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A BSTRACT
“NP-complete” problems are at the core of many computational tasks of practical
interest, which means that the cost of solution
will grow exponentially with prob
lem size in the worst case (provided P  NP). Although heuristics can be quite
effective on such problems in most cases, there is a growing appreciation that
these problems contain phase transitions, and at the phase boundaries exponential
complexity becomes the typical outcome, not just the worst case. Using methods
from statistical physics, a much better understanding of such phase transition
phenomena in computational problems has been obtained in recent years. We
will review several key results in this area, thereby illustrating some of the deep
connections between computer science and statistical physics. The seminal work
by Fu and Anderson [13, 14] provided the initial impetus for much of this work.
1.1

I NTRODUCTION

Many key computational tasks of practical interest have been shown to be computationally intractable. Such problems, found for example, in planning, scheduling,
machine learning, hardware design, and computational biology, generally belong
to the class of NP-complete problems. To solve an NP-complete problem, it is
widely believed that the computational resource requirements grow exponentially
with problem size, at least in the worst case. The typical case behavior of these
iii
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problems is often much more difficult to characterize, but is more relevant from a
practical perspective.
Fu and Anderson [13, 14] first conjectured a deep connection between NPcomplete problems and models studied in statistical physics. More recently, we
have shown that NP-complete problems can exhibit phase transition phenomena,
analogous to those in physical systems, with the hardest problem instances occurring at the phase boundary. However, the exact relationship between phase
transition phenomena and computational properties has remained unclear. For
example, phase transitions have also been observed in computationally “easy”
problems (i.e., ones that are not NP-complete).
In this paper, we will discuss recent results that give a precise characterization
of the relationship between phase transition phenomena and typical case computational complexity. More specifically, we show that when the underlying computational task exhibits a continuous phase transition, resource requirements grow
only polynomially with problem size, while a special type of discontinuous phase
transition corresponds to an exponential growth in typical resource requirements,
characteristic of truly hard problem instances.
These results illustrate the potential benefits of exploring the rich connections
between computer science and statistical physics.
1.2

S ATISFIABILITY

AND

H ARD -P ROBLEM I NSTANCES

As our computational task, we will consider the Boolean satisfiability (SAT)
problem, an archetypal NP-complete problem. In the SAT problem, one is given
a formula in Boolean logic and the task is to determine whether the formula
is satisfiable. We will consider Boolean formulae written in a special form,
called conjunctive normal form. Each formula consists of a series of clauses
conjoined together (logical “AND”), where each clause is a disjunction (logical
“OR”) of literals. A literal is a Boolean variable or its negation (logical “NOT”).
In the  -SAT problem, each clause contains exactly  literals. An example of a
formula consisting of three clauses and two Boolean variables,  and  , is (( 
OR (NOT  )) AND ((NOT  ) OR  ) AND ((NOT  ) OR (NOT  ))). The
formula is satisfiable, because, e.g., the assignment  set to FALSE and  set to
FALSE satisfies this formula. One method for checking whether a formula with

Boolean variables is satisfiable is to check for each of the  truth assignments,
whether there is one that satisfies all the clauses in the formula. If none is found,
then the formula is unsatisfiable.
One might imagine that there are much more clever ways of determining
whether a formula is satisfiable, for example, methods that don’t search through
the space of all possible truth assignments. However, one of the key results in
computational complexity theory shows that it is highly unlikely that such a clever
algorithm exists. More specifically, Cook [9] showed the  -SAT problem with
  to be NP-complete. As a consequence, there does not exist any procedure
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that does significantly better on all Boolean
 formulae than one that exhaustively
checks all truth assignments (assuming P  NP, a widely believed, but as of yet
unproven, conjecture [7]). In other words, no matter how clever an algorithm one
develops for Boolean satisfiability, there will be formulae on which the algorithm
takes time exponential in the number of variables. Note that NP-competeness is
a worst-case notion. In practice, one is often more interested in what happens
in a “typical” case or “average” case scenario. We now turn our attention to the
behavior of algorithms on such typical Boolean formulae.
Our initial interest in the satisfiability problem arose from early reports that
many satisfiability problems are easily solvable. For example, Goldberg [19]
describes a class of random SAT problems that are surprisingly easy for the DavisPutnam satisfiability procedure, which is one of the most widely used complete
algorithms for satisfiability testing [11]. Goldberg’s work led to an extensive
theoretical exploration of his particular random instance model. In Goldberg’s
model, each Boolean clause is generated by selecting literals with some fixed
probability. This leads to clauses of varying length. A rigorous analysis, reported
in a series of papers [15, 16, 33], has shown that in this model, the average-case
complexity is polynomial for almost all choices of parameter settings. In other
words, it is difficult to generate computationally hard problem instances. Note
that this does not mean that hard instances do not exist; it is simply means that
such instances are extremely rare, and, in fact, may never be observed in practice.
In [28, 25, 37], we show how by using a different model for generating random formulae, called the fixed-clause-length model, one can easily generate hard
problem instances. Consider generating a random 3-SAT problem.
Each clause is

