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CHAPTER 1

INSIGHTS FROM STATISTICAL PHYSICS INTO COMPUTATIONAL

COMPLEXITY

SCOTT K IRKPATRICK
�

AND BART SELMAN
��

IBM, ThomasJ.WatsonResearchCenter, Yorktown Heights,NY 10598�
ComputerScienceDeptartment,CornellUniversity, Ithaca,NY 14850

ABSTRACT

“NP-complete”problemsareat thecoreof many computationaltasksof practical
interest,whichmeansthatthecostof solutionwill grow exponentiallywith prob-
lem sizein the worst case(providedP

�� NP). Althoughheuristicscanbe quite
effective on suchproblemsin most cases,thereis a growing appreciationthat
theseproblemscontainphasetransitions,andat thephaseboundariesexponential
complexity becomesthetypical outcome,not just theworstcase.Usingmethods
from statisticalphysics,a much betterunderstandingof suchphasetransition
phenomenain computationalproblemshasbeenobtainedin recentyears. We
will review severalkey resultsin this area,therebyillustratingsomeof thedeep
connectionsbetweencomputerscienceandstatisticalphysics.Theseminalwork
by Fu andAnderson[13, 14] providedtheinitial impetusfor muchof this work.

1.1 INTRODUCTION

Many key computationaltasksof practicalinteresthavebeenshown to becompu-
tationallyintractable.Suchproblems,foundfor example,in planning,scheduling,
machinelearning,hardwaredesign,andcomputationalbiology, generallybelong
to the classof NP-completeproblems.To solve an NP-completeproblem,it is
widely believedthatthecomputationalresourcerequirementsgrow exponentially
with problemsize,at leastin the worstcase.The typical casebehavior of these

iii



iv CHAPTER 1. COMPUTATIONAL COMPLEXITY

problemsis oftenmuchmoredifficult to characterize,but is morerelevantfrom a
practicalperspective.

Fu andAnderson[13, 14] first conjectureda deepconnectionbetweenNP-
completeproblemsandmodelsstudiedin statisticalphysics.More recently, we
have shown thatNP-completeproblemscanexhibit phasetransitionphenomena,
analogousto thosein physicalsystems,with the hardestprobleminstancesoc-
curring at the phaseboundary. However, the exact relationshipbetweenphase
transitionphenomenaand computationalpropertieshasremainedunclear. For
example,phasetransitionshave also beenobserved in computationally“easy”
problems(i.e., onesthatarenot NP-complete).

In thispaper, wewill discussrecentresultsthatgiveaprecisecharacterization
of therelationshipbetweenphasetransitionphenomenaandtypical casecompu-
tationalcomplexity. Morespecifically, weshow thatwhentheunderlyingcompu-
tationaltaskexhibits a continuousphasetransition,resourcerequirementsgrow
only polynomiallywith problemsize,while aspecialtypeof discontinuousphase
transitioncorrespondsto anexponentialgrowth in typical resourcerequirements,
characteristicof truly hardprobleminstances.

Theseresultsillustratethepotentialbenefitsof exploringtherich connections
betweencomputerscienceandstatisticalphysics.

1.2 SATISFIABIL ITY AND HARD-PROBLEM INSTANCES

As our computationaltask, we will considerthe Booleansatisfiability (SAT)
problem,anarchetypalNP-completeproblem.In theSAT problem,oneis given
a formula in Booleanlogic and the task is to determinewhetherthe formula
is satisfiable. We will considerBooleanformulae written in a special form,
called conjunctive normal form. Eachformula consistsof a seriesof clauses
conjoinedtogether(logical “AND”), whereeachclauseis a disjunction(logical
“OR”) of literals. A literal is a Booleanvariableor its negation(logical “NOT”).
In the � -SAT problem,eachclausecontainsexactly � literals. An exampleof a
formulaconsistingof threeclausesandtwo Booleanvariables,� and � , is (( �
OR (NOT � )) AND ((NOT � ) OR � ) AND ((NOT � ) OR (NOT � ))). The
formulais satisfiable, because,e.g., theassignment� setto FALSE and � setto
FALSE satisfiesthis formula. Onemethodfor checkingwhethera formulawith�

Booleanvariablesissatisfiableis to checkfor eachof the �
	 truthassignments,
whetherthereis onethatsatisfiesall theclausesin theformula. If noneis found,
thentheformulais unsatisfiable.

