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Abstract

A graph is a mathematical object that contains a set of vertices and edges, where

an edge connects any two vertices. In the plane, a graph can be represented by

points (vertices) and lines connecting the points (edges). Given a graph we consider

placing some number of pebbles on the vertices, and define a pebbling move to be

removing two pebbles from a vertex and placing one pebble on an adjacent vertex.

This operation, known as graph pebbling, was developed in 1989 in order to give a

more intuitive proof to a result in Number Theory. The thesis begins by showing

the connection of the number theoretic result to graph pebbling and proves the first

result in graph pebbling. We then define the pebbling number of a graph to be the

smallest number, π, of pebbles so that no matter what way the π pebbles are placed

on the graph, we can move a pebble to any vertex. We prove simple bounds on the

pebbling number as well as prove the pebbling number for cycles. The bulk of the

thesis focuses on answering the following question: For what graphs is it true that

the pebbling number is equal to the number of vertices? Graphs where this property

holds are known as Class 0 graphs. We show a number of examples of Class 0 graphs.

We also present numerous results that give conditions with respect to connectivity,

diameter, degree, and edge count that imply a graph is Class 0.
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Chapter 1

Background

1.1 Graph Theory

A graph G = (V,E) is a set of vertices, V , and edges, E, where E is a subset of the

unordered pairs (u, v) = (v, u) for u, v ∈ V . A graph can be pictured as a group of

dots (the vertices) and a selection of lines (the edges) connecting the dots, where all

that matters is that two dots are connected and not how the line between them is

drawn or where the points are in the plane. Following is some basic terminology that

we will need to explain graph pebbling and present results in the area.

A simple graph is a graph where there is at most one edge between any two

vertices and no edge exists from a vertex to itself. Formally, ∀v ∈ V, (v, v) /∈ E, and

∀v, u ∈ V ∃ at most one edge (u, v) ∈ E. In this thesis we will consider only simple

graphs.

A graph H = (V ′, E ′) is an induced subgraph of G = (V,E) if V ′ ⊆ V and

∀(u, v) ∈ E with u and v ∈ V ′ then (u, v) ∈ E ′. An induced subgraph, H, is the

graph obtained after we remove vertices in V −V ′ and all the the edges connected to

those vertices. We say that H is induced by V ′.

1



2 CHAPTER 1. BACKGROUND

Two vertices, u, v ∈ G are said to be adjacent or neighbors if there is an edge

e ∈ E(G) such that e = (u, v), or in other words, e connects u and v. Adjacent

vertices are denoted u ∼ v. We say that the neighborhood of a vertex v, denoted

N(r) is the set of vertices adjacent to v. The degree of a vertex v, denoted deg(v) is

the number of edges that have v as an endpoint. In a simple graph, deg(v) = |N(v)|.

The minimum degree and maximum degree of a graph G are denoted δ(G) and ∆(G),

respectively.

A path from v1 to vt in a graph G is a sequence of vertices v1, v2, ..., vt−1, vt, such

that ∀ vi ∈ V (G), (vi, vi+1) ∈ E(G), and vi 6= vj ∀ i 6= j. It does not matter if any

other connections exist between the vertices vi. We say that the length of a path is

the number of edges in the path, so the length of a path on t vertices would be t− 1.

A cycle is a path where v1 = vt.

A graph is said to be connected if ∀u, v ∈ V (G), ∃ a path from u to v. This is

also sometimes called 1-connected. In general, a graph is k-connected if |V (G)| ≥ k

and ∀ sets X ⊂ V (G) where |X| < k then G−X is connected. This implies that in a

k-connected graph we can find at least k disjoint paths between any two vertices. If

G is k-connected but not (k +1)-connected we say the connectivity of G is κ(G) = k.

If a graph is not connected, we call each of its connected pieces a component.

In a connected graph, the distance between two vertices u, v ∈ V , denoted

dist(u, v), is the length of the shortest path between u and v. We define the di-

ameter of a graph to be the maximum distance between any two vertices in the

graph.

An independent set is a set of vertices I ⊆ G such that if u, v ∈ I then (u, v) /∈

E(G), or in other words, no vertices in I are adjacent. On the other hand, a clique is

a set of vertices K ⊆ G such that if u, v ∈ K then (u, v) ∈ E(G), so all the vertices

of K are adjacent.
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Now we will introduce some basic types of graphs. A path on n vertices, denoted Pn

is a graph with V = x0, x1, x2, ..., xn and E = (x0, x1), (x1, x2), ..., (xn−1, xn). Likewise,

an cycle on n vertices, denoted Cn is a path on n vertices with the addition of the

edge (x0, xn). A tree on n vertices, denoted Tn is a connected graph with n−1 edges.

A tree contains no cycles, or is acyclic. Also note that all paths are trees. A complete

graph on n vertices, denoted Kn is a clique of size n. A bipartite graph is a graph

in which the set of vertices can be partitioned into at most two independent sets. A

complete bipartite graph, denoted Ks,t is a bipartite graph with one independent set,

S, of size s, and another, T , of size t, and ∀ x ∈ S, y ∈ T, (x, y) ∈ E(Ks,t). Likewise,

a complete multipartite graph, denoted Ka1,a2,...,am
is a graph where the vertices can be

partitioned into m independent sets, A1, A2, ..., Am, of size a1, a2, ..., am respectively.

And ∀ x ∈ Ai, y ∈ Aj, i 6= j, (x, y) ∈ E. If only some of those edges are in the graph

we call it a multipartite graph.

Finally, we must define the Cartesian product, G×H, of two graphs G and H. We

have that V (G × H) = {xy : x ∈ V (G), y ∈ V (H)} and E(G × H) = {(x1y1, x2y2) :

x1 = x2, (y1, y2) ∈ E(H) or (x1, x2) ∈ E(G), y1 = y2}. We can think of the Cartesian

product as replacing each vertex in G with a copy of H, and replacing edges between

the vertices in G with |V (H)| edges, going between corresponding vertices in H. One

example of a graph obtained by performing the Cartesian product is the hypercube,

denoted Qd. It is formed by taking P2 × P2 × ... × P2 d times.

1.2 Graph Pebbling

In this paper when we speak of a graph G, we are considering only simple, connected

graphs. We use V (G) to denote the vertices of G and E(G) to denote the edges of

G. And, we reserve n = n(G) = |V (G)| to denote the number of vertices in G.
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And now we can define graph pebbling: Given a graph G a configuration P of

pebbles is a function P : V (G) → N where P (v) is the number of pebbles on vertex

v and the total number of pebbles on a set A is |P (A)| =
∑

v∈A P (v). We reserve |P |

to be |P (V (G)|. We define a pebbling move on a graph G and configuration P as an

operation in which two pebbles are removed from vertex u and one pebble is placed on

an adjacent vertex v. Given a configuration P on a graph, if we consider a root vertex

r, we say that we can pebble r if we can place a pebble on vertex r after a sequence of

pebbling moves. A pebbling configuration of a graph is considered pebbleable if we can

pebble r for all vertices r ∈ V (G). The pebbling number of a graph G, denoted π(G),

is the smallest number of pebbles so that for every configuration P , with |P | = π(G),

we have that G is pebbleable.

1.3 Terminology

To help keep track of all the symbols that can get quite confusing I have included a

table for reference. Within the table G is a graph and v is a vertex.
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∆(G) the maximum degree of G
δ(G) the minimum degree of G
κ(G) the connectivity of G
π(G) the pebbling number of G

Cn a cycle on n vertices
d = d(G) the diameter of G

deg(v) the degree of v
E(G) the set of edges in G

Kn a complete graph on n vertices
n = n(G) the number of vertices in G

N(v) the neighborhood of v
Pn a path on n vertices

P (v) the number of pebbles on v
r reserved to denote the root vertex,

the vertex we are trying to pebble
V (G) the set of vertices in G
(u, v) the edge between vertices u and v
u ∼ v u and v are adjacent

G × H the Cartesian product of graphs G and H

Table 1.1: Symbols table
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Chapter 2

Motivation

2.1 The origins of Graph Pebbling

Graph Pebbling was first introduced by Lagarias and Saks in order to find a more

intuitive proof for the following theorem in number theory [7]:

Theorem 2.1.1. For any set N = {n1, ..., nq} of q natural numbers, there is a

nonempty index set I ⊂ {1, ..., q} such that q|
∑

i∈I ni and
∑

i∈I gcd(q, ni) ≤ q.

Without the last condition this is an application of the pigeon hole principle. We

have our “holes” be the residue classes modulo q and our “pigeons” be ai = n1+...+ni.

If we have a pigeon in the zero modulo q hole we are done. Otherwise, we must have

at least two pigeons in one hole, say ai and aj with i < j. Then we can consider

aj − ai which is zero modulo q, but also is a sum of numbers in N , in particular

ai+1 + ... + aj.

When we add the gcd condition this statement becomes much more difficult to

prove. To prove the result using graph pebbling we construct a graph and define

a generalized pebbling step based on the prime factorization of q. We then place

7



8 CHAPTER 2. MOTIVATION

pebbles, that correspond to subsets of N , on the vertices of the graph, that correspond

to the gcd of the set. It is shown that finding a greedy pebbling of such configuration

is equivalent to the conclusion of Theorem 2.1.1. An interested reader is referred to

Chung’s Paper [1] and a paper of Hurlbert et al. [2] where a correction to the original

proof is made.

Here we show an intermediate result. This is the first theorem of graph pebbling

and it appears in Chung’s paper [1].

