where ; is the convolution of the GFswith the mask , andcharacterizeshe distributed
forceload. Thelimiting caseof a single vertex constraintcorrespond$o M ; = fig with

}= ij =g sothatthecorvolutionsimpliesto = =g.

| SubdiisionLevel | # Vertices|| Singlevertex kKiopkr | Maskedvertex kKiopKe |

1 34 7.3 13.3
2 130 2.8 11.8
3 514 11 11.2

Table 4.1: Vertex StifnessDependencen MeshResolution: This table shavs vertex

stiffnessmagnitudegarbitrary units) at the top centervertex of the BEM modelin Fig-

ure 7.18(a),as geometricallymodeledusing Loop subdvision meshedor threedifferent
resolutionsThestiffnesscorrespondingo a singlevertex constrainexhibits alargedepen-
denceon meshresolutionandhasamagnitudevhichrapidly decrease® zeroasthemesh
is re ned. Onthe otherhand,the stiffnessgeneratedisinga vertex pressuranask(collo-

catedlinear spherefunctional (seex4.2.1) with radiusequalto the coarsestmeshs mean
edgelength) hassubstantiallylessmeshdependenceand quickly approaches nonzero
value.

Rigid Vertex Stiffness,KR
For rigid surfacesa nite forceresponsenaybede ned usinganisotropicstiffnessmatrix,
KR = kRiod|; 2 R3 3, kRod > 0 (4.31)
Thisis usefulfor de ning responseatpositionconstrainedrerticesof adeformablenodel,
Ki= KR, i2 9 (4.32)

for at leasttwo reasons.First, while it may seemphysically ambiguougo considercon-
tactinga constrainechodeof a deformableobject, it doesallow usto de ne aresponse
for theseverticeswithout introducingothersimulationdependencies.g.,how the haptic
interactionwith the elasticobjectsupportis modeled.Secondwe shall seein x4.2.3that
de ning stiffnessresponsest thesenodesis importantfor determiningcontactresponses
on neighbouringriangleswhich arenotrigid.
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(@) a(x) (b) kKK(x)k (c) masledkK(x)k

Figure4.5: Effect of Pressue Maskson SurfaceStiffness: Even modelswith reasonable
meshquality, suchasthis simpleBEM kidney model,canexhibit perceptiblesurfacestiff-
nessirregularitieswhensingle-ertex stiffnessesareused.A plot (a) of thevertex area,a,
clearlyindicatesregionsof large (darkred)andsmall(light blue)triangles.In (b) thenorm
of the single-\ertex surfacestiffness,kK(x)k, revealsa noticeabledegreeof mesh-related
stiffnessartifacts.Onthe otherhand the stiffnessplottedin (c) wasgeneratedisinga pres-
suremask(collocatedinearspherdunctional(seex4.2.1)of radiustwice themeshs mean
edgelength)andbetterapproximatesheregularforceresponsexpectedof suchamodel.

4.2.3 SurfaceStiffnessfr om Vertex Stiffnesses

Giventhevertex stiffnessesf Kigf, , the stiffnessof ary locationonthe surfaceis de ned
usingnodalinterpolation

K(x) = . i(OKi; x2 (4.33)
i=1
sothat(K(x)),, 2 L. Notethatthereareno morethanthreenonzerotermsin the sumof
(4.33),correspondingo the verticesof thefacein contact.In thisway, the surfacestiffness
may be continuouslyde ned usingonly | gj freeboundaryvertex stiffnessesandasingle
rigid stiffnessparameterk®@, regardlessof the extentof the masks.The global deforma-
tion is thenvisually renderediusingthe correspondinglistributedtractionconstraints.
For a point-like displacementonstraintappliedatx 2 onatrianglehaving vertex
indicesfiq;iz;i3g, thecorrespondinglobalsolutionis

X
V= i i(Of: (4.34)
i2fiq;i2iizg
Thismaybeinterpretedasthecombinedeffectof barycentricallydistributedforces, ;(x)f,
appliedat eachof thetriangle's threemasledvertex nodeswhichis consistentvith (C.8).

4.2.4 Renderingwith Finite StiffnessHaptic Devices

Similarto hapticrenderingof rigid objects glasticobjectswith stiffnessegreatethansome
maximumrenderablanagnitude(dueto hardwarelimitations) are haptically displayedas
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Figure4.6: Geometryof a Point-like Contact: The surfaceof thestatic/undeformedeome-
try (curveddashedine) andthatof thedeformedelasticmodel(curvedsolidline) areshavn
alongwith: appliedforce (f), staticcontactlocation (x®), deformedelasticmodelcontact
location (xF), haptic probe-tiplocation (x™), hapticcontactdisplacementu™ = xH  x©),
elasticcontactdisplacemenfu® = xE  x°), staticcontactnormal (n®) andelasticcontact
normal(nF). Oncethe contactis initiated by the collision detectoy the sliding contactcan
betrackedin surfacecoordinatestforcefeedbackates.

softer materialsduring continuouscontact. This can be achieed using a haptic vertex
stiffness K, which is proportionalto the elasticvertex stiffness. While the stiffnesses
couldall beuniformly scaledon thefree boundarythis canresultin very softregionsif the

modelhasawide rangeof surfacestiffness.Anotherapproachs to set
|

R
Ki'= jKF where j=min 1 kK—Ek ; (4.35)
KKk

so that the elastichaptic modelis never more stiff thana rigid haptic model. The sur
faces hapticstiffnesskH(x) is thendeterminedas before, using equation(4.33), so that
kKKH(x)k  kKRk;8x 2

In accordancavith forcere ecting contact,the deformedelasticstatecorresponds
to the haptic force appliedat the contactlocationx®. This producesgeometriccontact
con gurationssimilar to that shovn in Figure4.6, wherethe hapticdisplacement™ can
differ from the elasticdisplacementi®. The geometricdeformatioris determinedrom the
appliedforcef andequation(4.34). Note that whenthe hapticand elasticstiffnessesare
equal,suchasfor soft materials,then so arethe elasticand haptic displacementsin all
casesthe generalized'god object” [ZS94] or “surfacecontactpoint” [Sen]is de ned as
the parametridmageof x© onthe deformedsurface.
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Chapter 5

AdvancedModeling Techniques

In this chaptemwe describeapplication®f the CMA formalismto someadvancedmodeling
scenarios.

5.1 Multizone Kinematic Green's Function Models

Multizonemodelsreferto modelsdescribedy several LEGFMs(“zones”)joinedby some
physical constraintgseeFigure5.1 and5.2). This type of domaindecompositions useful
becaus€l) certainmodelsareeasilydescribedr constructedisingseparateomponents,
(2) it canreduceprecomputatiorandstoragecostsfor boundarydescriptionsand(3) it is
usefulfor simulatingkinematicstructuresnvolving elasticmaterial,aswell asfor approx-
imatingnonlinearstrainin structureswith rotation.

Multizone substructuringnethodsarecommonlyusedin boundaryelementanaly-
sis,e.g.,[KKP91], to avoid the constructiornof large denseBEM matrices(H andG) such
asfor direct solversandalsofor usewith Krylov iteratve methods.A commonstrategy
is to usecondensatiomn the systemof multizoneequationgo arrive at a reducedsystem
of equationsrelating only boundaryvaluesbelongingto interzonalinterfaces. Oncethe
condensedystemis solved,theinterfacevaluesareusedto constructhe solutionon each
domain.Sucha multizoneapproacths centrallyrelatedto domaindecomposition.

Thereasommultizonemodelsareof interesthereis thatprecomputedsFsfor each
zonalLEGFM provide the condensednultizonematrix description‘for free” sincethere-
sponsef eachzoneis known in theform of the GFlookuptable. Thesolutionto thesecon-
densednterfaceequationds thenusedto computethe deformationof eachzonalmodel,
similar to the capacitancematrix algorithm. Provided this canbe doneefciently, large
coupledsystemscan be interactvely simulated. It follows immediatelythat multiresolu-
tion GFs and constraintdescriptionscan be usedfor multizonemodels,andin fact our
implementatior(discussedater) cantransparentlyusethe MR GF implementatiorto gain
speed-u@ndstoragebene ts.
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1 S,lS, 2

Figure5.1: Two zonemodel with zonesandinterfacenodesetsindicated.

Finally, materialrelatedto this sectionappearsn [JP02].

5.1.1 Multizone Model Description

For the simpletwo zonemodelillustratedin Figure5.1 consistingof zonesl and2, let the
quantitiesassociateavith eachLEGFM zonebedenoteddy a superscripil or 2. For exam-
ple,the GFsof eachzoneare ! and 2, thetraction elds arep! andp?, andsimilarly for
displacementelds. Initially, all quantitieswill bede nedin acommoncoordinatesystem,
althoughthis will begeneralizedaterin x5.1.3for moregenerakinematicrelationships.

Let the interfacebetweenthe zonesbe de ned by two orderedlists of nodes:let
S1» denotenodesin zonel interfacingwith zone2, andsimilarly let S,1 represenhodes
in zone2 contactingzonel. Without lossof generality we shallassumehatthe interface
discretizationgonform,sothattheinterfacelists arethesamesize(jS12j = jSp1j), andthat
thej ! nodeof eachlist correspondso the sameinterfacevertex. Theinterfacedisplace-
mentsandtractionsfor zonel arethenthe arraysu%12 andpélz, while for zone2 they are
ug, andp3, .

5.1.2 Multizone Equations and Condensation

As an example,considerthe two-zonemodeljoined alonga seamcontainingnodeswith
tractionboundaryconditionsin thereferenceBVP?, i.e., searmodesin 3 for eachsystem.
Theinterfacedisplacementandtractionsaregovernedby
1 - ol 1 1
Us,, = 0512 + S12512 PS1, (5.1)

2 — a2 2 2
u321 - 0521 + S$21521 p321 (5'2)
wheretheinterfaces'self-in uencematricesare

élz S12 = Eglz ! ESlZ (5 . 3)

2 — 2
S21S51 T E-Is—zl ESZl (5'4)

and0g, and0g, describethedisplacementontritution attheinterfacedueto constraints
outsidethe seam,e.g.,a zone 1l nonzerotraction constraintpjll atnodej1 62S;, would

We will considerdisplacementeferenceBVP conditionsin thefollowing section.
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Figure 5.2: Multizoneelastic kinematicchain modelschematicwith zonesandinterface
nodesetsindicated. Here interface nodeshave displacementonstraintsin eachzones
RBVP, andexternalconstraintarenot shaovn.

imply
Oéﬂ = ng jll pjll: (5.5)
The bene t of the multizoneapproachwhencombinedwith LEGFMs is immedi-
ately apparenfrom (5.1-5.2): condensedhterfaceequationsare available practically “for
free” whengiventhe precomputedsFs. Similar to the force feedbackapplication the ma-
jor bene t is that the equilibrium can be determinedby solving problemsinvolving only
interfacevariables.For example,in orderto physically bondthe zonal LEGFM modelsat
theinterfaceonemay usetheinterfaceboundaryconditions

uy, = +u},  (Continuitycondition) (5.6)
ps, = P53,  (Newton's3'dlaw): (5.7)

Substitutingheseconditionsin (5.1-5.2)yieldsthelinearsystento be solvedto determine
theinterfaceconstraintgequiredto simulatethe bondedmaterial

1 2 2 _ al 2 .
Sese v Susy Psy = 0312 0521' (5.8)

Oncetheinterfaceconstraintsaredeterminedrom this condensedhterfaceequationthey

areappliedto the LEGFMsin the usualway to computethe desireddeformation.Because
suchcondenseéquationsareavailablevia a GF lookupoperationgconstructingsuchmatrix

systemss trivial.

5.1.3 Elastic Kinematic Chains

In mary ways, LEGFMs should be thoughtof as nearlyrigid objectswith an inherent
frame of reference. Attachingthe elastostatianodelto a kinematicstructure,suchasa
rigid “bone” in a skeleton-basedharacteanimation(discussedn x5.1.4),is a naturalway
to associatehis relationshipin a simulation.By connecting.EGFMswith multiple frame
of referencesogethermuchlargerrelative deformationcanbeachievedthanwould other
wisebepossiblewith asingleLEGFM attachedo multiple moving bones While LEGFMs'
linearCaucly strainapproximatiorof Greenstrainis notinvariantunderrotation,it is quite
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possibleto rotateLEGFMsrelative to eachother As anexample,laterin x5.1.4we shall
considersecondaryanimationof nger paddeformationduring interactive graspingand
contacttaskswith asimpli ed nger model.

