Analysisof the RandomWalk Algorithm on Random3-CNFs

Mikhail Alekhnovich Eli Ben-Sasson
Laboratoryfor ComputerScience DEAS
MIT Harvard University
CambridgeMA CambridgeMA
m shka@ heory. |l cs. mt. edu el i @ecs. harvard. edu
April 25,2002
Abstract

We analyzethe efficiency of the randomwalk algorithm on random3-CNF instancesand prove
thefirst polynomialtime upperboundfor small clausedensity lessthan1.63. We complementhis by
proving exponentiallower boundsfor therunningtime of this algorithmon theplanted-SA distribution
with largeconstantlausedensity Thisis thefirst polynomialupperboundontherunningtime of alocal
improvementlgorithmon randominstancesandconformswith the empirically obseredefficiengy of
thesealgorithmson randomCNFs.



1 Intr oduction

Understandinghecompleity of SAT-solvingalgorithmsonvariousnaturalinstancess afundamentaprob-
lem of computerscience Our currentresearctanalyzegherunningtime of oneof thesimplestSAT solving
algorithmson oneof the simplestinstanceadistributions. Our motivationis to understanagninterestingob-

sened phenomenawhich is the efficient performanceof the randomwalk algorithmon random3-CNFs,
for smallclausedensity, well below the satisfiabilitythreshold Random3-CNFsareextremelyinteresting
andhave beenthe focusof muchrecentresearch.The algorithmwe investigatels oneof the simplestSAT

solving heuristics,andis usedhewily in practice[29]. From a theoreticalperspectie, several lower and
upperboundsareknown for this algorithm,all of themexponential(seee.g. [24] problem11.5.6for lower
bounds,and[33] for upperbounds). None of theseexplainswhy RWal kSAT performswell on random
instancesOur papertriesto offer suchanexplanation.

We thenproceedo checkwhetherthe efficiency of the algorithmholdsalsofor large clausedensities,
well over the satisfiabilitythreshold. In this case,we examinethe randomplantedSAT distribution, that
assuregachrandomformulato besatisfiable For thiscasewe shav RWal k SAT is inefficient, andtypically
requiresexponentialtime to find a satisfyingassignment.

1.1 3-SAT and Random Walk

3-SAT is oneof themostfamousNP-completeproblemq11]. An inputto this problemis a3-CNF, andwe
areasledto decidewhetherthereexists anassignmento the variablesthat satisfiesall clausesi.e. setsit
to 1. AssumingP # N P, no efficientalgorithmexits for this problem. Still, over theyears,mary different
solutionshave beenproposedandinvestigatedboththeoreticallyandempirically (see[12] for a suney of
relatedresults). Most algorithmsare local, concentratingonly on a small part of the formula, usually a
constantnumberof clausesor variables,andmakinga local assignmento a few variables,basedon this
information,andhopingthatall local decisionswill eventuallyproducea satisfyingassignment.

Oneparticularlysimpleandelegantlocal method,startswith anassignmento all variables,andthen,
aslong asthe assignmenis not good,an unsatisfiecclauseC is selectedandthe assignmento oneof its
literalsis changed.This createsa new assignmentthatindeedsatisfiesC', but may “ruin” the situationin
otherclauses.We repeatthis procedureuntil hopefully all clausesare satisfied. Sincethe CNF may be
unsatisfiablewe usuallyput a time limit on the numberof iterations,andoncethe limit hasbeenreached,
we give up.

Thesimplestvariantof this local approachoriginally introducedby [23], is atthe centerof our current
investigation. This algorithm, denotedRWAl k SAT, relieson randomnesén all its decisions. Thus, the
initial assignmenits picked atrandom at eachstepa randomunsatisfiectlauseis picked, andthis clauses
correctedvy flipping arandomliteral in the clause.

Surprisingly RWMal kSAT behaes much betterthanone might expect. [23] proved thatit succeed$
finding a satisfyingassignmentn expectedquadratictime on any satisfiable2-CNF. Although 2-SAT is
solvablein polynomialtime, it is not obvious that sucha simple local heuristicas Rval kSAT is good
enoughto solweit. Anotherinterestingresultis thaton ary satisfiable3-CNF, the expectedrunningtime of
RWal k SAT is substantiallyessthan2™ (wheren is thenumberof variables)33]. We pointoutthatsimilar
to thecaseof other3-SAT algorithmsit is nothardto find specificinstance®nwhich RWal k SAT requires
exponentialrunningtime (seee.g.[24], problem11.5.6).

ITheclausedensityis theratio betweerthe numberof clausesandnumberof variables.



1.2 RandomCNFs

A random3-CNF with clausedensityA andn variablesjs a3-CNF formulaobtainedby selectingAn ran-
domclauseseachof size3, from thesetof all 23 - (3) possibleclausesThis distribution hasrecei’ed much
interestin recentyears,beinga naturaldistribution on NP-completeinstanceghat seemgempirically as
well astheoretically)computationallyhardfor a wide rangeof parametersThis distribution is investigated
in suchdiversefieldsasphysics[19], combinatoric§16], proof compleity [10], algorithmanalysig3] and
hardnes®f approximatior{14], to mentionjustafew.

Oneof the basicpropertiesof randomCNFs, is thatfor smalldensity(A < 3.22... see[3]) almostall
formulasare satisfiable whereador large density(A > 4.5... see[17]) they arealmostall unsatisfiable.
Anotherinterestingpropertyis thatthe thresholdbetweensatisfiabilityandunsatisfiabilityis sharp[16]. It
is conjecturedhatathresholdconstantexists,andempiricalexperimentsestimatdt to be~ 4.26 [13]. The
settlingof the satisfiabilitythresholdconjectureanddeterminatiorof the satisfiabilitythresholdconstant(if
it exists)areimportantopenproblemsin combinatoric{see€[3] for moreinformation).