Theorem 2.1.2. [1]

(i) π(Qd) ≤ 2d

(ii) Let q be the number of vertices with an odd number of pebbles and let p be the

total number of pebbles. If p > 2d+1 − q then two pebbles can be moved to any vertex.

Proof. For both (i) and (ii) we use a proof by induction on d, we begin with (i):

Base Case: For Q0 we have one vertex. We need exactly one pebble for Q0 to be

pebbleable and π(Q0) = 1 = 20.

Inductive Step: Assume that π(Qd−1) ≤ 2d−1.

We know that Qd is composed of two distinct cubes of dimension d− 1 connected

together so that each vertex in one is adjacent to exactly one vertex in the other. Let

us call these cubes of dimension d − 1 M1 and M2. Let p1 and p2 be the number of

pebbles on M1 and M2 respectively and let q1 and q2 be the number of vertices with

an odd number of pebbles on M1 and M2 respectively. Without loss of generality

suppose that the root vertex r is in M1, and v, is the vertex adjacent to r in M2.

Now suppose we place p = p1 + p2 ≥ 2d pebbles on Qd, we would like to show that

we can pebble r no matter the configuration of pebbles.

Case 1: p2 > 2d − q2
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Consider M2 only, by (ii) we can move two pebbles to v. Then, we can move a pebble

from v to r, and we are done.

Case 2: p2 ≤ 2d − q2

Here we would like to try to move as many pebbles as possible from M2 to M1 to

try to get enough pebbles on M1 to satisfy the inductive hypothesis so that we can

can move one pebble to r. For every two pebbles on a vertex in M2 we can move

one pebble to its neighbor in M1. If we ignore one pebble for each vertex with an

odd number of pebbles, we have exactly (p2 − q2)/2 pairs of pebbles in M2. This

corresponds to (p2 − q2)/2 pebbles that can be moved to M1. By the hypothesis of

case 2 we know that q2 ≤ 2d − p2 and thus, the number of pebbles we can move to

M1 is

p2 − q2

2
≥

p2 − (2d − p2)

2
= p2 − 2d−1.

Making all possible moves to M1, the number of pebbles on M1 now is at least

p1 + (p2 − 2d−1) ≥ 2d − 2d−1 = 2d−1, as the number of total pebbles, p1 + p2, on Qd is

greater than or equal to 2d. With 2d−1 pebbles on M1 we can pebble r by induction.

Note that to show π(Qd) = 2d we also need to show that π(Qd) ≥ 2d = n(G).

This basic fact will be proved for all G in Lemma 3.1.1in the next chapter.

Proof of (ii)

Base Case: Suppose we have at least 2 − q pebbles on Q0. Since q ≤ 1, we have

at least two pebbles on Q0, and we are done.

Inductive Step: Assume that if we have greater than 2d − q pebbles on Qd−1 then

we can move two pebbles to any vertex.

Let the terminology be the same as in part (i) and again, let r be the root in M1.

But now, suppose there are p > 2d+1 − q pebbles on Qd.

Case 1: p1 > 2d − q1
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By our inductive hypothesis we have enough pebbles on M1 so that we can move two

pebbles to r.

Case 2: 2d−1 ≤ p1 ≤ 2d − q1

Since p1 ≥ 2d−1 from (i) we can move one pebble to r from the pebbles in M1. Also,

we know that

p2 = p − p1

≥ p − (2d − q1) since in this case p1 ≤ 2d − q1.

> (2d+1 − q1 − q2) − (2d − q1) by our hypothesis: p > 2d+1 − q.

= 2d − q2.

Therefore, we have p2 > 2d − q2 pebbles in M2 and by induction we can move two

pebbles to v by applying pebbling steps in M2. Then we can move a pebble from v to

r. Combined with the pebble placed on r via moves within M1 we have two pebbles

on r and we are done.

Case 3: p1 < 2d−1

In this final case we will show that we can move enough pebbles from M2 to M1

to move one pebble to r by applying pebbling moves within M1, and at the same

time, leave enough pebbles on M2 so that we can move two pebbles to v by applying

pebbling moves within M2. By (i) we know that if we have 2d−1 pebbles in M1 then

we can move one pebble to r. To use this fact we need to move 2d−1 − p1 pebbles

from M2 to M1. This corresponds to removing 2(2d−1 − p1) pebbles from M2. After

we remove these pebbles we have p2 − 2(2d−1 − p1) pebbles left in M2. And,
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p2 − 2(2d−1 − p1) = p2 + 2p1 − 2d

> (2d+1 − q1 − q2) + p1 − 2d by hypothesis p > 2d+1 − q

= 2d − q1 − q2 + p1

≥ 2d − q2 since p1 ≥ q1.

Note that p1 ≥ q1 because every vertex with an odd number of pebbles corresponds to

at least one pebble. Also it is worth pointing out that we did not move more pebbles

than possible to M1. We know that q2 ≤ 2d−1 since we have 2d−1 vertices in M2 and

we can’t have more vertices with an odd number of pebbles than there are vertices

in M2. Therefore, the number of pebbles left in M2 is at least 2d − 2d−1 = 2d−1 ≥ q2

which means that we have at least q2 pebbles left in M2 so we didn’t move over more

pebbles than possible to M1.

To conclude, since we have more than 2d − q2 pebbles on M2, by induction we can

move two pebbles to v by pebbling within M2, and then one to r. At the same time,

we can apply pebbling moves using the 2d−1 pebbles in M1 and place a second pebble

on r.
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Chapter 3

Overview of Pebbling

3.1 The Pebbling Number

Now we will begin by presenting some easy results on graph pebbling. First, we will

show simple bounds on the pebbling number.

Lemma 3.1.1. [7] π(G) ≥ max(n(G), 2d), where d is the diameter of G.

Proof. Suppose π(G) < n(G), then there exists a configuration of π pebbles such

that there is no more than one pebble at any vertex and there exists a vertex r with

no pebble. Since there are no vertices with two or more pebbles we cannot make

any pebbling moves. Therefore we cannot move a pebble to vertex r, and G is not

pebbleable. Figure 3.1 depicts such a configuration on Q3.

Suppose π(G) < 2d. Since d is the diameter of G there exist vertices u and v such

that the shortest path between them is of length d. If all π(G) pebbles are placed

on vertex u we need 2d pebbles to get to vertex v, but we have less than 2d pebbles.

Figure 3.1 shows an example of such a configuration on P4.

13
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Can�t Pebble

Figure 3.1: A configuration of n − 1 pebbles that is not pebbleable.

u v

u v

u v

Step 0

Step 1

Step 2

Figure 3.2: A configuration of 2d − 1 pebbles that is not pebbleable.

Lemma 3.1.2. [7] π(G) ≤ (n(G) − 1)(2d − 1) + 1, where d = diameter of G.

Proof. If a graph G has more than (n(G)−1)(2d−1) pebbles then either every vertex
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has at least one pebble on it or at least one vertex has at least 2d pebbles. To see

this consider placing no pebbles on one vertex of G and 2d − 1 pebbles on all other

vertices of G. This brings us to (n − 1)(2d − 1) pebbles and we still have one pebble

to place. When we do so, either one vertex will have 2d pebbles or all the vertices

will have at least one pebble. If all the vertices have a pebble on them we are done.

So suppose that v is a vertex with at least 2d pebbles. By diameter d, v is at most

distance d from any other vertex. Therefore if we take r to be our root there is a

path from v to r of length at most d. If we move 2d pebbles from v along this path

we will place one pebble on r.

We have another easy bound on the pebbling number when our graph has a cut

vertex.

Lemma 3.1.3. [7] A Graph G with a cut vertex (κ(G) = 1) has π(G) > n(G)

Proof. Suppose that G contains a cut vertex x, and upon the removal of vertex

x the graph becomes disconnected with vertex r in one component and vertex v in

another component. Consider the configuration with P (v) = 3, P (r) = P (x) = 0, and

P (w) = 1 for all vertices remaining vertices w. Figure 3.1 depicts this configuration

of pebbles.

Let r be our root. The first pebbling move must originate at v because v is the

only vertex with more than one pebble. The only path from v to r contains x, so in

order to move a pebble to r we must first move two pebbles to x. If we move directly

to x from v (if it is possible) then we have no vertices with more than one pebble

and cannot make any more moves. If we try to move somewhere else first, say w,

we will have two pebbles on w and less than or equal to one everywhere else, so our

situation has essentially stayed the same. Each move we make either brings us to a

similar situation, one vertex with two pebbles and all the rest with one or none, or
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r
x

v

Figure 3.3: A bad pebbling configuration of n pebbles on a graph with a cut vertex.

a configuration where no pebbling moves can be made. Thus we will never be in a

state where we can move more than one pebble to x and therefore we cannot pebble

r.

3.2 The Pebbling Number of Certain Graphs

One type of graph for which the we know the pebbling number is cycles. Cycles

have a large diameter, so their pebbling number is far from the lower bound of n(G).

However, even cycles meet the lower bound on the pebbling number as restricted by

the diameter from Lemma 3.1.1, and odd cycles do slightly worse.
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Theorem 3.2.1. [9] π(C2k) = 2k, and k ≥ 2.

Proof. Let C2k = xak−1...a2a1rb1b2...bk−1x, where r is our root. Since the diameter of

C2k is k, by Lemma 3.1.1 we have that π(C2k) ≥ 2k.

