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CHAPTER 1
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ABSTRACT

“NP-complete”problemsareat the coreof mary computationatasksof practical
interestwhich meanghatthe costof solutionwill grow exponentiallywith prob-

lem sizein the worst case(provided P # NP). Although heuristicscanbe quite

effective on suchproblemsin mostcasesthereis a growing appreciationthat
theseproblemscontainphasdransitionsandatthe phaseboundariegxponential
compleity becomeghetypical outcomenotjusttheworstcase.Usingmethods
from statisticalphysics,a much betterunderstandingf such phasetransition
phenomenan computationalproblemshasbeenobtainedin recentyears. We

will review severalkey resultsin this area,therebyillustrating someof the deep
connectiondetweercomputerscienceandstatisticalphysics.The seminaiwork

by FuandAnderson13, 14] providedtheinitial impetusfor muchof this work.

1.1 INTRODUCTION

Many key computationatasksof practicalinteresthave beenshavn to becompu-
tationallyintractable Suchproblemsfoundfor example,in planning,scheduling,
machindearning,hardwaredesign,andcomputationabiology, generallybelong
to the classof NP-completeproblems. To solve an NP-completeproblem,it is

widely believedthatthe computationatesourceequirementgrow exponentially
with problemsize, at leastin the worstcase. The typical casebehaior of these
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problemss oftenmuchmoredifficult to characterizebut is morerelevantfrom a
practicalperspectie.

Fu and Anderson[13, 14] first conjectureda deepconnectionbetweenNP-
completeproblemsand modelsstudiedin statisticalphysics. More recently we
have showvn thatNP-completgroblemscanexhibit phaseransitionphenomena,
analogoudo thosein physicalsystemswith the hardestprobleminstancesoc-
curring at the phaseboundary However, the exact relationshipbetweenphase
transitionphenomenand computationalpropertieshasremainedunclear For
example, phasetransitionshave also beenobsened in computationally“easy”
problems(i.e., onesthatarenot NP-complete).

In this paperwe will discusgecentresultsthatgive aprecisecharacterization
of therelationshipbetweerphaseransitionphenomenandtypical casecompu-
tationalcompleity. More specifically we shav thatwhenthe underlyingcompu-
tationaltask exhibits a continuousphasetransition,resourcerequirementgrow
only polynomiallywith problemsize,while aspecialtypeof discontinuouphase
transitioncorresponds$o anexponentialgrowth in typical resourceequirements,
characteristiof truly hardprobleminstances.

Theseresultsillustratethe potentialbenefitsof exploringtherich connections
betweercomputerscienceandstatisticalphysics.

1.2 SATISFIABILITY AND HARD-PROBLEM INSTANCES

As our computationaltask, we will considerthe Boolean satisfiability (SAT)
problem,anarchetypaNP-completeproblem. In the SAT problem,oneis given
a formula in Booleanlogic and the taskis to determinewhetherthe formula
is satisfiable. We will considerBooleanformulae written in a specialform,
called conjunctive normal form. Eachformula consistsof a seriesof clauses
conjoinedtogether(logical “AND"), whereeachclauseis a disjunction(logical
“OR") of literals. A literal is a Booleanvariableor its negation(logical “NOT").
In the k-SAT problem,eachclausecontainsexactly & literals. An exampleof a
formula consistingof threeclausesandtwo Booleanvariables,A and B, is ((A
OR (NOT B)) AND ((NOT A) OR B) AND ((NOT A) OR (NOT B))). The
formulais satisfiable becauseg.g., theassignmentd setto FALSE and B setto
FALSE satisfieghis formula. Onemethodfor checkingwhethera formulawith
N Boolearvariableds satisfiablés to checkfor eachof the2? truthassignments,
whetherthereis onethatsatisfiesall the clausesn the formula. If noneis found,
thentheformulais unsatisfiable