In this section we shallconsidera multizonekinematicchainof coupledLEGFMs
asschematicallyshavn in Figure5.2. This multizonekinematiccon guration resultsin a
block tridiagonalsystemof equationgomprisinga nonlinearcompliancesquatiorrelating
theinterfacedisplacementde ned in eachLEGFM's inherentcoordinateéframe. The stiff-
nessresponses nonlinearin the sensehatit dependsn the con guration of thejointsin
thechain,but for ary singlecon gurationit is linear.

Wewill describekinematicchainsonly for notationalsimplicity, but the sameargu-
mentsapply to moregeneralmultizoneinterfacetopologiesandkinematicstructures.The
practicalconsequencis thatthe solutionof theseamequationill ceaseo beblocktridi-
agonal,but may still be ef ciently solved. The issues,and meansof handlingthem, are
similarto thosein multi-rigid bodydynamicgAPC97,LNPE92 Bar96 Fea87].

Similar boundaryin uence equationsfor coupling elastic bodiesin equilibrium
arisewhencomputingcontactconstraintbetweemultiple elasticobjectAB93, MAR93,
EO89]. Usingthe precomputedsF models the contactresponse&ouldbe ef ciently com-
putedand integratedat high ratesto solve simpli ed contactproblemsinteractizely with
hapticforcefeedback.

The LEGFM's zonalframesof referencearerelatedby coordinateransformations:
Iettheoperatoﬂ: +1 F mapquantitiesfrom framej + 1toj, and} 1 Ffromj toj + 1. A left
superscripwill denotetheframeof referencenf aquantity e.g.,’ @' representaquantitya
of zonei in frameof zonej . Someillustrative coordinatetransformation®f quantitiesin
zonej fromframej toj + lare

i il
Mg = 1T R (5.9)
P
IHols = } Fl Lg (5.10)
Takingthe RBVP of eachzoneto have speci ed displacemenboundaryconditions
for seanctonstraintgseeFigure5.2),theLEGFM equationsiescribinghetractionresponse

onbothsides(j andj + 1) ofseamj = 0;1;:::;n lare

i = g + 1] iy g1 iy
pJSj;j+1 p]Sj;jﬂ S+ Sy USja Sij+1 S 1 UJSJ;J' 1
j+1 S *L — jtlaitl +j+1 j+1 j+1uj+1 +j+1 j+1 j+1,j+1
Sj+1 i Sj+1 i Sj+1;j Sj+1;j Sj+1;j Sj+1;j Sj+1;j +2 Sj+1 i +2

wherethe nodesetsSy. 1 andS,.n+1 maybetakenasthe emptysetto yield theendseam
equations

Opgm +0 (5)013010Ug01 (5.11)
" gn;n 1Sn;n 1nugn;n 1: (512)

0,0
Pso

n,n — nan
pSn;n 1 - pSn;n 1+
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Theseambondingconditions,accountingor transformationdetweerzoneframes
of referenceare

iy iy _ j+1 )+l j+1, i+l -

X5im T UJSM . = juaF Xs ., v T Us (Continuity) (5.13)
o o '

0 = Jpg  +]aFl™ps (Newton's 379 law) (5.14)

where ¥ representndisplaced/ertex positions.Theseseamconditionsmay be rewritten
for substitutionas

jr1 gt — J*lp i i j+1 i+l

uja I F XS] j+1 + UJSJ j+1 XSj +1 (5.15)
I L R

Sa; =1 PPy (5.16)

Substitutingthe bonding conditionsinto the LEGFM equationsby eliminating variables
with non-increasingnterfaceindex pairs we obtainthe nonsymmetricblock tridiagonal
seamequationgelatingeachsetof seamdisplacementgeachin its naturalframeof refer
ence)to adjacenseams,

0= Jju‘ﬂﬁ;j 1} F 1uj3 11;1 (5.17)
* j J.SJ':J'+1SJ':j+1 +] ij+31;j Sj+1;j}:+l|: juij;j+1 (518)
* j jSLll;j Sj+1j+2 j+1l'Ij5]-‘+iLl;j +2 (5-19)
+ 005 s (5.20)
sy L T, (5.21)
G s, T, T (5.22)

forj = 0;1,:::;n landSy 1= Syn+1 = ;.

This systemof equationsnaybeef ciently solvedusingblocktridiagonallLU fac-
torization[GL96] which is effective given small setsof interfacevariables.However, the
systemmatrix's nonlineardependencen chain orientationmeansthat this factorization
mustbe performedfor eachorientation,or thatsuitableinterpolationmustbe used.

Two meandor acceleratinghis processpoth basedon reducingthe total number
of interfacevariablesareasfollows. The rst approachusefulfor thin seamsijs to only
constraindegreesof freedomnearor on the surface. This approachwastried for the nger
example after discovering that the differencewas visually undetectable.A secondand
more generalapproachis to apply hierarchicalGFsin seamregionsto coarserthe seam
constraintstherebyspeci ably reducingthe effort requiredto solve the coupledinterface
equationsaswell assimulatethe LEGFM zone.

2For example,eliminateus, ., ;, butkeepus, ., .
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5.1.4 Implementation: SecondaryDeformation for Character Animation

Multizonekinematicdescriptioncanmake LEGFMsausefultool for interactive animation
of plausiblebodytissuedeformationsnotonly doesthemodelrespondlausiblyto skeletal
motions,but the physical modelalsosupportsnteraction. Justasclothingis drapedover
scriptedanimationsof moving character$or secondaranimation deformationsassociated
with motion, contacttasksandotherforms of interactionmay alsobe added.Considering
only secondargnimationavoidslimitationsassociatewith linearstrainandalinearstress-
strainrelationshipbecausehe physical modelis only usedto computeplausibledeforma-
tionsfor scriptedmotionsandnotto computethe motionsthemseles. SinceLEGFMsare
sufciently fast,it is possiblefor themto be usedin interactive applicationssuchasvideo
games.Theinterface-onlyfeatureof precomputed EGFMsallows themto be easilycom-
bined with othertypesof physical models,e.g., a sophisticatednodel for wrinkled skin
regions,aswell asmoretraditionalcharacteanimationapproachebk e vertex blending.

Figure5.3: Finger with elastic nger padsusedfor interactive simulation: A simpli ed
nger modelcomposedf threeindividual multiresolutionelastostaticnger pads(L = 3)
with internalstructurevisible. Thedistalbones ngertip padis alsodravn insetfor clarity.
Each nger padis de ned in a frame of referencerigidly attachedto its corresponding
“bone” andthis allows large relative strainsto be simulatedduring interactve character
animation(seeFigure 5.4). Signi cant wavelet compressiorof the nger pad modelsis

alsopossible(x7.4).
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Figure5.4: Simulationof nger with elastic nger pads: An illustrative bone-basedkele-
tal animationof a nger modeledusingthreeindividual multiresolutionelastostaticnger
pads. The nger extensionmotion shavn wascomputedusingthe fastsummationCMA
with hierarchicalwavelet GFs,andrunsat near60 FPSin our ARTDEFO simulator The
modelmayalsobeinteractedwith directly, andthisis shovn in Figure3.7.

We have implementeda multizonemodelfor interactve nger animationandthis
is describedfurther in Figures5.3 and5.4. PrecomputednultiresolutionLEGFMs are
usedfor each nger padzone,with displacementonstraintspeci ed at seamgshavn in
Figure5.4) in eachzones referenceBVP. The nger padsare connectedisingcontinuity
constraintsat interfaceseamse.g.,locatednearkinematicjoints. Imposingseambonding
constraintsasin the previous sectionleadsto a nonlinearinterfacecompliancesystem.

For real time animationapplicationssuchasvideo games,we suggesian alterna-
tive approximationwhich decouplesachzoneandthusavoidsthe solutionof a changing
systemmatrix. This is achieved by specifyinginterfacepositionconstraintkinematically
using bone-weightedrertex blending, a techniqguecommonly usedfor characteranima-
tion. As thekinematicjoints move, thedisplacementonstraintsappliedin eachLEGFM's
frameof referencealsochange.Becausdhe constraintaredetermineckinematically ad-
jacentzonesaredecoupledrom eachotherandthis makesit unnecessario solve for seam
constraints.In this mannerincorporatingLEGFMs into skeletalanimationss a straight-
forward task, and the resultingsystemmay be simulatedin real time. This approachis
discussedurtherin Figure5.4for the nger example.

5.1.5 Hybrid Models

Justas LEGFMs may be attachedogether so may other physical models. Suchhybrid
modelsallow alargervariety of deformableobjectsto be constructedwith moreexpensve
or accuratanodelsusedin areasvherethey areneeded Suchapproachebave beenusedn
the suigical simulationcommunityto allow morecostly dynamicmodelsto be usedin re-
gionsof interestwheredynamictissuecuttingis to beperformedHL98, CDA99]. It seems
also possibleto perform suchdecompositiongdaptvely usinga hierarcly of multizone
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models,aswell aswith adaptve constraintresolutionfor eachzonalinterface.

5.2 Relationship of CMAs to Simulation of Nonlinear Physics

This sectionbrie y mentionstwo relationshipghat CMA haswith simulatingnonlinear
equilibrium physical systems.We remindthe readerthat materialin this sectionhasnot
beenimplementedandis the subjectof futurework.

5.2.1 Interpretation of CMA asSensitvity Analysis

It is possibleto generalizéhe CMA to nonlinearelastostaticdy interpretingGFsaslocal
systenresponsesbtainedoy sensitvity analysiamethods For example,agivenRBVP has
solutionscharacterizedy thelinearequation(2.15),

V= v
Thisis alinearapproximatiorof the nonlinearrelationship

V= G(v) (5.23)
whoseTaylor seriesexpansionaboutv= 0 is

G(0) + (r vG(O)) v+ ::: (5.24)
(r vG(O)) v+ ::: (5.25)

\Y

(sinceG(0) = 0 in theundeformedstate) which impliesthe numericalapproximation
(r v&(0)): (5.26)

By expandingabouta nonzeradeformedstate(w; w), where

vV = W+ Vv (5.27)
V = W+ v, (5.28)

andw= G(w), theexpansion
v=w+ v = GWw)+ (r wG(w)) v+ :::; (5.29)

impliesthelocal linearapproximation

(r wG(w)) v (5.30)
(w) v (5.31)

\
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While it is not practicalto precomputeall ( w) arisingin a simulatior? for arbitraryw,
with sufcient computingresourcessensitvities dueto changesn the BVP input, or GF
responsesuchas ( w);; could be computed. Temporalcoherenceand multiresolution
approximationsould malke this procesamorefeasible. By computingselectedocal GF
sensitvites, the CMA canbe usedto updatethis subspac®f constraintsandthe provide
stablehapticforcefeedback.

In thismanneraprecomputed EGFM andCMA couldbeusedfor fastsimulation
of smallstrainresponsesdncluding (sliding) contactwhile a nonlinearCMA with runtime
generatedensitvitesis usedto handlelarge deformationsandsointerpolatebetweerthe
morecostlysolutionsandalsoderive local buffer modelsfor forcefeedback.

5.2.2 Nonlinear Reanalysis

Theideaof adaptvely modifying zonesto simulatenonlinearmaterialresponses directly
relatedto recentdevelopmentsn nonlinearreanalysi§AGHO1] for which nonlinearmate-
rial modi cations for individual elementscanbe updated.e.g.,to accountfor yielding or
buckling. It is shovn thatthe Sherman-MorrisomndWoodhury formulascanbe extended
to allow for nonlinearchangesn matrix quantities.In [AGHO01], it is shovn thata FEM
stiffnessequation

Kdg = f: (5.32)

canbeupdatecef ciently toaccounfor bothlinearandnonlineamodi cations. In general,
themodi ed equilibriumequatiorresultingfrom s memberdehaing nonlinearlytakesthe

form
x5

Kd + ai(d)w; = f; (5.33)
i=1
wherethevolumetricdisplacemensolutionis of theform

d=do R (5.34)
and
R=K w: w= Wi wsgl; =1 1;:00 S]T: (5.35)
Substituting(5.34)into (5.33)andusing(5.32)and(5.35),leadto the condition
x
(a(d)  )wi=0: (5.36)
i=1
If thevectorsw; arelinearly independenthis leadsto s couplednonlinearequationsn
ai(do R ) i=0 i=1:::;s: (5.37)

3For simpli ed interactionssuchaspoint-like contact limited forms of precomputatiomay be
possible put thisis nottruein general.
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If not all the changesare nonlinearthen the problemis simpler: rst a linear updating
problemis solvedandthena smallernonlinearsystemof equations.