One might imagine that there are much more clever ways of determining
whethera formula is satisfiable,for example,methodsthatdon’t searchthrough
the spaceof all possibletruth assignments.However, oneof the key resultsin
computationalcomplexity theoryshowsthatit is highly unlikely thatsuchaclever
algorithmexists. More specifically, Cook [9] showed the � -SAT problemwith����
 to beNP-complete.As a consequence,theredoesnot exist any procedure
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thatdoessignificantlybetteron all Booleanformulaethanonethatexhaustively
checksall truth assignments(assumingP

�� NP, a widely believed,but asof yet
unproven,conjecture[7]). In otherwords,nomatterhow cleveranalgorithmone
developsfor Booleansatisfiability, therewill beformulaeonwhich thealgorithm
takestime exponentialin thenumberof variables.Note thatNP-competenessis
a worst-casenotion. In practice,one is often more interestedin what happens
in a “typical” caseor “average”casescenario.We now turn our attentionto the
behavior of algorithmson suchtypicalBooleanformulae.

Our initial interestin the satisfiabilityproblemarosefrom early reportsthat
many satisfiability problemsare easily solvable. For example,Goldberg [19]
describesaclassof randomSAT problemsthataresurprisinglyeasyfor theDavis-
Putnamsatisfiabilityprocedure,which is oneof the mostwidely usedcomplete
algorithmsfor satisfiability testing[11]. Goldberg’s work led to an extensive
theoreticalexplorationof his particularrandominstancemodel. In Goldberg’s
model, eachBooleanclauseis generatedby selectingliterals with somefixed
probability. This leadsto clausesof varyinglength.A rigorousanalysis,reported
in a seriesof papers[15, 16, 33], hasshown that in this model,theaverage-case
complexity is polynomial for almostall choicesof parametersettings. In other
words, it is difficult to generatecomputationallyhardprobleminstances.Note
that this doesnot meanthat hardinstancesdo not exist; it is simply meansthat
suchinstancesareextremelyrare,and,in fact,mayneverbeobservedin practice.

In [28, 25, 37], we show how by usinga differentmodelfor generatingran-
domformulae,calledthefixed-clause-lengthmodel,onecaneasilygeneratehard
probleminstances.Considergeneratingarandom3-SAT problem.Eachclauseis
generatedby randomlyselectingthreevariablesfrom among

�
variables;eachof

thesevariablesis negatedwith probability0.5. We generatea total of � clauses.
We found that the key in generatingcomputationallyhardinstancesis the ratio
between� and

�
. Fig.1.1showsthemediancostof solvingrandomlygenerated

instancesat different ratios of variablesto clauses. The datawas obtainedby
running the Tableaumethod,which is a highly efficient implementationof the
Davis-Putnam(DP) procedure[10]. We measurethe solutioncostin numberof
recursivecallsto theDPprocedure.Thismeasureis proportionalto theactualrun
time of thealgorithmbut is machineindependent.We seethat thecostpeaksat
arounda ratio of 4.3 clausespervariable.1 Our experimentaldatashows thatat
this point the costof determiningsatisfiabilitygrows exponentiallywith sizeof
theformulae.

Figure1.2 givesthe fraction of formulaethat areunsatisfiableasa function
of the ratio of clausesto variablesfor randomly generatedformulae with 50
variables.At low ratios,few clausescomparedto thenumberof variables,almost
all instancesaresatisfiable(i.e., theunsatisfiablefractionis almostzero).At rela-
tivelyhighratiosof clausestovariables,in asensetoomany constraints,almostall

1For large � , this ratioconvergesto around4.25.[10, 25].



vi CHAPTER 1. COMPUTATIONAL COMPLEXITY

20--variable formulas
40--variable formulas
50--variable formulas

N
um

be
r o

f D
P

 c
al

ls
 (t

ho
us

an
ds

)

Ratio of clauses-to-variables
2 3 4 5

�
6 7 8

0

1

2

3

4

Figure1.1: Solving3SAT instances.
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Figure1.2: Fractionof unsatisfiable3SAT problems.

randomlygeneratedinstancesareunsatisfiable.A suddenchangeoccursaround
thecritical ratio of 4.3. At this ratio,a “phasetransition”from themostlysatisfi-
ablephaseto themostlyunsatisfiablephasetakesplace.FromFigure1.1,we see
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that thephase-transitionregion coincideswith theareawith thehardestproblem
instances.In this region, the instancesareagaincritically constrained.Below,
we will take a closerlook at whathappensinsidethephasetransitionregion. A
similar relationbetweenexponentialscalingandphasetransitionphenomenahas
beenobservedfor a rangeof NP-completeproblems.Seefor example,[6, 21].

