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Abstract. Recent advances in application fields such as blind deconvolution
and independent component analysis have revived the interest in higher-order
statistics (HOS), showing them to be an indispensable tool for providing pierc-
ing solutions to these problems. Multilinear algebra and in particular tensor
analysis provide a natural mathematical framework for studying HOS in view
of the inherent multiindexing structure and the multilinearity of cumulants of
linear random processes. The aim of this paper is twofold. First, to provide
a semitutorial exposition of recent developments in tensor analysis and blind
HOS-based signal processing. Second, to expose the strong links connect-
ing recent results on HOS blind deconvolution with parallel, seemingly unre-
lated, advances in tensor approximation. In this context, we provide a detailed
convergence analysis of a recently introduced tensor-equivalent of the power
method for determining a rank-1 approximant to a matrix and we develop a
novel version adapted to the symmetric case. A new effective initialization is
also proposed which has been shown to frequently outperform that induced
by the Tensor Singular-Value Decomposition (TSVD) in terms of its closeness
to the globally optimal solution. In light of the equivalence of the symmetric
high-order power method with the so-called superexponential algorithm for
blind deconvolution, also revealed here, the effectiveness of the novel initial-
ization shows great promise in yielding a clear solution to the local-extrema
problem, ubiquitous in HOS-based blind deconvolution approaches.
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1. Introduction

The development and understanding of blind methods for system identifica-
tion/deconvolution has been an active and challenging topic in modern signal pro-
cessing research [1]. Blindness refers to an algorithm’s ability to operate with no
knowledge of the input signal(s) other than that of some general statistical charac-
teristics, and is imposed either by the very nature of the problem, as in noncoop-
erative communications, or by practical limitations such as bandwidth constraints
in mobile communications. Although blind methods using only second-order sta-
tistics (SOS) of the signals involved exhibit very good performance in terms of
estimation accuracy and convergence speed, they can sometimes be overly sensitive
to mismodeling effects [43]. Methods relying on HOS criteria, on the other hand,
are observed to be more robust in this respect and are therefore still a matter of
interest, despite the long data lengths required to estimate higher order statistics
[50].

The most widely used and studied family of higher-order blind deconvolution
criteria is based on seeking maxima of normalized cumulants of the deconvolved
signal [5]. These so-called “Donoho” or “minimum-entropy” criteria (after [22])
have been shown to possess strong information-theoretic foundations [22, 15] and
have resulted in efficient algorithmic schemes for blind equalization [56, 57, 52]
and blind source separation [11, 28]. Furthermore, as shown in [51], they are
equivalent with the popular Godard criterion [29, 30], being at the same time di-
rectly applicable to both sub-Gaussian and super-Gaussian sources. A well-known
efficient algorithm resulting from a gradient optimization of the normalized cumu-
lant is the Super-Exponential Algorithm (SEA), so called because its convergence
rate may be shown faster than exponential [57] in specific circumstances. It was
recently rederived as a natural procedure stemming from a characterization of the
Donoho cost stationary points [52] and proved to result from a particular choice
of the step size in a more general gradient search scheme [46]. Like many blind
algorithms, however, it usually exhibits multiple convergent points, underscoring
the need for an effective initialization strategy.

Several blind source separation (BSS) approaches that exploit multilinearity
by reducing the problem to that of cumulant tensor1 decomposition have been
reported and proven successful both for the fewer sources than sensors case [15]
as well as the more challenging setting of non-full column rank mixing matrix
[9, 18]. Criteria such as the maximization of the sum of squares of autocumulants
of the deconvolved signal vector are shown to be equivalent to the diagonalization
of the corresponding tensor, performed either directly with the aid of linear algebra
tools ([7]–[10], [12]–[16]) or by exploiting the isomorphism of symmetric tensors
with homogeneous multivariate polynomials to take advantage of classic polynomial
decomposition theorems [19, 18]. For the particular, yet important, case of a single
deconvolution output, the above criterion reduces to the maximization of the square
of the normalized cumulant, which may in turn be seen to correspond to the best
least squares (LS) rank-1 approximation of the source cumulant tensor.

An appealing method for numerically solving the latter problem was devel-
oped in [35] as a generalization of the power method to higher-order arrays, and
demonstrated through simulation results to converge to the globally-optimum rank-
1 approximant when initialized with the aid of a Tensor extension of the Singular

1By the term tensor we mean a multi-indexed array (see Section 2).
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Value Decomposition (TSVD). However, this Tensor Power Method (TPM), as
presented in [35], appears inefficient for the symmetric tensor case, as encountered
in blind equalization problems, and moreover no clear convergence proof is given.
The tensor power method is revisited in this paper and adapted to the symmetric
problem. Convergence proofs for both the general and the symmetric version are
devised that help to better understand the underlying mechanism. Furthermore,
the equivalence of the symmetric tensor power method and the super-exponential
algorithm is brought out. An alternative initialization method is likewise proposed,
which is observed in simulations to compare favourably with that of TSVD in terms
of the closeness of the initial point to the global optimum.

This paper is organized as follows: Section 2 contains definitions of tensor-
related quantities as well as a review of the tensor decompositions proposed in the
literature. The powerful and elegant notation of Tucker product along with its
properties is also introduced as it plays a major role in formulating the develop-
ments in later sections. A brief presentation of the blind source separation and
deconvolution problems is given in Section 3, emphasizing the tensor representa-
tion of the relevant criteria. A recently introduced formulation of the blind noisy
multisource deconvolution problem is employed here, which avoids assumptions on
the source cumulants and takes into account the various undermodeling sources in
a unified manner [53]. This section serves mainly as a motivation for the study of
the low-rank tensor approximation problem in the sequel of the paper. In Section 4
the latter problem is treated both in its general and its symmetric version. It is
shown to be equivalent to a maximization problem which may be viewed as a gen-
eralization of the normalized cumulant extremization problems. The algorithm of
[35] along with the initialization suggested therein is presented and proved to be
convergent. The stationary points of the optimization functional and those among
them that correspond to stable equilibria are completely characterized. A version
of the algorithm, adapted to the symmetric case, is developed and also shown to
be convergent under convexity (or concavity) conditions on an induced polyno-
mial functional. Expressing the tensor approximation problem as an equivalent
matrix one, we are led to a novel initialization method, which appears more effec-
tive than that based on the TSVD. Moreover, bounds on the initial value of the
associated criterion are also derived via the above analysis. The fact that the super-
exponential algorithm for blind deconvolution is simply the tensor power method
applied to a symmetric tensor is demonstrated and commented upon in Section 5,
where representative simulation results are provided as well to demonstrate the ob-
served superiority of the new initialization method over that of [35]. Conclusions
are drawn in Section 6.

Notation. Vectors will be denoted by bold lowercase letters (e.g., s) while
bold uppercase letters (e.g., A) will denote tensors of 2nd- (i.e., matrices) or higher-
order. High-order tensors will be usually denoted by bold, calligraphic uppercase
letters (e.g., T ). The symbols I and 0 designate the identity and zero matrices,
respectively, where the dimensions will be understood from the context. The super-
scripts T and # are employed for transposition and (pseudo)inversion, respectively.
The (i, j, k, . . . , l) element of a tensor T is denoted by Ti,j,k,... ,l. All indices are
assumed to start from 1. We shall also use the symbol ⊗ to denote the (right)
Kronecker product. In order to convey the main ideas of this paper in the simplest
possible way, relieved from any unnecessary notational complications, we restrict
our exposition to the real case.
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2. Higher-Order Tensors: Definitions, Properties, and Decompositions

By tensor we will mean any multiway array. An array of n ways (dimensions)
will be called a tensor of order n. For example, a matrix is a 2nd-order tensor,
a vector is a 1st-order tensor, and a scalar is a zeroth-order tensor. Although
the tensor admits a more rigorous definition in terms of a tensor product induced
by a multilinear mapping [25], the definition adopted here is more suitable for the
purposes of this presentation and is commonly encountered in the relevant literature
[16].

A class of tensors appearing often in signal processing applications is that of
(super)symmetric tensors:

Definition 1 (Symmetric tensor). A tensor is called supersymmetric or more
simply symmetric if its entries are invariant under any permutation of their indices.

The above definition extends the familiar definition of a symmetric matrix,
where the entries are “mirrored” across its main diagonal. In a symmetric higher-
order tensor this “mirroring” extends to all of its main diagonals.

The notions of scalar product and norm, common for one-dimensional vectors,
can be generalized for higher-order tensors [36]:

Definition 2 (Tensor scalar product). The scalar product of two tensors A
and B, of the same order, n, and same dimensions, is given by

〈A,B〉 =
∑

i1,i2,... ,in

Ai1,i2,... ,in
Bi1,i2,... ,in

Definition 3 (Frobenius norm). The Frobenius norm of a tensor A of order
n is defined as

‖A‖F =
√
〈A,A〉 =

( ∑
i1,i2,... ,in

A2
i1,i2,... ,in

)1/2

The process of obtaining a matrix by an outer-product of two vectors can be
generalized to a matrix outer-product yielding higher-order tensors with the aid of
the Tucker product notation [26]:

Definition 4 (Tucker product). The Tucker product of n matrices {Ai}n
i=1 of

dimension Mi × L each, yields an nth-order tensor A of dimensions M1 ×M2 ×
· · · ×Mn as:

Ai1,i2,... ,in
=

L∑
l=1

(A1)i1,l(A2)i2,l · · · (An)in,l

and is denoted by

A = A1 �A2 � · · · �An.