One might imagine that there are much more clever ways of determining
whethera formulais satisfiable for example,methodshatdon't searchthrough
the spaceof all possibletruth assignmentsHowever, one of the key resultsin
computationatomplexity theoryshowsthatit is highly unlikely thatsuchaclever
algorithmexists. More specifically Cook [9] shaved the k-SAT problemwith
k > 3 to beNP-complete As a consequenceheredoesnot exist ary procedure
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thatdoessignificantlybetteron all Booleanformulaethanonethat exhaustvely

checksall truth assignmentgassuming® # NP, a widely believed, but asof yet

unproven,conjecturg7]). In otherwords,no matterhow cleveranalgorithmone

developsfor Booleansatisfiability therewill beformulaeonwhichthealgorithm

takestime exponentialin the numberof variables.Note that NP-competeness

a worst-casenotion. In practice,oneis often moreinterestedn what happens
in a“typical” caseor “average”casescenario.\We now turn our attentionto the

behaior of algorithmson suchtypical Booleanformulae.

Our initial interestin the satisfiability problemarosefrom early reportsthat
mary satisfiability problemsare easily solvable. For example, Goldbeg [19]
describesclassof randomSAT problemsghataresurprisinglyeasyfor theDavis-
Putnamsatisfiability procedurewhich is one of the mostwidely usedcomplete
algorithmsfor satisfiability testing[11]. Goldbeg’s work led to an extensve
theoreticalexploration of his particularrandominstancemodel. In Goldbeg’s
model, eachBooleanclauseis generatediy selectingliterals with somefixed
probability. This leadsto clause®f varyinglength. A rigorousanalysisfeported
in aseriesof paperq15, 16, 33], hasshavn thatin this model,the average-case
compleity is polynomialfor almostall choicesof parametessettings. In other
words, it is difficult to generatecomputationallyhard probleminstances.Note
thatthis doesnot meanthat hardinstancesdo not exist; it is simply meansthat
suchinstancesreextremelyrare,and,in fact,mayneverbeobsenedin practice.

In [28, 25, 37], we shav how by usinga differentmodelfor generatingan-
domformulae,calledthefixed-clause-lengtmodel,onecaneasilygeneratéard
probleminstancesConsidergeneratingarandom3-SAT problem.Eachclauses
generatedby randomlyselectinghreevariablesrom amongNV variablesgeachof
thesevariablesis negatedwith probability0.5. We generate total of M clauses.
We found that the key in generatingcomputationallyhardinstancess the ratio
betweenM andN. Fig. 1.1shovsthemediancostof solvingrandomlygenerated
instancesat differentratios of variablesto clauses. The datawas obtainedby
running the Tableaumethod,which is a highly efficient implementationof the
Davis-Putnam(DP) procedurg10]. We measurahe solutioncostin numberof
recursve callsto the DP procedure This measurés proportionato theactualrun
time of the algorithmbut is machineindependentWe seethatthe costpeaksat
arounda ratio of 4.3 clauseger variable! Our experimentaldatashows thatat
this point the costof determiningsatisfiability grows exponentiallywith size of
theformulae.

Figure 1.2 givesthe fraction of formulaethat are unsatisfiableasa function
of the ratio of clausesto variablesfor randomly generatedformulae with 50
variables At low ratios,few clausexomparedo the numberof variablesalmost
all instancesresatisfiablg(i.e., theunsatisfiabldractionis almostzero). At rela-
tively highratiosof clausedo variablesjn asenséoomary constraintsalmostall

1For large N, this ratio convergesto around4.25.[10, 25].
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randomlygeneratednstancesreunsatisfiable A suddenchangeoccursaround
thecritical ratio of 4.3. At thisratio, a “phasetransition”from the mostly satisfi-
ablephaseo the mostly unsatisfiablgphaseakesplace.FromFigurel.1,we see
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thatthe phase-transitiomegion coincideswith the areawith the hardesfproblem
instances.In this region, the instancesare againcritically constrained.Below,
we will take a closerlook at whathappensnsidethe phasetransitionregion. A
similar relationbetweerexponentialscalingandphasetransitionphenomenaas
beenobseredfor arangeof NP-completgproblems.Seefor example,[6, 21].