The randomlygeneratedcritically constrainedprobleminstanceshave been
usedextensively in the studyanddevelopmentof algorithmsfor graphcoloring
andsatisfiabilitytesting[36]. A key questionis whetherthe resultsobtainedfor
such instancesare at all indicative of the behavior of the algorithmson more
structured,real-world instances.Theresultsof theDIMACSChallengeon Satis-
fiability Testing[38] suggestthatthebehavior of algorithmsonhardrandomprob-
lemscanindeedbe representative of the behavior on morestructuredproblems.
TheDIMACSBenchmarkProblemSetcontainedseveralhardrandominstances
andnumerousmorestructuredproblems.Thesatisfiabilityalgorithmsfell in two
categories:completesystematicprocedures,andincompletestochasticmethods.
Thesemethodscomplementeachother, in that thereareproblemclasseswhere
thestochasticmethodsarebest,whereason otherproblemclassesthesystematic
methodsaresuperior. However, within eachcategory, algorithmsthatwerefastest
on thehardrandominstancesusuallyalsoperformedbeston themorestructured
problems. Apparently, the hard randominstancesdo exercisethe varioustime
critical partsof thealgorithms.Therefore,theperformanceof algorithmsonsuch
hardrandominstancesis a reasonablygoodindicatorof theoverall performance
ona morediversesetof probleminstances.

Aside from beingusefulasbenchmarkproblems,thereis alsoevidencethat
critically constrainedproblemsmay occur naturally in real-world applications.
Nemhauser[32] studieda large airline schedulingproblem,involving approxi-
mately500planes.The original schedulewasobtainedwith a heuristicmethod
andthereforeonly anapproximationof theoptimalsolution. After a substantial
computationaleffort, Nemhauser’s groupfound a provably optimal solution. It
was expectedthat suchan optimal solution would lead to a savings of one or
moreplanesovertheheuristicallyobtainedschedule.However, quitesurprisingly,
the optimal scheduledid not save a single plane. The explanationappearsto
be that the problemhad becomecritically constrained:Becauseof economic
factors,theairline hadassignedadditionalroutesto planesthatwereidle during
partsof the day in the original schedule. So, external factorscan give rise to
critically constrainedreal-world planningand schedulingproblems. The ratio
of constraintsto variableswill probablydiffer from the critical ratios found in
hard randominstances,becauseof the inherentinternalstructureof real-world
problems. The readeris encouragedto consultany of the following additional
references[21, 4, 8, 10, 18, 22, 27, 39, 41].
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1.3 CONNECTIONS TO STATISTICAL PHYSICS

It haslong beenapparentthat NP-completeproblemshave somethingin com-
mon with the modelsdiscussedin the literatureof the statisticalmechanicsof
disorderedmedia. Looselyspeaking,the optimizationproblemsaroundwhich
mostNP-completedecisionproblemsare formulatedcanbe translatedinto the
problemof findinggroundstatesof appropriatelyconstructedsystemswith many
simple degreesof freedom. And the fact that “spin glasses,” known to have
very long relaxationtimesunderMetropolis-styleevolution at any low temper-
ature,arefoundin many modelsof dynamicalsystemswith quenched-inrandom
interactions,hasmadeestablishinga connectionbetween“glassiness”and the
complexity definedby computationalcostin computerscienceanaturalobjective.
However, theproblemsdefinedin thetwo fieldsarenot at all thesame.Themost
significantdifferenceis that complexity classessuchasP andNP aredefinedin
termsof theexistenceor nonexistenceof at leastoneworst-caseinstance,while
relaxationtimesandglassybehavior in statisticalmechanicsarecharacteristics
of the most probableconfigurationsof large systems,computedin practiceas
averagesoverpartitionfunctions(i.e., overall initial conditions,or overall ways
of definingthe randomsystemgiven somecontrol parameters).This extra step
of defininga probability measureover instancesof a combinatoricproblemin
orderto analyzeaveragecasecomplexity is onewhichuntil recentlythecomputer
sciencecommunitywasreluctantto take. Or, statedmoreconcretely, relatively
few of such averagecasecompelxity resultshave beenobtainedin computer
science. This is partly due to the difficulty of chosingthe “right” underlying
probabilitydistribution for theensemble.