An interestingalgorithmicquestionjs the performancef SAT solvingmethodsonrandomCNFs. This
guestiorhasbeenextensvely researchedmpirically andrandomCNFsarecommonlyusedastestcasesor
analysisandcomparisorof SAT solvers. From a theoreticalpoint of view, severallower andupperbounds
weregivenfor DLL type algorithmsunderthis distribution [3, 8, 21]. Upperboundsfor algorithmsimply
lower boundson the satisfiabilitythreshold andin fact, all lower boundson thethresholdsofar, have come
from analyzingspecificSAT solving algorithms. Most of the algorithmsfor which averagecaseanalysis
hasbeenappliedsofar areclassifiedasmyopicalgorithms[3], andmuchlessis knowvn aboutnon-myopic
algorithms.We hopeour paperwill increasdaheunderstanding@f someof thesenon-myopicalgorithms at
leaston randominstances.

We pointoutthatthelack of analysisfor RWal k SAT is notfor lack of interest but ratherbecausef the
inherentdifficulty in approachinghis problem.Myopic algorithmsowe theirnameto thefactthatthey view
only asmallportionof theformulabeforeassigninga variable ,andmoreimportantly never backtrack.This
allows oneto analyzethesealgorithmsassumingheunobseredformulais still random.RWal k SAT is very
far from beingmyopic. Evenfor 2-CNFs,the expectedrunningtime is quadraticandthusmary variables
will be reassignedlifferentvaluesbeforethe satisfyingassignments found. Thus,whenanalyzingthis
algorithm,new techniquesrerequired.

1.3 The Observed Efficiency of RMal kK SAT

For along periodof time, the SAT-solving “market” wasdominatedoy DLL-type algorithms.Thesealgo-
rithms, thatarestill extremelypopular operateby fixing a valueto onevariableat a time, andrecursvely
solvingthe SAT problemon therestrictedformula, usingbacktrackingvhena contradictionis reachedIn
the 19905, new playersenteredhe scenejn theform of local improvementlgorithms,of which RWal k-
SAT is the simplestvariant[31]. Thesealgorithms(the mostfamousof which are WalkSAT and GSAT)
werefoundto competesuccessfullyandmary timesoutperformthe bestDLL-type algorithms.Today the
two familiesof algorithmsarerecognizedo have their advantagesndlimitations,andafinal verdictonthe
“best” SAT-solver hasnot beenreachedin fact,thereareannualSAT-solvingcontests).
Oneparticularlystriking exampleonwhichRWal k SAT andotherlocalimprovementperformextremely
well, is that of randomCNF [28]. For instance,basedon experimentsusing randomCNFs with up to
~ 100,000 variables,RWal kSAT appeardo requirelinear time on randomCNFs with clausedensity
< 2.6 [26]. More adwancedalgorithmssuchasWalkSAT andGSAT (thatuseRWAl kSAT asa subroutine),
appearempirically to solve randominstanceswith clausedensity< 4, in quadratictime, andthereis data
indicatingpolynomialrunningtime up to density< 4.2 (recallthatthe empiricalthresholds = 4.26) [27].
This performances well above the largesttheoreticalower boundon the satisfiabilitythreshold(which is



around3.26 [3]), andeven abore the bestconjectureddensityfor which DLL algorithmsareefficient [2].
Theobsered efficiengy of thesealgorithmssuggestshattheir analysianay pushthe satisfiabilitythreshold
constantbove whatis currentlyknowvn, andour resultscanbe viewed asaninitial stepin this direction.

1.4 Resultsand Proof Techniques

Ourmainresultsarea polynomialupperboundon therunningtime of R\Mal k SAT for smallclausedensity
andanexponentiallower boundfor large clausedensity

1.4.1 Upper Bound

We shaw thatfor ary clausedensitybelov 1.63, RWal k SAT succeedsvith high probability in finding a
satisfyingassignmenfor arandomCNF with n variablesand An clausesin () time (theorem3.6).

Notice thattherearetwo differentnotionsof randomness our statementThefirst is therandomness
in picking C. Oncec is fixed,we have therandomnes# the choicesof RWAl k SATZ.

Sinceall our claimswill dealwith this dual randomnesslet us clarify our meaning. Let us saythat
C is easyfor RMal kSAT if it succeedsvith high probability (whp) in finding a satisfyingassignmenfor
C in time n°M. We claim thatfor A < 1.63 all but a negligible fraction of CNFswith An clausesare
easyfor R\l KSAT. Thistheoreticaklaim coincideswith theobseredefficiengy of RMal kSAT. We point
outthatthereis still alarge gapbetweenhe obsered andexplained.Both the obsered densityfor which
RWal kSAT is efficient, andthe obsened runningtime, are muchbetterthat what we prove. Still, evena
thousandnile walk startswith a singlestep[1].

A word aboutour proof techniques We heaily rely on the work of [8], andshav thatfor suchsmall
clausedensity arandomCNF hasan“onion-like” structure.lt canbepartitionedinto O(log n) layers, such
thateachlayer, itself a CNF, canbe easily satisfiedoy RWMal kSAT, assumingall outerlayersarealready
satisfied. The runningtime of RWal kSAT for suchanonion-like formulais exponentialin the numberof
layers. Thisimmediatelyleadsto anupperboundof n°{°8™)  We thenlook morecloselyat theinnermost
layersof the onion, and shawv that they canbe combinedinto onelayer, on which RWal kSAT succeeds
quickly. Thisreduceghe numberof layersfrom O(log n) to O(1), giving usthe polynomialupperbound.