We will find it also useful to define the weighted Tucker product:

Definition 5 (Weighted Tucker product). The weighted Tucker product (or
T -product), with kernel an L1 ×L2 × · · · ×Ln tensor T , of n matrices {Ai}n

i=1 of
dimensions Mi × Li yields an nth-order M1 ×M2 × · · · ×Mn tensor as:

Ai1,i2,... ,in
=

L1∑
l1=1

L2∑
l2=1

· · ·
Ln∑

ln=1

Tl1,l2,... ,ln(A1)i1,l1(A2)i2,l2 · · · (An)in,ln
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and is denoted by

A = A1

T
� A2

T
� · · ·

T
� An.

Clearly, the T -product reduces to the standard Tucker product if T is the iden-
tity tensor, i.e., Ti1,i2,... ,in

= δ(i1, i2, . . . , in) where δ(· · · ) is the n-variate Kronecker
delta.

The T -product, which will prove to be of great help to our subsequent de-
velopments, may also be written using the Kronecker product and the high-order
extension of the vec-operator [2, 27]. If we define vec(S) as the vector resulting
from arranging in a column the entries of the tensor S in a lexicographic order:

vec(S) =
[
S11...1 S21...1 · · · S12...1 S22...1 · · ·

]T
then it can be shown that [26]:

Fact 1 (Matrix-vector Tucker product). The T -product of Definition 5 can be
expressed as:

vec(A) = (A1 ⊗ A2 ⊗ · · · ⊗ An) vec(T ).(1)

A particular higher-order outer product, that will be of use in the sequel, is the
following:

Definition 6 (Matrix outer product). The outer product of n matrices {Ai}n
i=1

of dimensions Mi ×Li yields a 2nth-order tensor A of dimensions M1×L1×M2×
L2 × · · · ×Mn × Ln as:

Ai1,i2,i3,i4,... ,i2n−1,i2n
= (A1)i1,i2(A2)i3,i4 · · · (An)i2n−1,i2n

and is denoted by

A = A1 ◦ A2 ◦ · · · ◦ An.

Extending the notion of rank from matrices to higher-order tensors is more
difficult. As is well known [24], the rank of a matrix, A, equals the minimum
number of terms in a representation of A as a sum of rank-1 matrices (vector outer
products). This number, r = rank(A), coincides also with the number of indepen-
dent rows of the matrix and the number of independent columns, and therefore is
always upper-bounded by the lesser of the two dimensions of A. It can be seen
that, although the above definitions of rank can be also extended to a tensor A of
order n ≥ 3, they generally do not yield the same number [3]. To go a bit further
into this, let us generalize the notion of row- and column-vectors of a matrix for
the case of a high-order tensor [36]:

Definition 7 (Mode-k vectors). The mode-k vectors of an M1×M2×· · ·×Mn

tensor A with entries Ai1,i2,... ,in
are the Mk-dimensional vectors obtained from A

by varying the index ik and keeping the other indices fixed. We will also call the
space spanned by these vectors the mode-k space of A.

It is easy to see that the columns and rows of a matrix correspond to its mode-1
and mode-2 vectors, respectively. Hence, based on the definition of rank(A) as the
dimension of the column- and row-spaces of A, the following “modal” ranks for a
tensor come up naturally [36]:
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Figure 1. PARAFAC of a 3rd-order tensor.

Definition 8 (Mode-k rank). The mode-k rank, rk, of a tensor A is the di-
mension of its mode-k space and we write rk = rankk(A).2

Contrary to what holds for 2nd-order tensors, the mode ranks of a high-order
tensor A are generally not equal to each other, unless, of course, A is symmetric.

A single “rank” for a tensor can be defined by following the definition of the
matrix rank associated to its decomposition in rank-1 terms [36]:

Definition 9 (Tensor rank). The rank, r, of an M1 ×M2 × · · · ×Mn tensor
A is the minimal number of terms in a finite decomposition of A of the form:

A =
r∑

ρ=1

v(1)
ρ � v(2)

ρ � · · · � v(n)
ρ︸ ︷︷ ︸

Aρ

(2)

where v
(i)
ρ are Mi-dimensional column vectors, and is denoted by rank(A). Each

term Aρ is a rank-1 tensor with elements:

(Aρ)i1,i2,... ,in = (v(1)
ρ )i1(v

(2)
ρ )i2 · · · (v(n)

ρ )in

A (symmetric) tensor that can be written as in (2) with all the Aρ being
symmetric will be said to be Tucker factorable. It can be shown that rk ≤ r for
all k ∈ {1, 2, . . . , n} [32]. The upper bounds on the rank of a matrix induced by
its dimensions do not carry over to higher-order tensors. There are examples of
tensors where r is strictly greater than any of the tensor’s dimensions [3]. It is for
this ambiguity in defining and analyzing dimensional quantities in multiway arrays
that more than one decomposition aiming at extending SVD to higher orders have
been proposed and applied in multiway data analysis [20, 36]. That among them
which is more like the matrix SVD is the so-called CANonical DECOMPosition
(CANDECOMP) [36] or otherwise called PARAllel FACtor analysis (PARAFAC)
[3], described in (2) and defined in more detail below:

Definition 10 (PARAFAC). A Parallel Factor (PARAFAC) analysis of an
nth-order M1 × M2 × · · · × Mn tensor A is a decomposition of A in a sum of
r = rank(A) rank-1 terms:

A =
r∑

ρ=1

σρu
(1)
ρ � u(2)

ρ � · · · � u(n)
ρ(3)

with σρ being scalars and u
(i)
ρ being Mi-dimensional unit-norm vectors.

Fig. 1 visualizes the PARAFAC for a tensor of order 3. This decomposition

2These quantities also appear in [32, 33] where they are denoted as dimk(�).
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was originally conceived and analyzed by researchers in mathematical psychology
and later applied in chemometrics [3]. Note that for n = 2, eq. (3) takes the form
of the SVD. To see this more clearly, we can employ the Tucker product notation
introduced above and write the PARAFAC for A as follows:

A =
[

u
(1)
1 u

(1)
2 · · · u

(1)
r

] S
�
[

u
(2)
1 u

(2)
2 · · · u

(2)
r

] S
�

· · · S�
[

u
(n)
1 u

(n)
2 · · · u

(n)
r

]
= U (1) S

� U (2) S
� · · · S� U (n)(4)

where the nth-order (core) tensor S is diagonal, with Sρ,ρ,... ,ρ = σρ. It suffices then
to observe that for n = 2 the above becomes

A = U (1) S
� U (2) = U (1)S (U (2))T .

Despite its apparent similarity with matrix SVD, the properties of the decomposi-
tion (3) are in general rather different from those of its 2nd-order counterpart. Thus,
contrary to matrix SVD, the matrices U (i) need not have orthogonal columns to en-
sure uniqueness of the decomposition. PARAFAC uniqueness conditions have been
derived for both 3-way [32, 41] and multi-way [33, 58] arrays, and are based on
generalized notions of linear independence of the columns of U (i)’s. A PARAFAC
decomposition with orthogonal matrices U (i) need not exist [31, 21].

An SVD-like tensor decomposition that trades diagonality of the kernel (core)
tensor for orthogonality of the factor matrices was proposed in [37] and successfully
applied in independent component analysis applications among others [36, 38, 39].
This Tensor Singular Value Decomposition (TSVD) [37] (or as otherwise called
Higher-Order SVD (HOSVD) [38, 36]) generalizes the so-called Tucker3 model,
originally proposed for 3-way arrays [31, 4], to higher orders and is defined below:

Definition 11 (TSVD). The TSVD of an nth-order M1×M2×· · ·×Mn tensor
A is given by

A = U (1) S
� U (2) S

� · · · S� U (n)(5)

where:
• U (i), i = 1, 2, . . . , n, are orthogonal Mi ×Mi matrices, and
• the core tensor S is of the same size as A and its subtensors Sik=α, obtained

by fixing the kth index to α, have the properties of:
– all-orthogonality: two subtensors Sik=α and Sik=β are orthogonal for

any possible values of k and α 	= β, in the sense that:

〈Sik=α,Sik=β〉 = 0

– ordering: For all k,

‖Sik=1‖F ≥ ‖Sik=2‖F ≥ · · · ≥ ‖Sik=rk
‖F > ‖Sik=rk+1‖F = · · · = ‖Sik=Mk

‖F = 0

It is evident that the SVD of a matrix satisfies the conditions of the above
definition. The uniqueness of the TSVD follows from its definition and relies on
the orthogonality of the factors U (i). This decomposition is directly computable
via a series of matrix SVD’s applied to properly “unfolded” forms of A. Thus,
the matrix U (i) can be found as the matrix of the left singular vectors of the
Mi ×M1M2 · · ·Mi−1Mi+1 · · ·Mn matrix built with the mode-i vectors of A. In
other words, the first ri columns of U (i) constitute an orthonormal basis for the
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mode-i space of A. After having computed the orthogonal factors in (5), S is
determined by

S = (U (1))T A
� (U (2))T A

� · · · A� (U (n))T(6)

An alternative way of approaching the diagonality of the core tensor is by requiring
that the sum of the squares of its diagonal entries is maximum over all tensors
generated by (6) when the U (i)’s range over all orthogonal Mi ×Mi matrices. This
criterion of maximal LS diagonality [39] can be viewed as a direct extension of
the Jacobi criterion for symmetric matrix diagonalization [24] to multiway arrays.
It is thus of no surprise that iterative Jacobi algorithms have been developed for
calculating this type of SVD for symmetric tensors [12, 13, 14, 15].