In orderto producea form of this that is suitablefor interactve simulation,we
obsere thatit may be possibleto precomputeguantitiessuchasK W andefciently
representhemin volumetricwaveletbasedor ef cient storagefastsummatiorandmatrix
elemeniextraction.

5.3 Multir esolutionConstraint Generation

In this sectionwe brie y addresshe problemof determiningwhat constraintsare to be
imposedon multiresolutionmodelsduringa simulation.

Currentlyour ARTDEFO simulatorsupportswo modesfor constraintgeneration.
The rst modehasbeenusedto modeldisplacementonstraintdor unilateralcontactwith
rigid objects,andthisusesanode-basedollisionandCMA constraingeneratiorapproach.
Hierarchicalconstraintsare easily supportedgiven the nodal de nition of contact. This
workswell providedcontactzonesaresufciently well resohedby theconstraintesolution
sothatsigni cant interpenetratiomloesnot occur

The secondconstraintgeneratiormodesupportsspatiallylocalizedcontactsusing
pressuremasks,andcurrentlythis is usedfor force feedbackrenderingof point-like con-
tacts.For hierarchicatonstraintsthedistribution of contactforcesis notdeterminedy the
barycentriccoordinateof contactwithin a singletriangle, but by the parametricharycen-
tric coordinatewithin atriangularconstraintpatchat the appropriateconstraintresolution.
Triangularconstrainpparameterizationareillustratedin Figure3.5for thedragonmodel.
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Chapter 6

Generation of Green's Functions

Two signi cantly differentapproachesxist for constructingsF models.The rst approach
is to usenumericalmethoddor linearelasticityto precomputehe requiredGFs,while the
secondapproaciPvdDJ 01] is basedon the directmeasurementf real physical objects.

6.1 Numerical Precomputationof Green's Functions

Precomputatiorf discreteGFsis a straightforvard applicationof standarddirector iter-
ative “black box” BVP solutiontechniquedor ary suitablediscretizationtechniqueg.g.,
FEM, BEM, FDM, FVM. For example, nite elementformulationswith directanditera-
tive solverswere usedin [BC96, CDA99], anddirect BEM solutionin [JP99a]. For very
large models,directapproachesventuallybecomeessappealingandfastpreconditioned
iteratve matrix solvers, suchas multigrid [Hac85], canbe used. However, becausevery
mary, e.g.,0(n), GFsmaybeprecomputedfactorizationcostsfor directsolutionmethods
are offset by the large numberof solvesthe factorizationsare usedfor, whereasterative
methodstypically becomecompetitive only for very large modelsin which direct matrix
factorizationsreinfeasible e.g.,dueto memorylimitations.

6.1.1 DirectSolution Using BEM

Our implementatioris basedon the BoundaryElementMethod (BEM) [BTW84, JP994
for discretizingboundaryintegral equationdescriptionsof Navier's equationof homoge-
neousjsotropiclinearelastostaticsBEM providesanappealinganddirectapproachsince
only the boundarygeometrymustbe consideredandthe A and A matricescorrespondo
the columnsof the BEM's G andH matrices.Thefactthatmary GFsarecomputednalkes
direct matrix factorizationapproachesguite effective relative to iterative approachesven
for moderatelysizedproblems,e.g.,n = 250Q oncethe LU decompositiorof A is con-
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structedit may be reusedto solve (in parallel)for every singleGF. In practiceit is only
necessaryo storethe onelarge densematrix (A or its LU factors)in memoryat once,and
the size of this matrix is the one practicallimitation of the method. Despitethe relatively
commoncommentsn theliteraturederidingBEMs densamatrix, thisis oneapplicationin
whichthedenséactorizationis well used.Precomputatiotimesarepresentedh x7.6,and
arefor examplesigni cantly fasterthanthosepresentedn [CDA99].

6.1.2 Nonoverlapping Block Preconditioned Multir esolution BEM Iterati ve
Solver

Dueto thelimitationsof thedirectBEM solverfor very large models,a moresophisticated
solver is required. For this purposewe have implementedan iterative boundaryintegral
equationsolverfor constructinghierarchical)GFs.

Very recently progresshasbeenmadeon generalizingthe fastmultipole method
(FMM) for Laplaces equatiornto 3D elastostaticfPN95,FKR* 98, YNKO01], andthework
of Nishimuraetal. [YNKOL1] is particularlypromising.However, afterapreliminaryinvesti-
gationandpartial softwareimplementationthis approachwasabortedoecausdt appeared
that solving for hundreds]et alonethousandspf GFswould be impractica?. While the
FMM achieved optimal O(n) memoryandO(n(logn) ) ( 0) CPU compleity, the
CPUconstantvastoo largefor our precomputatiomeeds.

Instead,a relatively simple,engineeringaccurag, fastiterative solver wasimple-
mentedby computingthe unlifted wavelet coefcients of the columnsof the BEM's G
andH matricesto a speci edlevel of accurag. This resultedin sparsematrix representa-
tions, so thatfastsummationfor A and A, waspossibleusingthe unlifted inverseFWT.
For a giveniterative solver (discussedbelow) a preconditioneis highly effective here,and
we useda nonoverlappingblock preconditionefNH97] basedon an adaptve octtreepar
titioning of nodes. Matrix A in uences are assembledetweennodescontainedwithin
eachocttreeleaf cell, andthesesquareblocks are invertedand usedas a diagonalblock
preconditionerPreliminaryinvestication suggestedhatoverlappingblock preconditioners
did performslightly betterfNKLW94], however the minor improvementdid not merit the
additionalconstructioncost. It makessenseo constructa relatively large preconditioner
for thisapplicationsincelargerblockscanimprove cornvergencerates andthe construction

1Similarly, building a sparseCholesly factorizationfor FEM modelswould likely have led to a
moreef cient solver thanthe condensatiosolver usedin [BC96] or the conjucategradientsolver
in [CDA99], especiallyconsideringhe modestsizesof liver modelsconsidered.

2Theboreholegeometryexamplein [TKN99] (andsimilar problemsin [YNK01]) requiredmore
than5 minutespermatrix multiply for 30000DOFsin Fortran77 onaDEC Alpha21164(600MHz).
At this cost,the comparabld. = 3 dragonmodels hierarchicalGF calculation(assumingaverage
numberof preconditionedGMRES multiplies was500 (basedon experiment),and123 block GFs
or 369solves)would requireover six hundied daysfor iterative solver matrix multiplicationalone!
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costis amortizedover multiple GF solves. Regardingthe choiceof iteratve method,pre-
liminary experimentswyith Matlab suggestethat GMRES[SS86]requiredfewer iterations
thanotheravailable methodse.g.,BiCGSTAB, QMR, CGS, andwith the block precon-
ditioner GMRES without restartswas mosteffective; this was consistentwith the choice
of [YNKO1]. Furtherlarge modelprecomputatiomletailsarediscussedh x7.6.2.

An interestingpracticalpointis thatiterative solversfor BEM discretization®nour
Loopsubdvisionsurfacesmaybeexaggeratingterationcountsdueto problemsntroduced
by the steepmeshgradingat extraordinaryvertices]KKP91], e.g.,valence3. This problem
might be reducedby the preconditioneused,but we plan to investigate this issuein the
future.

6.1.3 Hierarchical GF

Fastiterative solutionmethodscanreducethe costof computinga GF from alargemodels,
while usinghierarchicalGFsfor coarseconstrainscalecanreducehetotalnumberof GFs
thatmustbe precomputedlnsteadof computingcoarsescaleGFsfrom the GF re nement
relations(3.78), hereit is desireabldo iteratively solve (3.83),e.g.,seethe dragonmodel
in X7. This providesan attractive precomputatioralternatie thatis particularly suitedto
interactie applicationssuchas gameswhich are unlikely to requiretensof thousand®f
constraintDOFs(seeFigure 3.9). This approactcould alsobe usedfor modelingto pro-
vide supportfor semi-interactie modi cation of themodel. HierarchicalGFsalsoprovide
apracticalmechanisnior computingGFsatvery ne resolutiongo ensurenumericalcon-
vergence.

6.2 Reality BasedDeformation Modeling

A promisingalternatve to numericalGF precomputatioris the active roboticmeasurement
andestimationof GFscorrespondingo realdeformableobjects.The boundary-onlyinput-
outputdescriptionprovidedby linearelastostati€GFsis a cornvenientandnaturalmodelto
estimate.By applyingknown contactforcesto the surfaceof anobject,suchasthe stuffed
toy tiger in Figure 6.1, it is possibleto estimatethe associatedlisplacemenbf the free
surfaceusingcomputetrvision techniqueswhile the x ed (bottom) portion of the surface
is assumedo have zerodisplacementspeci ed. Froma GF matrix perspectie, this corre-
spondgo applyingnonzerdractionsnodego, andmeasuringlisplacementsf nodesn g.
By applyingspanningractionsto enoughsuriacenodesit is possibleto estimatehecorre-
spondingfree surfaceGF block, 0 ¢ (seeFigure3.4). We have discussedhis approach

in [PvdDJ 01], andgreatedetailcanbefoundin the Ph.D.thesisof JocherLang® [Lan01]
3Also advisedoy Dr. DineshPai.
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whoseresearctaddressethe robotic scanningandestimationof deformablemodelsusing
the UBC Active MeasuremenfACME) Facility [PLLW99] (shovn in Figure6.2).

Aside from a very brief overview of the modelingprocessywe illustrate how mul-
tiresolutiontechniquesnay be exploited duringthe GF measuremengstimationandsim-
ulationphasesAs with numericalprecomputatiof multiresolutionmodelsthe rst stage
of the processs the constructionof a multiresolutionsuriacemesh,andthis is described
in x6.2.1.

Figure6.1: Roboticmeasuementof deformableobjects: A stuffed tiger toy is beingin-
spectedy theforce probeattachedo ACME's Puma260roboticarm. Therobotsystem-
atically contactsverticesof anassociatednultiresolutiontrianglemeshin orderto measure
displacementesponsefor relatedGFs. Stereovisionis usedio measuresurfacemaovement
during contactevents.

Figure6.2: ACME Facility Overviev: The UBC Active Measuremen(ACME) Facility
is a highly automatedobotic measuremertfiacility consistingof a variety of sensorsand
actuatorsall undercomputercontrol.

Onceareality basedGF modelhasbeenacquiredit canbeinteractvely simulated
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(with forcefeedbackusingthe previously mentionedCMA framavork. Framedrom anin-

terative simulationusingour ARTDEFO simulationsoftwareareshavn in Figure6.3. Point-
like contactforce responseare computedusingvertex pressuranasks(x4.2). In general
the resultsare quite satishictory capturingnon-localeffects suchasthe movementof the
headwhenthe backof thetigeris poked. The modeldoesshav someof the limitations of

thelinearmodelstructurefor largeinput displacementsyith somevhatexaggeratediefor

mations.However, for moderataénput displacementgapproximately< 15% of thetiger's
diameter)the scannednodelbehaesquiterealistically

6.2.1 Multir esolutionMesh Construction and GF Measurement

Beforedeformationrmeasurement@reacquired a geometriaepresentatioof the objectis
rst scannedandlater usedto register GF data. It is corvenientto acquirea semi-reular
meshwith subdvision connectvity in orderto usemultiresolutiontechniqguesgor measure-
ment, data processingand simulation. For this reason,an initial triangle meshis rst
acquiredusingstandardechniqueslescribedn [PvdDJ" 01], andthenthis meshis repa-
rameterizedusing normal meshalgorithmsdescribedn x3.2.6. For renderingpurposes,
extra geometricdetail is mappedon to the model using a displacedsubdvision surface
[LMHOO] approachasdescribedn 3.7.3. During robotic measurementthe multireso-
lution meshstructureis usedwhen the robot probessurface locationscorrespondingo
verticesof the geometricmodelat the desiredreconstructiorresolution,l. Multilevel GF
interpolationtechniquesare then usedto approximatelypredictsomeodd vertex GFsin
M (I + 1) for improvedrenderingquality (describedn x6.2.3).Imagesof the multiresolu-
tion tiger model,andcontactsamplingpatternsaareshavn in Figure6.4. Becauseneasured
displacementelds andthe appliedforce distributionsmayinvolve differentspatialscales,
this multiresolutionscanningprocesss inherentlyrelatedto hierarchicalGFsandsurface
pressurenasks.