We endour discussiorby shaving the optimality of our technique andpresentingonion-like formulas
onwhichtherunningtime of RWal k SAT is exponentialin the numberof layers.

1.4.2 Lower Bound

RWal k SAT hasaone-sidecerror, andonary unsatisfiabldormulaalwaysgivestherightanswerHenceit is
only interestingo investigatehebehaior of Rl k SAT on satisfiabldormulas.For clausedensitygreater
than4.5... almostall formulasare unsatisfiable.Onewould like to analyzethe behaior of RWal k SAT
on the satisfiableportion of theserandomformulas,alaswe have no goodcharacterizatiomf them. Thus,
we investigatethe closelyrelatedplanted-SA distribution. In this distribution, one startswith a random
assignmentandmakessurethattheformulaobtainedsatisfiesatleastthis assignmentThis distribution has
beenstudiedempirically[9] andtheoretically[6], andis closelyrelatedto otherplanted-NPinstancesuch
asplanted-cliqgueandplanted-bisectionthathave receved muchattentionin recentyears[4, 15, 18].

For this distribution we have negative results. We shawv that for large enoughconstantdensity almost
all formulasarehardfor RWal kSAT, andrequireexponentialtime until a satisfyingassignments found
(theoremy.2).

2This dualrole playedby randomnesss well studiedin statisticalmechanicsnodels e.g. in the studyof the spinglass model
andits variants




In orderto prove this, we first investigatethe full CNF, comprisingof all clauseghat are satisfiedby
the plantedassignment.We shav that RWal kSAT performspoorly on this CNF. We then usestandard
concentratioriheoremdo shaow thatthe behaior on therandomCNF is similar to the behaior on thefull
CNE

2 Preliminaries
Somegeneraldefinitionsaredeferredto appendixA. Ourupperboundis for thefollowing distrikbution.

Definition 2.1 Let} betheprobability distribution obtainedby selectingAn clausesuniformlyat random
fromthesetofall 8- () clausef size3 overn variables.C ~ Fi meanghatC is selectedat randomfrom
this distribution. We call such aC arandom3-CNF

RWal kSAT operatesasfollows. Givenasinput a CNF over n variables,anda time boundt, it starts
by selectinga randominitial assignmenty € {0,1}". Then,at eachtime stept it checkswhetherC is
satisfiedby . If o; satisfie<, thealgorithmsucceedslf thisis notthecasearandomclauseC is selected
from the setof all clausesot satisfiedby «;. o4 is thenlocally “corrected”asto satisfyC. Thisis done
by selectingat randoma literal appearingn C, andflipping the assignmenbf «; on this literal. The new
assignments denoteda; 1 andthe processs repeated’ times. If after T' timesthe algorithm hasnot
found a satisfyingassignmentit givesup anddeclarests failure. For the following algorithm,we usethe
notationU NSAT(C, «) for the setof clausef C thatareunsatisfiedy «. Pseudo-codef this algorithm
is givenin appendixB.

Throughoutthe paper we usethe notationa; to denotethe assignmenof RWal kSAT attimet. «q is
calledtheinitial assignmentWe alsodenoteby RWalkSAT(C,T") asingleexecutionof RWal k SAT onthe
CNFC, giventime boundT onthe numberof executionsteps.

3 Upper Boundsfor Small Density

In this sectionwe prove thatwith high probability RWal k SAT findsin polynomialtime a satisfyingassign-
mentfor arandom3-CNF with low enoughclausedensity A < 1.63 (theoren.6). Our proof shavs thatat
low clausedensity arandomCNF canbe partitionedinto a constantnumberof layers,suchthateachlayer
is easilysatisfiedoy RWal kSAT, if thehigherlayershave alreadybeensatisfied.Theexpectedrunningtime
is exponentialin the numberof layers,andsowe getour polynomialupperbound.

At suchlow clausedensity eventhe simplepureliteral heuristicfindswith high probability a satisfying
assignmeniig, 21]. Indeedourproofusesheaily elementof theoriginal prooffor thepureliteral heuristic,
givenby [8], andall the“layers” but the lastaresetsof clausesemoved by a singleapplicationof the pure
literal rule.

3.1 The PurelLiteral Rule

A literal 2 in C is calledpure if it appearnly asa positive literal, or only asa negatie literal, in C. A
clausein C is saidto be pure if it containsa pureliteral. Whenseekinga satisfyingassignmenta natural
stratgy is to startby assigningall pureliteralstheir satisfyingassignmentandthusremove all pureclauses.
Theremoval of pureclausesnayresultin theemegenceon new pureliteralsin therestrictedCNF, andthe
procesamay berepeated.The pure literal heuristicis the heuristicthat appliesthis removal procesauntil
no pure clausesremain. If the remainingCNF is empty the pure literal heuristichasfound a satisfying
assignmentandotherwiseit failed.



Let usintroducesomenotation.For C a CNF, defineCy = C, Lg to bethe setof pureliteralsin C, and
P, to bethesetof pureclausesn C. Recursiely defineC;, tobeC; \ P;, andlet L; 1, P;+1 berespeciiely
the setof pureliterals,andpureclausesjn C;.1. Finally, let » bethe minimal : suchthat Z; = (). Notice
thatthe pureliteral succeedsn( iff C,. = ). If C, = ) we sayC is r-pure.