Before concluding this section, let us make a brief reference to a few more re-
cent works on tensor decomposition. By viewing a symmetric tensor as the array of
the coefficients of an homogeneous multivariate polynomial, it is possible to express
the problem of computing the PARAFAC of a tensor as one of expanding a multi-
variate polynomial as a sum of powers of linear forms [19]. This formulation of the
problem permits the use of powerful theorems from the algebra of multilinear forms
in deriving decomposability conditions as well as estimates on the generic rank of
symmetric tensors as a function of their dimensions [19]. Numerical algorithms
have also resulted from such considerations, though still restricted to small prob-
lem sizes [18]. A conceptually simple approach for computing a factorization for
a higher-order tensor, resembling to a TSVD, was originally reported in [55] and
recently reappeared in [45] where it was applied to deriving approximate factoriza-
tions for multivariate polynomials. The algorithm (multiway Principal Component
Analysis) consists of a series of successive matrix SVD steps, each computed for the
folded right singular vectors of the previous one. The decomposition starts with
the SVD of the M1 ×M2M3 · · ·Mn mode-1 matrix of the tensor. In spite of its
simplicity, the practical value of this method is somewhat limited, as it tends to
produce many more terms than necessary in the final expansion. A number of other
decomposition approaches may be found in the relevant literature (e.g., [20]).

3. Blind Source Separation: A Tensor Decomposition Problem

The blind recovery of the component signals of a noisy linear mixture, called
Blind Source Separation (BSS) or otherwise Independent Component Analysis
(ICA) [11, 28], is a topic that has attracted much interest in the last decade, in
view of its numerous applications, including random vector modeling, blind channel
identification/equalization and image restoration, voice-control, circuit analysis and
semiconductor manufacturing [59]. It is well-known that higher-order statistics are
necessary for unambiguously identifying a multi-input multi-output (MIMO) sys-
tem in a blind way [59, 44]. Furthermore, even in situations where methods using
only second-order statistics are theoretically applicable, approaches that take ad-
vantage of the additional information contained in higher order statistics have been
proven more successful (e.g., [8]). In this section we formulate the blind separation
and deconvolution problems using tensor formalism, with the aim of bringing out
their strong tensor-decomposition-flavour.

3.1. The Cumulant Tensor: Definition and Properties.
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Definition 12 (Cumulants). The (nth-order) cumulant of a set of random
variables {xi}n

i=1 (not necessarily distinct), denoted as cum(x1, x2, . . . , xn), is de-
fined as the coefficient of the monomial ω1ω2 · · ·ωn in the Taylor series expan-
sion (around zero) of the second characteristic function of the random vector x =
[x1, x2, . . . , xn]T :

Ψx(ω) = lnE{exp(jωT x)}
with ω = [ω1, ω2, . . . , ωn]T and E{·} denoting the expectation operator.

The above definition applies to the cumulants of any order and shows that
their ensemble completely specifies the statistics, i.e., the joint probability density
function (pdf), of the random vector x.3 Moreover, it follows from their definition,
that the cumulants are related to the high-order moments of the random variables
in question. For the first few orders, these relations assume rather simple forms
and play sometimes the role of a definition [48]:

Fact 2 (Cumulants vs moments). If xi, xj , . . . are zero-mean random variables,
their cumulants of order one to four are given by:

cum(xi) = E{xi}
cum(xi, xj) = E{xixj}

cum(xi, xj , xk) = E{xixjxk}
cum(xi, xj , xk, xl) = E{xixjxkxl}

− E{xixj}E{xkxl} − E{xixk}E{xjxl} − E{xixl}E{xjxk}

The following properties of the cumulants explain their popularity over the
moments in signal processing [48]:

Fact 3 (Properties of cumulants). For any sets of random variables {xi}, {yi}
the following hold true:

1. The value of cum(xi1 , xi2 , . . . , xin) is invariant to a permutation of the xi’s.
2. For any scalars λi,

cum(λ1x1, λ2x2, . . . , λnxn) =

(
n∏

i=1

λi

)
cum(x1, x2, . . . , xn)

3. The cumulant is additive in any of its arguments:

cum(x1 + y1, x2, x3, . . . , xn) = cum(x1, x2, x3, . . . , xn) + cum(y1, x2, x3, . . . , xn)

4. If the random variables {xi} are independent of {yi},
cum(x1 + y1, x2 + y2, . . . , xn + yn) = cum(x1, x2, . . . , xn) + cum(y1, y2, . . . , yn)

5. If the set {x1, x2, . . . , xn} can be partitioned in two subsets of variables that
are independent one of the other, then

cum(x1, x2, . . . , xn) = 0.

6. If the random variables xi, i = 1, 2, . . . , n are jointly Gaussian and n ≥ 3,

cum(x1, x2, . . . , xn) = 0.

Properties 1–3 above imply that cum(·) is a multilinear function [47] and justify
the following definition:

3Sometimes, the terms cumulants and HOS are used interchangeably in the literature [48].
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Definition 13 (Cumulant tensor). Given a random vector x = [x1, x2, . . . ,
xM ]T and a positive integer n we define its nth-order cumulant tensor, Cx,n, as
the nth-way M ×M × · · · ×M array having the value cum(xi1 , xi2 , . . . , xin) as its
(i1, i2, . . . , in)-element.

It is then readily seen that Fact 3 implies the following properties for the
cumulant tensor:

Fact 4 (Properties of the cumulant tensor). Let x,y and z be random vectors
of dimensions Mx,My and Mz, respectively, and n be a positive integer. Then the
following hold true:

1. Cx,n is symmetric.
2. If y = Ax for some My ×Mx matrix A, then

Cy,n = A
Cx,n

� A
Cx,n

� · · ·
Cx,n

� A︸ ︷︷ ︸
n times

�
= A

Cx,n
� n.

3. If x and y are independent and z = x + y, then

Cz,n = Cx,n + Cy,n.

4. If the components of x are independent of each other, then

(Cx,n)i1,i2,... ,in = cum(xi1 , xi1 , . . . , xi1)δ(i1, i2, . . . , in)

that is, the associated cumulant tensor is diagonal.
5. If z = x + y where x and y are independent and y is Gaussian, then

Cz,n = Cx,n for n ≥ 3.

3.2. BSS via Normalized Cumulant Extremization. The model em-
ployed in the source separation problems is of the form

u = Ha + v(7)

where u is a P × 1 observation vector, a is a K × 1 source vector, and v is a P × 1
noise vector. All vectors are considered as being random. The P × K matrix H
“mixes” the sources a and is referred to as the mixing matrix. The goal of BSS is to
identify the matrix H and/or recover the sources a with the aid of realizations of the
observation vector only, with no knowledge of the source or noise vectors apart from
general assumptions on their statistical characteristics. Numerous signal processing
problems fall into this framework. In particular, blind deconvolution comes as a
special case of the above separation problem, with the matrix H constrained to
have a Toeplitz structure [15]. For the time being we are concerned with the static
(memoryless) mixture case. The blind deconvolution setting will be considered in
more detail in the next subsection, where we shall also extend the model description
(7) so as to explicitly accommodate convolutive mixtures and noise dynamics.4

Commonly made assumptions for the source and noise statistics, usually met
in practice, include:

• All random vectors have zero mean.
• The components of a are independent and have unit variance.
• v is independent of a and has unit-variance components.

4Nevertheless, it can be seen that a dynamic BSS problem with independent source signals
can always be expressed as in (7) if the latter are also assumed to be i.i.d.
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Moreover, if all sources are to be recovered at once, at most one source signal is
assumed to be Gaussian distributed [6]. Note that, since, as shown in [59], H can
only be identified up to a scaling and a permutation, the unit-variance assumptions
above entail no loss of generality, as the real variances can be incorporated in the
sought-for parameters. Due to lack of information on the noise structure, the noise
is often “neglected” in the study of separation algorithms or assumed Gaussian
in methods using HOS only, since it is annihilated when considering higher-order
cumulants (see Fact 4.5). For the purposes of this discussion we shall also omit noise
from our considerations. In the next subsection, we will see how this assumption
can be relaxed.

The independence assumption for a can then be shown to reduce the problem
to that of rendering the components of the observation vector independent as well,
via a linear transformation [15]:

y = Gu = GHa.

In view of Fact 4.4, this implies that G must be chosen such that the tensors
Cy,n are diagonal for all n. Obviously, if H is identified and has full column rank
(hence P ≥ K), the sought-for linear transformation is simply G = H#, i.e., the
pseudoinverse of H, and a is perfectly recovered (the mixing is undone) in y.5 In
such a case (i.e., more sensors than sources) H can be determined as a basis, T , for
the range space of the autocorrelation matrix of u, but only up to an orthogonal
factor, Q. This indeterminacy can only be removed by resorting to higher order
statistics of the standardized (whitened) observations ũ = Tu. Then, our goal is to
determine Q such that the vector y = Qũ have all its cumulant tensors diagonal.

Fortunately, not all standardized cumulant tensors have to be considered. It
can be shown that only the 4th-order crosscumulants need to be nulled [15].6 In
fact, any order greater than 2 will do [17].7 The criterion

max
QQT =I

(
ψ(Q) =

∑
i

cum(yi, yi, yi, yi)2
)

(8)

can be shown to possess the desired factor Q as its global solution [15]. Notice
that, since ũ has the identity as autocorrelation matrix and Q is orthogonal, the
vector y is also standardized, i.e., Cy,2 = I. Hence, the cumulants involved in the
maximization (8) are in fact normalized, so that the cost function ψ(·) can also be
expressed as

ψ(Q) =
∑

i

[
cum(yi, yi, yi, yi)
(cum(yi, yi))2

]2
(9)

The 4th-order cumulant, normalized by the variance squared,

ky(4, 2) =
cum(y, y, y, y)
(cum(y, y))2

(10)

5Subject, of course, to some scaling and permutation, which are implicit in the problem
statement.