Let’s considerthe simplestcasein which to make the connectionbetweena
known NP-completeproblemand a spin glass— partitioning a randomgraph
with weightededgesinto two equalsetsof nodes,while minimizing the cost
of the edgeswhich crossthe boundarybetweenthe two partitions. This is the
exampletreatedby Fu andAnderson[13]. Eachnode * canbe in only on of two
states,which we might call the “left” partitionor the “right” partition. This can
berepresentedby aspin +-, for eachnode,with +., �0/21 meaningthatnode* is in
the“left” partition,and +-, �31 meaningthe“right” partition. If 45,76 is theweight
associatedwith eachedgein thegraph(many of thesewill bezero),thecostof a
particularpartitioncanbecalculatedas8 � �:9 ,<; 6 4 ,76>= 1?/ + , + 6#@BA �DC (1.1)

We needa secondinteractiontermto enforcetheconstraintthat thesizesof
thetwo partitionsareequal,or nearlyso.Let8 � �FEG9 ,<; 6 = +-,H+I6 @KJ (1.2)
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andtheHamiltonianfor themodelequivalentto a particulargraphbipartitioning
problemis 8 � 8 �ML 8 � C (1.3)

For sufficiently large E , thesecondtermonly allowsconfigurationswherethe
numberof nodesin the “left” partition is equalto that in the “right” partition.
Themodelwhich resultsis an infinite-rangeIsing antiferromagnetwith random
ferromagneticinteractionsadded(to keepedgesconnectedby largeweightsin the
samepartitions).Fromthestudyof theSK models,thesimplestspinglasses,this
is known to give rise to a spinglassphaseat low temperatures.We candefinea
similarHamiltonianfor theSAT problem.

We shall follow the notationusedin the seriesof papersby Monassonand
Zecchina.Sincethe variablesin � -SAT areBoolean,we canuseIsing spinsto
representthem. Let +., � L 1 if thevariable NO, is setto true,and +-, �P/21 if it
is false. We will capturethe setof � clausesin a formula in a single �RQ �
matrix of randominteractions,S , with SUT ; , � L 1 , if the V th clausecontainsN , ,S T ; , �W/21 , if the V th clausecontainsXYNI, (here X denoteslogical negation),and
otherwiseS T ; , ��Z .

Thenthe numberof clausesnot satisfiedprovidesa naturalHamiltonianfor
thisproblem,andis givenby[]\ S J +_^ �`9Tba � ; c dfeg 9, a � ; 	 S T ; ,h+.,ji / �>kl (1.4)

where
d \ *)iHm
^ is theKroneckersymbol.

To fix thenumberof variablesin eachclauseto be � we addtheconstraint9, a � ; 	 S �T ; , � � for all V �n1 J CoCpC J � (1.5)

ThiscaneitherbeviewedasanIsingHamiltonianwith randomexternalfields,
or studiedby expandingout the Kronecker delta,in which casewe obtaininter-
actionsbetweenup to � spinsat a time. This givesa sensein which � � � (only
pairwiseinteractions)is clearlydistinctfrom �q�r
 .

1.4 A CLOSER LOOK AT THE PHASE TRANSITION

Figure1.3 shows thephasetransitionfor 3SAT for severaldifferentvaluesof
�

(thenumberof variables).Notehow thethresholdfunctionsharpensupfor larger
valuesof

�
. In [25], we show that the thresholdhascharacteristicstypical of

phasetransitionsin thestatisticalmechanicsof disorderedmaterials.
“Finite-sizescaling”analysisis a usefultool in thestudyof phasetransition

phenomena.This approachis basedon rescalingthe horizontalaxisby a factor
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Figure1.3: The3SAT phasetransitionsharpensup.
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that is a functionof
�

. Thefunction is suchthat thehorizontalaxis is stretched
outfor larger

�
. So,in effect,rescaling“opensup” thephase-transitionfor higher
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valuesof
�

, andthusgivesusabetterlook insidethetransition.Figure1.4shows
theresultof rescalingthecurvesfrom Figure1.3. Along therescaledhorizontal
axis is ·Y¸ � � ��¹)º = · / ·_» @�A ·Y» @ , where · � � A � , ¼ �½1 C ¾ , ·Y» �À¿ C7� . We
seethattheoriginal curvesarerescaledinto a singleuniversalcurve. Very recent
theoreticalwork by Wilson [40] claimsthatthecurrentexperimentaldatahasled
to anunderestimateof thecritical exponent¼ , since ¼qÁ 1 as � becomeslargeis
predictedby “annealed”argumentsaswell asobtainedin the replica-symmetric
solutionof MonassonandZecchina,while Wilson’sconstructiongivesthecritical
regimea breadthalwayscharacterizedby ¼fÂ � � . Wilson’s resultsmayrequire
valuesof

�
that arenot accessibleexperimentally. As a result,somequestions

remainopenaboutthecorrectway to definelarge � J � limits in thisproblem.
Finite-sizescalingcanalsobeusedto studypropertiesotherthansatisfiability

in thecritical region. See[35] for a rescalingof computationalcostcurves,and
[34] for a rescalingof theprimeimplicatefunction.