Now we show that π(C2k) ≤ 2k. Suppose for contradiction that we have greater

than or equal to 2k pebbles on C2k and we cannot pebble r. If we have 2k−1 pebbles

on the path induced by the vertices labeled ai, PA = a1a2...ak−1, we can move a

pebble to r along PA since 2k−1 pebbles on ak−1 are enough and a pebble on ai where

i < k − 1 is worth more than a pebble on ak−1 because it is closer to r. The same is

true for path PB = b1b2...bk−1. Therefore the number of pebbles on PA and PB must

each be less than or equal to 2k−1 − 1 since we cannot pebble r.

In addition, we must ensure that there are not too many pebbles on vertex x. We

can apply pebbling steps from vertex x to PA or PB which add to the total number

of pebbles on either path. If the number of pebbles on x is odd we must leave one

pebble at x, but we can move at least 1

2
(P (x)− 1) pebbles from x to either PA or PB.

After moving pebbles from x to either path it still must be the case that there are at

most 2k−1 − 1 pebbles on each path. So by this we know that

|P (PA)| +
1

2
P (x) −

1

2
≤ 2k−1 − 1,

and likewise,

|P (PB)| +
1

2
P (x) −

1

2
≤ 2k−1 − 1.

So, summing these inequalities, we see that

|P (PA)| + |P (PB)| + P (x) − 1 ≤ 2k − 2,
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which can be rewritten as

|P (PA)| + |P (PB)| + P (x) ≤ 2k − 1 < 2k

But this is a contradiction, |P (PA)|+|P (PB)|+P (x) is the total number of pebbles we

placed on C2k because no pebbles were placed on r, and thus by hypothesis |P (PA)|+

|P (PB)| + P (x) ≥ 2k, and we are done.

The proof for odd cycles is in essence the same, although there are some more

details to work out to account for the one “extra” vertex. The main ideas of this

proof come from the paper On Pebbling Graphs [9].

Theorem 3.2.2. [9] π(C2k+1) = 2
⌊

2k+1

3

⌋

+ 1.

Proof. Let C2k+1 = xak−1ak−2...a2a1rb1b2...bk−2bk−1yx. First we will show that π(C2k+1 ≥

2
⌊

2k+1

3

⌋

+ 1 by showing that we cannot pebble r with less than 2
⌊

2k+1

3

⌋

+ 1 pebbles.

Suppose we only have 2
⌊

2k+1

3

⌋

pebbles and we place
⌊

2k+1

3

⌋

pebbles on each of

x and y. Now x and y are both a distance k from r, and since we have no pebbles

on any other vertices, it means that we need either 2k pebbles on x or y to pebble

r. If make all possible pebbling moves from x to y we only have
⌊

1

2

⌊

2k+1

3

⌋⌋

+
⌊

2k+1

3

⌋

pebbles on y. Since 2k+1 is not divisible by three we know that
⌊

2k+1

3

⌋

is strictly less

than 2k+1

3
and thus:

⌊

1

2

⌊

2k+1

3

⌋⌋

+

⌊

2k+1

3

⌋

<
1

2

(

2k+1

3

)

+
2k+1

3

=
2k + 2k+1

3

=
2k(1 + 2)

3

= 2k.
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And therefore, we have less than 2k pebbles at y, and so we cannot pebble r. (The

case for moving pebbles to x is symmetric.)

Now we will show that π(G) ≤ 2
⌊

2k+1

3

⌋

+ 1. Assume for contradiction that when

we place at least 2
⌊

2k+1

3

⌋

+1 pebbles on C2k+1 that we cannot pebble r. Just as in the

proof for the even cycle, if we have at least 2k−1 pebbles on PA or PB we can pebble

r. Thus the maximum number of pebbles we can move to PA or PB must be less than

or equal to 2k−1 − 1. Let the maximum number of pebbles that we can move from x

and y to PA = gA(x, y) and the maximum number of pebbles that we can move from

x and y to PB = gB(x, y). Then

|P (PA)| + gA(x, y) ≤ 2k−1 − 1

and

|P (PB)| + gB(x, y) ≤ 2k−1 − 1.

Summing the inequalities we obtain that

|P (PA)| + gA(x, y) + |P (PB)| + gB(x, y) ≤ 2k − 2. (3.1)

We would like to look at the minimum of the left hand side of Equation 3.1

because if we can show that the minimum of the left hand side is greater than 2k − 2,

we will have showed that for every possible configurations of pebbles we arrive at a

contradiction, and we can always pebble r. We achieve this minimum when |P (PA)| =

|P (PB)| = 0 and all the pebbles are placed on x and y because PA and PB contribute

all of their pebbles in the equation but x and y contribute only part.

Now we would now like to find a lower bound on gA(x, y) and gB(x, y) in terms of

P (x) and P (y) so that we can write Equation 3.1 in terms of P (x) and P (y) which



20 CHAPTER 3. OVERVIEW OF PEBBLING

we know more about. So, if the number of pebbles on x is even and the number of

pebbles on y is divisible by four then we can move 1

2
P (x) + 1

4
P (y) pebbles to ak−1.

But if this is not the case then we will have at most one pebble left on x and one

pebble left on y that we cannot move. This corresponds to “3

4
of a pebble”’ that we

cannot move to ak−1 from x and y. Therefore we have that 1

2
P (x) + 1

4
P (y) − 3

4
≤

gA(x, y). The case for gB(x, y) is the same, we just switch the roles of x and y, and

we have 1

2
P (y) + 1

4
P (x) − 3

4
≤ gB(x, y). Plugging this into Equation 3.1 and taking

|P (PA)| = |P (PB)| = 0 we have that

3

4
(P (x) + P (y)) −

3

2
≤ 2k − 2,

which can be simplified to

P (x) + P (y) ≤
4

3
(2k − 2 +

3

2
)

=
4

3
(2k −

1

2
)

= 2

(

2k+1

3

)

−
2

3

≤ 2

(⌊

2k + 1

3

⌋

+
2

3

)

−
2

3

= 2

⌊

2k + 1

3

⌋

+
2

3

< 2

⌊

2k + 1

3

⌋

+ 1.

This is a contradiction since P (x) + P (y) ≥ 2
⌊

2k+1

3

⌋

+ 1 as we placed all the pebbles

on x and y.

The pebbling number is known for many simple graphs including paths, cycles, and

trees, but it is not known for most graphs and is hard to compute for any given graph
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that does not fall into one of these classes. Therefore, it is an interesting question if

there is information we can gain about the pebbling number of more complex graphs

from the knowledge of the pebbling number of some graphs for which we know. In

the first paper on graph pebbling [1] Chung proposed the following conjecture. The

conjecture is perhaps the most compelling open question in graph pebbling.

Graham’s Conjecture. [7] (Graham) For all graphs G1 and G2 we have that π(G1×

G2) ≤ π(G1)π(G2).

There are a number of results that support Graham’s conjecture, the first of which

we already proved. From Theorem 2.1.2 we have that π(Qd) = 2d. The hypercube

is formed by a product of length two paths: Qd = Qd−1 × P2. And we know that

2d = π(Qd) = π(Qd−1) × π(P2) = 2d−1 ∗ 2. In addition to this, the result has been

shown to be true for the product of trees, the product of some specific cycles, and the

product of a complete graph and any graph with the two pebbling property. We say

that a graph G has the two pebbling property if for any configuration of more than

π(G) − q pebbles, where q is the number of vertices with an odd number of pebbles,

then we can move two pebbles to any vertex. This is the same property that we

proved for the second step of induction in our proof of π(Qd) = 2d. The proof that

π(Kn ×G) ≤ π(Kn)π(G) for G with the two pebbling property is very similar to the

proof that π(Qd) = 2d.
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Chapter 4

Class 0 Graphs

A particular case of interest is examining which graphs have π(G) equal to the mini-

mum possible pebbling number, or π(G) = n(G). We call graphs with this property

Class 0 graphs. It is not yet known if given a graph G there is some necessary and

sufficient condition that will tell us whether the graph is Class 0 or not. However,

there are many partial results.

4.1 Interesting Class 0 Graphs

Even though this section is entitled “Interesting Class 0 graphs,” we will begin with

a boring, but important class of graphs.

Remark 4.1.1. Complete graphs are Class 0

Proof. The diameter of Kn is 1 and using the upper bound on π(G) from Lemma 3.1.2

we can see that π(G) ≤ (n(G) − 1)(2 − 1) + 1 = n(G), which implies, in conjunction

with the lower bound from Lemma 3.1.1, that π(Kn) = n.

Related to complete graphs are the class of complete multi-partite graphs.

23
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Theorem 4.1.2. If we have a complete multi-partite graph with L partite classes

A1, A2, ..., AL, such that |Ai| = ai and n− 1 > a1 ≥ a2 ≥ ... ≥ aL, denoted Ka1,a2,...,aL

then π(Ka1,a2,...,aL
) = n.

Notice that the restriction that all the partite classes have size less than n − 1

simply excludes the case where we have two partite classes and one of them has

only one vertex. In these degenerate multiparitite graphs we have a cut vertex and

therefore the graph cannot be Class 0 by Lemma 3.1.3.

Proof. Choose an arbitrary r ∈ Ai to be the root vertex of Ka1,a2,...,aL
. We will show

that if we place n pebbles on Ka1,a2,...,aL
then we can pebble r. If there is a pebble

on r then we are done, so suppose there is no pebble on r. This means that we have

at least two pebbles on some vertex v. If v /∈ Ai then v is adjacent to r, so we can

pebble r from v and we are done.