6Assuming that at most one source signal has zero 4th-order cumulant.
7One has often to employ 4th-order cumulants, even when 3rd-order ones are theoretically

sufficient. This is because odd-order cumulants vanish for signals with symmetric pdf, frequently
met in practical applications [48].
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is commonly known as the kurtosis of y [5]. According to Fact 3.6, ky(4, 2) = 0 if
y is Gaussian. Depending on whether ky(4, 2) is positive or negative, y is referred
to as super-Gaussian (leptokurtic) or sub-Gaussian (platykurtic), respectively [51].

Problem (8) can be viewed as the tensor analog of Jacobi’s diagonalization
criterion for symmetric matrices [24]. The idea is that, due to the orthogonality
of Q, ‖Cy,4‖F is constant and hence (8) is equivalent to minimizing the “energy”
in the off-diagonal entries (crosscumulants). Similar, yet less strict, criteria based
on 4th-order cumulants have also been proposed in [13, 39]. Iterative algorithms,
composed of Jacobi iterations, have been developed for implementing these criteria
and shown to perform well [13, 15, 39], though their convergence behavior is still
to be analyzed. Similar algorithms, formulated as joint diagonalizations of sets
of output-data induced matrices, have also been reported in the context of array
processing [60].

A second class of blind separation algorithms, based exclusively on higher-
order statistics, avoid the data standardization step, thereby gaining in robustness
against insufficient information on the noise structure and allowing mixing matrix
identification in the more challenging case of more sources than sensors (i.e., P <
K). The fundamental idea underlying these methods (e.g., [7]–[9]) is that, subject
to a Gaussianity assumption for the noise, the 4th-order cumulant tensor of the
observations satisfies the polynomial relation (see Fact 4.2)

Cu,4 = H
Ca,4
� H

Ca,4
� H

Ca,4
� H(11)

which, in view of the fact that Ca,4 is diagonal (Fact 4.4), represents a decomposi-
tion of Cu,4 in additive rank-1 terms. Since all factors involved are equal (due to the
supersymmetry of Cu,4), (11) is referred to as a tetradic decomposition [10]. Fur-
thermore, one can view Cu,4 as a symmetric linear operator over the space of real
matrices [23], through the so-called contraction operation, N = Cu,4(M ), where
N and M are P × P matrices and Ni,j =

∑
k,l(Cu,4)i,j,k,lMl,k. Hence Cu,4 admits

an eigenvalue decomposition, in the form:

C4,u =
∑

ρ

λρ Mρ ◦ Mρ(12)

where the eigenmatrices Mρ are orthogonal to each other in the sense that 〈Mρ,Mµ〉
= 0 for ρ 	= µ. The above eigen-decomposition can be computed by solving the
equivalent matrix eigen-decomposition problem that results from unfolding the
P × P × P × P tensor in a P 2 × P 2 matrix [7]. In the case that the projec-
tors on the spaces spanned by the columns of H are independent of each other,
it can be shown that the decomposition (11) (a PARAFAC decomposition in that
case) is unique and can be determined via the eigen-decomposition of (12) [9]. Note
that the above independence condition is trivially satisfied when H has full column
rank (hence P ≥ K), in which case the expansion (12) for the standardized cumu-
lant tensor provides us directly with the columns of H [7, 8]. Direct solutions to
the cumulant tensor decomposition problem, able to cope with the P < K case,
have also been developed through the expansion in powers of linear forms of the
corresponding multilinear form [19, 18].

3.3. Blind Deconvolution as a Nonlinear Eigenproblem. Although the
problem of blind deconvolution (equalization) can be viewed as a special case of
that of blind separation problem as described above, its dynamical nature justifies
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a separate treatment [17]. Moreover, further specializing our study to the case of
a single source recovery helps clarifying the close connection of the problem with a
low-rank tensor approximation one and revealing the super-exponential algorithm
as a naturally emerging solution approach.

Consider the dynamic analog of the model (7), described in the Z-transform
domain as:

u(z) = H(z)a(z) + v(z)(13)

where the involved quantities are of the same dimensions as in (7). The same
statistical assumptions are made here, i.e., a(z) and v(z) are independent of each
other and the sources ai(z) are independent identically distributed (i.i.d.) signals
and independent of each other. Moreover, all vectors have zero mean and the
components of a(z) and v(z) are of unit variance. The noise is not considered as
negligible nor do we make any assuption on its temporal and/or spatial structure.
Our only assumption about noise is that it is Gaussian. In order to simplify the
appearance of the affine model (13) and reduce it to a linear form we incorporate
the dynamics of the noise component into those of the system H(z). To this end,
call L(z) the P × P innovations filter for the process v(z), i.e.,

v(z) = L(z)w(z)

where w(z) is now white and Gaussian. Since for a Gaussian process uncorrelat-
edness implies independence, w(z) has also i.i.d. components, independent of each
other. Then the model (13) can be rewritten as [53]:

u(z) =
[

H(z) L(z)
]︸ ︷︷ ︸

F T
(z)

[
a(z)
w(z)

]
︸ ︷︷ ︸

α(z)

= F T (z)α(z)(14)

Our aim is to blindly recover a source from α(z) with the aid of a linear equalizer
(deconvolution filter) described by a P × 1 vector g(z):

y(z) = gT (z)u(z) = gT (z)F T (z)︸ ︷︷ ︸
sT (z)

α(z) = sT (z)α(z)(15)

where the (K+P )×1 vector s(z) is the cascade of the system F with the equalizer
g and will be called combined response. Note that in the present setting we are
not interested in recovering a particular source; any component of α(z) will do.
Additional information is normally required for letting a given source pass through
(e.g., CDMA communications [44]). We would thus like to have

s(z) =
[

0 cz−d 0
]T

(16)

for some scalar c 	= 0 and a nonnegative integer d. The position of the monomial
cz−d in the above vector is not crucial to our study.

It will also be useful to express the blind deconvolution problem in the time
domain:

yn = gT un = gT F T︸ ︷︷ ︸
sT

αn = sT αn(17)

where the vectors involved are built by a juxtaposition of the coefficients of the
corresponding vector polynomials in (15) and F is a block-Toeplitz matrix summa-
rizing the convolution operation in (15). Then, the perfect equalization condition
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(16) takes the form

s = c
[

0 0 · · · 0 1 0 · · · 0 0
]T

= ceT
m(18)

with em denoting the vector of all zeros with a 1 at the mth position. The uncer-
tainty about the values of c and m is the form it takes in the present single source
recovery problem the scaling and permutation indeterminacy, inherent in BSS.

It can be shown that the maximization of the square of the kurtosis of y,
|ky(4, 2)|2, has the perfect equalizer, that is that g leading to a combined response
of the form of (18), as its global solution [5, 53]. This should be expected, as the
kurtosis squared of y is one of the terms in the sum to be maximized for the more
general case of all sources recovery problem (see (8), (9)). In fact, we can go even
further and consider higher-order normalized cumulants [5]:

ky(2p, 2q) =
cum

2p times︷ ︸︸ ︷
(y, y, . . . , y)

(cum (y, y, . . . , y)︸ ︷︷ ︸
2q times

)p/q

�
=

cum2p(y)
(cum2q(y))p/q

p, q positive integers, p > q

Here we set, as it is usually the case in blind equalization studies, q = 1. In view of
our assumption for unit variance αi’s, kαi(2p, 2) can thus be replaced by cum2p(αi).
Moreover, to simplify notation, we shall henceforth omit the subscripts from the
source cumulant tensor of order 2p, Cα,2p, and denote it simply as C. To appreciate
the applicability of the criteria maxs |ky(2p, 2)|2 to the problem in question, let us
express the above functions in terms of the combined response s with the aid of
the multilinearity property of the cumulant tensor (Fact 4.2):

Fact 5 (Input-output relation for normalized cumulants). If y and α are re-
lated as in (17), their normalized cumulants satisfy the relation:

ky(2p, 2) =

2p times︷ ︸︸ ︷
sT

C
� sT

C
� · · ·

C
� sT

(sT � sT )p

�
=

(sT )
C
�2p

‖s‖2p
2

(19)

Note that, in view of the independence assumptions for the source signals, the
tensor C is diagonal. One can then see that8 [5, 61, 52, 53]:

Fact 6 (Normalized cumulant extremization). The solutions of the maximiza-
tion problem9

max
s∈�2

|ky(2p, 2)|2, p ≥ 2

are given by the combined responses (18).