generated by randomly selecting three variables from among variables; each of
these variables is negated with probability 0.5. We generate a total of  clauses.
We found that the key in generating computationally hard instances is the ratio

between  and . Fig. 1.1 shows the median cost of solving randomly generated
instances at different ratios of variables to clauses. The data was obtained by
running the Tableau method, which is a highly efficient implementation of the
Davis-Putnam (DP) procedure [10]. We measure the solution cost in number of
recursive calls to the DP procedure. This measure is proportional to the actual run
time of the algorithm but is machine independent. We see that the cost peaks at
around a ratio of 4.3 clauses per variable.1 Our experimental data shows that at
this point the cost of determining satisfiability grows exponentially with size of
the formulae.
Figure 1.2 gives the fraction of formulae that are unsatisfiable as a function
of the ratio of clauses to variables for randomly generated formulae with 50
variables. At low ratios, few clauses compared to the number of variables, almost
all instances are satisfiable (i.e., the unsatisfiable fraction is almost zero). At relatively high ratios of clauses to variables, in a sense too many constraints, almost all
1 For

large

 , this ratio converges to around 4.25. [10, 25].
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Figure 1.1: Solving 3SAT instances.
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Figure 1.2: Fraction of unsatisfiable 3SAT problems.

randomly generated instances are unsatisfiable. A sudden change occurs around
the critical ratio of 4.3. At this ratio, a “phase transition” from the mostly satisfiable phase to the mostly unsatisfiable phase takes place. From Figure 1.1, we see
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that the phase-transition region coincides with the area with the hardest problem
instances. In this region, the instances are again critically constrained. Below,
we will take a closer look at what happens inside the phase transition region. A
similar relation between exponential scaling and phase transition phenomena has
been observed for a range of NP-complete problems. See for example, [6, 21].
The randomly generated critically constrained problem instances have been
used extensively in the study and development of algorithms for graph coloring
and satisfiability testing [36]. A key question is whether the results obtained for
such instances are at all indicative of the behavior of the algorithms on more
structured, real-world instances. The results of the DIMACS Challenge on Satisfiability Testing [38] suggest that the behavior of algorithms on hard random problems can indeed be representative of the behavior on more structured problems.
The DIMACS Benchmark Problem Set contained several hard random instances
and numerous more structured problems. The satisfiability algorithms fell in two
categories: complete systematic procedures, and incomplete stochastic methods.
These methods complement each other, in that there are problem classes where
the stochastic methods are best, whereas on other problem classes the systematic
methods are superior. However, within each category, algorithms that were fastest
on the hard random instances usually also performed best on the more structured
problems. Apparently, the hard random instances do exercise the various time
critical parts of the algorithms. Therefore, the performance of algorithms on such
hard random instances is a reasonably good indicator of the overall performance
on a more diverse set of problem instances.
Aside from being useful as benchmark problems, there is also evidence that
critically constrained problems may occur naturally in real-world applications.
Nemhauser [32] studied a large airline scheduling problem, involving approximately 500 planes. The original schedule was obtained with a heuristic method
and therefore only an approximation of the optimal solution. After a substantial
computational effort, Nemhauser’s group found a provably optimal solution. It
was expected that such an optimal solution would lead to a savings of one or
more planes over the heuristically obtained schedule. However, quite surprisingly,
the optimal schedule did not save a single plane. The explanation appears to
be that the problem had become critically constrained: Because of economic
factors, the airline had assigned additional routes to planes that were idle during
parts of the day in the original schedule. So, external factors can give rise to
critically constrained real-world planning and scheduling problems. The ratio
of constraints to variables will probably differ from the critical ratios found in
hard random instances, because of the inherent internal structure of real-world
problems. The reader is encouraged to consult any of the following additional
references [21, 4, 8, 10, 18, 22, 27, 39, 41].
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1.3

