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1. Introduction

Transition probability tensors and their associated Z;-eigenvalues have been studied
in the literature. [1-6] Of particular note, the uniqueness of the positive eigenvector
corresponding to the unique Z;-eigenvalue is in general unknown. Chang and Zhang
[2] studied various techniques of contraction mapping, monotone operator method and
index method. In [2], it was shown that an irreducible transition probability tensors of
order 3 in dimension 2 have a unique Z;-eigenvector corresponding to the unique Z;-
eigenvalue. In this paper, we focus on symmetric irreducible transition probability tensors
of order 4 in dimension 2 and of order 3 in dimension 3. We are able to prove that a
symmetric irreducible transition probability tensor in these orders and dimensions has a
unique Z; -eigenvector. The methods employed are direct, using Grobner bases with the
aid of CoCoA [7] and the computational software Mathematica. [8]

2. Notation

Let R be the real field; we consider an m-order # dimensional tensor A consisting of n™
entries in R:
A= (@iyi)s  Giyeiyy €ER, 1 <lip, ..o,y < 1

A real m-order n dimensional tensor A = (aj;...;,,) is said to be nonnegative if each
entry a;,...j, > 0.
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To an n-vector x = (x1, .. ., Xy), real or complex, we define a n-vector:
n
m—1 .__ L . .
Ax = ( E Qiiiyrviyy Xiy ** -x,m>
i2yeim= l<izn

We denote the set of all m-order n dimensional real tensors via RI">" and the set of all
m-order n dimensional nonnegative tensors via RT’"].

Definition 2.1: A tensor A € RI"™" is called symmetric if a;,...;,, = ao(i...;,) for all o in
the symmetric group on m indices.

The following definition of eigenvalues of tensors due to Qi [9] and Lim [10] have
since become a standard terminology. The notion of the Z; -eigenvalue in particular was
introduced in [2].

Definition 2.2: Let A € RI"™" be a nonzero tensor. A pair (A,x) € R x (R"\ {0}) is
called a Z; -eigenvalue and Z; -eigenvector (or simply Z; -eigenpair) of A if they satisfy the
equation
Ax™1 = x,
{Z?:lxi =1 @

The following notion of reducibility was introduced in [10,11].

Definition 2.3: A tensor A = (aj,..;,) € RI"™" is called reducible, if there exists a
nonempty proper index subset I C {1,. .., n} such that

Ajy iy = 0, Vil € I, Viz,...,im ¢ 1.

If A is not reducible, then we call A irreducible.
The notion of transition probability tensor was introduced in [4]:

Definition 2.4: A nonnegative tensor P € RE:”’"] is called a transition probability tensor
if P = (pi,...i,,) satisfies

n

§ pii2~-~im = 1) 1 =< i2y' . ,im =mn,
i=1

plllzlm Z 0) 1 S il)' t :im S n.

3. Symmetric irreducible transition probability tensors in RT’zl

In this section, we prove that a symmetric irreducible transition probability tensor in
R[f’zl has a unique Z -eigenvector. We note that an example was given in [2] of a positive
tensor in R[f’z] which lacked symmetry and had two Z;-eigenvectors corresponding to a
Z,-eigenvalue of 1.

Theorem 3.1: Let P € RE:"’”] be a symmetric transition probability tensor, then x =

%, cee %) is a Zy-eigenvector with a Z;-eigenvalue of 1.
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Proof: LetP € R[f’"] be a symmetric transition probability tensor, and let x = (%, L
We have

n
m—1
(Px = Z Pliyiz-wiXiy ** * Xiy,

ipeip=1

n 1 m—1
= Z Plizia"-im<;) .

iy ipm=1

We now rearrange the terms of pyj,i,...;, and using symmetry and the fact that P is a
transition probability tensor, we arrive at our desired conclusion.

We consider each piyj,...i,,. Since P is a transition probability tensor, we have p11;...;,, +
P21iseiy, + 0+ Pulizi,, = 1. By symmetry, we note that Pklis-iyy = Plkize-ip for each
1<k<n.

It is now merely a counting argument. There are n~2 possibilities for i3 - - - i,,,. There
are n elements in the list of p14;,...;,, as 1 < k < n. This gives ! unique elements. Hence,
(Px™m~1), = nm_z(%)m_1 = % as required.