Consider the case when v is in Ai. We can not have any pebbles on vertices not

in Ai. Suppose there is a pebble on w ∈ Aj, i 6= j. We can pebble from v to w, and

then w to r. In addition, if we have more than two pebbles on two or more vertices

in Ai we can pebble r. Suppose we have at least two pebbles on u ∈ Ai in addition

to v. We can move one pebble from v and one pebble from u to vertex y /∈ Ai, and

then pebble from y to r. Likewise, we cannot have four or more pebbles on v in Ai

because we could again move two pebbles to y. All together, this implies that we can

have at most three pebbles on v ∈ Ai and at most one pebble on all other vertices of

Ai except r. Therefore, we can place only ai − 1 + 2 pebbles, and since ai < n − 1

by hypothesis, this means we can place at most (n − 2) + 1 = n − 1 pebbles without

being able to pebble r. The addition of any other pebble means that we can pebble

r, which implies that n is the pebbling number of complete multipartite graphs.

The Petersen graph is a highly symmetric graph. Its interesting structure provides
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for many examples and counterexamples in various questions in graph theory. We will

see in Section Edge Count that the Petersen graph has relatively few edges compared

to most Class 0 graphs which makes it a worthwhile example here. The proof is

modeled from one given in Hurlbert’s Survey on Graph Pebbling [7].

Remark 4.1.3. [7] The Petersen graph is Class 0

Proof. Let r be the root vertex and let P (r) = 0.

Case 1: Suppose that a neighbor of r, called v, has a pebble on it.

We can consider two disjoint cycles of length five: Cr which contains r and Cv which

contains v, such that every vertex in Cr is adjacent to exactly one vertex in Cv. This

is possible for any r and v by the symmetry of the Petersen graph. Two examples

are shown in Figure 4.1.

r

v

r

v

Figure 4.1: Examples of five cycles defined by a pair of adjacent vertices.

We know that π(C5) = 5 by Theorem 3.2.2. If there are five or more pebbles on

Cr we can pebble r and we are done. Otherwise, we have six or more pebbles on
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Cv. Ignoring one pebble at v, we still have five pebbles on Cv and we can pebble v.

Therefore, we can get two pebbles on to v, and since v is a neighbor of r, one onto r.

Case 2: Suppose that all the neighbors of r have no pebbles on them.

We know that the six vertices other than r and N(r) have all ten pebbles on them.

These six vertices form a six-cycle, as shown in Figure 4.2. For any r we can produce

a six-cycle of its non-adjacent vertices symmetric to one of the two depicted in Figure

4.2.

r

r

Figure 4.2: Examples of six cycles defined by the vertices not adjacent to r.

Now, we know every vertex in the six cycle is adjacent to a neighbor of r. This is

clear when you look at Figure 4.2. Therefore, if we can get four or more pebbles on

a vertex in the six cycle we can pebble r. Now consider the six cycle only.

If any vertex has P (v) ≥ 4 we are done, so suppose all the vertices v have P (v) ≤ 3.

We begin with the case where at least one vertex, say w has P (w) = 3. Ignore those

three pebbles on w and we have seven pebbles left on the cycle to move one more to

w. We know by Theorem 3.2.1 that π(C6) = 8, and that we need eight pebbles only
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when all the pebbles are on the one vertex furthest away from the root. Since we

have assumed that P (v) ≤ 3 for all the vertices in the six cycle, we cannot have all

the pebbles on the vertex furthest from w. Thus seven will suffice to move one more

to w.

Assume that P (v) ≤ 2 for all the vertices. Suppose five vertices have two pebbles

on them, and one has zero pebbles. We must have three consecutive vertices with

two pebbles and we can move four to the middle vertex. The only other case is if

we have four vertices with two pebbles and the other two with one. If three of the

vertices with two pebbles are adjacent we are done, otherwise we have the following

cycle, where vertices u have two pebbles, and vertices v have one pebble: uuvuuv.

And here we can apply a pebbling step from any u to its adjacent v and we have

three consecutive vertices with two pebbles and we are done.

The final example of Class 0 graphs we would like to note is the hypercube which

has already been mentioned a number of times. From Theorem 2.1.2 we have that

π(Qd) = 2d. Qd has 2d vertices and therefore π(Qd) = n.

4.2 Connectivity, Diameter, and Degree

We have been looking at specific examples of Class 0 graphs, but not every graph

can fit into some simple classification. This leads us to wonder if we can find a bound

in terms of some more general properties that can tell us if any graph is Class 0.

To begin we have the following theorem proved in Pebbling in Diameter Two

Graphs and Products of Paths by Clarke, Hochberg, and Hurlbert [2].

Theorem 4.2.1. [2] If a graph G has diameter two, d = 2, and connectivity greater

then or equal to three, κ(G) ≥ 3, then G is Class 0.



28 CHAPTER 4. CLASS 0 GRAPHS

This is arguably the most important known result about Class 0 graphs. It

implies that almost all graphs are Class 0 in the probabilistic sense because most

graphs have diameter two and at least connectivity three. This theorem also gives an

alternative proof that the Petersen graph is Class 0 because the Petersen graph has

diameter equal to two and connectivity equal to three. Many other interesting results

follow from the theorem and the lemmas we will use to prove it, as we will describe

later. Here we will present the proof in detail. It is an informative proof because it

provides a structural classification for all diameter two graphs that are not Class 0

and characterizes all bad pebbling configurations on such graphs.

The proof will go as follows: First we will characterize all bad configurations

of n pebbles on graphs with diameter two and connectivity at least two. We will

then describe a family of graphs, F , and from the previous characterization of all

bad configurations we will be able to show that a graph G is in F if and only if

it has diameter two, connectivity at least two, and is not Class 0. In the end we

will find through our characterization of F that a graph cannot have diameter two,

connectivity at least three and not be Class 0. The following notation will be used

throughout:

Given a pebbling distribution P, let

Z = {z ∈ V : P (z) = 0} (Z for zeros),

S = {s ∈ V : P (s) = 2} (S for second),

T = {t ∈ V : P (t) = 3} (T for three).

For sets A and B, let AB be the set of vertices adjacent to an a ∈ A and b ∈ B

with a 6= b. We can also extend this to more sets, in particular, for three sets A,B,C,

ABC = (AB)C = A(BC) is the set of vertices adjacent to an a ∈ A, b ∈ B, and

c ∈ C with a 6= b 6= c. If we have a set containing just a single vertex a, we denote

{a}B by aB.
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Lemma 4.2.2. [2] If a graph G has d = 2, κ ≥ 2, and π(G) > n then any bad

distribution of n pebbles P has |S| = 0 and |T | = 2.

Proof. Let r be the root and let G be defined as above. Since we know that we have

a bad distribution and cannot pebble r we can make a number of observations:

1. P (v) < 4 ∀v ∈ V

Since this graph has diameter two, there is a path of at most length two from

every vertex to r. If we ever have four or more pebbles on any vertex v we

can pebble r by applying pebbling moves from v to r along this path.

2. N(r) ∩ (S ∪ T ) = ∅

No neighbors of r are in S or T . Clearly, if r is adjacent to a vertex with two

or more pebbles we can pebble r.

3. rST = rSS = rTT = ∅

Suppose for contradiction that v ∈ rST . Then there exists a vertex s ∈ S

adjacent to v and we can move a pebble from s to v. Likewise, there exists

a vertex t ∈ T adjacent to v and we can move a pebble from t to v. But

now we have two pebbles on a vertex adjacent to r and so we can pebble

r. The cases rSS and rTT follow similarly.

4. STT = SST = ∅

Suppose for contradiction v ∈ STT . Then we have some t1, t2 ∈ T and t1 6= t2

adjacent to v, and some s ∈ S adjacent to v. We can move a pebble from

t1 and s to v, which gives us two pebbles on v and we can move one to t2.

Now we have P (t2) = 4, and we can move a pebble to r by (1). The case

for SST is the same because we did not need the third pebble on t1.
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5. T ∩ N(S ∪ T ) = ∅

A vertex in T cannot be adjacent to a vertex in S or T . Suppose for contra-

diction that v ∈ T ∩ N(S ∪ T ). Then v ∈ T and P (v) = 3. In addition, v

is adjacent to w ∈ S ∪ T and so we can move a pebble from w to v. But

then we have P(v) = 4 so we can pebble r by (1).

Now consider the following subsets: {r}, rS, rT, ST, TT . We would like to show

that they are disjoint.

By (2), r is disjoint from the rest. By (3), rS is disjoint from the ones that follow it

in the above list since rS∩rT = rS∩ST = rS∩TT = rST = ∅. Likewise, by (3), rT

is disjoint from those that follow it since rT ∩ST = rST = ∅ and rT ∩TT = rTT = ∅.

Finally, ST is disjoint from TT because ST ∩ TT = STT = ∅ by (4).

Now, we would like to show that all of the subsets are in Z. Clearly, {r} ⊂ Z

since by assumption we cannot pebble r. Notice that for some sets A and B, if v is in

AB, P (v) ≥ 1, and P (a) ≥ 2 ∀a ∈ A then we can move one pebble from A to v and

then since v had a pebble on it, one to a vertex b ∈ B. Now, with this in mind, rS

and rT must be in Z since otherwise we could move a pebble to r. And, ST and TT

must be in Z since otherwise we could move an additional pebble to a vertex t ∈ T

and then we would have P(t) = 4 which we can not have by (1).