8This result holds also true for normalized cumulants of odd order, ky(2p + 1, 2), p > 0,
provided that all source cumulants kαi(2p + 1, 2) are equal in absolute value. An important

special case of this is the blind equalization of single-input single-output systems [5].
9We consider the space �2 of square summable sequences as the general parameter space. For

BIBO stable system and deconvolution filters, � belongs to �1, and therefore to �2 as well.
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We shall denote by J2p(s) the above cost as a function of s:

J2p(s) =
(sT )

C
�2p

‖s‖2p
2

(20)

It must be emphasized that the statement of Fact 6 relies on the whole space

2 being the support of the maximization. However, by its very definition,

s = Fg,

s is constrained to lie in the column space of the convolution matrix F , which we
will call the space of attainable responses and denote by SA:

SA
�
= {s : s = Fg for some equalizer g} ⊂ 
2(21)

Hence, our adopted criterion should be written as:

max
s∈SA

|J2p(s)|2(22)

The stationary points of J2p(·) will thus be given by making the gradient ∇J2p(·)
orthogonal to SA:

P A∇J2p(s) = 0,(23)

where P A denotes the orthogonal projector onto the space of attainable responses:

P A
�
= F (F T F )#F T .(24)

If SA 	= 
2, that is, P A 	= I, not all sequences s can be attained by varying the
equalizer vector g. In particular, perfect equalization, corresponding to a combined
response as in (18), might then be impossible. In this case, we shall say that we
have undermodeling. On the other hand, a setting with P A = I will be said to
correspond to a sufficient order case. Notice that, when noise is nonnegligible in our
model (14), the matrix F is always “tall”, that is, it has more rows than columns.
Hence undermodeling results regardless of the equalizer order. This means that in
practical applications undermodeling is rather unavoidable and the role played by
P A in our analysis should not be overlooked. To make the fact that in general
SA 	= 
2 explicit in the expression for J2p(s), we write (20) in the form

J2p(s) =
((P As)T )

C
�2p

‖s‖2p
2

(25)

Let us now derive a characterization of the stationary points of J2p(·). Making
use of the scale invariance of J2p(·) we can always assume that ‖s‖2 = 1. Differen-
tiating (20) and substituting in (23) we arrive at the following [53]:

Theorem 1 (Characterization of stationary points). A candidate s ∈ SA (sca-
led to unit 2-norm) is a stationary point of J2p(s) over SA if and only if

P A(sT C
� sT C

� · · · C
� sT︸ ︷︷ ︸

2p− 1 times

C
� I)T = J2p(s)s.(26)

Defining the polynomial transformation T (s) = P A((sT )
C
�(2p−1)

C
� I)T , eq. (26)

above takes the form:

T (s) = J2p(s)s
14



which points to an interpretation of the stationary points of J2p(s) as the unit 2-
norm “eigenvectors” of the transformation T . The “eigenvalue” for an “eigenvector”
s is found by calculating J2p(·) at s. The maximization (22) will then be equivalent
to determining the “eigenvector(s)” of T corresponding to the “eigenvalue(s)” of
maximal absolute value. It is well-known that the power method provides a solution
to the analogous problem for linear transformations [24].

Further insight into the above interpretation can be gained by expressing the
function J2p(s) in a scalar product form, which could be viewed as a higher-order
analog of the Rayleigh quotient [24]. To this end, let us define the symmetric
2pth-order tensor T by:

T = P
C
�2p
A(27)

or equivalently,

Ti1,i2,... ,i2p
=
∑

j

Cj,j,... ,j(P A)i1,j(P A)i2,j · · · (P A)i2p,j(28)

where the fact that C is diagonal was taken into account. We can then express

J2p(·) from (25) as J2p(s) = (sT )
T
� 2p

‖s‖2p
2

or equivalently, using the tensor scalar product
notation:

J2p(s) =
〈T , s�2p〉
〈s, s〉p(29)

4. The Tensor Power Method

It is well known that maximizing the absolute value of the Rayleigh quotient
of a symmetric matrix amounts to determining its maximal (in absolute value)
eigenvalue-eigenvector pair [24]. Equivalently, this yields the maximal singular
value and corresponding singular vector, which in turn provide us with the best
(in the LS sense) rank-1 approximation to the given matrix [24, Theorem 2.5.2].
This equivalence between the LS rank-1 approximation to a matrix, provided by
its maximal singular triple, and the maximization of the absolute value of the
associated bilinear form holds also true for general, nonsymmetric matrices [24].
Perhaps the most common way of determining the maximal eigenpair of a matrix
T is the power method, described as:

Algorithm 1: Power Method

Initialization: s(0) = a unit 2-norm vector

Iteration:
for k = 1, 2, . . .

s̃(k) = Ts(k−1)

s(k) =
s̃(k)

‖s̃(k)‖2

σ(k) = 〈s(k),Ts(k)〉
end

It is a fixed-point algorithm, which is proven to converge to the absolutely max-
imal eigenvalue λmax (in σ(k)) and the corresponding unit-norm eigenvector smax
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(in s(k)), provided that λmax is simple and the initialization s(0) is not orthog-
onal to smax. The speed of convergence depends on how much |λmax| is greater
than the next absolutely largest eigenvalue [24]. Applying the power method to

a symmetrized variant of the rectangular matrix T , for example
�
� 0 T T

T 0

�
�, one

computes its maximal singular value along with the corresponding left and right
singular vectors [24].

In this section we discuss a higher-order extension of the above algorithm, the
Tensor Power Method (TPM) (or as otherwise called, Higher-Order Power Method),
developed in [35] for providing a LS rank-1 approximation to nonsymmetric tensors.
We devise an alternative proof of the characterization of the stationary points,
which moreover provides us a means of discriminating the stable equilibria from
the saddle points. A clear proof of convergence is also presented. Contrary to
the doubts expressed in [35] concerning the existence of a working constrained
version of the method for symmetric tensors, such an algorithm is shown here to
be convergent subject to some convexity (concavity) conditions, justified in several
practical applications. For the symmetric tensor case, a new initialization method
is developed, which has been seen, via extensive simulations, to provide an initial
point closer to the global optimum than the TSVD-based initialization suggested in
[35]. As a byproduct of the above analysis, we arrive at lower and upper bounds for
the initially obtained cost value, whose tightness has been experimentally verified.

4.1. Equivalence of Tensor Rank-1 Approximation and Multilinear
Form Maximization. We now clarify the connection of the problem of maximiz-
ing the absolute value of a multilinear form with that of obtaining the LS rank-1
approximant to its associated tensor [34]; this extends to higher-order arrays a
well-known property for matrices [24].

Theorem 2 (Tensor low-rank approximation). Given an nth-order tensor T ,
consider the problem of determining a scalar σ and n vectors {s(i)}n

i=1 minimizing
the Frobenius norm squared

‖T − σ[s(1) � s(2) � · · · � s(n)]‖2
F =

∑
i1,i2,... ,in

(
Ti1,i2,... ,in

− σs
(1)
i1
s
(2)
i2

· · · s(n)
in

)2

(30)

subject to the constraint that ‖s(i)‖2 = 1 for i = 1, 2, . . . , n. Then the vectors
{s(i)}n

i=1 correspond to a local minimum of (30) if and only if they yield a local
maximum of |f(s(1), s(2), . . . , s(n))|, with

f(s(1), s(2), . . . , s(n)) =
∑

i1,i2,... ,in

Ti1,i2,... ,in
s
(1)
i1
s
(2)
i2

· · · s(n)
in

= 〈T , s(1) � · · · � s(n)〉.
(31)

The corresponding value of σ is σ = f(s(1), s(2), . . . , s(n)).

Proof: Fixing the s(i)’s, (30) takes the form of a LS problem in the scalar σ,
whose solution is readily found as:

σopt =
〈T , s(1) � s(2) � · · · � s(n)〉

〈s(1) � s(2) � · · · � s(n), s(1) � s(2) � · · · � s(n)〉
From the property (1) of the Tucker product it follows that ‖s(1)�s(2)�· · ·�s(n)‖2

F =
‖s(1) ⊗ s(2) ⊗ · · · ⊗ s(n)‖2

2, whereby, using well-known properties of the Kronecker
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product [2], we obtain

‖s(1) � s(2) � · · · � s(n)‖2
F =

n∏
i=1

‖s(i)‖2
2 = 1.

Hence

σopt = 〈T , s(1) � s(2) � · · · � s(n)〉
= f(s(1), s(2), . . . , s(n))

and the LS squared error becomes

‖T − σ[s(1) � s(2) � · · · � s(n)]‖2
F = ‖T ‖2

F − σ2
opt

= ‖T ‖2
F − |f(s(1), s(2), . . . , s(n))|2.(32)

Since ‖T ‖F is constant, the latter relation completes the proof. �

4.2. Characterization of Stationary Points. In view of Theorem 2 the
study of the extremization of multilinear forms (31) parallels that of higher-order
tensor approximation. The characterization of the stationary points of (31), devel-
oped in this subsection, further enlightens this equivalence.

First of all, let us point out that the constrained problem

max
‖s(i)‖2=1

|f(s(1), s(2), . . . , s(n))|2(33)

may equivalently be viewed as the unconstrained maximization of the functional

h(s(1), s(2), . . . , s(n)) =
|f(s(1), s(2), . . . , s(n))|2
‖s(1)‖2

2‖s(2)‖2
2 · · · ‖s(n)‖2

2

=
〈T , s(1) � · · · � s(n)〉2

〈s(1), s(1)〉 · · · 〈s(n), s(n)〉

(34)

It is readily seen that h(·) is scale invariant, that is,

h(β1s
(1), β2s

(2), · · · , βns(n)) = h(s(1), s(2), . . . , s(n))

for any nonzero scalars βi.
Before plunging into the analysis of the stationary points of h let us briefly

recall the notion of directional derivative as it will be extensively employed in the
sequel.

Definition 14 (Directional derivative). [54] Let h(s(1), s(2), . . . , s(n)) be a func-
tion from 
n2 to �. The following limit

h′(s(1), s(2), . . . , s(n); r(1), r(2), . . . , r(n))

�
= lim

t→0

h(s(1) + tr(1), . . . , s(n) + tr(n)) − h(s(1), . . . , s(n))
t

,

if it exists, is called the (first) directional derivative (or Gateaux differential) of h at
the point (s(1), s(2), . . . , s(n)) with respect to the directional vectors (r(1), r(2), . . . ,
r(n)).