A similar argument shows (Px™"1); = % foralll <i<n. O
Theorem 3.2: Let P € R[f’z] be a symmetric irreducible transition probability tensor.
Then P has a unique Zi-eigenvector corresponding to 1.

Proof: From the Theorem 3.1, we know (%, %) is a Zj-eigenvector. Let P € RE’Z] be a
symmetric irreducible transition probability tensor, and let x be a Z; -eigenvector. Then P
and x must satisfy the following properties

2
E Pii2i3i4xi2xi3xi4 = Xi» 1 < i < 2.

i2,i3,i4=1
X1 +x=1.

Given that P is a symmetric transition probability tensor, we make the following substi-
tutions: We set P11 = a, priiz = b, P1122 = ¢, p1222 = d, and P22 = e. For ease of
notation, we also designate x := x; and y := x;.

This gives

ax® 4 3bx’y + 3cxy? + dy® = x
bx® + 3cx’y + 3dxy* + ey’ =y
x+y=1

Wenownotethata+b =1,d+e=1,b+c=1andc+ d = 1since P is a transition
probability tensor. This gives a = ¢ and d = e. This transforms our system into

ax® + 3(1 — a)xzy + 3axy2 + (1 - cz)y3 =X
(1 —a)x® +3ax’y +3(1 —a)xy* +ay’ =y
x+y=1
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By setting y = 1 — x and solving the first equation above, we have (2x — 1)((4a — 2)x% +
(2—4a)x +a—1) = 0. Wesuppose x #* %.Then (4a—2)x* + (2—4a)x+a—1 = 0.Ifa = %,

then this equation becomes —% = 0, a contradiction. Hence, 2a — 1 # 0. This implies

x = 2871EV2a-1 gince 0 < g < 1, we have 2a — 1 < 1. Hence, 2a — 1 < +/2a — 1. We

22a-1)
then have % ‘i‘;_l < 0and % Vzl‘;_l > 1. This is a contradiction since 0 < x < 1.

O

4. Symmetricirreducible transition probability tensors in REB]
In this section, we prove that a symmetric irreducible transition probability tensor in
RE’3]has a unique Z;-eigenvector.

Theorem 4.1: Let P € ]RES] be an symmetric transition probability tensor, then x =
(%, %, %) is a Zy-eigenvector with a Z;-eigenvalue of 1.
Proof: This follows from Theorem 3.1. O

LetP € R[j’ﬂ be a symmetric irreducible transition probability tensor, and let x be a
Z;-eigenvector. Then P and x must satisfy the following properties

3
§ Pii2i3xi2xi3 = Xj, 1 < i < 3.

i is=1
3

Z xr = 1.

k=1

Given that P is a symmetric transition probability tensor, we make the following substi-
tutions: We set p111 = a, pri2 = b, p1aa = ¢, and pypa = d. We have the following
inequalities

WD piz=pi=psu=l—-pm—pn=1-a-b>0

Q@ p=p=puB=psi=pi=pn2=1l—piz—pr=1-b—-c>0

B)piz=pszs=p31=1—piz—pz=a+2b+c—-1>0

(4) pa=pr2=psn=1—po—p2=1—-c—d=>0

(5) pr3s=paz=p3a=1—proz —pa3=b+2c+d—-1>0

(6) p3s33=31—b—c)—a—-d=>0

Using the above substitutions together with x3 = 1 — x; — x, x 1= x1, and y := x,, we
obtain the following system of polynomials to solve:

pi=ax* +2bxy+ ¥ +20—a—b)x(0—x—y)+ (@+2b+c— 1)1 —x — y)?
+2(1-b—c)y(l—x—y)—x=0

g:=bx*+2exy+dy? +20 —b—0x(1—x—y) + (b+2c+d — 1)(1 —x — y)°
+2(1—c—d)y(l—x—y)—y=0

ro= (1—a—b)x2+2(1—b—c)xy+(1—c—d)y2+2(a—l—2b—|—c—l)x(l—x—y)
+GBA-b—c)—a—d)(1—x—y*+2(b+2c+d—Dy(l —x—y)
—(1=-x-y)=0
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Lemma4.2: Let P € R[jﬁ] be a symmetric irreducible transition probability tensor.
Suppose x is a Z;-eigenvector with x; = % Thenx; = x; = x3 = %
Proof: Using CoCoA [7], we form the ideal generated by the polynomials p, g, r together
with the polynomial 3x; — 1 in the ring Q[a, b, ¢, d, x1, x2]. We obtain the second element of
its Grobner basis is (3x; — 1)(4b + 4c + d — 3) and the third element is (3x; — 1)(12ax; —
9cx; — 3dx; —4a+3c+d—3). If x; # %, then both 4b + 4c +d — 3 = 0 and
12ax1 — 9cx; — 3dx; —4a+3c+d — 3 = 0. Using Mathematica [8], there is no solution to