Since the subsets are all disjoint we can count them separately. Clearly, |r| = 1.

To show |rS| = |S| and |rT | = |T | consider the following: From (2) r cannot be

adjacent to any vertex in S or T . And, as the graph has diameter two, each vertex

in S and T must be adjacent to some vertex that is also adjacent to r. In addition,

from (3) this vertex must be unique for each element of S and T since otherwise we

would have a vertex adjacent to r and two vertices in S ∪ T . To count |ST | we note

that by (5) S and T share no edges and, again by diameter two, for each s ∈ S and
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t ∈ T we have that there is a vertex adjacent to both. These vertices also have to be

unique for each s and t since by (4) we cannot have any vertex adjacent to a vertex in

T and two in S or a vertex in S and two in T . Therefore, we have that |ST | = |S||T |.

The case for |TT | is very similar, and the same restrictions hold, so we have a unique

vertex adjacent to every pair of vertices in T , which gives us |TT | =
(

|T |
2

)

.

And so, from this we can get a lower bound on the number of vertices in Z:

|Z| ≥ |r| + |rS| + |rT | + |ST | + |TT | = 1 + |S| + |T | + |S||T | +

(

|T |

2

)

.

We also we know that the total number of pebbles placed is n. Therefore, for

every vertex in S we have one in Z and for every vertex in T we have two in Z. For

simplicity we will let |S| = s, |T | = t. This gives us that

|Z| = s + 2t ≥ 1 + s + t + st +

(

t

2

)

.

It follows that

0 ≥
t(t − 1)

2
+ st − t + 1

=
t2

2
−

3t

2
+ st + 1

= t2 − 3t + 2st + 2

= t2 + (2s − 3)t + 2.

(4.1)

We need the RHS of Equation 4.1 to be less or equal to zero, so we need a

negative term somewhere so that it holds. The middle term is the only term that

can be negative, and it is only negative when 3 > 2s. This happens only when s = 0
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or s = 1. If s = 1 then our RHS equals t2 − t + 2, but this is never less than or

equal to zero since t2 ≥ t for all integer values of t. If s = 0 then the RHS equals

t2 − 3t + 2 = (t − 2)(t − 1). So t = 2 or t = 1. If t = 1 and s = 0 then |Z| = 2.

We know Z must contain r and at least one vertex in every path from r and the

vertex t ∈ T . If |Z| = 2 then we can only have one such path, and therefore κ = 1.

This contradicts our initial assumptions, so we cannot have t = 1. And so the only

remaining option is that |S| = 0 and |T | = 2, as wanted.

Now the next part of the proof of Theorem 4.2.1 involves showing that a graph G

is in F if and only if G has diameter two, connectivity greater than or equal to two,

and is not Class 0. Now the family of graphs F described by Clarke, Hochberg, and

Hurlburt [2] has one small omission. To show this we will first present the family of

graphs F as described in their paper. We will then give an example of a graph that

is not Class 0, has diameter two, and connectivity two, but is not included in F . We

will then describe a slightly modified version of F and prove the result using this new

family. The slight correction changes very little in both the proof and the results and

just accounts for a small case that was left out of the original proof.

Let F be the family of graphs depicted in Figure 4.3 that are described in Pebbling

in graphs of diameter two and products of paths.

Vertices a, b, c, p, q, r that make up the six-cycle must be present and Hr, Hc, Hp,

and Hq are any graphs (including the empty graph). A solid line between Hx and

another vertex y means that every x ∈ Hx is adjacent to y. A squiggly line between

Hx and another vertex y means that for every component X ∈ Hx, ∃v ∈ X s.t. v ∼ y.

The two arrows from Hc to a and b mean that every vertex in Hc must be adjacent to

at least one of a and b. The dotted arrow from Hr to r means that it doens’t matter

if vertices in Hr are adjacent to r. And finally, the dotted lines between a, b, and c
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Figure 4.3: A diagram of all the graphs in F .

mean that at least two of those edges must be present.

Consider the following graph, G∗ depicted in Figure 4.4. First we will show that

this graph is not in F . That is to say, if we consider any six-cycle in the graph and

map the vertices to parbqc, then we need to show that there is a vertex that cannot

be assigned to one of Hr, Hc, Hp, and Hq.

We show this by looking at vertices {d, e, f} that have degree two. In F the only

vertices that can have degree two are {p, q, r} and those vertices in Hc and Hr. First

we consider the possibility of mapping {d, e, f} to {p, q, r}. Consider a mapping from

the six-cycle dvfweu in Figure 4.4 to the six-cycle rbqcpa in F . Now notice that if we

map fweudv or eudvfw to rbqcpa it is exactly the same because of the symmetry of

G∗. Vertices y and z can be placed in Hc and nowhere else. But vertex x cannot be

put into any subgraph. It is not adjacent to c and therefore cannot be put in Hp, Hq
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d

e f

vu
x

w

zy

Figure 4.4: A counter example to the description of F .

or Hc, and it cannot be placed in Hr because it is connected to y and z which are in

Hc and F does not allow edges between Hr and Hc.

Now suppose that at least one of {d, e, f} is in Hr or Hc. Any degree two vertex

in Hr or Hc is adjacent to exactly two of {a, b, c}. Without loss of generality, suppose

that d is in Hr and u maps to a and v maps to b. We now need a common neighbor

of u and v to be mapped to r. The only two candidates are x and w. Regardless of

choice, it is forced that y and z are placed in Hr because the only vertices other than

a and b adjacent to r must be in Hr. But this is a contradiction because any vertex

in Hr must be adjacent to a and b, but here y and z are not. This implies that none

of {d, e, f} can be in Hc or Hr. Therefore G∗ cannot be in F .

We must now show that G∗ must be in F , that is, it has diameter equal to two,
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connectivity equal to two and is not Class 0. First consider G∗ without the edges

from x to y and z, let us call this graph H. This graph is in F : We can map the

cycle dvfweu to rbqcpa and then y and z are in Hc and x is in Hr. Therefore, we we

know from the paper of Clarke et al. [2] that H has diameter two and connectivity

equal to two. Adding edges back into H can only decrease the diameter and increase

the connectivity. However, when we add in (x, y) and (x, z) we still do not have a

complete graph, so the diameter is still two. Also, removing vertices v and w still

disconnects the graph, so we have connectivity equal to two.

G∗ is not Class 0. Consider the following configuration of n pebbles: P (e) =

P (f) = 3, P (u) = P (v) = P (w) = P (d) = 0, and one pebble is placed on all other

vertices. We cannot pebble d. To pebble d we must place two pebbles on either u

or v. If we move pebbles from e and f to two different vertices then the resulting

configuration has one or zero pebbles on every vertex and we are stuck. The only

other option is to move pebbles from both e and f to w. But that leaves us with two

pebbles on w, and one or zero everywhere else. Every path from w to r has a vertex

with no pebbles on it and we cannot pebble r.

With this, we have shown that the description of F does not describe all diameter

two, connectivity at least two graphs that are not Class 0. We now present a slightly

modified family of graphs, F ′. This new family does not exclude all connections

between Hr and Hc. Let Figure 4.5 be the family of graphs F ′.

The notation for the edges in Figure 4.5 is the same as before. We now require

that every component of Hr has a vertex connected to r. Any vertices that were in

Hr previously and do not meet this condition can be placed in Hc. The vertices in

Hc must no longer be connected to c. Rather, any vertex in Hc must be connected

to at least two of a, b and c. It is nice that F ′ is much more symmetric then F .

We will now finish the proof of Theorem 4.2.1 using F ′ .
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Figure 4.5: The family of graphs F ′.

Lemma 4.2.3. [2] All G ∈ F ′ have d = 2, κ = 2 and π(G) > n.

Proof. Suppose G ∈ F ′. First, G has diameter equal to two. Since there are at least

two edges between a, b, and c, those three vertices are at most distance two from

each other. In addition, every other vertex in the graph is adjacent to at least two of

{a, b, c}, so for any pair of vertices, both are adjacent to at least one of a, b, and c,

and thus are a distance at most two apart. This also implies that all vertices are at a

distance at most two from a,b, and c. Therefore, we have that diameter equals two.

Note that the diameter is not equal to one because there are many edges that cannot

exist. Next, the connectivity of G is two. We know that the connectivity of G is at

most two because when we remove b and c we disconnect the graph. A close inspection

of Figure 4.5 makes it easy to see that removing any one vertex cannot disconnect

the graph. To see that π(G) > n let r be the root vertex and consider the following
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configuration of n pebbles: P (p) = P (q) = 3, P (r) = P (a) = P (b) = P (c) = 0,

and P (v) = 1 for all other v ∈ V (G). There are essentially two options for pebbling

from each p and q. From p, we can move pebbles to a either directly or through Hp,

but either way we can only get one pebble on a. Or, we can move one pebble to c.

Likewise, from q we can move one pebble to c or b. If the pebbling steps from p and

q go to different vertices then we have one or zero pebbles everywhere and we cannot

make any more moves to r. If we move a pebble from each p and q to c, we can still

not pebble r. Every path from c to r goes through a vertex with no pebbles and two

pebbles is not enough to move a pebble to r. Therefore we have a bad configuration

for any graph in F ′ and G ∈ F ′ is not Class 0.

Lemma 4.2.4. If G has d = 2, κ ≥ 2 and π(G) > n then G ∈ F ′.