C ONNECTIONS

TO

S TATISTICAL P HYSICS

It has long been apparent that NP-complete problems have something in common with the models discussed in the literature of the statistical mechanics of
disordered media. Loosely speaking, the optimization problems around which
most NP-complete decision problems are formulated can be translated into the
problem of finding ground states of appropriately constructed systems with many
simple degrees of freedom. And the fact that “spin glasses,” known to have
very long relaxation times under Metropolis-style evolution at any low temperature, are found in many models of dynamical systems with quenched-in random
interactions, has made establishing a connection between “glassiness” and the
complexity defined by computational cost in computer science a natural objective.
However, the problems defined in the two fields are not at all the same. The most
significant difference is that complexity classes such as P and NP are defined in
terms of the existence or nonexistence of at least one worst-case instance, while
relaxation times and glassy behavior in statistical mechanics are characteristics
of the most probable configurations of large systems, computed in practice as
averages over partition functions (i.e., over all initial conditions, or over all ways
of defining the random system given some control parameters). This extra step
of defining a probability measure over instances of a combinatoric problem in
order to analyze average case complexity is one which until recently the computer
science community was reluctant to take. Or, stated more concretely, relatively
few of such average case compelxity results have been obtained in computer
science. This is partly due to the difficulty of chosing the “right” underlying
probability distribution for the ensemble.
Let’s consider the simplest case in which to make the connection between a
known NP-complete problem and a spin glass — partitioning a random graph
with weighted edges into two equal sets of nodes, while minimizing the cost
of the edges which cross the boundary between the two partitions. This is the
example treated by Fu and Anderson [13]. Each node * can be in only on of two
states, which we might call the “left” partition or the “right” partition. This can
be represented by a spin +-, for each node, with +., 0/21 meaning that node * is in
the “left” partition, and +-, 31 meaning the “right” partition. If 45,76 is the weight
associated with each edge in the graph (many of these will be zero), the cost of a
particular partition can be calculated as
8

:9
,<; 6

4 ,76>= 1?/ + , + 6#@BA DC

(1.1)

We need a second interaction term to enforce the constraint that the sizes of
the two partitions are equal, or nearly so. Let
8  FEG9
,<; 6

= +-,H+I6 @KJ

(1.2)
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and the Hamiltonian for the model equivalent to a particular graph bipartitioning
problem is
8  8 ML 8 
C
(1.3)
E
For sufficiently large , the second term only allows configurations where the
number of nodes in the “left” partition is equal to that in the “right” partition.
The model which results is an infinite-range Ising antiferromagnet with random
ferromagnetic interactions added (to keep edges connected by large weights in the
same partitions). From the study of the SK models, the simplest spin glasses, this
is known to give rise to a spin glass phase at low temperatures. We can define a
similar Hamiltonian for the SAT problem.
We shall follow the notation used in the series of papers by Monasson and
Zecchina. Since the variables in  -SAT are Boolean, we can use Ising spins to
represent them. Let +.,  L 1 if the variable NO, is set to true, and +-, P/21 if it

is false. We will capture the set of  clauses in a formula in a single RQ
matrix of random interactions, S , with SUT ; ,  L 1 , if the V th clause contains N , ,
S T ; , W/21 , if the V th clause contains XYNI, (here X denotes logical negation), and
otherwise S T ; , Z .
Then the number of clauses not satisfied provides a natural Hamiltonian for
this problem, and is given by
[]\

S J +_^ `9
Tba ; c

dfeg 9
,a ;

S T ; ,h+.,ji / >lk

(1.4)

d \
where *)iHm ^ is the Kronecker symbol.
To fix the number of variables in each clause to be  we add the constraint

9
S T ; ,   for all V n1 J CoCpC J 
(1.5)
,a ;

This can either be viewed as an Ising Hamiltonian with random external fields,
or studied by expanding out the Kronecker delta, in which case we obtain interactions between up to  spins at a time. This gives a sense in which    (only
pairwise interactions) is clearly distinct from qr .
1.4

A

CLOSER LOOK AT THE PHASE TRANSITION


Figure 1.3 shows the phase transition for 3SAT for several different values of
(the number of variables). Note how the threshold function sharpens up for larger

values of . In [25], we show that the threshold has characteristics typical of
phase transitions in the statistical mechanics of disordered materials.
“Finite-size scaling” analysis is a useful tool in the study of phase transition
phenomena. This approach is based on rescaling the horizontal axis by a factor
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Figure 1.3: The 3SAT phase transition sharpens up.
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Figure 1.4: Rescaling the 3SAT phase transition.