1.5 M IXTURES OF 2-SAT AND 3-SAT PROBLEMS

As notedearlier, the � -SAT problemis NP-completefor �n�Ã
 . For � � � ,
thereexists a linear time algorithmfor determiningthe satisfiabilityof Boolean
formulae[3]. Thismethodcleverly avoidscheckingall possibletruthassignments
andworkseffectively (scalinglinearin

�
) on all possible2-SAT problems.

In order to understandwhat occursbetween� � � and � � 
 , we have
studied[30, 2, 31] formulaecontainingmixturesof 2- and3-clauses:considera
randomformulawith M clauses,of which = 1Ä/ÆÅ @ � containtwo literalsandÅ �
contain3 literals,with ZÈÇfÅ�Ç:1 . This“ � L Å –SAT” modelsmoothlyinterpolates
between2–SAT = ÅÉ��Z @ and3–SAT = ÅÉ�n1 @ . Theproblemis NP–complete,since
any instanceof themodelfor Å Â Z containsa sub-formulaof 3-clauses,but our
interesthereis in thecomplexity of “typical” probleminstances.

We seek· »#= � L Å @ , the thresholdratio � A � of theabove modelat fixed Å .
We know · »Ê= � @ �W1 and · »#= 
 @ÌË ¿ C7�Í¾ . Theformulaecannotbealmostalways
satisfiedif the numberof 2–clauses(respectively 3–clauses)exceeds

�
(resp.·_» = 
 @ � ). As a consequence,thecritical ratio mustbeboundedby ·_» = � L Å @ Ç

min Î ��)Ï­Ð JÒÑ>Ó)ÔoÕ�ÖÐØ× .

The � L Å –SAT modelcanbe mappedonto a diluted spin glassmodelwith�
spins +-, : +-, �½1 if the Booleanvariable NI, is true, +-, �Ã/21 if NI, is false.

And, again,with any configurationwe associatean energy
[

, or cost-function,
equalto thenumberof clausesviolated.Randomcouplingsbetweenthespinsare
inducedby theclauses.Themostimportantresultof thereplicaapproach [29] is
theemergence, in thelarge

� J � limit andat fixedÅ and · , of orderparameters
describingthe statisticsof optimal assignments,which minimizethe numberof
violatedclauses.In thissection,wegiveanoverview of theresultsfrom statistical
mechanics.
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Figure1.5: Theoreticalandexperimentalresultsfor theSAT/UNSAT transitionin the2+p-
SAT model.

Consideraninstanceof the � L Å -SAT problem.Weusethe ôöõø÷ groundstate
configurationsto define ù , � 1ô õY÷ úüûþý9ÿ a � + ÿ, (1.6)

theaveragevalueof spin +-, over all optimalconfigurations.Clearly,

ù , ranges
from /21 to L 1 and

ù , � /21 (respectively L 1 ) meansthat the corresponding
Booleanvariable NO, is always false(resp. true) in all groundstates. The dis-
tribution

� = ù @ of all

ù , gives the microscopicstructureof the groundstates.
The accumulationof magnetizations

ù
around � 1 representsa “backbone”of

almostcompletelyconstrainedvariables,whoselogical valuescannotvary from
solution to solution, while the centerof the distribution

� = ù Ë Z @ describes
weaklyconstrainedvariables.Thethreshold· » will coincidewith theappearance
of an extensive backbonedensityof fully constrainedvariablesN , , with a finite
probabilityweightat

ù � � 1 . A simpleargumentshowsthatthebackbonemust
vanishwhen � A � � ·�� · » . Consideraddingoneclauseto a SAT formula
found below ·_» . If thereis a finite fraction of backbonespins,therewill be a
finite probabilitythat theaddedclausecreatesanUNSAT formula,which cannot
occur.