6.2.2 Scattered DisplacementData Reconstruction

After measuringhedisplacementild componentsf g 0, it iscommorthatseveralma-
trix elementsareunestimatediueto missingobsenationsof the deformedsurface(shovn
in Figure6.5). This problemcanbe minimizedby obtainingmore measurementisut not
entirely avoided. We usescatteredlatareconstructiorio Il in elementdor eachcolumn
individually. Oneapproachis to interpolatemissingdisplacementdy solving Laplaces
equationover the setof unestimatedrertices. The resultof this interpolationprocesss
shawvn in Figure6.5.
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Figure 6.3: Interactive force feedbak simulationof the reality-basediger model: Four
imagesequenceareshovn (3 with 2imagesandonewith 6) with the o w of timeindicated
by arravs connectingelatedframes.(Toy tiger modelscannedy Jochern_Lang[Lan01].)
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Figure6.4: MultiresolutionMeshand ContactSamplingPattern: (left) Coarsel = 0 pa-
rameterizatiorof model, usedfor active contactmeasurementlisplayedon nest L = 2
displacedsubdvision surface meshsuedfor simulation (seeFigure 6.3); (right) yellow
pointsdravn onthe L = 1 resolutionmark the nodesat which the systems displacement
responseo appliedtractionswaseithermeasuredevenvertices)or inferred(oddvertices).

Figure6.5: Plots of estimateddisplacementesponses(left) Missing obserationson the
L = 1 meshresultin unestimatedesponseomponentgshavn in black); the remaining
nodesare color codedwith red indicating the greatestdisplacementnd blue the least.
(right) Thesevaluesare estimatedby an interpolatingreconstructiorto obtainthe nal
deformationresponsegmagescourtesyof JocherLang[Lan01])
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6.2.3 Green's Function Inter polation

In orderto improve renderingquality and reducemeasuremenand estimationtime we
exploit the multiresolutionmeshstructureto optionally infer Greens function responses
for unmeasuredertices.This is doneby actively pokingthe modelataresolution(l 1)
onelevel coarserthanthe resolutionl usedto estimatedisplacementelds (illustratedin
Figure6.4). Thek™ oddvertex on level | hasaresponsey inferredif bothevenvertices
(k1; ko) of its parentedgehave responsesf so,thek™ responsey is linearly interpolated
from thetwo parentresponsey, ,; «,). Thelocalresponses, xx and jx whenvertex j
is aone-ringneighborof k, arehandleddifferently.

Unlike long rangedisplacemenin uenceswhich aresmoothlyvarying,theseocal
valuesareassociatedvith a cuspin the displacementeld. Simpleinterpolationfor these
valuesis biasedandleadsto incorrectcontactforcesduring rendering. Instead the local
valuesare computedas the weightedaverageof parentresponsesvhich have had their
local parameterizationsmoothlytranslatedrom evenvertex k to oddvertex k, e.9., kk
is linearly interpolatedfrom ( «,k;, kok,) NOt( kky» kko). This shifting of the parents
local responsédoeforeaveragingyields a good estimatorof the local responset vertex k.
Theresultingdisplacementeld . is alsolinearly independenof ., and ,.

Lastly, we notethatthis linear GF estimatorcould be usedto constructaninter-GF
wavelettransform. This would be usefulfor obtaincompressiorfor le storagepurposes,
andcouldbecombinedwith waveletGFs(in next section).Currently we only bene t from
avoiding storageof theunmeasurethterpolatedGFs.

6.2.4 Wavelet Green's Functions

Sinceit is possibleto measurecomplex modelsand obtain GFswith high resolutiondis-
placementelds, thewavelet GFspresentedn this thesismay be usedto obtaincompres-
sion and fast summationbene ts. While this was not consideredn [PvdDJ' 01], it is a
straight-forvard applicationof the methodsfrom Chapter3. Compressiomesultsfor the
reality basediger modelarepresentedhn x7.7.
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Chapter 7

Results

In additionto theimagesandexamplesalreadypresentedseveral more examplesandnu-
mericalresultsareavailablewhich con rm the effectivenessf the presentednethods.

7.1 Noteon Numerical Timings

In additionto op counts,sometimings are performedusingunoptimizedJava codeon a

singleprocessointel Pentiumlll, 450MHz,256MB computerwith Sun's JDK 1.3 client

JVM for Windows 98. Specialcarewastakento eliminatetiming artifactssuchasgarbage
collection,however, resultsstill shav several artifacts,e.g.,cacheeffects. Basedon hand-
coded3-by-3blocked densematrix-vectormultiplication (seeFigure 7.11),this Java com-

puting ervironmentis ratedat 51 MFlops. By using hardware-optimizedmatrix libraries
and currenthardware, the performanceof the core matrix operationscan be dramatically
improvedt.

7.2 CapacitanceMatrix Algorithm Performance

Theruntimeperformancef thebasicCMA from x2.2is shovn in Table7.1for capacitance
matrix LU factorizationand substitution,and GF responsesummationcosts. All of these
timesaresubstantiallysmallerthandirectsolutionandprecomputatiowosts(seeTable7.7).
Despitetheir attractive timings, the limitations suchaspoor scalingin the capacitancena-
trix factorization/inersionfor large s andthe GF vectorproductsummatiorfor boths and
n areevident,andthesearecontrastedy improvementsn following sections.

1 While it is dif cult to make a generalstatementegardingJava numericalperformancecom-
parisonswvith Matlab6's optimizedLAPACK library calls suggesthatsomeof ourtimings,e.g.,of
capacitancenatrix LU decompositionmnaybedivided by a factorof approximatelys.
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| #Updatess || LUD Factor(ms) | LUD Solve(ms) | ( E)(E"v) for n=100(ms) |

10 0.54 0.03 0.38
20 2.7 0.15 0.74
40 19 0.58 1.7
100 310 5.7 5.7

Table7.1: Timingsof CMA Subopeations suchasLU decompositiorandback-substitution
of the capacitancenatrix, aswell asthe weightedsummationof s GFsareshavn for dif-
ferentconstraintsizes s.

7.3 SequentialCapacitanceMatrix InverseUpdating

Large reductionsn capacitancenatrix inversioncostsfor sequentiatemporallycoherent
BVPsarepossiblewith thesequentialipdatingalgorithmfrom x2.3. Tables7.2,7.3,and7.4
shaw thetypical costsrequiredto performvariousnodeadditionanddeletionoperationsn
orderto updatevariousstartinginverseso computea particularsolver. Eachtableshaws
that sequentialipdatingis an attractve meansfor computinginversesin the presenceof
temporalcoherenceThetheoreticabredictiongfor updatingbrealevenin thespecialcases
of nodeaddition(2.75,2.76)or deletion(2.104)areapparenin the numericalresults. For
smallchangesn updatechodesetsit is fastethancomputingLU decompositionaswell as
inversematriceswith greatesbene tsbeingobtainedor largecapacitancenatrices.Using
updatingit is very ef cient to maintaincapacitancenatrix inversematricesfor simulation.
We have successfullyintegratedthe CMA with sequentialpdatingin simulations.
For example,it wasusedn theinteractvely simulatedgraspingaskillustratedin Figure4.1
correspondingo the LEGFM from Figure7.18(a).While nen capacitancenatricesarenot
encountere@t eachframeof the simulation,whennew inversesarerequired,the speedup
obtainedusingsequentialpdatingdirectly resultsin simulationframeratespeedups.

s, =20 Delete,s

Add,s: | 0 | 1 | 2 [ 5 [ 10
0 - 11| 2.7 (9.9 ] [27]
1 0.9 | 22 [ (4.2)| (11) | [29]
2 1.9 | (35)] (6.5)] [13] | [32]
5 (4.7)] (6.5)] (8.7)] [16] | [36]
10 (7.8)]| (9.9) | [12] | [21] | [43]

Table7.2: Timesto updatecapacitancenatrixinverses: Times(in milliseconds)Yo compute
asingleinverseof sizes, = 20 usingdifferentstartingBVP inverseof sizes; = s, + s

s, . For comparisontimesworsethanthe 2.7 msrequiredfor LU factorizationof the 60-
by-60 matrix are shavn in round braclets, whereaghose4 timesworse (11 msfor LU
Inverse)areshavn in squarebraclets.
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S, =40 Delete,s
Add,s, | 0 | 1 | 2 | 5 | 10

0 - 161 12 ] (32) | [77]
1 55| 11 | 17 | (38) | [84]
2 11 | 16 | (22)| (43) | [90]

5 (23) | (29) | (35) | (57) | [107]
10 | (40) | @7)| (54) | [78] | [129]
20 || (63)] (70) | (78)] [106] | [166]

Table7.3: Timesto updatecapacitancenatrixinverses:Times(in milliseconds}o compute
asingleinverseof sizes, = 40 usingdifferentstartingBVP inversef sizes; = s, + s

s; . For comparisontimesworsethanthe 19 msrequiredfor LU factorizationof the 120-
by-120 matrix areshovn in roundbraclets, whereaghose4 timesworse (76 msfor LU
Inverse)areshavn in squarebraclets.

s,=100 Delete,s

Add, s, 0 | 1 | 2 | 5 ] 10 20
0 - 37 70 174 | (374) | (865)
1 36 68 101 | 206 | (410)| (908)
2 67 98 131 | 243 | (440)| (941)
5 154 | 186 | 220 | (329) | (536) | (1045)
10 286 | (322) | (358) | (469) | (684) | (1212)
20 (520) | (655) | (595) | (712) | (940) | [1410]

Table7.4: Timesto updatecapacitancenatrixinverses:Times(in milliseconds}o compute
asingleinverseof sizes, = 100usingdifferentstartingBVP inverseof sizes; = s, + s

s: . For comparisontimesworsethanthe310msrequiredfor LU factorizationof the 300-
by-300matrix areshavn in roundbraclets,whereaghose4 timesworse(1240msfor LU
Inverse)areshown in squarebraclets.

7.4 Multir esolutionEnhancements

This sectiondescribesesultsrelatedto wavelet GF compressiorandtherelatedfastsum-
mationspeedupaswell ascompressionachiezedfor hierarchicalGFs. All multiresolution
analysiss performedon the g domain,andGF compressioris concernedvith the 99

GF self-efect block, sinceit is of greatesfpracticalimportancein simulations. As a re-

minder this GF block describesurfacedisplacment®n g dueto tractionsappliedto 3.
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Severalmodelshave beenanalyzedandaredescribedn Table7.5. A fair estimaté of the
numberof tetrahedran correspondinginiform tetrahedralizationarealsostated.

Model | Tetra] Face|Vertex,n|jDomair[jM (1)j | MB |
Rabbit2 872 320 162 133/(9,25,99) .64
Rabbit3 6903 1280 642 537/(9,26,101,401) 10

Rabbit4 | 54475 5120, 2562 2145|(9,26,100,404,1606) 166
Dragon3| 17670219840 9920 7953|(123,372,1495,59632277

Finger2 976] 416] 210 129[(6,23,100) .60
Finger3 | 7829 1664 834 545/(6,23,100,416) 11
(Tigerl | 5751 1176 590 509](126,383) | 9.3 |

Table7.5: Propertiesof modelsusedin multiresolutionexperiments: rabbit, dragon, n-
gertipandreality-basediger models.Columnsareprovidedfor thenumberof trianglesand
verticeson theboundaryanestimateof the numberof tetrahedrdor auniformtetrahedral-
ization,andthesizeof the g domainalongwith its partitionedevel structureon whichthe
wavelet GFsareanalyzed.For comparisonthe lastcolumnindicatesthe memorysize(in
MB) of the otherwiseuncompressedense 09 matrix of 32-bit oats.

7.4.1 WaveletGF Compressionand Err or Examples

This sectionshavs thatsubstantialGF compressiortanbe obtainedat the costof introduc-
ing very practicallevelsof approximatiorerror. Thepracticalconsequencis thatspecifying
thelevel of simulationerror allowsthe speedupf our interactivesimulationgo bedirectly
contolled, andthis is extremelyusefulfor realtime applications.

Measuresof Err or

For a given level of compressionwe give two measure®f the errorin the reconstructed
GF matrix block * 09 relative to the exactvalue 0 9. The rst errorestimateis based
ontherelative Frobeniugor Euclideanormof theerror, herecalledthe“RMS” error:

AN

0 0 o okg
RMS= — P °F PP . (7.1)
K op ke

2 Tetrahedra@ountsarebasedn dividing thevolumeof themodel,V , by thevolumeof aregular
tetrahedron/ , with trianglefaceareaequalto the meshs meanfaceareaa:

ENGN

19
9

[N

Viet = az ) #T etrahedra d

——€
0:41262
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andis a robust estimateof the averageGF matrix elementerror  The secondestimate
providesa measuref the maximumrelative blockwiseerror over all GFs,herecalledthe
“MAX” error:

KE', 7 ki
M AX = max P -
j28 kEnglF

(7.2)
wherek ki g isde nedin (3.50,p. 50).