that is a function of . The function is such that the horizontal axis is stretched

out for larger . So, in effect, rescaling “opens up” the phase-transition for higher

1.5. M IXTURES OF 2-SAT AND 3-SAT PROBLEMS

xi


values of , and thus gives us a better look inside the transition. Figure 1.4 shows
the result of rescaling
the curves from Figure 1.3. Along the rescaled horizontal
 ¹)º

axis is ·Y¸ 
= · / ·_» @A ·Y» @ , where ·   A , ¼ ½1 C ¾ , ·Y» À¿ C7 . We
see that the original curves are rescaled into a single universal curve. Very recent
theoretical work by Wilson [40] claims that the current experimental data has led
to an underestimate of the critical exponent ¼ , since ¼qÁ 1 as  becomes large is
predicted by “annealed” arguments as well as obtained in the replica-symmetric
solution of Monasson and Zecchina, while Wilson’s construction gives the critical
regime a breadth always characterized by ¼fÂ   . Wilson’s results may require

values of
that are not accessible experimentally. As a result, some questions

remain open about the correct way to define large  J
limits in this problem.
Finite-size scaling can also be used to study properties other than satisfiability
in the critical region. See [35] for a rescaling of computational cost curves, and
[34] for a rescaling of the prime implicate function.

1.5

M IXTURES

OF

2-SAT AND 3-SAT PROBLEMS

As noted earlier, the  -SAT problem is NP-complete for nÃ . For    ,
there exists a linear time algorithm for determining the satisfiability of Boolean
formulae [3]. This method cleverly avoids checking all possible truth assignments

and works effectively (scaling linear in ) on all possible 2-SAT problems.
, we have
In order to understand what occurs between    and  
studied [30, 2, 31] formulae containing mixtures of 2- and 3-clauses: consider a
random formula with M clauses, of which = 1Ä/ÆÅ @  contain two literals and Å 
contain 3 literals, with ZÈÇfÅ Ç:1 . This “  L Å –SAT” model smoothly interpolates
between 2–SAT = ÅÉZ @ and 3–SAT = ÅÉn1 @ . The problem is NP–complete, since
any instance of the model for Å Â Z contains a sub-formula of 3-clauses, but our
interest here is in the complexity of “typical” problem instances.

We seek · »#=  L Å @ , the threshold ratio  A
of the above model at fixed Å .
W

1
¿
C7Í¾ . The formulae cannot be almost always
We know · »Ê=  @
and · »#= @ÌË

satisfied
if
the
number
of
2–clauses
(respectively 3–clauses) exceeds
(resp.

·_» = @ ). As a consequence, the critical ratio must be bounded by ·_» =  L Å @ Ç
min Î )ÏÐ JÒÑ>Ó)ÐØ
ÔoÕÖ × .
Å
L
The 
–SAT model can be mapped onto a diluted spin glass model with

spins +-, : +-, ½1 if the Boolean variable NI, is true, +-, Ã/21 if NI, is false.
[
And, again, with any configuration we associate an energy , or cost-function,
equal to the number of clauses violated. Random couplings between the spins are
induced by the clauses. The  most important result of the replica approach [29] is
the emergence, in the large J  limit and at fixed Å and · , of order parameters
describing the statistics of optimal assignments, which minimize the number of
violated clauses. In this section, we give an overview of the results from statistical
mechanics.
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Figure 1.5: Theoretical and experimental results for the SAT/UNSAT transition in the 2+pSAT model.

Consider an instance of the  L Å -SAT problem. We use the ôöõø÷ ground state
configurations to define
ù
úüûþý
1
ÿ

9
,
+ ,
(1.6)
ù
ô õY÷ ÿ a
ù
the average value of spin +-, over all optimal configurations. Clearly, , ranges
from /21 to ù L 1 and ù ,  /21 (respectively L 1 ) means that the corresponding
ù
Boolean variable NO, is always false (resp.
true) in all ground states. The distribution = @ of all , gives the microscopic structure of the ground states.
ù a “backbone” of
The accumulation of magnetizations
around 1 represents
almost completely constrained variables, whose logical values cannot vary from
solution to solution, while the center of the distribution =
Ë Z @ describes
ù
weakly constrained variables.
The threshold · » will coincide with the appearance
of an extensive backbone density of fully constrained variables N , , with a finite
1 . A simple argument shows that the backbone must
probability weight at 
 