[8] shawed thatwith high probability the pureliteral heuristicfinds a satisfyingassignmentor clause
density< 1.63. In particular they implicitly provedthefollowing theorem.

Theorem 3.1 [8] For every A < 1.63 there existsan integer d sud that with high probability for C ~ F} ,
Cal < goox-

3.2 Efficiency of Rwal kSAT on Pure CNFs

We claimthattherunningtime of R\al k SAT onanr-pureformulawith m clausesis with high probability
O(m™). Thiswill immediatelygive quasi-polynomialipperboundson the runningtime for randomCNFs.
For brevity, the proof of thefollowing theoremis deferredto appendixC.

Theorem 3.2 Forall r > 1, if C isanr-pure 3-CNFformulaoverm clausesthenfor anyinitial assignment
av
P[RWalkSAT(C, (6 - m)") fails | ag = a] < (Tm)" - e~ ™/*

3.3 Quasi-Polynomial Upper Bounds

TheorenB.2immediatelyimpliesquasi-polynomialipperboundsor randomCNFs,with low clausedensity
(lessthan1.63). Thisfactfollows from the next theorem.

Theorem 3.3 For every A < 1.63 ther existsa constantc sud that with high probability C ~ F} is
(c-logn)-pure.

Proof: We needa standardiefinitionandclaim from the context of randomCNFs(seee.g.[10]).

Definition 3.4 For C a CNF, wesay(C is an (r, c)-expandeiif forall C' ¢ C |C'| < r, |[Vars(C")| > c-|C'].
For C' C C, theboundaryof C’, denoted(C’), is the setof variablesthat appearin exactly oneclause
of . C is calledan (r, c)-boundaryexpandeiif for all C' ¢ C |C'| <r, |0(C")| > ¢ |C'].

We usethefactthatarandomCNF is adecenboundaryexpanderasgivenby thefollowing lemma,the
proof of whichis deferredto appendixE.

Lemma 3.5 LetA, = 1.63. For anyconstantA < A whpC ~ F} isa( 10~3)-boundaryexpander

_n__
600A2°
We now completethe proof. By theorem3.1, thereexists a constantd suchthatwhp C, is a 3-CNF
with < n/(600A?) clausesBy lemma3.5we alsoknow thatwhp C, is a (|C4|, 10~2)-boundaryexpander
Noticethattheboundaryof C, is asetof pureliterals,sinceeachvariablein theboundaryappearsn asingle
clauseof C4. Therearelinearly mary pureliterals,andeachclausecancontainatmost3 pureliterals. Thus,
thereexists a linear fraction of clausedn C; thatarepure. Remwing theseclauseswe apply lemma3.5
againto C41 andremove anothetinearfractionof clausesAfter O(logn) repetitionsve have removedall
clausedrom C, andhenceC is anO(log n)-pureCNF. U



3.4 Polynomial Upper Bounds
Theorem 3.6 (Main Upper Bound) For anyA < 1.63 there existsa constantd sud thatwhpfor C ~ F} ,

P[RWalkSAT(C, m?) fails|] = exp(—(n))

Proof: Firstthe proof intuition. Theorem3.3 shavs thatC is O(log n)-pure. We take theinnermostayers
of C, andview themasa singlelayer Althoughthislayeris nota 1-pure CNF, we useit’s large expansion
to claimthatRWAl kSAT terminatesjuickly onit, givenary initial assignment.

Formally, we usethe following lemmaandtheorem.The proof of thelemmais deferredto appendixe
whereaghe proof of thetheoremwill promptlyfollow.

Lemma 3.7 For anyA < 1.63 andanyconstanic < 2 there existsaninteger d suc thatwhpfor C ~ F%,
Cqisa(|Cql, c)-expander

Theorem 3.8 If C isan (|C|, g)-expande,rthenfor anyinitial assignmenty,
P[RWalkSAT (C,m%)fails | ap = a] < e~U™).

For ¢ = 7/4, letd bethe constanpromisedby lemma3.7.C4 is whpa (|Cq/|, 7/4)-expandingCNF. We
now proceedasin the proof of theorem3.2.

Letc' ¥ ¢ \ C4. Noticethat(’ is by definitiona d-pureformula. Split the executionof RWalkSAT(C)
into epotis whereeachepochstartswhenaclausefrom C’ is consideredBy theorem3.2 andits proof, the
numberof epochss whp (6m)9. By theorem3.8,C, is whpan(|Cq4|, 7/4)-expanderandsoby theorem3.8
eachepochterminatesn cubictime. Thetheoremfollows by a unionboundasin (11)-(13). L]

Therestof this subsections devotedto the proof of theorem3.8. First a few wordsof intuition. For a
highly expandingCNF, thereis an easyway to find a satisfyingassignmentnamelyby finding a matching
from clausedo variablesandusingauniquevariableperclausefor thesatisfyingassignmentThis still does
not meanthatRWal kSAT will find suchanassignmenin shorttime. Noticethatif a CNFis 2-expanding,
thenthereexistsanassignment’ thatsatisfies2 literals per clause andthusRWal k SAT will terminatein
polynomialtime (becauséor eachunsatisfiectlausethereis a probability of atleast2/3 of headingn the
directionof o).

Unfortunately lemma3.7 only givesus (2 — €) expansion,andthuswe needa new techniqueto shav
that RMal kSAT succeed®n suchan instance. We shav that for highly expandingCNFs, thereexists a
restrictionp thatsatisfiegshe CNF, andat eachstepthereis a goodprobability of headingoward p.