For ·�� · » , the solutionexhibits a simplesymmetryproperty, usually re-
ferred to asReplicaSymmetry(RS), which leadsto an orderparameterwhich
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is preciselythe magnetizationdistribution
� = ù @ definedabove. An essential

qualitative differencebetween2-SAT and3-SAT is theway theorderparameter� = ù @ changesat the threshold. This discrepancy can be seenin the fraction� = � J · @ of Booleanvariableswhich becomefully constrained,at andabove the
threshold. As said above,

� = � J · @ is identically null below the threshold. For
2-SAT,

� = � J · @ becomesstrictly positive above ·_» � 1 and is continuousat
the transition:

� = � J 1 Ï @ � � = � J 1�� @ �ÀZ . On the contrary,
� = 
 J · @ displaysa

discontinuouschangeat thethreshold:
� = 
 J · Ï» @ ��Z and

� = 
 J · � » @ � � » = 
 @ Â Z .
While for the continuoustransitions,the exactvalueof the thresholdcanbe

derivedwithin theRSscheme,for thediscontinuouscasetheRSpredictiongives
only upperbounds. The exact valueof the thresholdcanbe predictedonly by
a properchoiceof the order parameterat the transitionpoint, i.e., by a more
generalsymmetrybreakingscheme,a problemwhich is still open.However, the
predictionsof theRSequations,suchasthenumberof solutions,remainvalid up
to ·Y» , andtheRSpredictionfor thenatureof thethresholdshouldbequalitatively
correct.
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Figure1.6: Mediancomputationalcostof proving a formula SAT or UNSAT using the
Tableuprocedure[10], for ' rangingfrom 0 to 1.

For the mixed � L Å –SAT model, the key issueis thereforeto understand
how a discontinuous3–SAT-like transitionmay appearwhenincreasingÅ from
zeroup to oneandhow it affectsthecomputationalcostof finding solutionsnear
threshold.Applying themethodof [29], wefind for Å � Å)( (accordingto various
estimates,Å)( lies between0.4 and 0.416), thereis a continuous SAT/UNSAT
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transitionat ·Y» = � L Å @ � ��KÏDÐ . Thishasrecentlybeenverifiedby rigorousanalysis
up to Å �nZ C ¿ [1]. TheRStheoryappearsto becorrectfor ·*�:· »Ê= � L Å @ , and
thusgivesboth the critical ratio and the typical numberof solutions,as in the� � � case.TheSAT/UNSAT transitionshouldcoincidewith areplicasymmetry
breakingtransition,asdiscussedin [29]. So, for Å � Å ( , the modelsharesthe
characteristicsof random� –SAT.

For Å Â Å+( , the transitionbecomesdiscontinuous and the RS transition
givesanupperboundfor thetrue · »#= � L Å @ . TheRStheorycorrectlypredictsa
discontinuousappearanceof a finite fractionof fully constrainedvariableswhich
jumpsfrom Z to

� » whencrossingthethreshold· »#= � L Å @ . However, bothvalues
of
� » = � L Å @ and ·Y» areslightly overestimated,e.g., for Å �P1 , ·-, ÷» = 
 @ Ë ¿ C . Z

and
� , ÷» = 
 @qË Z C . whereasexperimentsgive ·_» = 
 @qË ¿ C7�0/ and

� » = 
 @21 Z C ¾ .
A replicasymmetrybreakingtheorywill benecessaryto predictthesequantities.
For Å Â Å ( , the random2+p–SAT problemsharesthecharacteristicsof random
 –SAT.

Figure 1.5 shows our resultsfor the locationof the SAT/UNSAT transition
for the2+p-SAT model.Theverticalline at Å)( separatesthecontinuousfrom the
discontinuoustransition.Thefull line is thereplica-symmetrictheory’spredicted
transition,believedexact for Å � Å ( , andthediamonddatapointsareresultsof
computerexperimentandfinite-sizescaling.Theothertwo linesshow upperand
lower boundsobtainedin [1], while the strongerupperbounddue to [26], and
thebestknown lower bound,dueto [17], areindicatedby squaredatapoints(atÅÉ� 1 C Z ).

Figure1.6givesdataon thescalingbehavior of theDavis-Putnamstylesatis-
fiability procedure,Tableau[10], on the2+P-SAT problemfor a rangeof values
of Å . (For eachvalueof Å , wegive thecostat thephasetransitionboundary.) The
main observation to make is the linear scalingfor Å � Å ( and the exponential
scalingfor highervaluesof Å . This is consistentwith the analyticalresultsthat
show thatthebehavior of theoverallensembleof clauseschangesata thecritical
ratio Å ( , whereit thesystemswitchesform thepolynomialcharateristicsof 2-SAT
to theexponentialscalingfor 3-SAT.
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