Using standard notation, we may write

h′(s(1), s(2), . . . , s(n); r(1), r(2), . . . , r(n)) =
dh(s(1) + tr(1), . . . , s(n) + tr(n))

dt

∣∣∣∣
t=0
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The second directional derivative is defined analogously:

h′′(s(1), s(2), . . . , s(n); r(1), r(2), . . . , r(n)) =
d2h(s(1) + tr(1), . . . , s(n) + tr(n))

dt2

∣∣∣∣
t=0

For a function h(s) with continuous partial derivatives, its first directional derivative
is given by the projection of its gradient onto the directional vector, i.e.,

h′(s; r) = 〈∇h(s), r〉(35)

and provides the rate of variation at s in the direction given by r. If h is twice
continuously differentiable, one can see that

h′′(s; r) = 〈r,H(s)r〉(36)

where H(s) = ∂2h(s)
∂s2 is the Hessian matrix of h at s.

Call d(s(1), . . . , s(n)) the denominator function in (34). For convenience we
shall denote by g(t) the function g(s(1) + tr(1), . . . , s(n) + tr(n)) of t and by g′, g′′

its first and second derivatives with respect to t. Then g′(0) and g′′(0) will equal
the first and second directional derivatives of g, respectively. In view of the scale
invariance of h, we may assume without loss of generality that the stationary points
(s(1), . . . , s(n)) are normalized to unit norm, ‖s(i)‖2 = 1. Let the vectors r(i) be
decomposed as r(i) = αis

(i) + v(i) with 〈v(i), s(i)〉 = 0. The stationary points of h
are found as solutions to the equation:

0 = h′(0) =
2dff ′ − f2d′

d2

∣∣∣∣
t=0

(37)

One can see that d′(0) = 0. Taking also into account the equality d(0) = 1, (37)
becomes

0 = h′(0) = 2f(0)f ′(0).(38)

Clearly the case f(0) = 0 corresponds to a global minimum of h (h ≥ 0). Thus
consider the case that f(0) 	= 0, whereby f ′(0) = 0. Calculating f ′ we obtain

f ′(0) = 〈v(1),x(1)〉 + 〈v(2),x(2)〉 + · · · + 〈v(n),x(n)〉(39)

where the vector x(i) is obtained by excluding s(i) from the sum (31):

x
(1)
i1

=
∑

i2,... ,in

Ti1,i2,... ,in
s
(2)
i2

· · · s(n)
in

...(40)

x
(n)
in

=
∑

i1,... ,in−1

Ti1,i2,... ,in
s
(1)
i1

· · · s(n−1)
in−1

We should emphasize here that (39) holds for all vectors v(i) orthogonal to s(i).
Hence one can set all but one, say the jth, equal to zero. Then the stationary point
condition f ′(0) = 0 implies that

〈v(j),x(j)〉 = 0, for all v(j) orthogonal to s(j).

This in turn implies that x(j) is colinear with s(j); that is,

x(j) = σs(j)
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with the scalar σ given by

σ = 〈x(j), s(j)〉 = 〈T , s(1) � s(2) � · · ·s(n)〉 = f(s(1), . . . , s(n)).(41)

Conversely, if x(j) = f(0)s(j) for all j, then it follows directly from (39) that
f ′(0) = 0, that is the s(i)’s are a stationary point of h. We have thus shown the
following:

Theorem 3 (Characterization of stationary points). The unit 2-norm vectors
{s(i)}n

i=1 are a stationary point of the functional h in (34), if and only if∑
i2,... ,in

Ti1,i2,... ,in
s
(2)
i2
s
(3)
i3
. . . s

(n)
in

= σs
(1)
i1

for all i1

...∑
i1,... ,in−1

Ti1,... ,in−1,in
s
(1)
i1
. . . s

(n−2)
in−2

s
(n−1)
in−1

= σs
(n)
in

for all in

with σ = f(s(1), s(2), . . . , s(n)).

The above characterization was also derived in [34], with the aid of the La-
grangian function for the constrained problem (33). Nonetheless, the above analysis
has the advantage of allowing a study of the stability of the stationary points as
well. To this end, we consider the second directional derivative of h at a stationary
point. A straightforward calculation, taking into account that f ′(0) = 0, yields:

h′′(0) = 2f(0)
(
f ′′(0) − 1

2
f(0)d′′(0)

)
.(42)

The point in question is a local maximum (minimum) of h if h′′(0) ≤ 0 (h′′(0) ≥ 0)
for all possible directions. In view of (36), this is to say that the Hessian matrix is
seminegative- (semipositive-) definite [54]. Assume f(0) > 0. The case f(0) < 0
can be treated in an analogous way. In that case, the condition for a local maximum
takes the form:

f ′′(0) − 1
2
f(0)d′′(0) ≤ 0(43)

It can be verified that

d′′(0) = 2
n∑

i=1

‖v(i)‖2
2(44)

f ′′(0) = 2
n∑

i=1

n∑
j=1
j>i

〈v(i),M (i,j)v(j)〉(45)

where M (i,j) is the matrix that results from excluding s(i) and s(j) from the sum
(31). For example,

M
(1,2)
i1,i2

=
∑

i3,... ,in

Ti1,i2,i3,... ,in
s
(3)
i3

· · · s(n)
in

(46)

It is of interest to point out that all the matrices M (i,j) share a common singular
value, namely f(0); indeed,

M (i,j)s(j) = x(i) = f(0)s(i)
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and

(M (i,j))T s(i) = x(j) = f(0)s(j)

where the characterization in Theorem 3 was used.
Condition (43) now reads as:

Theorem 4 (Characterization of stable equilibria). The stationary point (s(1),
. . . , s(n)) of h in (34), with ‖s(i)‖2 = 1, corresponds to a local maximum of the
function if and only if

2
n∑

i=1

n∑
j=1
j>i

〈v(i),M (i,j)v(j)〉 ≤ f(s(1), . . . , s(n))
n∑

i=1

‖v(i)‖2
2, f(·) > 0(47)

2
n∑

i=1

n∑
j=1
j>i

〈v(i),M (i,j)v(j)〉 ≥ f(s(1), . . . , s(n))
n∑

i=1

‖v(i)‖2
2, f(·) < 0(48)

for all vectors v(i) orthogonal to s(i), with the matrices M (i,j) defined as in (46).
For a local minimum, (47), (48) apply with their first inequalities being reversed.

An interesting byproduct of the above results is summarized as:

Corollary 1 (Characterization of the functional extremal values). The square
root of the value assumed by h at a local maximum (minimum) (s(1), . . . , s(n)) with
‖s(i)‖2 = 1, is the largest (smallest) singular value of each of the matrices M (i,j).

Proof: Consider the case of a maximum where f is positive. The other cases
follow similarly. Set in (47) all vectors v(i) equal to zero, except for two, say v(j)

and v(k), j < k, with ‖v(j)‖2 = ‖v(k)‖2 = 1. This yields

〈v(j),M (j,k)v(k)〉 ≤ f(0)

for all unit-norm v(j) and v(k) orthogonal to s(j) and s(k), respectively. The result
then follows by considering the fact that (f(0), s(j), s(k)) is a singular triple of
M (j,k). �

Theorem 4 takes a particularly elegant form in the case that T is symmetric.
Note that in this case all n(n−1)

2 matrices M (i,j) are symmetric and equal, say to M ,
as well as the vectors s(1) = s(2) = · · · = s(n) = s and v(1) = v(2) = · · · = v(n) = v.
Then (47) (for f > 0) becomes

(n− 1)
〈v,Mv〉
〈v,v〉 ≤ f(s)(49)

which, in view of the fact that f(s) = 〈T ,s�n〉
‖s‖2n

2
at a maximum is the largest eigenvalue

of M , shows that it is the most positive eigenvalue by a factor of n− 1.

4.3. TPM and TSVD-Initialization (Nonsymmetric Case). An itera-
tive algorithm, extending Algorithm 1 to higher-order tensors, was developed in
[35] based on the equalities satisfied by the stationary points of h in Theorem 3.
The vectors s(i) are each optimized alternately using the corresponding equality
and considering the remaining vectors fixed to their current values. This algorithm
is interpreted in [34] as a gradient ascent scheme for the maximization of h.10 As

10In fact, the TPM is nothing but the so-called Alternating Least Squares (ALS) procedure
employed in nonlinear least-squares problems [4].
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the function h is multimodal (for n > 2), the initial values for the vectors s(i) in
this gradient scheme are critical as to whether it will converge to a local maximum
or to its global one. Inspired from the role that plays in the 2nd-order problem the
maximal singular triple of T , the authors of [35] have proposed an initialization
for TPM on the basis of the corresponding TSVD. Namely, s(i) is initialized as the
first column of the matrix U (i) in the decomposition (5) of T . Although no formal
proof is given, it is conjectured in [35], on the basis of simulation results, that this
initialization is almost always found in a basin of attraction of the globally optimum
point. The TPM is described below:

Algorithm 2: Tensor Power Method (Nonsymmetric case)

Initialization: s(i)(0) = a unit 2-norm vector, 1 ≤ i ≤ n

Iteration: for k = 1, 2, . . .

s̃
(1)
i1

(k) =
∑

i2,i3,... ,in

Ti1,i2,... ,in
s
(2)
i2

(k − 1)s(3)i3
(k − 1) · · · s(n)

in
(k − 1)

s(1)(k) = ε
s̃(1)(k)

‖s̃(1)(k)‖2

s̃
(2)
i2

(k) =
∑

i1,i3,... ,in

Ti1,i2,... ,in
s
(1)
i1

(k)s(3)i3
(k − 1) · · · s(n)

in
(k − 1)

s(2)(k) = ε
s̃(2)(k)

‖s̃(2)(k)‖2

...
s̃
(n)
in

(k) =
∑

i1,i2,... ,in−1

Ti1,i2,... ,in
s
(1)
i1

(k)s(2)i2
(k) · · · s(n−1)

in−1
(k − 1)

s(n)(k) = ε
s̃(n)(k)

‖s̃(n)(k)‖2

end

The factor ε is set to 1 if f is to be maximized and to −1 if it is to be minimized.
Henceforth we shall only be concerned with the maximization of h. Then ε ideally
equals the sign of the scalar σ in Theorem 3.