Proof [Theorem 3.8]: For C aCNF, arestrictionp to C is anassignmento V C Vars(C), i.e.p € {0,1}V,
andV is calledthe supportof p. We sayp satisfie<, if for every clauseC € C thereis someliteral £ € C
thatis satisfiedby p. For C' a clause the dissgreemenbf p andC is the numberof literalsin C' thatare
fixedby p (i.e. belongto its support)anddo not satisfyC'. Noticethatif p is asatisfyingrestriction,thenthe
disagreemerf C is atmost2. Let the maximaldisagreemenbdf p bethe maximumof the disagreemenf
aclausein C with p.

Lemma3.9 If C is an (m, %)- expanderover m clausesthenther exists a satisfyingrestriction p with
maximaldisagreementl.

Lemma 3.10 If C is a 3-CNF over n variables,havinga satisfyingrestrictionwith maximaldisagreement
1, then
P[RWal1kSAT(C, n?) fails] < exp(—Q(n))



Theorem3.8follows immediatelyfrom the previouslemmas. L]

Proof [Lemma 3.9]: Form the following bipartite graphG. On the left hand, put one vertex for each
clausein C. On theright handside, put 4 distinct verticesfor eachvariableappearingn C. Connectthe
vertex labeledby the clauseC to all 12 verticeslabeledby variablesappearingn C. We do not careif the
appearances aspositive or nggative literals.

SinceC is an (m, g)—expande,rG hasexpansionfactor7, i.e. for all subsetsS on the left handside,
IN(S)| > 7-1|S]|, whereN(S) is thesetof neighborsf S. By Hall's matchingtheoremwe concludethere
is an 7-matchingfrom theleft handsideto theright, i.e. eachnodeC on the left handcanbe associated
with a setof 7 of its neighborson the right handside (denotedN’(C)), suchthat for all clausesC #
D, N'(C)nN'(D) = (. Wenow useN' to definep. For ary variablez, if thereexistsaclauseC' suchthat
N'(C) hasatleast3 memberdabeledby z, thensetp(z) to thevaluethatsatisfies”, andotherwise Jeave
p(z) unassignedOnly 4 verticesarelabeledby z, and N’ (C) N N'(D) = { for all clauseC # D, sop is
well defined.Thelemmafollows from the following pair of claims.

Claim 3.11 For anyclauseC, p satisfieC'.

Proof: C hasonly threevariables,whereas N’'(C)| = 7. By the pigeonholeprinciple somevariable z
appearingn C musthave threerepresentatesin N'(C), andby the definition of p, C' is satisfiedby p’s
assignment. L]

Claim 3.12 For anyclauseC, p candisagreewith C' on at mostoneliteral.

Proof: Assumefor the sale of contradictionthat p disagreesvith C' on two variables.Fromthe definition
of p, thesetwo variableshave atleastthreeof theirrepresentatesin someN'(D), N'(E) for someclauses
D, E # C. SinceN'(C) hasnointersectiorwith N'(D), N'(E), we concludg/N'(C)| < 12 — 6 = 6. But
this contradictghefactthat| N'(C)| = 7. O

Lemma3.9follows. [l

Proof [Lemma 3.10]: For o € {0,1}" andp arestriction,let Ay («, p) bethe Hammingdistancebetween
p and«, measureanly on the supportof p (the supportis the setof variablesfixed by p). Fort < m?,
letd, = Ag(ay,p). Let Xy = diy1 — d; betherandomvariableindicating whetherthe ¢'th stepof the
executionwasgood(X; = 1, anday1 is closerto p), bad(X,;=(-1)), or neutral(X; = 0). Noticethatsince
p hasmaximaldisagreement, we getthatfor all ¢, the probability of a neutralstepis at most2/3, and
conditionedon a stepbeingnon-neutralthe probability of the stepbeinggood,is atleast1 /2.
Standarcargumentsrom thetheoryof randomwalksshaw thatthe probability of failurein time O(m?)

is exponentiallysmall (seee.qg. [24], chapterll, pp. 245-247 for similar analysis).The lemmais proved.
]

3.5 Tightnessof Bounds
Deferredto appendixD

4 Lower Boundsfor Lar geDensity

In thissectionwe shav thatRWal k SAT is notagoodalgorithmfor randomCNFswith large clausedensity
By definition, RMal kSAT givesthe correctansweron ary unsatisfiabldormula. For large enoughclause

7



density(A > 4.6), almostall formulasin F} areunsatisfiablg17]. Thus,onemayarguethatRWal k SAT
operatesvery well for thesedensities. On secondthought, on this distribution, even the constanttime
algorithmthatfails on every input, without readingit, operatesvell. Thus,it makessenseo discussthe
performanceof RWAl KSAT only on the uniform distribution over satisfiableformulaswith An clauses
(denotedSAT,?). The problemis thatfor smalldensitiesSAT,? is notwell characterizedye don't know
how to analyzeit. We remarkthatfor A = Q(logn), SATQ canbecharacterizedseg[6] for moredetails).

Thus,following [6], we propose€o look atthefollowing pair of plantedSAT distributionsover satisfiable
3-CNFs. Thisdistribution is highly interestingn its own right. It hasbeenstudiedempiricallyin [9], andis
theanalogof the plantedclique andplantedbisectiondistributions,studiede.g.in [4, 15, 1§].

Definition 4.1 (Planted SAT) LetS’} bethedistribution obtainedby selectingat randomg € {0, 1}", and
selectingat randomAn clausesoutof all clausesf size3 thatare satisfiedby 5. Denotea randomformula
fromthis distribution by C ~ S7}.