Rabbit Model

Compressiorresultsfor the three(L = 2), four (L = 3) and ve (L = 4) level rabbit
modelsareshavn in Figures7.2, 7.3 and7.4, respectrely. An imageof the compressed
GF matrix for thesmallerL = 2 rabbitmodelwasalsoshawn earlierin Figure3.6 (p. 58)).
In generalthe compressiomesultsindicatea trendtoward greatercompressiomatiosfor
largermodels(thisis characterizedurtherin x7.4.2).In orderto illustratethe performance
bene t of lifting theLinearandButter y wavelets resultsobtainedusingtheunlifted bases
are also shawvn for reference. To avoid clutter in our plots, the generallyless effective
unlifted waveletresultsareplottedin alighter color for clarity. Graphicaldepictionof the
errorsassociateavith GF compressiorareshovn in Figure7.1.

Therelationshipof relatve RMS andMAX errorsto therelative thresholdingol-
erance,", for variouswavelets,are shavn for rabbit modelsin Figures7.5(L = 2), 7.6
(L = 3)and7.7 (L = 4). Interestingly the behaior of errorsfor Linear and Butter y
waveletsare nearly identical for respectre lifted and unlifted types. In both casesthe
inverseFWT reconstructiorprocesss stable.

Fingerpad Model

Compressiomesultsfor thethree(L = 2) andfour (L = 3) level ngertip modelsareshovn
combinedin Figure 7.8, wherewe have allowed thresholdingof the baselevel wavelet
coefcients. Dependencef theerrorsonthresholdolerancas shavn in Figure7.9for the
ner model.A usefuldegreeof compressiolis obseredin eachcasefor modeserror, e.g.,
5-10%MAX error, with dramaticimprovementdor theL = 3 model.

7.4.2 Dependenceof GF Compressionon Model Complexity

To betterunderstandhow compressioror fastsummationspeedupatesdependon the g

domainresolutionof a model, the ratio of fastsummationspeedugdactorsfor modelsof
adjacentesolutions(L + 1) andL, areshovn in Figure7.10asafunctionof relatve RMS
error Givenamodelwith m verticesin its 8 domain,the fastsummatiorspeedugactor
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"=0:01 "= 0:05 "=0:20

Figure7.1: Rabbitmodel(L = 4) approximatewaveletGF reconstructiongor lifted linear
waveletsat threethresholds; = (0:01; 0:05; 0:20), correspondingo compressiorfactors
of (8:4; 25; 68). ThreehierarchicalGFsareshavn with constraintevels2 (toprow),3 (mid-
dle row) and4 (bottomrow), andwere computedusingthe re nementrelationfrom ne
scale(level 4) thresholdedsFs. Relatve errorsproportionalto the thresholdare visible,
especiallyin the neighbourhooaf therabbit's nosewhereanexaggerateschormaldisplace-
mentconstrainthasbeenappliedto eachmodel.
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Wavelet GF RMS Error Versus Compression
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Figure7.2: Rabbitmodel(L = 2): WaveletGF error versuscompession
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Wavelet GF RMS Error Versus Compression
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Figure7.3: Rabbitmodel(L = 3): WaveletGF error versuscompession

100



Wavelet GF RMS Error Versus Compression
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Figure7.4: Rabbitmodel(L = 4): WaveletGF error versuscompession
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Linear Wavelet GF Reconstruction Error
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Figure7.5: [Rabbitmodel(L = 2): WaveletGF errorversughresholdingoleranceRabbit
model(L = 2): WaveletGF error versusthresholdingtolerance: (Top) Linear wavelets;
(Bottom) Butter y wavelets.
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Linear Wavelet GF Reconstruction Error
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Figure7.6: Rabbitmodel(L = 3): WaveletGF error versusthresholdingtolerance: (Top)
Linearwavelets;(Bottom)Butter y wavelets.
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Linear Wavelet GF Reconstruction Error
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Figure7.7: Rabbitmodel(L = 4): WaveletGF error versusthresholdingtolerance: (Top)
Linearwavelets;(Bottom)Butter y wavelets.
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Linear Wavelet GF Reconstruction Error
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Figure 7.9: Fingerpad model(L = 3): WaveletGF error versusthresholdingtolerance:
(Top) Linearwavelets;(Bottom) Butter y wavelets.

106



is de ned astheratio of the numberof denseGF elementsm?, to the numberof nonzero
waveletGF blocks,nnz, or

m2
speedugm) = W (7.3)
Theratio of speedugor two adjacentevelswith m and4m verticesis therefore
speedug4m) _ (4m)2  nnz(m;") _ 16nnz(m;") (7.4)
speedugm)  nnz(4m;") m2  nnz(4m;") "’ '

To provideintuition, lineardependencef thenumberof nonzerospnz (m; "), onm would
yield aratio of 4, whereador nnz(m; ") = C-m logm onewould obtain

speedug4m) _ 4log(m) <a
speedugm)  log(4m)

(7.5)

While the limited informationin Figure7.10doesnot allow usto con dently estimatethe
exact dependencef nnz on m, it doesprovide a very useful obsenation regarding the
dependencef theratio of fastsummatiorspeedup®n error. It establisheshatin practice
thereis little improvementin relative speeduppetweenresolutionooncetheRMS errorlevel
hasincreasedo acertainlevel.

Dependence of GF Compression on Model Resolution
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Figure7.10: Rabbitmodel: Dependencef GF compessionon modelresolution
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7.4.3 Verication of Fast Summation Speedup

Fastsummatiorspeedupsredirectly relatedto the compressiorachiezed usingwavelets.
Our runtime simulationsexperiencedcloseto a proportionalspeed-upwith the inverse
lifted Linearwavelettransformbeingapproximatelyascostly asan extra normalcomputa-
tion. We do notuseButter y waveletsfor our interactive simulationbecausehe nggligible
compressiorbene ts (if arny) do not outweighthe increasedcost of the inversewavelet
transfornt. As thenumberof constraintsncreasesandGF responssummationsiominate
the graphicssimulationcost,speedup$romwaveletfast summatiordirectly translateinto
speedupsor interactivesimulations.For example,considerthe ARTDEFO forcefeedback
simulatorwe haveimplementedx7.5). Thegraphicdoop simulationtime perframets ; ame
is equalto thesumof ourfastsummatiorcosttsym andothergraphicselatedfactorst giner -
For simulationsof large-scalamodels the simulationframerate

1 _ 1 tother
+ O( 2

) (7.6)

ftrame = =
tsum + tother tsum

is dominatedby the rateof summation.Thereforespeedupn fastsummatiortimesresults
in proportionalspeedugor framerates. Experimentakvidencefor the linear dependence
of fastsummatiorspeedupn GF compressioris illustratedin Figure7.11.

7.4.4 Timings of Selective Wavelet Reconstruction Operations, (ETW 1)

Theperformancef inverseFWT operationgor theextractionof GFblockelement$x3.3.3)
areshavn in Table7.6for anunoptimizedecursve elementeconstructioimplementation
usinglinearwavelets.Theimplementatiors reconstructiorof eachelemeninvolvesredun-
dantcalculationoverheadf approximatelyafactorof two. Neverthelessthesepessimistic
timesaresufciently fastfor practicaluseandcanbeoptimizedfurtherusingtheapproaches
mentionedn x3.3.3.

# Levels 21 31| 4
Time/block, sec|| 8 | 20 | 36

Table7.6: Pessimistidimingsof selectivereconstructioroperations for GF 3-by-3block
elementextraction. Block extractiontimesarelisted asa functionof the numberof resolu-
tion levels (# Levels)thatmustbe adaptvely reconstructedb obtainthe element.

SButter y subdvision requiresaveragingof 4 timesasmary valuesasLinear, howeverit canbe
ef ciently implementedo be only twice ascostly.
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Figure7.11: Fastsummatiorcostper GF summed: Comparisorof wavelet GF fastsum-
mationtimings (in milliseconds)of a rabbitmodel(L = 3, 537 vertex domain)with dense
GF matrix multiplication (horizontalline, time=0.19ms/GFjor full matrix multiplication.
Thelineardependencen nonzeroGF matrix elementon rms the costanalysisof x3.3.5
(equation3.68, p. 55): fast summationcostsare directly proportionalto the numberof
nonzerovaveletGF elementsTimingsarefor thelifted Linearwavelets,for which thein-
verseFWT requires.38ms. Basedonthe 3-by-3densematrix multiplicationperformance

(18*537 op in .19 ms)this Javra computingervironmentis ratedat 51 MFlops.
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7.4.5 Wavelet Compressionof Hierar chical Green's Functions
Rabbit Model

Wavelet compressiorresultsare shavn in Figure 7.12 for hierarchicalGFs correspond-
ing to the rabbit model. Compressiorbehaiors for eachlevel of the GF hierarcly are
approximatelythe same,althoughthe coarserandthereforesmootherGF levels resultin
only slightly bettercompressiorior a given RMS error, with this beingmoreapparentor
the smootherlifted Butter y basis. Figure 7.13 displaysRMS reconstructiorerror ver-
susthresholdingtolerancefor eachlevel of the hierarcly. The approximatelyequialent
compressiomatesfor GFsacrossconstraintscalesmpliesthata fourfold reductionin con-
straintsper coarseneaonstraintlevel resultsin approximatelya fourfold speedugn fast
summatiorfor agivenlevel of error.

Dragon Model

The four-level dragon(L = 3) is our largestmodel, with 19840faces, 9920 vertices,and
7953verticesn the g domainpartitionedacrosgour levelsof sizeg(123; 372 1495 5963).
In orderto reduceheprecomputatiotime, we only computechierarchicalGFsatthecoars-
est(l = 0) constraintscale(illustratedin Figure3.5,p. 56), which only required123 GFsto

beprecomputednsteadof 7953(discussedurtherin x7.6,p. 116). Thedeformationsasso-
ciatedwith thesecoarsdevel constraintsarevery smooth(shavn in Figure7.16 (p. 115),
andfor this reasorthe compressiorachiezed for theseGFsis quite goodfor a givenRMS
error;compressiomesultsareshovn in Figure7.14,anderrorversugthresholds shavn in

Figure7.15.

7.5 Forcefeedbackfor Point-lik e Contacts

Our currentforcefeedbackmplementatioris basedn the point-like contactapproachdis-
cussedn x4.2. Forcesarerenderedoy a 3 dof PHANToM™ hapticinterface(model1.0
Premium),on a dual Pentiumlll computerrunning Windows 2000. The haptic simula-
tion wasimplementedin C++, partly usingthe GHOST® toolkit, and interfacedto our
ARTDEFO elastostaticobject simulationwritten in Java™ and renderedwith Java 3D™.
Collision detectionandthe frictional contactproblemare entirely computedon the haptic
seno loop runningat 1 kHz, which enablesrery high delity contactforcefeedbackeven
for very slow graphicalsimulations. The hapticloop cachesstatevalueswhich are used
to prescribeboundaryconditionsfor the slower graphicalsimulation,e.g.,runningat 25—
80 Hz. For apoint-like contact,it wasonly necessaryo performcollision detectionon the
undeformednodel,sothis wasdoneusingthe GHOST® API. A photograptof the author
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Hierarchical Wavelet GF RMS Error Versus Compression
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Figure7.12: Rabbitmodel(L = 4): Hierarchical waveletGF error versuscompession:
(Top) Lifted Linear;(Bottom) Lifted Butter y.
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Figure 7.13: Rabbitmodel(L = 4): Hierarchical waveletGF error versusthresholding
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Wavelet GF RMS Error Versus Compression
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Linear Wavelet GF Reconstruction Error
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Figure 7.16: Deformeddragon model(L = 3): (Top) Undeformedmodel; (Bottom) hi-
erarchicalGF model deformeddue to a downward force appliedto top side of headon
constraintevel 0. This very large modelcompresseeaxtremelywell (approx.factorof 100
at5% RMS error) andis suitablefor interactve forcefeedbacksimulation.
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demonstratinghe simulationis shavn in Figure 7.17,and a numberof screenshotsfor
variousmodelspresentedn [JP0] areshowvn in Figure7.18.

Figure7.17: : Photayraph of force feedbak simulationin
use: Userswereableto push,slide andpull on the surface
of the modelusinga point-like manipulandum.Addition-
ally, it was possibleto changethe surfacefriction coef-
cient, aswell asthe propertiesof the pressuranask, with
noticeableconsequencesThe PHANToM™ (here model
1.0 Premium)was usedin all force feedbacksimulations,
andis clearlyvisible in theforeground.