this system of equations when considering the inequalities (1)-(6). Hence, we must have

that x; = % as required. g

Theorem 4.3: Let P € Rg’ﬂ be a symmetric irreducible transition probability tensor.
Then P has a unique Z,-eigenvector corresponding to 1.

Proof: Using CoCoA [7], we form the ideal generated by the polynomials p,q,r and
consider its Grobner basis. The fourth element of the Grobner basis is:

(Bxy — 1)( — 6bcx1xy — 662x1x2 + 6adx1xp + 6bdx1xy — 3bcx% — 1262x§ + 3adx% + 12bdx%
+ 2bexy + 2c2x1 — 2adxy — 2bdx; + 4bcxy + 10c2x2 — 4adx)y — 10bdx) — 2ax1xy + 6¢cx1x)
— 4ddx1xy — ax% — 3bx§ + 9cx% - de% — bc —2¢* + ad + 2bd — 2ax1 — 4bx; — 4cx;

+ dxy — 4bxy — 13cxy + 2dxy + a + 3b + 4c + 3x] + 5x — 2)

Define the polynomial f to be the second factor above. If 3x; — 1 = 0, then by the previous
lemma, we are done. We assume 3x; — 1 # 0; this implies f = 0. We form the ideal
generated by p, ¢, r,f and eliminate x; to obtain a polynomial cubic in x;:

g = 81b°c%x — 108ac’x3 — 108b>dx3 + 162abcdx — 27a°d*x3 — 81b%2x2
+108ac’x3 + 108bdx? — 162abedxs + 27a>d*x3 + 36b°x3 — 54abex;
— 54b%cx3 + 108ac’x3 — 54bc®x3 + 36¢%x3 + 18a’dx; — 54abdx3 + 108b%dx3
— 54acdx§’ — 54bcdx§’ + 18ad2x§’ + 27b262x2 — 36ac3x2 — 36b3dx2 + 54abcdx;
— 9a2d2x2 + 12b3x% — 18abcx§ + 9Ob2cx% — 180ac2x§ + 18bc2x§ — 60c3x%
+ 6a2dx§ + 90abdx§ - 36b2dx% + 18acdx§ + 90bcdx§ — 30ad2x% — 3a2xg
+ 18abx§’ — 27b2x§ - 18acx§ + 54bcxg — 27c2x§ + 6adx§’ — 18bdx§’ + 18cdx§
— 3d2xg — 3% + dac® + 4b3d — 6abed + a*d* — 20b3x2 ~+ 30abcxy — 42b2cx2
+ 84ac2x2 + 6b62x2 + 28c3x2 - 10a2dx2 — 42abdx, — 12b2dx2 + 6acdx,
— 42bcdx; + 14ad2x2 — 5a2x§ — 6abx§ - 57b2x§ + 102acx§ — 42bcx% + 87c2x%
— 14adx% - 54bdx% - 18cdx§ + 7d2x§ +4b3 — 6abc + 6b*c — 12ac* — 2bc* — 4¢3
+ 2a%d + 6abd + 4b*d — 2acd + 6bcd — 2ad® — a2x2 — 18abx) + 19b2x2 — 62acx;
— 22bexy — 62¢2xy + 10adx; + 35bdxy — 2cdxy — 5d%x; — 12ax3 + 36bx3 — 36cx3
+ 12dx3 + a* + 6ab + b* + 10ac + 10bc + 12¢* — 2ad — 5bd + 2¢cd + d* + 16ax,
+ 13bxy + 46¢cx) — 3dxy —4a — 7b — 10c — 12x3 + 3

We use Mathematica [8] to solve for the f = 0 and ¢ = 0 together with the inequalities
(1)-(6) and see there is no solution. O
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