Proof. Let graph G be specified as above. Since G is not Class 0 there exists a bad

pebbling configuration with n pebbles. From Lemma 4.2.2 we know that any bad

configuration must have two vertices with three pebbles, and all the rest with one

or none. Let r be the root of a given bad configuration of n pebbles on G and let

T = {p, q} (vertices with three pebbles). From the proof of Lemma 4.2.2 we know

that TT and rT are disjoint and in Z (vertices with no pebbles) and there is one

vertex in rT for each vertex in T and one vertex in TT for each pair of vertices in

T . Let pq = {c}, pr = {a}, qr = {b}, and let rbpcqa be the six cycle in F ′. For the

same reason that we needed distinct a, b, c we must have that the only other edges in

the six cycle can be between a, b, c. Note that when |T | = 2 then |Z| = 2|T | = 4 and

r, a, b, c can be the only vertices with no pebbles and any additional vertices must

have one pebble on them.

Now to show that G is in F ′ we must show that there are at least two edges

between a, b, c and that any other vertices in the graph are connected to a, b, c, p, q, r
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in the appropriate ways so that they belong to one of Hr, Hq, Hp and Hc.

First, we must have at least two edges between a, b, c. Suppose for contradiction

that edges (a, b) and (a, c) are not in G. Because G has diameter two we need another

vertex w (w 6= r, p, b, c and therefore P (w) = 1) to be adjacent to a and q. But this

means we can move a pebble from q to w, then from w to a and then another pebble

from p to a and pebble r. If (b, c) and (b, a) are not in G then the situation is the

same, except we need a vertex adjacent to both p and b. And, likewise if edges (c, a)

and (c, b) are not in G, then we must have a vertex w, with P (w) = 1, adjacent to

both r and c. But if this is the case, we can move a pebble from both p and q to c,

and then with two pebbles on c, move one from c to w and then w to r.

Now we will show that any other vertex belongs to one of the H subgraphs.

Consider G − {a, c}, and let Vp be the set of vertices in the same component as p.

Likewise, let Vq be the set of vertices in the same component as q in G−{b, c} and let

Vr be the set of vertices in the same component as r in G− {a, b}. We will argue for

Vp and note that the case for Vq and Vr is exactly parallel. In order to show G ∈ F ′

we need to show that all the vertices in Vp are adjacent to a and c and no other

vertices in G − Vp. Note that arguing that a vertex is not in the neighborhood of Vp

is the same as arguing that Vp does not contain the vertex since if a vertex v ∈ G is

adjacent to w ∈ Vp then v must be in Vp because it will be in the same component as

p after the removal of a and c. Thus it is sufficient to prove that r, b, q /∈ Vp and that

∀v ∈ Vp, v is adjacent to a and c. (We do not need to argue that a vertex in Vp is not

adjacent to one in Hr or Hq, because it would imply that b is in Vp. Also, vertices in

Hc are not connected to p after the removal of a and c and therefore are not adjacent

to Vp.)

First, r /∈ Vp. Suppose it was, then p would be connected to r by a path of vertices

in Vp − {r} which all have one pebble on them, and so we can move a vertex from p
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to r. Now this implies that b /∈ Vp since b is adjacent to r and so if b is in Vp so is r.

Likewise q /∈ Vp since it is adjacent to b and if q is in Vp, b is also.

Now suppose v ∈ Vp. We know that v must be at most distance two from r, and

none of the vertices in Vp are adjacent to r, so v must be adjacent to a vertex, call

it w, outside of Vp that is also adjacent to r. But w can only be a because a is the

only vertex in G that is adjacent to r and will disconnect r from Vp in G − {a, c}.

Likewise, we have that distance between v and q is two, and here v must be adjacent

to c. So, we have that Vp is the subgraph Hp, Vq is our subgraph Hq, and Vr is our

subgraph Hr in the diagram of graphs in F ′.

Now let Vc those vertices not in Vp ∪ Vq ∪ Vr ∪ {a, c, b}. We must show that any

vertex in Vc is adjacent to two of a, b, and c. Any v ∈ Vc cannot be adjacent to any

vertices not in Vc aside from a, b, and c since this would imply they are part of Vp, Vq

or Vr. But by diameter two, v must be adjacent to a neighbor of p, q and r. Two of

a, b, and c will suffice. Therefore, it must be that any vertex in Vr is adjacent to at

least two of a and b and c and no one else.

And now to prove Theorem 4.2.1:

Proof. (Theorem 4.2.1) Suppose for contradiction that G has diameter equal to two,

connectivity at least three, and is not Class 0. By Lemma 4.2.4 G must be in F ′

but from Lemma 4.2.3 this implies that G has connectivity equal to two. This is a

contradiction, therefore G must be Class 0.

Theorem 4.2.1 leads us to another result for which we can calculate the pebbling

number of all diameter two graphs. From a simple proof that builds upon Lemma

4.2.2 we can show that all diameter two graphs have a small pebbling number.

Theorem 4.2.5. All diameter two graphs G have π(G) = n or π(G) = n + 1
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Proof. It suffices to proves that π(G) ≤ n + 1 for all graphs of diameter two. From

the proof of Lemma 4.2.2 we have that a bad configuration of n pebbles on a graph

with diameter two has |Z| ≥ 1+s+ t+ st+
(

t

2

)

. If we have a configuration with n+1

pebbles then |Z| = s+2t− 1 and thus from a similar computation as in Lemma 4.2.2

we have

0 ≥ t2 + (2s − 3)t + 3.

As before, the only possibility for the RHS to be less than or equal to zero happens

when s = 0 which gives us 0 ≥ t2−3t+3. It is easy to see that to satisfy this inequality

we need t2 < 3t. This is only true if t < 3. If we plug in t = 0, 1, 2 we see that no

values of t satisfy the inequality: for t = 0 and t = 1 we have the RHS equals three,

for t = 2 we have RHS equal to one. And so there is no t or s which satisfies this

equation which implies that no bad configurations exists and hence that if we place

any configuration of n + 1 pebbles on G we can pebble any vertex.

Another result of Theorem 4.2.1 gives us a way to determine which graphs are

Class 0 by the degree of the vertices in the graph. The advantage of this is that while

it is hard to check the diameter and connectivity of an arbitrary graph it is very easy

to determine the degree of a vertex. Therefore, this gives us a more practical way

to decide which graphs are Class 0. The idea for this result comes from Pebbling in

Dense Graphs [3] where Hurlbert and Czygrinow prove the following: Given a graph

G, if δ(G) ≥ ⌊n
2
⌋ then G is Class 0. However, this theorem is not correct. The

statement holds if we use the ceiling function rather than the floor function. Here we

will show a counter example to the theorem of Hurlbert and Czygrinow. Then we will

prove the corrected version using almost the same proof as Hurlbert and Czygrinow.

Consider the following graph as depicted in Figure 4.6 that has minimum degree
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⌊n
2
⌋ when n is odd, but is not Class 0. The graph is composed of two complete

graphs, one of size ⌊n−1

2
⌋, and the other of size ⌈n−1

2
⌉. The complete graphs are

fully connected to a common vertex. Every vertex in the complete graph with ⌊n−1

2
⌋

vertices has degree equal to ⌊n−1

2
⌋ which equals ⌊n

2
⌋ for n odd. However, this graph

has a cut vertex and therefore by Lemma 3.1.3 we have that the graph is not Class 0.

In addition to providing a counterexample, this example shows that our new result

is best possible.

K
(n-1)/2

K
(n-1)/2

Figure 4.6: A graph with minimum degree ⌊n
2
⌋ that is not Class 0 when n is odd.

Theorem 4.2.6. Given a graph G, if δ(G) ≥ ⌈n
2
⌉ then G is Class 0.

Theorem 4.2.6 is a case of the slightly stronger version that we present below.

Theorem 4.2.7. Given a graph G, if for all non-adjacent vertices x and y, deg(x)+

deg(y) ≥ n then G is Class 0.

Before we prove this result, we note that it implies Theorem 4.2.6 because if the

minimum degree of a graph is ⌈n
2
⌉ then the sum of the degrees of any two vertices is

at least n.

Proof. Let G be specified as above and assume for contradiction that π(G) > n. We

will show that G must belong to F ′ and then find a contradiction. First, G must
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have diameter equal to two. Consider two non adjacent vertices v and w. They must

share a common neighbor because together they must send out at least n edges to

only n−2 vertices in the graph (discounting v and w since they are not adjacent). We

also know by assumption that G has π(G) > n which means that G is not a complete

graph, and therefore d > 1. Second, G must have connectivity at least two, or in

other words, it does not have a cut vertex: Suppose G has a cut vertex. Consider two

components, called A and B, after the graph is cut. The maximum degree of a vertex

in A is |A| and likewise the maximum degree of a vertex in B is |B| because a vertex

can be at most connected to the cut vertex and every vertex in its component except

itself. Therefore for any a ∈ A and b ∈ B, deg(a) + deg(b) ≤ |A|+ |B| ≤ n− 1. Since

a and b are not adjacent we have a contradiction, and κ(G) ≥ 2. Together d = 2,

κ ≥ 2 and π(G) > n imply G is in F ′ from Lemma 4.2.4. Now, we will calculate the

sum of degrees of p and q. We see that p and q are not adjacent to each other and

neither are adjacent to r. We also know that p and q can only share one neighbor, c in

common. Thus we have that deg(p)+ deg(q) ≤ n− 2, and this is a contradiction.