The randomlygeneratecritically constrainedorobleminstanceshave been
usedextensiely in the studyand developmentof algorithmsfor graphcoloring
andsatisfiabilitytesting[36]. A key questionis whetherthe resultsobtainedfor
suchinstancesare at all indicative of the behavior of the algorithmson more
structuredreal-world instancesTheresultsof the DIMA CS Challengeon Satis-
fiability Testing[38] suggesthatthebehavior of algorithmson hardrandomprob-
lemscanindeedbe representatie of the behaior on more structuredproblems.
The DIMA CS BenchmarkProblemSetcontainedseveralhardrandominstances
andnumerousmorestructuredoroblems.The satisfiabilityalgorithmsfell in two
catagyories: completesystematigroceduresandincompletestochastianethods.
Thesemethodscomplementachother, in thatthereare problemclassesvhere
the stochastianethodsarebest,whereason otherproblemclasseghe systematic
methodsaresuperior However, within eachcateyory, algorithmsthatwerefastest
onthehardrandominstancesisuallyalsoperformedbeston the morestructured
problems. Apparently the hardrandominstancesdo exercisethe varioustime
critical partsof thealgorithms.Therefore the performancef algorithmsonsuch
hardrandominstancess areasonablygoodindicatorof the overall performance
onamorediversesetof probleminstances.

Aside from beingusefulasbenchmarkproblems thereis alsoevidencethat
critically constrainedoroblemsmay occur naturally in real-world applications.
Nemhausef32] studieda large airline schedulingproblem,involving approxi-
mately500 planes. The original schedulewvasobtainedwith a heuristicmethod
andthereforeonly an approximationof the optimal solution. After a substantial
computationakffort, Nemhauses groupfound a provably optimal solution. It
was expectedthat suchan optimal solutionwould lead to a savings of one or
moreplanesovertheheuristicallyobtainedscheduleHowever, quitesurprisingly
the optimal scheduledid not save a single plane. The explanationappeargo
be that the problem had becomecritically constrained:Becauseof economic
factors,the airline hadassignedidditionalroutesto planesthatwereidle during
partsof the day in the original schedule. So, external factorscan give rise to
critically constrainedreal-world planningand schedulingproblems. The ratio
of constraintsto variableswill probablydiffer from the critical ratios found in
hard randominstancespecausef the inherentinternal structureof real-world
problems. The readeris encouragedo consultany of the following additional
reference$21, 4, 8, 10, 18, 22, 27, 39, 41].
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1.3 CONNECTIONS TO STATISTICAL PHYSICS

It haslong beenapparenthat NP-completeproblemshave somethingin com-
mon with the modelsdiscussedn the literature of the statisticalmechanicsof
disorderedmedia. Loosely speaking,the optimizationproblemsaroundwhich
most NP-completedecisionproblemsare formulatedcan be translatednto the
problemof finding groundstatesof appropriatelyconstructedystemsawvith mary
simple degreesof freedom. And the fact that “spin glasses, known to have
very long relaxationtimes underMetropolis-styleevolution at ary low temper
ature,arefoundin mary modelsof dynamicalsystemswith quenched-imandom
interactions,has madeestablishinga connectionbetween“glassiness’and the
compleity definedby computationatostin computeiscienceanaturalobjectie.
However, the problemsdefinedin thetwo fieldsarenot at all the same.Themost
significantdifferenceis that compleity classesuchasP andNP aredefinedin
termsof the existenceor noneistenceof at leastoneworst-casenstancewhile
relaxationtimes and glassybehaior in statisticalmechanicsare characteristics
of the most probableconfigurationsof large systems,computedin practiceas
averagesver partitionfunctions(i.e., overall initial conditions,or over all ways
of definingthe randomsystemgiven somecontrol parameters).This extra step
of defining a probability measureover instancesf a combinatoricproblemin
orderto analyzeaveragecasecomplexity is onewhich until recentlythecomputer
sciencecommunitywasreluctantto take. Or, statedmore concretely relatively
few of suchaveragecasecompelxity resultshave beenobtainedin computer
science. This is partly dueto the difficulty of chosingthe “right” underlying
probabilitydistribution for theensemble.