LetP} bethedistribution obtainedby selectingat randomg € {0,1}", andfor ead clauseC satisfied
by 8, selectC to bein C with independenprobability p2 = ~—53_.. Denotea randomformulafrom

e 7(n—1)(n-2)"
this distributionby C ~ P .

Theorem 4.2 (Main Lower Bound) Thele existsa constantA, > 0, sud thatfor all A > Ay, (A maybe
afunctionof n), whpfor C ~ P}, or C ~ S}

P[RWalkSAT(C,2") succeeds< 2~ <"
wher e > 0 is somea constantdependingpn A.

For simplicity, our proof will be only for the distribution P’; , andwe point out that the sameanalysis
canbecarriedoverto thedistribution S'% .

Therestof this sectionis devotedto the proof of theorem4.2. We warmup by discussinghe caseof C
beingthe maximalsize CNF satisfying8, andthenapply ourinsightsto the caseof arandomCNF. For the
restof this sectionwe assumewithout lossof generalitythat 5, the randomplantedassignmentis the all
zerovector denoted).

Thefull CNF of sizen hasall clausef size3 thataresatisfiedby 0. In thenext subsectiowe analyze
the behaior of RWal kSAT on this CNF, andshaw its inefficiengy. We then generalizeour analysisto
C ~ P, claimingthatC is a“randompiece”of thefull CNF, andhencethe behaior of RWal kSAT onC
will becloseto its behaior onthis simpleformula.

4.1 Analysis of RMal kSAT onthe Full CNF

Definition 4.3 (Full CNF) F, is the 3-CNF containingall clausesof sizeexactly 3 (withoutrepetitionof
literals) satisfying0.

Theorem 4.4 P[RWalkSAT(F,,2"/190) succeeds< 2 "/100

For the proof of theorem we needthe following lemma,the proof of which is deferredto appendixE.
Theline of lengthn isthegraphG =< V, E > whereV = {0,1,...,n} andE = {(i,i+1) : 0 < i < n}.

Lemma 4.5 Let R bearandomwalk ontheline of lengthn, startingat a positiond’ > b. Assumeéher is
aninterval 0 < a < b sud thatfor all vertices: € {a,a + 1,...,b} the probability of makinga movein
thedirectionof 0 whenstandingon vertex i, is at mostl/2 — «y, for someconstanty > 0. Then

P[R reades0 in lessthane?(=2) stepg < ¢ 7(t=9)



Proof[Theorem4.4]: Fori = 1... 3, let F! bethesetof clausesaving i literalssatisfiedundertheunique
satisfyingassignmen@. For o« € {0,1}", |a| = én, let ms,; bethe numberof clausesn F}, thatarenot
satisfiedoy a. m;; is well defined becausét depend®nly ond, andnotontheactualassignmentv. mg

is the setof all clauseshaving exactly one negative literal, suchthat this literal is assigned! by «, and
the remainingpositive literals areassigned) by «. Since|a| = dn, therearedn - ((1_2‘5)") suchclauses.
analogousgalculationgperformedfor m; o, m;s 3 yield:

ms1 = 0n - ((1 —26)n>; mso = (62n) (1 =8)n; ms3 = (?); (1)

Since F,, hasonly one satisfyingassignmentpne can characterizehe moves of RWalkSAT(F,,) as
eithergood or bad A goodmoveis onethatreducegheweightof «4, bringing us closerto the satisfying
assignmentwhereasa bad moveincreaseshis weight. We now calculatethe probability of makinga good
move on F,,, assuminghe currentassignmenhasweightdn. Let usdenotethis probabilityby Ps, andlet
mgs = mg1 + M2 +ms3.

_52
po_ maa map 2 ma 135425016 +0050 o
" ms  ms 3 ms 3 3(£+52(1—«5) +<5(1—<5)2)
6 2 2

62 4+20(1 — 0) + (1 — 0)? 1
= = (3)
02 +35(1—-0)+3(1—-48)?2 62-36+3

Elementaryanalysisshavs that Py is anincreasingunctionof § in therange(0, 1), with lims_,o Py =
1/3,lims_,; P; = 1, andP; = 1/2 when(§ — 1)? = 4, which happendor §* = % ~ 0.382.

From herewe arealmostdone. Whp |ag| > (1/2 — €)n, andfor ary assignmenty;, the probability
of agoodmove dependnly on |«;|. Thusthe probability RWal kSAT succeed#n T' stepsis at mostthe
probability of arandomwalk on theline, startingatdistance> (1/2 — €)n, reache$) in T' stepswherethe
probability of moving in thedirectionof 0 whenstandingat positioni is P;/,,. Using(3), for i < n/10 we
getP;;, <1/2—1/10. Lemma4.5completeour proof. ]

4.2 Generalizationto P}

In this sectionwe completethe proof of theorem4.2. As previously mentioned the lower boundfollows
from the obserationthatC is obtainedby taking a “small piece” of F,,. Thus,we expectthe behaior of
RWal kSAT on(C to besimilarto its behaior on F,,. Therearetwo pointswe needto be carefulabout.The
firstis thatC may have othersatisfyingassignmentsWe arguein lemma4.6 thatalthoughthis is true, for
large A theseassignmentsreall found within small Hammingdistanceof 0. The secondproblemis that
theremight be smallweightassignmentfor which the probability of makinga goodstepis large. We shav
in lemmad4.7thatfor large A, whpthis doesnothappenThusRWal KSAT operate®n P} almostaspoorly
asit operate®n F,,. Theproofsof lemmas4.6,4.7aredeferrecto appendixE.