Theorem 4.2.1 leads us to wonder if for graphs of any diameter we can find a con-

nectivity that is large enough so that all graphs with this diameter and connectivity

are Class 0. From a result in A Note on Graph Pebbling [4] we know that there exists

a function k(d) such that given any diameter d if the connectivity of G is greater than

or equal to k(d) then we have that G is Class 0. This is an interesting result because

it tells us that a graph of any diameter can be Class 0.

Theorem 4.2.8. [4] Let d be a positive integer and set k = 22d+3. If G is a graph of

diameter at most d and connectivity at least k, then G is Class 0.

We will not give a proof, but rather just some intuition. Suppose we have a graph

G as above. Let r be the root vertex to pebble, and assume for contradiction that
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if we place |V | pebbles on the graph we cannot pebble r. From this assumption we

can make restrictions on the number of paths we can have from the vertices with at

least two pebbles on them to other vertices in the graph. We can do this because

as soon as we have 2d pebbles on any vertex we know that we can pebble r. In the

end we will find a contradiction because the high connectivity guarantees “too many”

disjoint paths between any two vertices.

Unfortunately, the bound given for k(d) by the proof is quite high. For the case

d = 2 it tells us that we can only ensure the graph is Class 0 if the connectivity is

greater than 128. However, as we just saw in Theorem 4.2.1 we know that in a graph

with diameter two, connectivity at least three guarantees that the graph is Class 0.

So, the bound is at least bad for graphs with a small diameter. It seems as though

it would be bad for any graph, but it has been shown that we can’t do significantly

better.

Remark 4.2.9. [2] If the function k(d) satisfies the following: a graph G with diam-

eter d and κ ≥ k(d) is Class 0 then k(d) > 2d

d
.

Proof. The following graph has diameter d, connectivity ⌊2d−3

d−1
⌋ and is not Class 0:

Consider a path Pd+1 = v1v2...vd+1 and replace each vertex vi for 2 ≤ i ≤ d with

a clique Hi with size equal to ⌊2d−3

d−1
⌋ or ⌈2d−3

d−1
⌉ so that the sum of the vertices that

compose these cliques is 2d − 3. Let H1 = v1 and Hd+1 = vd+1. Connect them so that

every vertex in Hi is adjacent to every vertex in Hi+1 and Hi−1 for 2 ≤ i ≤ d. The

graph is depicted in Figure 4.7.

This graph has connectivity ⌊2d−3

d−1
⌋ because in order to disconnect the graph we

must remove a whole clique that replaced a vertex on the interior of the original path.

The graph has diameter d since the distance from v1 to vd+1 is d.

By Lemma 3.1.1 π(G) ≥ 2d. (The bad pebbling configuration occurs when v1 is the



44 CHAPTER 4. CLASS 0 GRAPHS

v1 vd+1
H2 H3 Hd-1 Hd

K 2
d
-3

d-1

K 2
d
-3

d-1

K 2
d
-3

d-1

K 2
d
-3

d-1

Figure 4.7: A graph with diameter d, connectivity ⌊2d−3

d−1
⌋ that is not Class 0.

root, P (vd+1) = 2d − 1 and P (v) = 0 for all other vertices v in the graph.) Therefore

the graph cannot be pebbled with n = 2d − 1 pebbles, and is not Class 0.

4.3 Edge Count

Our intuition tells us that the more edges in G the more likely it is that the graph

will be Class 0, and we would like a way to express this intuition. Patcher, Snevily

and Voxman pose the following two questions in their paper On Pebbling Graphs [9].

Is there is some function f(n) such that if |E(G)| ≥ f(n) it implies that G is Class 0

Or, on the other side, is there some function h(n) such that if |E(G)| ≤ h(n) then G

is not Class 0? Patcher et al. give a function f(n) and show that it works, in this

thesis we investigate the second question.

Theorem 4.3.1. [9] If n(G) ≥ 4 and |E(G)| ≥
(

n−1

2

)

+2 then G is Class 0, and this

is best possible.

Proof. We will use a proof by induction on n.

Base Case: (n = 4)

Consider a graph on four vertices with at least
(

4−1

2

)

+2 = 5 edges. If E(G) > 5 then

G = K4 and this is Class 0. Otherwise, consider all the graphs on four vertices with

five edges, which we denote Kn−e. Suppose for contradiction that H ∈ Kn−e is not
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Class 0. This implies that if four pebbles are placed on H then there exists a vertex

v that cannot be reached by a pebble. If v has degree three then it can be pebbled

since it is adjacent to three vertices and there are four pebbles, so by the pigeon hole

principle it either already has a pebble on it or one of its neighbors has at least two

pebbles. So assume v has degree two. The two vertices adjacent to v, call them u

and w must have at most one pebble or v can be pebbled. Let y be the vertex that

is not adjacent to v (and let the only non-edge be (v, y)). If u and w have no pebbles

then y must have all four pebbles, and it is a distance two away from v, so v can be

pebbled. Otherwise, y has two or three pebbles and at least one of u or w have a

pebble on them, say it is u. We can move a pebble to u, and with two pebbles on u,

we can move a pebble to v.

Inductive Case:

Now, assume that if n(G′) ≥ 4 and n(G′) < N then |E(G′)| ≥
(

n−1

2

)

+ 2 implies that

G′ is Class 0. We will show that if G has |V (G)| = N then it is also true. Let r

be the vertex that we want to pebble, if r has a pebble on it we are done so assume

there is no pebble on r.

Case 1: r has degree n − 1.

If there is no pebble on r then we have n pebbles on n−1 vertices, and by the pigeon

hole principle, there exists at least one vertex with at least two pebbles. Since all

vertices are adjacent to r, this implies r can be pebbled.

Case 2: r has degree m < n− 1 and ∃ a vertex w that is a neighbor of v and has

at least one pebble on it.

Now consider G − r. This new graph has |E(G − r)| ≥
(

n−1

2

)

+ 2 − (n − 2) since we

lose at most n − 2 edges by removing r from G.

(Aside:
(

n+1

2

)

=
(

n

2

)

+ n.
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The quantity
(

n

2

)

is the number of edges in a complete graph on n vertices. If

we add another vertex to our complete graph and connect it to all the vertices

we add n edges to make a complete graph on n + 1 vertices.)

Form the aside we know that
(

n−1

2

)

=
(

n−2

2

)

+ n − 2. This implies that

E(G − v) ≥

((

n − 2

2

)

+ n − 2

)

+ 2 − (n + 2)

≥

(

n − 2

2

)

+ 2

Since we have n − 1 pebbles (excluding one pebble on w) on G − r which has n − 1

vertices, G−r satisfies the inductive hypothesis, and thus, we know that we can move

a pebble to w. Now, we have two pebbles on w (the one we moved and the one we

ignored), and we can move a pebble to r.

Case 3: r has degree m < n − 1 and all the neighbors of r have no pebbles.

If there exists a vertex w with degree less than n−1 that is a neighbor of v then we can

consider G−w. G−w has ≥
(

n−2

2

)

+2 edges as above, so by the inductive hypothesis

we can pebble r. The only possibility left to consider is if all the vertices adjacent

to r have degree n − 1, i.e. neighbors of all the vertices in G. We know that there

are at least two vertices adjacent to r, otherwise we would not have enough edges

(V − r fully connected give us
(

n−1

2

)

, then we have the “ + 2” edges.) Since there are

no pebbles on r and at least two other vertices (since in this case all the neighbors of

r have no pebbles), we have at least three “extra” pebbles to be distributed on the

at most n − 3 vertices. By the pigeon hole principle this implies either two vertices

have two pebbles on them or one has four. Since the neighbors of v are adjacent to

all the vertices in G this means we can move two pebbles to a neighbor of v, and we

are done.

And finally, we must show this is best possible. Consider a graph G that is
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composed of a Kn−1 connected to a vertex v by one edge to a vertex w in Kn−1. This

graph on n vertices has
(

n−1

2

)

+ 1 edges, but it has a cut vertex, w, which implies by

Theorem 3.1.3 that this graph is not Class 0.

We will now try to tackle the question of whether there is a function h(n) such

that if E(G) ≤ h(n) then G cannot be Class 0. We begin by trying to limit the

number of vertices of small degree.

Lemma 4.3.2. If a graph has a vertex of degree one and n(G) > 2 then π(G) > n

Proof. Let v be a vertex of degree one in G. Let x be the vertex adjacent to v. Vertex

x is a cut vertex so by Lemma 3.1.3 π(G) > n.

Since all connected graphs with n− 1 edges are trees and have a vertex of degree

one, we know that any graph that is Class 0 has at least n edges. This result gives

us our first bound on h(n): h(n) ≥ n, where “≥” means that h(x) ≥ f(x)∀x ∈ N

(perhaps with the added condition that n > N for some N).

To find an upper bound on our function g(n) we consider a family of graphs, B

on 2n − 5 edges that are Class 0 for n ≥ 6. This shows that h(n) < 2n − 5 (for n

¿ 5) because for any large n we can find a graph with 2n − 5 edges that is Class 0.

So far, we have found this family of graphs to be graphs with the minimal number of

edges as a function of n that are Class 0 for arbitrarily large n.

Let B (shown in Figure 4.8) be a path on four vertices with the addition of at

least two vertices each adjacent to exactly both ends of the P4. We depict B as in

Figure 4.8 with three sets of vertices. In each set, the vertices have essentially the

same connections. Let A be the two vertices that are on the interior of the P4. Let

B be the two vertices that are endpoints of the P4. Let C be the rest of the vertices

and |C| ≥ 1. To see that G ∈ B has 2n − 5 edges we count 2(n − 4) for all the
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edges adjacent to vertices in C and then add an additional three for the others, which

together gives us 2n − 8 + 3 = 2n − 5 edges.