Let’s considerthe simplestcasein which to make the connectiorbetweena
known NP-completeproblemand a spin glass— partitioning a randomgraph
with weightededgesinto two equal setsof nodes,while minimizing the cost
of the edgeswhich crossthe boundarybetweenthe two partitions. This is the
exampletreatedby FuandAnderson[13]. Eachnodei canbein only on of two
stateswhich we might call the “left” partition or the “right” partition. This can
berepresentebly aspinS; for eachnodewith S; = —1 meaninghatnodei is in
the“left” partition,and.S; = 1 meaningthe“right” partition. If J;; is the weight
associateavith eachedgein the graph(mary of thesewill bezero),the costof a
particularpartitioncanbecalculatecas

Hy =Y J;(1-S:S;)/2. (1.2)
(2]

We needa secondnteractiontermto enforcethe constraintthat the sizesof
thetwo partitionsareequal,or nearlyso. Let

Hy =X (8iS)), (1.2)
]
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andthe Hamiltonianfor the modelequivalentto a particulargraphbipartitioning
problemis
H =H, + Hs. (1.3)

For sufficiently large A\, thesecondermonly allows configurationsvherethe
numberof nodesin the “left” partition is equalto thatin the “right” partition.
The modelwhich resultsis aninfinite-rangelsing antiferromagnetwith random
ferromagnetidénteractionsaddedto keepedgesonnectedy largeweightsin the
samepartitions).Fromthestudyof the SK models the simplestspinglassesthis
is known to give rise to a spinglassphaseat low temperaturesWe candefinea
similar Hamiltonianfor the SAT problem.

We shall follow the notationusedin the seriesof papersby Monassorand
Zecchina. Sincethe variablesin k-SAT are Boolean,we canuselsing spinsto
representhem. Let S; = +1 if thevariablez; is setto true,andS; = —1 if it
is false. We will capturethe setof M clausesn aformulain asingle M x N
matrix of randominteractions A, with A; ; = +1, if theth clausecontainsz;,
Ay =—1,if theth clausecontains—z; (here— denotedogical negation),and
otherwiseA; ; = 0.

Thenthe numberof clausesot satisfiedprovidesa naturalHamiltonianfor
this problem,andis givenby

E[AS]= > 6| > AuiSi; —k (1.4)

1=1,M |i=1,N

whered|i; j] is the Kronecler symbol.
To fix thenumberof variablesin eachclauseto be k we addthe constraint

Y Ali=k foral I=1,.,M (1.5)
i=1,N

ThiscaneitherbeviewedasanIsingHamiltonianwith randomexternalfields,
or studiedby expandingout the Kronecler delta,in which casewe obtaininter-
actionsbetweerupto k spinsatatime. This givesa sensean which k = 2 (only
pairwiseinteractions)s clearlydistinctfrom k£ > 3.

1.4 A CLOSERLOOK AT THE PHASE TRANSITION

Figure 1.3 shaws the phasetransitionfor 3SAT for several differentvaluesof NV
(thenumberof variables) Note how thethresholdfunctionsharpensip for larger
valuesof N. In [25], we shov that the thresholdhascharacteristicsypical of
phaseransitionsn the statisticaimechanic®f disorderednaterials.
“Finite-size scaling” analysisis a usefultool in the studyof phasetransition
phenomenaThis approachis basedon rescalingthe horizontalaxis by a factor
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thatis a functionof N. Thefunctionis suchthatthe horizontalaxisis stretched
outfor largerN. So,in effect, rescalind'opensup” thephase-transitiofor higher
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valuesof V, andthusgivesusabetterlook insidethetransition.Figurel.4showns
theresultof rescalingthe curvesfrom Figure 1.3. Along the rescalechorizontal
axisis o = N'"(a — a.)/a.), wherea = M/N, v = 1.5, a, = 4.2. We
seethattheoriginal curvesarerescalednto a singleuniversalcurve. Very recent
theoreticalwork by Wilson [40] claimsthatthe currentexperimentaldatahasled
to anunderestimatef thecritical exponenty, sincev — 1 ask becomedargeis
predictedby “annealed’argumentsaswell asobtainedin the replica-symmetric
solutionof MonassorandZecchinawhile Wilson’s constructiorgivesthecritical
regime a breadthalwayscharacterizethy v >= 2. Wilson’s resultsmay require
valuesof N thatarenot accessiblexperimentally As a result,somequestions
remainopenaboutthe correctway to definelarge &, N limits in this problem.