We foundvertex pressurenasks(from x4.2) producecdhoticeablédmprovementsn
the smoothnessf the sliding contactforce, especiallywhen passingover regionswith ir-
regulartriangulationgseeFigure4.5). We have not conducteda formal humanstudyof the
effectivenesf our simulationapproachHowever, the hapticsimulationhasbeendemon-
stratedto hundredsf usersat several conferencesthe 10" Annual PRECARN-IRIS(In-
stitutefor RoboticsandIntelligent Systems)YConferencéMontreal, QuebecCanadaMay
2000,bestposter)andin the ACM SIGGRAPH2000EXxhibition (New OrleansLouisiana,
USA, July 2000). More recently an invited demonstratiorof the multiresolutionrabbit
modelwaswell recevedat ACML1 (invited demonstrationSanJose March2001),andour
demonstratiof thetigerreality-basednodelatthe 11" AnnualPRECARN-IRISConfer
ence(Ottava, Ontario,Canada,June2001)won the rst prize for technologydemonstra-
tion. Usersreportedthatthe simulationfelt realistic. In generalthe precomputed EGFM
approactwasfoundto be bothstableandrobustfor realtime simulation.

7.6 PrecomputationTimes

7.6.1 DirectBEM Solver

Timingsfor the directisoparametridinearelementBEM precomputatiorstageare shovn
in Table 7.7 for several models,including thoseshowvn in Figure7.18. While thesetimes
arenot excessve, they are several thousandimeslarger thanthe simulationtimesshovn
for comparison.Sincethe precomputatiorphaseinvolves “pleasantlyparallel” computa-
tions,our BEM solveris multithreadedndcapableof computingH andG matrix elements,
andperformingLU back-substitutionn parallel; LU factorizationcould be performedin
parallelusingblock LU decompositior{which maximizeslevel-3 ops) [GL96], however
we have not implementedhis. For simplicity, all timesgivenin Table7.7 arefor single
processocalculationswith the exceptionof “Rabbit4” which took approximatelyd hours
asanovernightjob on an 8-way SMP sener (8 Pentiumlll 450MHz CPUs,1 GB shared
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(a) A simplenodularshapewith a x edbaseregion.

(b) A kidney-shapednodelwith positionconstrainedrerticeson partof theoccludedside.

(c) A plasticspatulawith a positionconstrainedhandle.

(d) A seeminglygel- lled bananaicycle seatwith matchingmetalsupports.

Figure 7.18: Screenshotdrom real time haptic simulations: A wide rangeof ARTDEFO
modelsareshavn subjectedo variousdisplacementssingthe masled point-like contacts
of x4.2. For eachmodel,the middle of thethree gures is uncontactedy the users inter-
actionpoint(asmallgreenball).

memory Solaris,Java JDK 1.2.2)with muchof thetime (about4 hours)spentperforming
theuniprocessokU factorization.Usingoptimizednative code,it may have beenpossible
to precomputehe“Rabbit4” modelsigni cantly faster(in approximatel\2 hoursassuming
the speedumf 5 mentionedn footnoteon p. 93).
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| Model | Tetra | Face | Vertex,n | jDomairj | Precomp| LUD % | Sim(ms) |

Nodule 820 | 256 130 89 1.1min 1 0.05
Kidney 2690 | 640 322 217 7.7min 3 0.13
Spatula 1514 | 1248 620 559 45min 6 0.34
BananaSeat| 3013 | 1088 546 245 25min 20 0.15
Rabbit2 872 | 320 162 133 1.8min 1 0.07
Rabbit3 6903 | 1280 642 537 40min 9 0.33

\ Rabbit4 H 54475 \ 5120 \ 2562 \ 2145 \ *9 hours \ N/A \ 1.3 \

Table7.7: Greens Functionprecomputatiorand simulationtimes for BEM models(some

depictedin Figure7.18). All GFscorrespondingo maveablefree vertices(in ﬁ,o)) were

computedandthe precomputatiotime (Precomp)f thelargestmodelis lessthananhour

(seetext for “Rabbit 4”). As is typical of BEM computationdor modelsof modestsize,

the O(n?) constructiorof the matrices(H andG in equation2.13)is a signi cant portion

of the computatione.qg., relative to the O(n?3) costof performingthe LU decomposition
(LUD %) of the A matrix. Thelastcolumnindicatesthat (sub)millisecondyraphics-loop
computationgSim) arerequiredto determinethe point-like contactdeformationresponse
of eachmodel's free boundaryfor forcefeedbacksimulations.

For comparisonpublishedLEGFM precomputatioimesappeatin [CDA99] for
FEM modelsof comparableeompleity. A modestvolumetricliver modelwith 6500tetra-
hedraand1400internalnodestook approximately8 hoursto precomputeon a Dec Alpha
400MHz machineusinga preconditioneaonjugategradientiterative method.In compar
ison, the direct BEM solver precomputatioriimesgivenin Table7.7 are quite appealing,
e.g.,compare‘Rabbit 3 andespeciallysincethey are computedin Java. This is partly
dueto the factthatthe numberof boundarynodesn is smallerthanthe expectednumber
of volumenodesO(n %) ; for comparisongstimatedetrahedracountsare alsogiven (see
footnoteon page96 for calculation).

7.6.2 lterati ve Multir esolutionBEM Solver

For larger modelsand caseswhereonly a few (hierarchical)GFsare desired,the mem-
ory and processingverheadassociatedvith constructinglarge factorizationds onerous.
Neverthelesscomparedvith theiterative solutionalternatves,we have founddirectmeth-
odsto besufciently goodwhencomputingO(n) GFs,providedthatthe factorizationst

into mainmemory However, in orderto constructhelL = 3 dragonmodel(19840triangles,
9920vertices) whosedensdinearBEM matrixwould be29760-by-2976@ndrequireover
3.5GB of RAM, the GMRESiterative solver (seex6.1.2)wasused.Using BEM matrices
adaptvely constructedvith unlifted linearwavelettransformedcolumns(” = 0:04), andan
adaptvely partitionedocttreeblock preconditionereachA matrix-vectormultiply andpre-
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conditioneriterationrequiredapproximatelyl1l seconds.The unrestartedsMRES solves

usedanaverageof 470matrix-vectormultipliespersolve (to visualtolerance)sothateach
solve wasapproximately90 minuteslong, andthereforethe 369 multithreadedBVP solves

required23daysof CPUtime. This processvould bene t from furtheroptimization.Using

the ARTDEFO forcefeedbaclksimulator the entire23 daysof CPUtime canbeexperienced
in justafew secondgseeFigure7.16,p. 115).

7.7 Multir esolutionReality-basedModels

GFsestimatedrom realphysicalmodelscanalsobene t from compressewaveletrespre-
sentationsalthoughthiswasnot consideredy usin [PvdDJ" 01]. As anexample,consider
thesparseepresentationf the GF matrix for the scannediger modelshovn in Figure6.4.
Unliketherabbitmodel ,themeasuredigermodel's subdvision connectvity meshhasonly
2 levels,with arelatively large baseresolution;the measuresguriacedomainhas509 ver-
ticespartitionedinto two levelswith (126,383)vertices.As aresult,limited bene t canbe
obtainedfrom thresholdingvhenall base-lgel vertex valuesareretained;n the bestcase,
only baselevel elementswill remain,i.e., approximately25% nonzero. This behaior is
evidentin thecompressiomgraphof therelatedrFigures7.19and7.20.By allowing thebase
resolutionto bethresholdedbettercompressiortanbe obtainede.g.,for a practical10%
RMS error, andthis resultis shavn in Figures7.21and7.22. In all cases]ifted Linear
waveletsperform best,with Butter y waveletsnoticeablyworse;a partial explanationis
thatthis geometrianodelis very coarseso(a) the compactnesef the Linearinterpolantis
morefavourablethanthe larger Butter y stencil,and(b) the bene t of Butter y' s smooth
interpolationcannotyet be obseredon this scaleof thedisplacedsubdvision mesh.

An interestingobsenationis that maximumrelatve max norm GF error for lifted
Linearwavelet GFs(seeFigure 7.22)is signi cantly lessthanthe thresholdingtolerance
", whereador BEM models,e.g.,"Rabbit4” in Figure7.7 (p. 104),the oppositewastrue
exceptfor very small models,e.g., “Rabbit 2” in Figure 7.5 (p. 102). This behaior is
likely relatedto the two level mesh but perhapsalsoto thefactthatthe Laplacianregular
ized scatteredatareconstructiorapproach(x6.2.2) hasintroducedGF displacementeld
smoothingof alesselasticnature.
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Wavelet GF RMS Error Versus Compression
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Figure7.19: Reality-basediger model(L = 1): Waveletcompessionof two-level model
with unthresholdedbaseresolution. Compressioris limited to below a factorof approxi-
matelyfour. (Top) Relatve RMS error; (Bottom) Relatve MAX error.
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Linear Wavelet GF Reconstruction Error
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Figure 7.20: Reality-basediger model(L = 1): WaveletGF error versusthresholding
tolerance of two-level modelwith unthresholdedbaseresolution. (Top) Linearwavelets;
(Bottom) Butter y wavelets.
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Wavelet GF RMS Error Versus Compression
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Figure7.21: Reality-basediger model(L = 1): Waveletcompession of two-level model
with thresholdedaseresolution. Compressiortanexceeda factorof four with moderate
error. (Top) Relatve RMS error; (Bottom) Relatve MAX error.
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Linear Wavelet GF Reconstruction Error
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Figure7.22: Reality-basediger model(L = 1): WaveletGF error versusthresholdingoler-
anceof two-level modelwith thresholdedaseresolution.(Top) Linearwavelets;(Bottom)
Butter y wavelets.
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Chapter 8

Conclusion

8.1 Summary and Conclusions

This thesishasoutlineda framewvork for interactize simulationof large scaleGreens func-
tion (GF) basedhysicalmodelswhichis asigni cantimprovementover previously knovn
approachesThe CapacitancéMatrix Algorithm (CMA) formalismfor ef ciently simulat-
ing precomputedsF modelsallows arbitrary discretizedapproximationsof linear elliptic
partialdifferentialequationgo be simulatedusinga commonframenork, andthisis useful
conceptuallyandalsofrom a software perspectie. The easyaccesgo capacitancenatrix
compliancemodelshaspravenhighly effective for supportinghapticandforcefeedbackn-
teractionusingordinarypersonacomputersandour ARTDEFO interactve simulatorwrit-
tenin Java™ . Ef cient methodsntroducedor sequentialipdatingcacheccapacitancena-
trix inverseswverehighly effective andprovidedsigni cant speedupsluringour ARTDEFO
simulationsof unilateralcontact.Numerousmultiresolutionenhancementserepresented
(hierarchicalwavelet GFs, fastsummationCMA, multiresolutionconstraintsjand shovn
to offer dramaticimprovementsin CMA effectiveness. Thesemultiresolutionimprove-
mentsgreatlyextendthe compleity of modelsthatcanbeinteractvely simulatedandalso
precomputed.In particular the fast summationsimulationenhancemente/hich exploit
wavelet GF compressionwverehighly successfulwe have shavn how to achieve hundred-
fold reductionsin interactive simulationcostsfor geometricallycomplex elasticmodels
(dragonL = 3) atacceptabldevels of error (5% RMS). We alsoshoved thatsimilar com-
pressionratescould in fact be achieved using a wide rangeof second-generatiolifted
waveletschemesNew approachefor hierarchicallyprecomputindarge scalemodels,and
alsoacquiringmultiresolutionGF modelsusingreality basedrobotic measurementiech-
niguesturnedout to be highly effective. Several suggestionhiave beenmadeto address
the limitations associatedvith linear strainand material properties:the interpretationof
the CMA asa sensitvity analysismethodextendsit to nonlinearelastostaticsmultizone
domaindecompositiormethodscanalsoprovide for nonlinearsimulationby usinghybrid
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nonlineamodels,aswell asmoregenerakinematicrelationshipsvhich cansupportlarge
relative strains;precomputedionlinearreanalysiscanalso be usedto simulatenonlinear
materialproperties.With theseimprovementsn ef ciency andextensionsfor large scale
simulation,interactive Greens functionbasedmodelswill be of muchgreaterusein inter
active computergraphics,computerhaptics,and relatedapplicationssuchasvirtual pro-
totyping, video games characteanimation,suigical simulation,andinteractve assembly
planning.