A

B

C

Figure 4.8: The class of graphs B.

Theorem 4.3.3. All graphs G ∈ B are Class 0.

Proof. Consider a graph G ∈ B, assume for contradiction that given a root vertex r

and a configuration of n pebbles on G that we cannot pebble r. It is not hard to see

that any graph in B has diameter two and connectivity two. Therefore by Lemma

4.2.2 any bad configuration has exactly two vertices with three pebbles, four with

zero pebbles, and all the rest with one pebble. Let t1 and t2 be the two vertices with

three pebbles on them. Recall that if a vertex has 2d = 22 = 4 pebbles on it, then

the configuration is pebbleable.

Case 1: r ∈ A

Let a be the vertex in A that is not r. Let x be the vertex in B adjacent to r and let

y be the vertex in B not adjacent to r. It is clear that neither t1 nor t2 can be a or x

since they are adjacent to r. In addition, both t1 and t2 cannot be in C because then

we can move one pebble from each to x and with two pebbles on x we can pebble r.

Therefore we must have that either y = t1 and some c ∈ C is t2. However, c and y
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are adjacent. We can move an additional pebble to y for a total of four, and since G

has diameter two, we can pebble r, which is a contradiction.

Case 2: r ∈ B

Let b be the vertex in B that is not r. Let x be the vertex in A adjacent to r and y be

the vertex in A not adjacent to r. Neither t1 nor t2 can be in C ∪ x as those vertices

are adjacent to r. So b and y must be t1 and t2. But again, b and y are adjacent so

we can move four pebbles to y, a contradiction.

Case 3: r ∈ C

Neither t1 nor t2 can be in B as those vertices are adjacent to r. But t1 and t2 cannot

both be in C because then we can move one pebble from each to a vertex in B.

Likewise, we cannot have t1 in A and t2 in C. This leaves us only with the option

that t1 and t2 are in A, but then they are adjacent and we can move four pebbles to

a vertex, a contradiction.

A much easier way to prove this is to notice that G has diameter two, connectivity

two, but no six-cycle and cannot be in F and is therefore Class 0.

Now that we know g(n) < 2n− 5 we would like to consider graphs with minimum

degree equal to two or three to find that either there is a Class 0 graph with fewer

edges, or that too many small degree vertices force vertices with large degree and we

cannot do better than 2n − 5. First we explore graphs with minimum degree equal

to two.

The following is an extension of theorem in On Pebbling Graphs [9] that is helpful

in determining the structure of Class 0 graphs with minimum degree equal to two or

three.

Theorem 4.3.4. In a graph G if vertex r has deg(r) = 2 or 3, vertex v has deg(v) =

2, and dist(r, v) ≥ 3 then π(G) > n.
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Proof. Consider a graph G as specified above with dist(r, v) ≥ 3. Let vertex r be the

root and consider the following configuration of n pebbles on G. Place no pebbles

on r or any neighbors of r or v. Note that, since dist(r, v) ≥ 3, r and v share no

neighbors. Place six (if deg(r) = 2) or seven (if deg(r) = 3) pebbles on v. Such a

configuration is shown in Figure 4.9.

r v

Figure 4.9: A bad pebbling configuration for graphs as specified in Theorem 4.3.4.

Now with this configuration we cannot pebble r. From v we can either place two

pebbles on one of its neighbors and one on the other, or we can place three pebbles

on one of its neighbors. In order to get a pebble to r we must first get two pebbles

on a neighbor of r, but since all the other vertices have one pebble there is no way to

pick up more pebbles on any path, so we can only move one pebble to a neighbor of

r.

We now use Theorem 4.3.4 to show the structure of any Class 0 with minimum

degree equal to two.

Theorem 4.3.5. Consider a graph G with n > 5. Let X be the set of all degree two

vertices and let H(X) be the subgraph induced by X. Then G has the potential to

be Class 0 only if H(X) and its neighborhood in G are characterized in one of the

following ways:
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(i) |X| = 3 and H(X) = P3. In addition, the two ends of the path are adjacent to

u, v ∈ G − X with u 6= v.

(ii) Two vertices y, z ∈ X are adjacent, y is adjacent to u ∈ G−X, and z is adjacent

to v ∈ G−X with u 6= v. All other x ∈ X from an independent set and are adjacent

to both u and v. Notice that this set of graphs is exactly those in B.

(iii) All vertices x ∈ X form an independent set, and they all have a common neighbor

u ∈ G − X.

Proof. Suppose we have a graph G with n > 5. If H(X) contains a cycle then this

forms the only component in the graph, as x ∈ X have degree two and G must be

connected. But, any cycle with more than five vertices has π(G) > n (by Theorem

3.2.1 and Theorem 3.2.2). So, H(X) must consist of a set of paths.

We now show that we cannot have a path on more than three vertices in H(X).

Suppose we have an induced path of length greater than or equal to four. Consider

the endpoints of the path. Since we have at least four vertices on the path the end

points are at a distance greater than or equal to three within the path. Now each

endpoint can only send one edge to the rest of the graph because each is of degree

two. The endpoints cannot connect to the same vertex v because then v would be a

cut vertex. Therefore the endpoints must be adjacent to different vertices, and thus

we have that they are at a distance of at least three, and therefore π(G) > n by

Theorem 4.3.4.

Now, suppose H(X) contains a P3 = x1x2x3. Then, H(X) = P3, because if there

is a y ∈ X distinct from the path then dist(x2, y) ≥ 3. This gives us the structure as

described in (i).

Now suppose H(X) contains a P2 = x1x2. We know that x1 and x2 are each

adjacent to a vertex not in X, u1 and u2 respectively. Note that u1 6= u2, as this
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would be a cut-vertex. Let y be a vertex in X not equal to x1 or x2. In order for y

to be at a distance less than three from x1 it must be adjacent to u1. Likewise, for

y to be a distance less than three from x2 it must be adjacent to u2. And, we have

used all the available edges for y, so every y ∈ X must be adjacent to u1 and u2, and

thus in H(X) all such y form an independent set. And so we have the structure as

described in (ii).

And finally, the only other option is that H(x) contains only trivial paths of the

vertices of X. It remains to show that the vertices of X are all adjacent to a common

neighbor. Refer to Figure 4.10 for the following argument. Suppose for contradiction

that there is no vertex adjacent to all x ∈ X. Let r ∈ X be adjacent to vertices

u, v ∈ G−X. All x ∈ X must be adjacent to either u or v to be at distance two from

r. But, by our assumption there must be a vertex y ∈ X that is not adjacent to v

(and therefore adjacent to u), and a z ∈ X not adjacent to u (and therefore adjacent

to v). Now, y and z must also be a distance two apart so they must be adjacent to

a common vertex, call it w. We cannot pebble r with the following configuration of

n pebbles: P (r) = P (u) = P (v) = P (w) = 0, P (y) = P (z) = 3, and P (t) = 1 for all

other t in G. In order to move a pebble to r we must move two pebbles to either u or

v. The only pebbling moves we can make that do not immediately result in having

either one or no pebbles on every vertex is to move a pebble from y to w and from z

to w. But from here no matter what move we make, we can only add one pebble to a

vertex, and thus we can never get two on u or v. This is a contradiction and we must

have that all the vertices x ∈ X are connected to some common neighbor u.

From Theorem 4.3.5 we can get a better lower bound on g(n). For case (i) we

consider a degree sum: Since all the vertices not in X have degree at least three, we

add 3(n−3) for them, and then an additional total of six for the degree of the vertices
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H(X) ry z

u v

w

...

G

Figure 4.10: A bad pebbling configuration for case (iii) of Theorem 4.3.5 if all the
vertices in X are not adjacent to a common vertex. The dotted lines are non-edges.

in X. Together this gives us at least (3/2)(n − 3) + 3 = (3/2)n − (3/2) edges in G.

In case (ii) we have 2n− 5 edges as case (ii) is equivalent to B. In case (iii), we again

consider a degree sum: we add 3(n− |X| − 1) for all the vertices not in X ∪ {u}. We

add |X| for u and 2|X| for the vertices in X. Together this gives us a degree sum

of 3n − 3, which is equivalent to (3/2)n − (3/2) edges. Therefore, any graph with

δ(G) = 2 that is Class 0 has at least (3/2)n − (3/2) edges. In addition, any graph

with δ(G) ≥ 3 has a minimum number of edges equal to (3/2)n. This implies that

(3/2)n − (3/2) ≤ g(n) < 2n − 5 for n > 5. We see now why the Petersen graph is

interesting. It is an example of a Class 0 graph with the minimal number of edges

for both bounds of g(n) since |E(G)| = (3/2)n = 2n − 5.

In an attempt to further tighten this bound we looked at this problem from both

directions. On the one hand we searched for a construction of a graph on less than
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2n−5 edges for arbitrary n that is always Class 0. On the other hand we tried to prove

that any graph with less than (3/2)n+c edges is not Class 0. We were unsuccessful in

tightening the bound, but we make the following conjecture and conclude the thesis.

Conjecture 4.3.6. If n(G) > 5 and |E(G)| ≤ 2n − c for some constant c, then G is

not Class 0, and this is best possible.
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