Finite-sizescalingcanalsobeusedto studypropertieotherthansatisfiability
in the critical region. See[35] for a rescalingof computationatostcurves,and
[34] for arescalingof the primeimplicatefunction.

1.5 MIXTURES OF 2-SAT AND 3-SAT PROBLEMS

As notedearliet the k-SAT problemis NP-completefor & > 3. For k = 2,
thereexists a linear time algorithmfor determiningthe satisfiability of Boolean
formulae[3]. Thismethodcleverly avoidscheckingall possibleruth assignments
andworkseffectively (scalinglinearin N) on all possible2-SAT problems.

In orderto understandvhat occursbetweenk = 2 andk = 3, we have
studied[30, 2, 31] formulaecontainingmixturesof 2- and3-clausesconsidera
randomformulawith M clausesof which (1 — p) M containtwo literalsandpM
containg3 literals,with 0 < p < 1. This“2+ p—SAT” modelsmoothlyinterpolates
betweer2—SAT (p = 0) and3-SAT (p = 1). Theproblemis NP—completesince
ary instanceof the modelfor p > 0 containsa sub-formulaof 3-clausesbut our
interesthereis in the compleity of “typical” probleminstances.

We seeka,(2 + p), thethresholdratio M/ /N of the abose modelat fixed p.
We know a,(2) = 1 anda,(3) ~ 4.25. Theformulaecannotbe almostalways
satisfiedif the numberof 2—clauseqrespectrely 3—clauseskxceedsN (resp.
a.(3)N). As aconsequenceahe critical ratio mustbe boundedby a.(2 + p) <

min (ﬁ, 0‘6153) .
The 2 + p—SAT modelcanbe mappedonto a diluted spin glassmodelwith
N spinsS;: S; = 1 if the Booleanvariablex; is true, S; = —1 if z; is false.

And, again,with any configurationwe associatean enegy E, or cost-function,
equalto thenumberof clausewiolated. Randomcouplingsbetweerthe spinsare
inducedby the clausesThemostimportantresultof thereplicaappracd [29] is

theemepgence in thelarge NV, M limit andat fixedp and a, of order parametes

describingthe statisticsof optimal assignmentswhich minimizethe numberof

violatedclausesin this sectionwe give anoverview of theresultsfrom statistical
mechanics.
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SAT model.

Consideraninstanceof the2 + p-SAT problem.We usethe Ng s groundstate
configurationdo define

1
i= S? 1.6
"= i 2 (1.6)

=1

the averagevalueof spin.S; over all optimal configurations.Clearly, m; ranges
from —1 to +1 andm; = —1 (respectiely +1) meansthat the corresponding
Booleanvariablez; is alwaysfalse(resp. true) in all groundstates. The dis-
tribution P(m) of all m; givesthe microscopicstructureof the groundstates.
The accumulationof magnetizationgn around=+1 represents “backbone” of
almostcompletelyconstrainedrariables whoselogical valuescannotvary from
solution to solution, while the centerof the distribution P(m ~ 0) describes
weaklyconstrainedrariables.Thethresholda,. will coincidewith theappearance
of an extensive backbonedensityof fully constrainedvariablesz;, with a finite
probabilityweightatm = £1. A simpleagumentshawvs thatthebackbonemust
vanishwhenM/N = a < a.. Consideraddingone clauseto a SAT formula
found belowv a.. If thereis a finite fraction of backbonespins,therewill be a
finite probabilitythatthe addedclausecreatesan UNSAT formula, which cannot
occut