Proof [Theorem 4.2]: Let A5 betheeventthatC hasa satisfyingassignmendf Hammingdistancegreater
thandn from g (whereg is the plantedassignment).

Lemma 4.6 Foranyd > 0 there existsa constantA’, sud thatfor all A > A’, theprobability thatC ~ P}
hasproperty A; is exponentiallysmall.



Definea goodmove of Rval kSAT asonethatdecreasethe weightof the currentassignmentCall a
clausegoodiff it hasat leasttwo negative literals. A goodclause|f selectedwill make a goodmove with
probabilityatleast2/3, whereas badclause having only onenegatie literal, will make agoodmove only
with probability 1/3. We claim thatthe numbersof badandgoodclausesaretightly concentratedround
their expectedvalues,andthusthe probability of agoodmovein C is roughlythatof agoodmaove on F,.

Fixa € {0,1}", |a| = dn, andrecallthedefinitionof m;; from equationg1). Fori = 1...3 let X,
bethenumberof clausesn C thathave : negative literals,andarenotsatisfiedoy «. Sincea isfixed,whereas
C israndom, X ; is arandomvariabledependingonly on é andindependentf the particularassignment.
Xs,; isasumof m; ; independentointosseseachwith probabilitypZ'. Moreover, all Xs,;'sarecompletely
independenbf eachother becausehe F:'s aredisjoint. Let B|[n, p] denotethe binomial distribution over
n coin tosseseachwith succesgrobability p. Accordingto our definitions, X5; ~ B[mg,i,pﬁ], and

145, def EXs:] = ph - mg,;. Pluggingin thevaluesof ms; we get

36(1 — §)%An
L @
362(1 — 8)An
M52 = % (5)
53 An
Ho3 = — (6)

Let B} (¢) betheeventthatthenumberof badclausesiotsatisfiedoy a, X 1, is smallerthan(1 — ) ps,1.
Similarly, let BZ(c) bethe probabilitythatthe numberof goodclauses X; 5 + X553 is greatetthan(1 + ¢) -
(us2 + ps,3). Noticethatby definition,e < 1, whereas: canbemuchlarget Let Bad(d, c, €) bethe event
thatthereexistsanassignment, || = &'n, §/2 < §' < §, suchthat B}, (¢) or BZ(c) occurs,andhence
thenumbersof goodor badclausesarefar from the expected.The next lemmashaws thatfor large enough
A, thisis notlikely to happen.

Lemma4.7 For anye > 0,c > 2¢? and0 < § < 1/2 ther existsa constantA” > 0 sud that for all
A > A", theprobability thatC ~ P} hasproperty Bad(d, c, €) is exponentiallysmall.

We do not attemptto optimizeconstantsSete = 1/2,¢ = 20, andé = ¢~3. By lemmas4.6 and4.7,
thereexists someA for which both P[A;/,] andP[Bad(d, c, €)] areexponentiallysmall. Fix this A. Whp
for C ~ PR, all satisfyingassignmentfave weight < dn/2. Noticethatfor § < 1/2, u;; increasesvith
4. Forary a with weightén/2 < |a| < én, by lemma4.7 thenumberof badclausesunsatisfiedby « is at
least

30An S c 3 An
28 10

Similarly, assumingus 2 > 5,3, whichis truefor § < 1/2, thenumberof goodclausesunsatisfiedy « is
atmost

1/2 T Hs/2,1 >

21(ps2 + pog) < 42- 252(1 — 8)An < 200%°An = ¢ 7 An
Thus,
ood (3-5o+e®)an 1
< — 4=
P[Goodmove] < = An 3 + 0 << 1/2

Whptheinitial assignmenbf RWal kSAT will have weightgreaterthandn. Any satisfyingassignment
musthave weightlessthanén /2. For ary assignment: having weightdn /2 < |a| < dn, the probability of
Rwal kSAT makinga goodmove s very closeto 1/3. Lemmad4.5 completeshe proof of thetheorem. [
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5 OpenProblems

Deferredto appendix-
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A Definitions

For £ a Booleanvariable,a literal over z is eitherz or Z (the negationof z), wherez is calleda positive
literal andz is a negativeone. A clauseis a disjunctionof literals,anda CNF formulais a setof clauses.
Throughouthis papemwe resere calligraphicnotationfor CNF formulas.For C aCNF let Vars(C) denote
the setof variableappearingn C. An assignmento C is someBooleanvectora € {0, 1}V‘"s(c). The
weightof «, denotede|, is thenumberof onesin it.

A cointossX isanindependen{0, 1}-valuedrandomvariable andits succesprobability is P[X = 1].
For P a distribution over someuniversef2, we usethe notationX ~ P to denotethat X is a random
elementfrom €, picked accordingto the distribution P. We usethe following Chernof bounds(seee.g.
[22], Theoremst.1,4.2).

TheoremA.1 For X ~ B[n,p],with0 < p < 1, p = E[X] = np, andfor all ¢ > 0:

c 13
PX > (1+c)u] < (ﬁ) (7)
Foro<e<1:
PIX < (1 —e)u] < e H/2 (8)

Additionally, we make oftenuseof the standarcdound

n He(M\)n
<e 9
(An) ©)

whereH,(g) = qln ; + (1 — ¢) ln 11, is theentropy measure.

B RWal kSAT - Pseudocode

RWal KSAT(C,T)
Sel ect «€{0,1}" at random
Initialize i=0
While ¢ <Tdo{
If Cla)=1return (‘‘lInput is satisfied by
El se { SelectC € UNSAT(C, o) atrandom
Select literal £e€C at random
Flip assignnent of « at /.
t++ } }
Return *‘Failed to find satisfying assignment in T steps.’’