·
· » . Consider adding one clause to a SAT formula
vanish when  A
found below ·_» . If there is a finite fraction of backbone spins, there will be a
finite probability that the added clause creates an UNSAT formula, which cannot
occur.
· » , the solution exhibits a simple symmetry property, usually reFor ·
ferred to as Replica Symmetry (RS), which leads to an order parameter which
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ù
is precisely
the magnetization distribution = @ defined above. An essential
qualitative difference between 2-SAT and 3-SAT is the way the order parameter
= @ changes at the threshold. This discrepancy can be seen in the fraction
=  J · @ of Boolean variables which become fully constrained, at and above the
threshold. As said above, =  J · @ is identically null below the threshold. For
2-SAT, =  J · @ becomes
above ·_»  1 and is continuous at
Ï  strictly 1 positive
1
À

Z
the transition : =  J
. On
@
= J
@
Ï the contrary, = J · @ displays Z a
discontinuous change at the threshold : = J · » @ Z and = J · » @ 
» = @ Â .
While for the continuous transitions, the exact value of the threshold can be
derived within the RS scheme, for the discontinuous case the RS prediction gives
only upper bounds. The exact value of the threshold can be predicted only by
a proper choice of the order parameter at the transition point, i.e., by a more
general symmetry breaking scheme, a problem which is still open. However, the
predictions of the RS equations, such as the number of solutions, remain valid up
to ·Y» , and the RS prediction for the nature of the threshold should be qualitatively
correct.
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Figure 1.6: Median computational cost of proving a formula SAT or UNSAT using the
Tableu procedure [10], for ranging from 0 to 1.

For the mixed  L Å –SAT model, the key issue is therefore to understand
how a discontinuous 3–SAT-like transition may appear when increasing Å from
zero up to one and how it affects the computational cost of finding solutions near
Å (according to various
threshold. Applying the method of [29], we find for Å
Å
estimates,
lies between 0.4 and 0.416), there is a continuous SAT/UNSAT
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transition at ·Y» =  L Å @  KÏDÐ . This has recently been verified by rigorous analysis
up to Å nZ C ¿ [1]. The RS theory appears to be correct for · :· »Ê=  L Å @ , and
thus gives both the critical ratio and the typical number of solutions, as in the
   case. The SAT/UNSAT transition should coincide with a replica symmetry
Å , the model shares the
breaking transition, as discussed in [29]. So, for Å
characteristics of random  –SAT.
For Å Â Å , the transition becomes discontinuous and the RS transition
gives an upper bound for the true · »#=  L Å @ . The RS theory correctly predicts a
discontinuous appearance of a finite fraction of fully constrained variables which
jumps from Z to » when crossing the threshold · »#=  L Å @ . However, both values
÷
of » =  L Å @ and ·Y» are slightly overestimated, e.g., for Å P1 , · » = @ Ë ¿ C Z
÷
Z
¿
Z C¾ .
and » = @qË
C whereas experiments give ·_» = @qË
C7 and » = @
A replica symmetry breaking theory will be necessary to predict these quantities.
For Å Â Å , the random 2+p–SAT problem shares the characteristics of random
–SAT.
Figure 1.5 shows our results for the location of the SAT/UNSAT transition
for the 2+p-SAT model. The vertical line at Å separates the continuous from the
discontinuous transition. The full line is the replica-symmetric theory’s predicted
Å , and the diamond data points are results of
transition, believed exact for Å
computer experiment and finite-size scaling. The other two lines show upper and
lower bounds obtained in [1], while the stronger upper bound due to [26], and
the best known lower bound, due to [17], are indicated by square data points (at
ÅÉ 1 C Z ).
Figure 1.6 gives data on the scaling behavior of the Davis-Putnam style satisfiability procedure, Tableau [10], on the 2+P-SAT problem for a range of values
of Å . (For each value of Å , we give the cost at the phase transition boundary.) The
Å and the exponential
main observation to make is the linear scaling for Å
Å
scaling for higher values of . This is consistent with the analytical results that
show that the behavior of the overall ensemble of clauses changes at a the critical
ratio Å , where it the system switches form the polynomial charateristics of 2-SAT
to the exponential scaling for 3-SAT.
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