For a < a., the solution exhibits a simple symmetryproperty usually re-
ferredto as ReplicaSymmetry(RS), which leadsto an order parametemwhich
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is preciselythe magnetizationdistribution P(m) definedabove. An essential
qualitative differencebetween2-SAT and3-SAT is the way the order parameter
P(m) changesat the threshold. This discrepang can be seenin the fraction
f(k,«) of Booleanvariableswhich becomefully constrainedat andabove the
threshold. As said above, f(k, «) is identically null belov the threshold. For
2-SAT, f(2,a) becomesstrictly positive above o, = 1 andis continuousat
thetransition: f(2,17) = f(2,17) = 0. Onthe contrary f(3,«) displaysa
discontinuoughangeatthethreshold f(3,a;) =0andf(3,at) = f.(3) > 0.
While for the continuougtransitions the exactvalue of the thresholdcanbe
derivedwithin the RS schemefor thediscontinuousasethe RS predictiongives
only upperbounds. The exact value of the thresholdcan be predictedonly by
a properchoiceof the order parametenat the transition point, i.e., by a more
generasymmetrybreakingschemea problemwhichis still open.However, the
predictionsof the RS equationssuchasthe numberof solutions remainvalid up
to a., andtheRSpredictionfor the natureof thethresholdshouldbe qualitatively

correct.
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Figure 1.6: Median computationakostof proving a formula SAT or UNSAT usingthe
Tableuprocedurg10], for p rangingfrom0to 1.

For the mixed 2 + p—SAT model, the key issueis thereforeto understand
how a discontinuous3—SAT-lik e transitionmay appeamwhenincreasingp from
zeroupto oneandhow it affectsthe computationatostof finding solutionsnear
threshold Applying the methodof [29], we find for p < p (accordingto various
estimatespy lies between0.4 and 0.416),thereis a continuous SAT/UNSAT
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transitionata,. (2+p) = llfp . Thishasrecentlybeenverifiedby rigorousanalysis
uptop = 0.4 [1]. TheRStheoryappearso be correctfor a < a.(2 + p), and
thus gives both the critical ratio and the typical numberof solutions,asin the
k = 2 case.The SAT/UNSAT transitionshouldcoincidewith areplicasymmetry
breakingtransition,asdiscussedn [29]. So,for p < po, the modelsharegshe
characteristicef random2—SAT.

For p > po, the transition becomesdiscontinuous and the RS transition
givesanupperboundfor thetrue a.(2 + p). The RStheorycorrectlypredictsa
discontinuougppearancef afinite fractionof fully constrainedrariableswhich
jumpsfrom 0 to f, whencrossinghethresholda, (2 + p). However, bothvalues
of f.(2 + p) anda, areslightly overestimatede.g., for p = 1, a£9(3) ~ 4.60
and f£9(3) ~ 0.6 whereasexperimentsgive a.(3) ~ 4.27 and f.(3) ~ 0.5.
A replicasymmetrybreakingtheorywill be necessaryo predictthesequantities.
For p > po, therandom2+p—SAl problemshareghe characteristicef random
3—SAT.

Figure 1.5 shaws our resultsfor the location of the SAT/UNSAT transition
for the 2+p-SAT model. Theverticalline at p, separatethe continuousrom the
discontinuougransition. Thefull line is thereplica-symmetri¢heory’'s predicted
transition,believed exactfor p < pg, andthe diamonddatapointsareresultsof
computerexperimentandfinite-sizescaling. The othertwo lines shov upperand
lower boundsobtainedin [1], while the strongerupperbounddueto [26], and
the bestknown lower bound,dueto [17], areindicatedby squaredatapoints(at
p=1.0).

Figurel.6 givesdataonthe scalingbehaior of the Davis-Putnanstyle satis-
fiability procedureTableau[10], onthe 2+P-SA problemfor arangeof values
of p. (For eachvalueof p, we give the costatthe phaseransitionboundary) The
main obsenationto make is the linear scalingfor p < po andthe exponential
scalingfor highervaluesof p. Thisis consistenwith the analyticalresultsthat
shaw thatthebehavior of the overall ensemblef clauseschangestathecritical
ratio pg, whereit thesystenswitchesorm thepolynomialcharateristicef 2-SAT
to theexponentialscalingfor 3-SAT.
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