8.2 FutureWork

Thereare a numberof promisingdirectionsfor future researchwith perhapshe largest
areabeingthe simulationand visualizationof otherphysical systemanot directly related
to elastostaticse.g., thermostaticshydrostatics electrostaticsetc. The bene t of other
waveletschemeshouldbe studiedfor compressiorimprovementsandpracticalconcerns
suchasthe accommodatiof commondiscretizationsandde nitions on irregular (base)
meshesOtherissuegelatedto smoothnesef discretizatiorspaceslargermodels andhigh
accurag tolerancesshouldalso be considered.Recentlyit hasbeenshovn that smooth
waveletsbasedon Loop subdvision achiese excellent compressiorfor complicatedge-
ometry[KSS00] at the costof an expensve (but hereaffordable)forward transform,and
theseschemedhave desireablgropertiefor compressionsummatiorandvisual smooth-
nessthisis anavenuefor future researchhowever we notethatour resultsdo notinitially
suggesthatsuchwaveletswill provide signi cant speedugor GF compressionThecom-
pressiorof GF matrix blocksotherthanthefreesurfaceself-efect (illustratedin Figure3.4,
p. 47), shouldbe investicated; preliminary studiesindicatethat this is also effective. Al-
gorithmsfor adaptve multiresolutionapproximationsof contactconstraintsfor real time
simulationare neededge.g., to avoid “popping” artifacts. A careful study of nonsmooth
contactmechanicshouldbe doneto determineapproximateyet plausible(frictional) con-
tactmodelssuitablefor dynamicor purelykinematicinteractve applicationsincorporating
LEGFMsinto adynamicsimulator possiblywith modeledcontactsoundswould of course
be a naturalextension.Methodsfor multizonekinematicelastostatienodelsappeargo be
very promisingfor interactve simulationof constrainednultibody e xible structuresand
shouldbeinvesticatedfurther Severalof thenonlineamaterialandstrainextensionsrie y
mentionechold promise but will requiresigni cant studyto determinetheir utility in dif-
ferentsettings. Collision detectionfor deformableobjectscanbe optimizedfor LEGFMs
giventheef cient randomaccesdgo statevalues.Effective stratgiesfor precomputatiorof
very largemodelscanalsobefurtherimproved;investigationof block iterative methodgor
solvingsystemawith multiple right handsides[SG96],andthe effectsof subdvision mesh
gradingon iterative solvesshouldboth be consideredssuesrelatedto the stablesimula-
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tion of modelswhich containerrorsneedto be betterunderstoodthis is centrallyrelated
to the simulationof wavelet compressednodelsand also modelsacquiredwith physical
measurementastly, the methodgpresentedherearesuitablefor hardrealtime simulation
environmentsandcouldbefurtherstudiedin sucha context.
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Appendix A

Boundary Integral Formulation of
Navier's Equation

A.1 Navier'sEquation

Linear elastostati@bjectswith isotropicandhomogeneoumaterialproperties have dis-
placementsatisfyingthe well-known Navier's equationon

X @u; N 1 @uy

¢ @1 2 aue

+ b =0 (A1)
k=1

whichis corvenientlywrittenin avectoroperatorform as
(Nu) (x) + b(x) = 0; X2 (A.2)

Here is Poissorsratio andG is the shearmodulus.Theseare materialpropertiesnvhich
can be found in handbookgor mary materials. Suitablevaluesfor Poissors ratio are
0< % with = %correspondingo anincompressiblenaterial. The sheamodulusG
is positive, with largervaluesresultingin largerforcesaccompaying a givendeformation.
FigureA.2 shavs theeffect of changing ; seealsoFigureA.1.
Thetractionata pointonthesurfaceis
I

_ _ X ay @] 2G Xs@'k.
pi = pi(x) = G @Jﬂf@ nj+ M @

j=1 i k=1

(A.3)

wheren; arethedirectioncosinesf the outwardnormal.In avectoroperatomotationthis
becomes

p(x) = (Pu) (x); X2 (A.4)
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(a) (b)

FigureA.1: A testnoduleis pinchedbetweenwo ngers. The noduleis a Loop subdvi-
sionsurface,whosecontrol polyhedronis an octahedronThe boundaryof onefaceof the
octahedroris taggedas“sharp” [HDD* 94] andleadsto a sharpedgearoundthe bottom
faceof the object. We imposea zero-displacemenrtoundaryconditionon this face,and
zerotractioneverywhereelse,exceptfor thetwo nger contacts.

A.2 Boundary Integral Formulation

Similar to Laplaces equation,Navier's equationon a domainmay be corvertedto anin-
tegral equationde ned on the boundaryof that domain. At the heartof the derivationis
integration by parts,which produceshoundaryintegrals from volumeintegrals. The end
resultis thatNavier's equationgA.1) on, for example,aboundeddomainmaybecornverted
into a setof integral equations.The direct boundaryintegral equationformulationyields
thevectorintegral equation
z
cxu(x)+ p (x;y)u(y)d y (A.5)
z z

u (x;y)p(y)d y+ u (x;y)b(y)d y

valid ata pointx ontheboundary [BTW84]. Threematrix functionsoccurin this equa-
tion:

c = cx) =gl
u = uy)=lul;
P = pxy)=Iml

Theintegralkernelfunctionsu; (x;y) andp; (x;y) areknown fundamentasolutionsand
tractions respectiely, andareprovidedin the next section.The coefcient ¢j (x) depends
on the smoothnesgropertiesof the boundaryat x, but is not neededexplicitly (seeAp-

pendixB.2.2).
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@) (b) ()

Figure A.2: Poissoré ratio, , providesaneasyway to describethe compressibilityof a
material. Figure (a) shavs the examplenodulein its reststate. A coarsereferencemesh
is alsoshavn in white on the surface. In gure (b), = 0:01, makingthe materialvery
compressiblethe noduleexhibits a sponge-lile behaior, deformingmainly in thevicinity
of thecontact.In Figure(c) = 0:5, makingthe materialincompressiblethe sidesof the
nodulebulgeto consere volume.

A.2.1 Fundamental Solutions

Thefundamentasolutionsof Navier's equationy;; (x;y), correspondo thedisplacement
in thej ™" directionata eld point,y, asproducedby a unit point load appliedin eachof
thei directionsat a speci edload point, x, in anin nite linearelasticmedium. This cor
respondgo the fundamentakolutiondueto Kelvin [Lov27]. Conceptuallythis pointload
fundamentatolutionplaysananalogousolein elasticityasthefamiliarrl Coulombpoten-
tial solutionaccompaying a pointchagein electrostaticsin both casesthe fundamental
solutionsarehighly localizedanddecayvery quickly, e.g.,the fundamentatlisplacements
have atypical % charactemwhile thefundamentatractionsbehae like r—lz Mathematically
Uj (x;y) isthej ™ componenbf thedisplacemensolutionto

(Nu)(y)+ (x y)& =0 (A.6)

wherethevectoroperatomotationfrom (A.2) hasbeenused.Thefundamentatractionsare
relatedto thefundamentadisplacementsia (A.4), thatis

p = Pu: (A.7)
Expressiongor thefundamentasolutionsare[BTW84]
1 3 4) 5
uj (x3y) = 61 )G ( r L +%
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(X 2) (rinj ryn;) i, 3l @

P (x;y) = 8 (1 ) r3 rz 1 2)r* @)
where r=vy x F= ]
ri = () @ _r nby) A9
@(y) r

andn(y) is theoutwardunit normalaty 2

A.2.2 Internal Body Forces

Any userspeci ed body forcesmildly complicatethe boundary-onlycharacterof the in-
tegral equationsasthey introducea volumeintegral termin (A.5). However, for certain
classe®f functions,e.g.,polynomials|t is possibleto analyticallycorvertthevolumeinte-
gralinto aboundaryintegral usingessentiallyrepeatedntegrationby partsvia the Multiple
ReciprocityMethod[BTW84]. For example,aconstangravitationalforce,b = g, maybe
evaluatedasa boundaryintegral. More simply, concentratedorceloads,b=bgo (X Xog),
aretrivial to integrate,and are useful for introducinginternal body articulation. Due to
spacdimitations,thebodyforcetermwill notbe mentionechereafter
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Appendix B

Boundary Element Method (BEM)
Tutorial

B.1 The Boundary Element Method

The BoundaryElementMethod (BEM) is a straight-forvard approachto discretizingin-
tegral equationgde ned on the boundaryvia a collocationmethod. Therearethreemain
stepswhenimplementinghe BEM in 3D:

1. Discretizethe boundary into a setof N non-overlappingelementswhich repre-
sentthe displacementsindtractionsby functionswhich are pieceavise interpolated
betweertheelements nodalpoints.

2. Apply the integral equation(s)at eachof the n boundarynodes,and performthe
resultingintegralsover eachboundaryelementn orderto generatean undetermined
systemof 3n equationgnvolving the3n nodaldisplacementand3n nodaltractions.

3. Apply theboundaryconditionsof thedesiredooundarwalueproblem, xing n nodal
values(eitherdisplacementr traction)perdirection. Theremaininglinear systemof
3n equationgs determinecandmaybe solvedto obtaintheunknovn nodalboundary
values.

Drawing on the notationfrom [BTW84], the discretizationof (A.5), droppingthe
bodyforce, may be summarizedasfollows. The piecavise interpolateddisplacemenand
tractionfunctionsevaluatedat the pointx maybewritten as

u(x) = (ug;uz;uz)’
p(x) = (p1;p2;ps)’

u
p

(x)u (B.1)
(x)p
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where (x) is aninterpolationmatrix andu andp aren-vectorsof the nodaldisplacement

Thedisplacementractionandc vectorsatthei®™ node x;, will bedenotedby
Ui = u(x;); P = p(X); Ci = c(X;);

respectrely. Substituting(B.1) into the elasticityintegral equation(A.5) appliedatx; and
corverting the surfaceintegralsinto sumsof integrals over eachboundaryelement,one
obtains

!

Gilj + p (xi;y) (y)dy u

cu+ By = gp: (B.2)
j=1 j=1

For corveniencegde ne off-diagonalh; asfij , but let
hi = ¢ + fi: (B.3)
Assemblingthe equationsat all nodesinto a block matrix systemyields
X X
hj U = gjpj or Hu= Gp: (B.4)
j=1 j=1
The nal stepis to specifythe boundaryconditionsat eachof the n nodesthenbring the
unknavns to the left-handside, andthe knowns to the right-handsideto obtainthe nal

linearsystem
Av = z (B.5)

which maybe solvedfor the unknovn nodalquantitiesy.

All thatremainsds to determingheintegralsfor the matrix entriesof H andG.
Indeed,this is the part of the BEM which takesthe majority of a computation.Complete
formulaefor constanbboundaryelementsare providedin the Appendixfor thosewho are
interestedn constructingheirown elasticitysolver. It is thesimplestlemenfor thereader
to implementandunderstandFormulaefor linearelementsnaybefoundin [Har89]*

tUnfortunatelythereis a string of misprintcorrectiondgn the literaturehere. HartmannHar89
correctsa misprintin the source but accidentallyintroducesanother Fortunately the falsecorrec-
tion is noticeableuponcomparison.
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B.1.1 ConstantElementCase

Analogousto the midpointrule for integratinga univariatefunction,integrationof atrian-
gularconstantlemenis accomplishedisingdatalocatedatthe centroid. This corresponds
to a centroidcollocationschemeasthe | th node,xj, is identi ed asthe centroidof the
j ™ elementandis wherethe elasticstateis representedccurately In this casen = N.
Sincethe collocationnodelies in the elements interior, it is calleda nonconforminggle-
ment. This happengo make the elementparticulareasyto implement,asconnectvity is
notrequired.It alsohasthe convenientcasualpropertythatspecialcareneednot betaken
to accommodateornersor sharpedgedBTW84].

B.2 ConstantElementIn uence Coef cients

Whenimplementingboundaryelementsthereare always a numberof singularintegrals
which the usermustacquireor spendsometime calculating.In the relatively simplecase
of triangularconstantlementswvith centroidcollocation thereareonly afew integrals,and
they arepresentedherefor completeness.

B.2.1 Inter-elementEffects

Theseareintegralscorrespondingdo interactionsvheretheloadpointlies atthe centroidof
atriangleotherthantheonebeingintegratedover, i.e.,x; 2 ;: Thisincludestheelements
of the3 3 matricesgjj andﬁij , fori 6 j, andthereforecorrespondso the majority of
theintegrals. Sincer = jx; Y] is never zero,theseare nonsingulatintegralswhich may
easilybe calculatedusingstandarchumericalquadraturg¢seeBrebbia[BTW84)).