Although the convergence of TPM is implicit in [35], no clear proof is given for
it. We provide one in the following:

Theorem 5 (Convergence of TPM). If ε = 1 (ε = −1), Algorithm 2 converges
to a local maximum (minimum) of f for any initialization, except for saddle points
or crest lines leading to such saddle points.

Proof: Begin by writing f as (see (41))

f(s(1)(k − 1), s(2)(k − 1), · · · , s(n)(k − 1)) = 〈s(1)(k − 1),x(1)(k − 1)〉

where the vector x(1)(k − 1) is defined as in (40), i.e.,

x
(1)
i1

(k − 1) =
∑

i2,... ,in

Ti1,i2,... ,in
s
(2)
i2

(k − 1) · · · s(n)
in

(k − 1)
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Applying the Cauchy-Schwarz inequality to the scalar product 〈s(1)(k−1),x(1)(k−
1)〉 yields (recall that ‖s(1)(k − 1)‖2 = 1)

−‖x(1)(k − 1)‖2 ≤ 〈s(1)(k − 1),x(1)(k − 1)〉 ≤ ‖x(1)(k − 1)‖2.(50)

The upper (lower) bound in (50) is obtained if and only if s(1)(k−1) = x(1)(k−1)

‖x(1)(k−1)‖2

(s(1)(k − 1) = − x(1)(k−1)

‖x(1)(k−1)‖2
) which coincides with the first step in the iteration of

Algorithm 2 for s(1)(k) when ε = 1 (ε = −1). Consider the case ε = 1 as the other
case can be addressed in a dual manner. Then, if we are not at a stationary point,
the above argument implies that 〈s(1)(k),x(1)(k−1)〉−〈s(1)(k−1),x(1)(k−1)〉 > 0,
or equivalently,

f(s(1)(k), s(2)(k − 1), · · · , s(n)(k − 1)) > f(s(1)(k − 1), s(2)(k − 1), · · · , s(n)(k − 1)).

By repeating this argument for the remaining vectors we obtain the chain of in-
equalities:

f(s(1)(k), s(2)(k), · · · , s(n)(k − 1)) > f(s(1)(k), s(2)(k − 1), · · · , s(n)(k − 1))
...

f(s(1)(k), s(2)(k), · · · , s(n)(k)) > f(s(1)(k), s(2)(k), · · · , s(n)(k − 1))

showing f to be increasing. From (32) it is seen that |f | is upper bounded by ‖T ‖F .
We thus conclude that f is convergent to a (local) maximum. �

4.4. Symmetric TPM. The TPM, as described above, when applied to a
symmetric tensor T , will necessarily converge to a point where all the vectors s(i)

are equal. However, as pointed out in [35], the intermediate rank-1 approximants
are generally nonsymmetric. Forcing the equality s(1) = s(2) = . . . = s(n) =
s all from the beginning in Algorithm 2 is criticized in [35] as being unreliable
with respect to preserving the monotonicity of f . In this subsection we study a
symmetric version of TPM and show it to be convergent for even n, subject to a
condition of convexity (concavity) for f . As it will be seen in the next section, such
conditions often occur in common blind deconvolution setups. Moreover, although
the convergence proof provided here relies on this assumption on f , convergence
has also been observed in all of our simulations conducted in the absence of this
condition. The symmetric TPM results from Algorithm 2 above by equating all the
vectors s(i):

Algorithm 3: Tensor Power Method for Symmetric Tensors

Initialization: s(0) = a unit 2-norm vector (e.g., computed as in §4.5)
Iteration: for k = 1, 2, . . .

s̃i1(k) =
∑

i2,i3,... ,in

Ti1,i2,... ,in
si2(k − 1)si3(k − 1) · · · sin(k − 1)

s(k) = ε
s̃(k)

‖s̃(k)‖2

end

As in Algorithm 2, the sign factor ε assumes the value 1 when f is to be maximized
(convex case) and −1 when it is to be minimized (concave case).
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Theorem 6 (Convergence of symmetric TPM). Let T be a symmetric M ×
M × · · · ×M tensor of even order n. If the function f(s) = 〈T , s�n〉 is convex
(concave) over �

M , then Algorithm 3 with ε = 1 (ε = −1) will converge to a
maximum (minimum) of the function f(s)

〈s,s〉n/2 .

We should emphasize that even when f(s) is convex, the scaled function f(s)
〈s,s〉n/2

will not be.
Proof: Consider the case that f is convex, as the case of f being concave can

be addressed similarly. The major implication of this assuption is that f satisfies
the (sub-)gradient inequality [54]

f(w(2)) − f(w(1)) ≥ 〈w(2) − w(1),∇f(w(1))〉

for any vectors w(1),w(2) ∈ �
M (regardless of how distant they may be). Recall

from (39) that (see (35)):

[∇f(w)]i1 = n
∑

i2,... ,in

Ti1,i2,... ,in
wi2 · · ·win .

Now set w(2) = s(k) and w(1) = s(k − 1) in the above inequality, to obtain

f(s(k)) − f(s(k − 1)) ≥ 〈s(k),∇f(s(k − 1))〉 − 〈s(k − 1),∇f(s(k − 1))〉(51)

To show that f(s(k)) is increasing it suffices then to prove that the right-hand side
above is positive whenever s(k) 	= s(k−1) (i.e., not a stationary point). Note that,
for any unit-norm vector s, the Cauchy-Schwarz inequality yields:

〈s,∇f(s(k − 1))〉 ≤ ‖∇f(s(k − 1))‖2(52)

with equality if and only if s = ∇f(s(k−1))
‖∇f(s(k−1))‖2

. But this is precisely the formula for
s(k) in the Algorithm 3 for ε = 1. Hence

〈s(k),∇f(s(k − 1))〉 − 〈s(k − 1),∇f(s(k − 1))〉 > 0

which, in view of (51), implies that f(s(k)) is increasing with k. The convergence
to a (local) maximum follows again by considering the fact that |f | is bounded from
above. �

Note that the left-hand side of (52) equals the directional derivative of f with
respect to the direction s. Hence Algorithm 3 makes for s(k) the choice which leads
to the greatest possible increase in f . We shall come back to this point in Section 5
when discussing the SEA.

4.5. A Novel Initialization Method and Some Performance Bounds.
Although our simulations have verified the closeness of the TSVD-based initial-
ization of [35] to the global extremum, an alternative initialization presented here
proves to be more effective in approaching the globally optimum point. For the
sake of simplicity our presentation will be confined to the case of a symmetric 4th-
order tensor, which corresponds to the most common scenario in signal processing
applications.

The fundamental idea stems from the fact that the functional f(s) of Theorem 6
can be written in the form

f(s) =
∑

i1,i2,i3,i4

Ti1,i2,i3,i4si1si2si3si4 = 〈s ⊗ s,T (s ⊗ s)〉(53)
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where the M2 ×M2 matrix T is built out from the entries of the M ×M ×M ×M
tensor T by grouping their first two indices in a row index and the last two in a
column index. That is,

Ti,j = Ti1,i2,i3,i4

where

i = M(i1 − 1) + i2, 1 ≤ i1, i2 ≤M

j = M(i3 − 1) + i4, 1 ≤ i3, i4 ≤M.

Due to the supersymmetry of T it is readily verified that T is not only symmetric
(i.e., T T = T ) but it also satisfies the equality PT P = T where P denotes the
M2 ×M2 vec-permutation matrix [27]. Letting Ei,j denote the matrix eie

T
j of all

zeros with a 1 at the position (i, j), P can be expressed as [2, 27]:

P =
M∑
i=1

M∑
j=1

(Ei,j ⊗ Ej,i)

whereby it is seen to be symmetric.
Consider the SVD of T :

T =
[

ϑ1 ϑ2 · · · ϑM2

]︸ ︷︷ ︸
Θ

⎡
⎢⎢⎢⎣
σ1 ©

σ2

. . .
© σM2

⎤
⎥⎥⎥⎦

︸ ︷︷ ︸
Σ

[
ξ1 ξ2 · · · ξM2

]T︸ ︷︷ ︸
ΞT

(54)

Since T is symmetric, its left and right singular vectors coincide modulo a sign
ambiguity; that is, ξi = ±ϑi for i = 1, 2, . . . ,M2. From the identity P TP = T it
follows that PΞ = Ξ and hence Pξi = ξi.

11 If s has unit norm, then we have

|f(s)| =
∣∣∣∣ 〈s ⊗ s,T (s ⊗ s)〉

〈s ⊗ s, s ⊗ s〉

∣∣∣∣ ≤ σ1(55)

with equality if and only if s ⊗ s coincides with a corresponding singular vector,
ξ1 (or ϑ1 = ±ξ1). This remark would directly provide us with the global solution
to the problem of maximizing h(s) = f2(s)

〈s,s〉n if ξ1 could be written as a “Kronecker
square” s ⊗ s, which is in general not true.