B.2.2 Self-effects

Self-efectscorrespondo theintegralsin thediagonaltermsof equatiorB.4 suchasg; and
fiii. Sincetheload point lies in the centerof the triangle beingintegratedover, theseare
singularintegrals,asthe fundamentasolutionsareunboundedsr ! 0. The rst integral
is only weakly singular while the secondntegral is stronglysingularandonly existsin a
Caucly principalvaluesense.

Calculation of hj
Despitefi; beingstronglysingular it is easyto calculateindirectly usingrigid bodytrans-

lationshy consideringa boundedobjectwith all nodessubjectedo ary arbitraryconstant
displacemenboundaryconditions,uj; = u; 8j . Sincethis bodynecessarilyxperienceso
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FigureB.1: Notation

inducedsurfacetractionsp; = 0; 8j. It follows from (B.4) that
X
hi = hij (BG)
i6i
andthereforeneitherfij nor c; needbe calculatedexplicitly. Notethat (B.6) impliesthat
H is asingularmatrix.

Calculation of gji

Theelementof

z
(i )y = 1 B 4) « + ekl
T Te@T )G : (3

dy

will beexpressedor atriangle , usingthenotationin gure B.1,i.e.,with verticesatqy;
d2, g3, centroidatqc, areaA, andanoutwardunitnormalf. Omittingary constantactors,
the rst integralis J, , andtheseconds

RkRIJl +% kk9|+k|9k JZ + ‘Qk?I kkk| J3:

with
=92 9. 9o_4 2. (B.7)
Jd2  dc)

and

J, = (B.8)

2A In (15 2,0)  Im (2 30)  Im (3 15 1+ 2)
3 ra3 ra1 riz
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where

Js(

" ) "
tan
- min) =In 2
tan »
. i tan +
min) = Sin m In 4
2 tan 3
min In 1 tan 7 1+ tan :
y "
2 l+tan ; 1 tan —;
; min) = ZSin 2 min + 7 Sin —_—
" 4
tan =
Sin“ ( min )In an
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Appendix C

Justi cation of Inter polated Traction
Distrib utions for Point Contact

This sectionderivesthe nodalboundaryconditionsassociatedvith a localizedpoint con-
tactat an arbitrary meshlocation. The practicalconsequences that the discretetraction
distribution may be corvenientlyinterpolatedfrom suitablenearbynodal distributions or
masks.

Given a continuoussurface traction distribution, p(x), a correspondingliscrete
distribution ( x)p may be determinedby a suitableprojectioninto L of eachCartesian
componentf p(x). For example,considerthe projectionof ascalarfunctionon de ned

astheminimizerof thescalarfunctionalE : R3" 7! R,
Z

E(p) = kp(x) (x)pk3+ kB ( x)pk3 d «; (C.1)

whereB : L 7! R is somelinear operatorthat canbe used,e.g.,to penalizenonsmooth
functions,and (x) : R®" 7! RS is anodalinterpolationmatrix de ned onthesurface,

(x) =1 1(x) 2(x) n()] =1 1(x) 2x)  a(¥)] 13 x2 ; (C2)

with j(x)= j(x)I3 andl 3 the3-by-3 identity matrix. The EulerLagrangesquationdor
this minimizationare
oo o Z Z
[i(x) j(x)+ (B i(x)(B j(x)]d x p = i(x)p(x)d x;  (C.3)

j=1
i = 1;2;:::;n; which,in anobviousnotation,is written asthelinearmatrix problem
Ap=f (C.49)

to be solvedfor thenodaltractionvaluesp. NotethatA hasunitsof area.
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Therelevanttractiondistribution for point-like contactis a scale-independerbn-
centrategointload

px)=p (x)=f (x x) (C.5)

which modelsa forcef deliveredatx 2 . The force n-vectorin equation(C.4) has
components
fi= i(x)f (C.6)

andthecorrespondingressuralistribution's nodalvaluesare
p=A f: (C.7)

For compactlysupportedbasisfunctions, ;(x), f hasonly a small numberof nonzero
componentdor ary givenx. Hence (x ) arethe interpolationweightsdescribingthe
contrikution of the nearbynodal pressurdlistributions, herespeci ed by the columnsof
AL
As an example, considerthe importantcasewherelL is a continuouspiecevise
linearfunctionspacewith (x;)= j . Thiswasthespaceusedin ourimplementationin
this case at mostonly threecomponent®f f arenonzerogivenby theindicesfi;iz;izg
whichcorrespondo verticesof thecontactedriangle ,i.e.,forwhichx 2 . Thevalues
i (x ) arethebarycentriccoordinate®f x in . Thepressuralistribution's nodalvalues
arethen
x3 x3 h DS _
p=A = Al fi= i x) AT f = )" (CB8
k=1 k=1 k=1
wherep() is the pressuralistribution correspondindo the applicationof theloaddirectly
to vertex ix. Thereforethe piecaviselinear pressue distribution for a point load applied
at a barycentriclocation on a triangle is equalto the barycentricaverage of the pressue
distributionsassociatedvith the pointload appliedat ead of thetriangle's vertices. This
may berecognizedisanelasticgeneralizatiorof force shadingIMS96] for rigid models.
Notethatthej ™ columnof A 1 is avertex maskthatdescribeshe nodaldistribu-
tion of theloadappliedto thej ! vertex. By modifying the penaltyoperatorB it would be
possibleto engineemasksthatexhibit varyingdegreesof smoothnesandspatiallocaliza-
tion.
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Appendix D

Software SystemOverview

This researchprojectalsoinvolved the developmentof several software packagedor the
precomputatiomndsimulationof LEGFMs. Thesesystemsvereimplementedn Javaand
graphicallyrenderedwith Jasa3D,with the exceptionof native interfacesto C++ codefor
thesupportof hapticdevices.Usinghigh-level object-orientedanguageselpedreducethe
compleity andamountof coderequired.Neverthelessthetotal sizeof the entireresearch
codebaseis approximatelyl25000lines of Java code,anda few thousandines of C++
code. Codeis groupedinto several Java packageswhich aid in codereuseand reduce
interminglingof unrelatedcode.Within eachpackagestronguseof object-orientediesign
(OOD) patterngGHJV95]wasmadeto increase¢he generalisability of dataandalgorithm
implementations.

The nal designis consideratef variousJava performanceassues.Becausef the
often high costof garbagecollectionfor creationalpatternsin Java, new objectsare cre-
atedsparinglyin numericalcomputationsandevery attemptis madeto preallocateobjects
wherepossible especiallyfor “real time” simulation. In practice,it waspossibleto avoid
mary of the performanceitfalls commonlyassociateavith naive Jaza programming.

D.1 Subdivision Geometric Modeling and Wavelets

The complity of implementingmultiresolutionalgorithmshasbeeneasedy designinga
geometrianodelingpackagéasedn geometricsubdvision [Sub00],with othermembers
of our Interactve Simulationgroup. A half-edgedatastructure][MP78, GS85]is usedto
representll polyhedraimeshmodelsasa setof connectedacesgdgesandvertices;each
simplex is implementedas a separatelava object. Geometricsubdvision algorithmsare
theneasilyimplementedisoperation®ntheseprimitives. For example,supports provided
for traversingthe multiresolutionsubdvision meshhierarcly, andrenderingof subdvided
deformingmeshescan be performed“in place” for interactive applications. Simplicies
may be indexed to supportrandomaccesgo theseprimitives, e.g., vertices,and ordering
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of associatedlata. Collision detectionand proximity queriesare supportedjncluding a
spheretree approacfHub95] and a standardocttreespacepartitioning. The subdvision
packagealso provides supportfor subdvision connectity meshreparameterizatioand
displacemenmappingbasedon displacedsubdvision surfaces[GVSS00,LMHO00]; the
normalpiercingphases acceleratedisingthe octtreespatialhierarcly.

Multiresolution analysisof datade ned on the surfacegeometryis handledby a
secondpackageMost notablyit includeslifted fastwavelettransform{Swe98]implemen-
tationsfor processingarioussurfacefunctiondatatypes,aswell asmethoddor accessing
multiresolution/hierarchicdasisfunctionsandtheir associatede nementrelations.

D.2 Green's Function Precomputation

Precomputatiorof GFsis implementedfor boundaryintegral equationse.g., associated
with Laplaceand Navier's equations.Discretizationis handledby a very generalobject-
orientedPetros-Galerkin framewvork, and we refer the readerto [Lag97] for similar de-
sign details. Collocationintegral equationdiscretizationschemessuchasthe BEM, are
a subclasof schemeslescribedvy this approachandimplementationgxist for constant
(centroid-basedandisoparametridinear (vertex-based)elements.GF matrix solversfor
both directanditeratve methodsmplementa commonGF iteratorinterfacewhich allows
for easyparallel/distriltuted GF precomputationfor multiresolutionmodels,GFs canbe
sequentiallytransformedandthresholdedsthey becomeavailableto avoid memorybottle-
necks.Multithreading(for machinesvith SMP support)is supportedn the matrix element
computationandboththe directanditerative GF solutionstages.In orderto handlevery
large problemscareis takento never unnecessarilgtoreor copy large matrices.

D.3 Interactive Simulation

D.3.1 Simulation of Green's Function Models

Interfacesareusedto describethe variousGF dataobjects,and provide seamlesglement
accesand(fast-)summatiosupportfor dataassociateavith densewaveletandhierarchi-
cal GF matricesof assortedoating point formats. The interfacedGF objectis usedby a
BVP solwver objectto ef ciently implementthe CMA, seamlesslyaking advantageof fast-
summationand parallel processingf available. BVPs are speci ed using a rank-update
BVP objectwhich internally compareghe BVP to the RBVP. A commoninterfaceis im-
plementedoy BVP solver objectswith differentcapacitancenatrix inversionandcaching
capabilities. An interfaceis alsousedto encapsulat&F modelsof differentunderlying
representation®r usein simulations.For examplethe nger modelcanberepresenteds
a singleGF modeleventhoughit is actuallycomposedf threeconnectedsF models.No
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specialsupportfor simulatingreality-basednodelsis requiredasthis is implicit in the GF
modeldescription,however extensie software for acquiringthesemodelswasdeveloped
in aseparatgroject[PvdDJ" 01,Lan01].

D.3.2 ARTDEFO Simulator

Our simulator namedARTDEFO [JP994, providessupportfor contactinteractionsusing
point-like andcorvex rigid manipulandumsvhosemotionmay be speci ed by mouseand
hapticinterfacesaswell asmoregeneralmeans.A contactmediatorobjectresolhescon-
tactsandappliesappropriatenodalboundaryconditionsto thedeformableobject(s)in con-
tact. Corvex rigid manipulandumselp simplify nodecollision detectionissuesandcon-
tactstatesarecurrentlydeterminedisinga “trial anderror” approachAt presenfriction is
only implementedor point-like contacts sothatnodesof deformableobjectsdo not slide
onrigid objectswhenin contact.Contactstatescanbe monitoredby otherobjectsusinga
contactobsenrer interface;for example,this is usedto implement(unilateral)compliance
in the mouseand CyberGlore userinterfacesso that large nonptysical forcescannot be
exertedon the deformableobject.

D.3.3 Haptic Interfaces

Accessto native C++ software APIs for hapticinterfacesis provided by corresponding
wrapperclassesvhich encapsulatdava Native Interface(INI) callsto the C++ API layer.
For example,CyberGlove graspingapplicationeemploy awrapperobjectwhich usesINI to
communicatavith the VirtualHandSDK [Imm] to instantiateandacces& C++ virtual hand
object.Duringsimulation thewrapperobjectprovidesreadaccess$o nger joint anglesand
transforms.The accessethandstateis thenusedto controla secondchandwith compliant
joint kinematicswhich s resistedby the deformableobject. Each3D nger link's meshis
associateavith a corvex rigid manipulandunin the ARTDEFO contactsimulator

PHANToM forcefeedbaclkapplicationaisealargerC++layerconsistingof several
objectdnvolvedin thesimulationof point-like frictional contact. The GHOSTSDK's[Ser]
gstForceFieldclassis entendedo rendercontactforcescomputedby our pressuranask
formalism. The collision detection,contactsliding and contactforce computationareall
performedat approximatelyl kHz by the C++ layerrunningon a separatéhreadfrom the
graphicssimulation. One-way communicatiorof the contactstateinformationis achiered
by writing to a thread-safeobjectaccessibleby the Java graphicssimulation. The Java
layer is responsiblefor computationand graphicalrenderingof the surface deformation
correspondingo the point contact. In this way, even objectswhich aretoo large to be
renderedht interactve rates,canstill be felt with the force feedbackinterfacedueto the
loosecouplingof forcefeedbaclkandgraphicalsimulationthreads.
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