Nonetheless, the above suggests an initialization for s as the best “Kronecker
square root” of ξ1 in the LS sense. Since both these vectors have unit norm, this
approximation problem amounts to that of maximizing the correlation 〈ξ1, s ⊗ s〉.
If we denote by unvec(ξ1) the M ×M matrix whose columns when put one above
the other form ξ1, the above functional to be maximized takes the form

〈ξ1, s ⊗ s〉 = 〈s, unvec(ξ1)s〉 = 〈unvec(ξ1), s
�2〉

and is thus seen to be equivalent to a rank-1 approximation to the matrix unvec(ξ1).

11It is tacitly assumed here that the singular value σi is simple. Nevertheless, it incurs no
loss of generality to assume that this relation holds true even when σi is associated to more than
one left singular vectors, since one can always choose a vector from the space they span so as to
satisfy the desired symmetry. An example might be the vector �′i = ��i + �i normalized to unit

2-norm.
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Lemma 1. The symmetry relation ξ1 = Pξ1 is equivalent to the matrix unvec(ξ1)
being symmetric.

Proof: Let us denote by a(M) the vector resulting from the M2 × 1 vector a by
writing first every Mth element of a starting with the first one, then every Mth
element starting with the second, etc. It can be shown that a(M) = Pa [27]. We
thus have

vec((unvec(ξ1))
T ) = (ξ1)(M) = P ξ1 = ξ1 = vec(unvec(ξ1)).

�
Similarly with (55) we have now

|〈ξ1, s ⊗ s〉| =
∣∣∣∣〈s, unvec(ξ1)s〉

〈s, s〉

∣∣∣∣ ≤ ς1(56)

where ς1 is the largest singular value of the matrix unvec(ξ1). Notice that ς21 ≤
‖unvec(ξ1)‖2

F = ‖ξ1‖2
2 = 1. Taking s as the corresponding singular vector of

unvec(ξ1) equality is achieved in (56) and a reasonable initialization for TPM is
obtained. In summary, to obtain the initial vector s(0) for Algorithm 3, two matrix
rank-1 approximation problems need to be solved:

New Initialization (Symmetric 4th-order tensor case)
1. Determine the maximal singular vector, ξ1, of the unfolded tensor T .
2. Set s(0) equal to the maximal singular vector of the matrix unvec(ξ1)

Having thus chosen s, (56) becomes an equality and hence (53) along with (54)
imply:

f(s) = 〈s ⊗ s,T (s ⊗ s)〉 = ε1σ1ς
2
1 +

M2∑
i=2

εiσi|〈ξi, s ⊗ s〉|2

where εi = 1 if ϑi = ξi and εi = −1 if ϑi = −ξi. When T is sign-(semi)definite (a
condition frequently met in practice), all sign factors εi are equal, and the latter
relation implies:

|f(s)| ≥ σ1ς
2
1 .(57)

In conjuction with (55), this provides us with lower and upper bounds on the initial
value of h:

Theorem 7 (Bounds on initial value). The value assumed by h by the sug-
gested initialization is bounded as:

σ2
1ς

4
1 ≤ h(s(0)) ≤ σ2

1

where σ1 and ς1 are the largest singular values of the matrices T and unvec(ξ1),
respectively. This initial value approaches to the global maximum as the vector ξ1

approaches Kronecker decomposability (i.e., as ς1 approaches one).

5. The Super-Exponential Algorithm

In light of the developments in the previous section and, in particular, by
comparing (29) with the cost function in Theorem 6, it becomes apparent that the
blind equalization problem of Section 3.3 is not but a special case of the symmetric
tensor approximation problem treated above. Applying then Algorithm 3, with
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n = 2p, to the tensor T of (27)–(28) results in the following algorithm, which is
recognized as the SEA for multisource blind deconvolution [53]:

Algorithm 4: Super-Exponential Algorithm

Initialization: s(0) = a unit 2-norm vector in SA.

Iteration: for k = 1, 2, . . .

s̃i(k) =
∑

j

(PA)i,j(C)j,j,... ,js
2p−1
j (k − 1)

s(k) = sign(J2p(s(k − 1)))
s̃(k)

‖s̃(k)‖2

end

It is shown in [53] that the above recursion can be interpreted as a gradient ascent
scheme where the step size has been so chosen as to attain the maximum increase
of |J2p| at each step. This should be seen in conjuction with the pertinent remark
we have done for the symmetric TPM above. Corollary 1 and (49) above verify
the soundness of the “nonlinear eigenproblem” interpretation given in Section 3.3
to the problem of maximizing |J2p|2.

Suppose we are in the sufficient-order case (P A = I) and all sources have
nonpositive 2pth-order cumulants. The latter requirement is met invariably in
communications systems where all the common modulation formats imply negative
4th-order cumulants for the transmitted signals [56]. Then T becomes equal to C
and

J2p(s) =
〈C , s�2p〉
〈s, s〉p =

∑
i kαi(2p, 2)s2p

i

‖s‖2p
2

turns out to have a concave numerator. Hence, for this scenario, Theorem 6 is
applied and shows the SEA to be convergent to a local minimum of J2p. In fact,
it can be shown that, for this particular case, SEA converges always to the global
minimum, given by the perfect sequences (18) [53] for any initialization (save, of
course, for the exceptional initial conditions mentioned earlier). In this case, the
bounds given by Theorem 7 are applied (T is seminegative definite) and, in fact,
they turn out to be tight, i.e., the initial value suggested by our initialization yields
directly the perfect solution. Further insight into this can be gained by examining the
equivalent minimization problem (cf. Theorem 2), namely that of minimizing the
norm ‖C−σs�2p‖F . Since C is diagonal, one sees that the optimum s should be of the
form (18) where the 1 is located at the position of the source having the largest (in
absolute value) cumulant. In other words, the resulting deconvolution filter “passes”
the least Gaussian source. The above discussion applies to the undermodeling
case as well, except that only convergence to a local minimum is then guaranteed.
Moreover, for P A 	= I, the convergence of the SEA is no longer super-exponential
[52].

Nevertheless, we should emphasize here that, although a convergence proof is
still to be devised (for the case P A 	= I), Algorithm 4 has been observed to converge
to local extrema of J2p even when the source cumulants are not all of the same sign.
To give an illustrative example of the convergence of SEA and the superiority of
the novel initialization over that of [35] we consider a static blind deconvolution
problem modeled as in (14) with the mixing matrix F being of dimensions 10× 3;
that is, a scenario with many more sources than sensors is adopted. We consider
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Figure 2. Average cost function evolution for the new and TSVD-
based initializations.

the maximization of |J2p(·)|2 with p = 2 and we are not making any assumptions on
the signs of the source 4th-order cumulants. This problem corresponds evidently to
an undermodeled case and a cost function J2p whose numerator is neither convex
nor concave. The evolution of J4, averaged over 1000 independent Monte-Carlo
runs where F and kαi(4, 2) are randomly chosen, is plotted in Fig. 2. The TSVD-
based initialization, though being quite close to the global optimum, is seen to be
frequently outperformed by the new method.

6. Concluding Remarks

In this semitutorial paper we have attempted to provide a comprehensive ex-
position of recent advances in tensor decomposition/approximation and related ap-
proaches for blind source separation and linear system deconvolution. One of our
main goals was to put into evidence the intimate relationship between the super-
exponential blind deconvolution algorithm and a symmetric tensor power method
developed here. We feel that the results presented may greatly enhance our under-
standing of the local convergence behavior of minimum-entropy blind estimation
algorithms and hopefully pave the way for a fruitful interplay with the domain of
tensor approximation.

We have seen that the convergence of the SEA is perfectly understood for
sources with cumulants of the same sign. The case of mixed-sign source cumulants
is also worthy of investigation as the observed ability of the algorithm to operate in
such an environment enhances its applicability in applications such as multimedia
communications, mixing e.g. speech (super-Gaussian) and data (sub-Gaussian),
and renders the receiver robust against intentional interferences.
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The method of initialization we developed here may prove to be a vehicle for
an ultimate solution to the local extrema problem. Further theoretical analysis is
needed though in order to provide a clear explanation of its observed superiority
over the TSVD scheme as well as improvements aiming at reducing its rate of failure
of ensuring global convergence (which has been observed to be at least as low as
that of the TSVD-based method). Furthermore, fast implementations need to be
developed as the computational burden grows quite fast with the problem size. A
preliminary step towards this end in a blind deconvolution application can be the
exploitation of the Tucker-product structure of the 4th-order cumulant tensor of
the system output for reducing the decomposition problem to a 2nd-order one, with
subsequent gains in computations and numerical accuracy.

Extensions of the TPM for approximating a tensor with one of given mode-
ranks were reported in [40, 34] and can be viewed as higher-order analogs of the
method of orthogonal iterations for matrices [24]. The results presented here could
easily be generalized to this problem by replacing the vectors s(i) by matrices with
orthonormal columns [34]. However, the more interesting problem of approximating
a symmetric tensor with one of a lower tensor rank remains open. The results
of [40, 34] for a rank-(r1, r2, . . . , rn) tensor do not generally provide an insight
into this problem since there is no known relationship between these two rank
notions. An approach which would successively subtract from a tensor its rank-1
approximant would not be successful in general, as pointed out in [21, 18] (unless,
of course, the tensor is Tucker factorable).

As a final remark, the tensor formulation we have given to the BSS problem, as-
sisted by an elegant and powerful notation, may prove to provide a means of coping
with the more challenging problem of analysis of nonindependent components.
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