)

C Proofof Theorem3.2

By inductiononr. Forr = 1, noticethatall clausesn C arepure,andthus,if C' € C istheclauseunsatisfied
by a;, andselectey RWalkSAT attime ¢ to besatisfiedwith probability > 1/3 we will fix apureliteral to
its correctvalue,andthusthe clauseC' will never beunsatisfiecagainduringthe executionof thealgorithm.

Fort < 6m, let X; bethe indicatorrandomvariablethatis 1 if the clauseconsideredat time ¢ was
satisfiedby a pure literal, and 0 if this is not the case. If RWal KSAT terminatesattime T' < 6m, let
X, t > T beanindependentoin tosswith succesprobability1/3. Let X = Zf;”l X;. Noticethatby

14



definition of the algorithm,andthefactthatall clausesarepure,eachX; is anindependentoin tosswith
succesprobability> 1/3, souy = E(X) > 2m. By the Chernof bound(7) we get:

Pr[RWalkSAT(C, 6m) fails) < Pr[X < 1/2u] < e /8 = ¢7™/4 (10)

For theinductionstep,noticethatthe CNF P, is 1-pure,andC; is an(r — 1)-pureCNF over thevariable
setVars(C) \ Vars(L1). We canview RWAl k SAT asoperatingon C; with occasionafnoise”. Eachtime
aclauseC € P is selectedneof two thingsmay happen Either C is satisfiedby fixing somepureliteral
to its satisfyingassignmentln this caseC is permanentlysatisfiedandremoved from C andthis removal
hasno effecton Cy, sinceVars(C1) N Vars(L;) = 0. OtherwiseC is satisfiedby someliteral thatis not
in Ly, andwe view this asa perturbationto the currentassignmenty;. The main pointis that with high
probability the numberof suchperturbationsn O(m). Now we apply inductionto claim that after each
suchperturbationRWal k SAT will take atmost(6m)™ ! time to find a satisfyingassignmento C;.

Formally, divide the executionof RWalkSAT(C, (6m)") into epohis An epochstartsafter a clause
C € C; is pickedandsatisfiedby aliteral not in L;. Let s bethe numberof epochsandp bethe maximal
time of anepoch.

Claim C.1 Pr[s > 6m] < e ™4

Proof: Similarto thecaseof r = 1. Let T bethenumberof clausesrom P; consideredluringtheexecution
of RWalkSAT, andlet C1, ..., Cr bethe setof theseclausesprderedin the orderwhich they were picked
by the algorithm,with repetitions.For ¢t < 6m, let X; be theindicatorrandomvariablethatis 1 if the C}
wassatisfiedoy a pureliteral, and0 otherwise If T' < 6m, let X;, ¢t > T beanindependentointosswith
succesprobability1/3. Let X = E?;”l X:. Apply the Chernof boundasin (10). ]

Cy isr — 1 pure,soby inductionwe know thatfor ary assignmenty
P[RWalkSAT(Cy, (6 - m)" 1) fails | ag = a] < (7Tm)" "' . e~ ™/*

Usingclaim C.1we getthatfor ary «,

P[RWalkSAT(C, (6 - m)") fails| ap = ] < P[s > 6m] + P[p > (6m)" | s < 6m) (11)

< e ™44 6m- (Tm) e ™/ (12)

< (Tm)" e ™" (13)

Theorem3.2follows. ]

D Tightnessof Bounds

One may hopethatin the caseof a formulathatis satisfiableby the simple pure literal heuristic, there
might be a betterupperboundfor RWal kSAT. In this subsectiorwe shav thatour methodencapsulatedh
theorem3.2 is essentiallytight. Thefollowing theoremalsoshavs a separatiorRWal k SAT from the pure
literal heuristic.

TheoremD.1 For arbitrarily largen, there existformulasof sizen, thatare satisfiable(in polynomialtime)
by thepure literal heuristic,whereasP[RWalkSAT (Cy, 2°") succeeds= o(1).

Proof: Usethefollowing formula,whichis a slight variationof the X -DAG contradictiorusedin [5].
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Definition D.2 LetgG, bethefollowing CNF overvariableszy,...,z,, y1,-- -, Yn, 2:

n—1 n—1

EAGIA NV vEa} A Nz Ve Vi AMza Ve v 2}
=1 =1

G, hasauniquesatisfyingassignment. Moreover, G,, is n-pure,because appear®nly in oneclause,
andoncez is satisfiedandremoved, §,,, Z,, eachappeaiin oneclausein theremainingformula. Thus,one
canrepeatedlyremove z;_1, y;—1 until all the formulais satisfied. This immediatelyimpliesthatthe pure
literal heuristicsucceedsn G,, (in polynomialtime). We claimthatRWalkSAT requiresexponentiattime to
succeeanG,,.

Let X; bethenumberof onesassignedy «; to thevariableszs, . .. z,, y2, - - . yn. Whp Xy > (1 —€)n,
andif RWwalkSAT(G,,T') succeedsye knov X1 = 0. But for every stept, the probability of X; decreasing
is atmost1/3. Thetheorenfollows from standardargumentsfrom the theoryof randomwalks. L]

E Proofs

Proof [Lemma 3.5]: Firstwe notethata very goodexpanderis alsoa decentboundaryexpander:
LemmaE.1 If C is 3-CNF (r, ¢)-expanderthenit is an (r, 2 - ¢ — 3)-boundaryexpander

Our proof follows immediatelyfrom lemmakE.1 andthe following slightly strongerversior? of lemma
4.40f [8].

LemmaE.2 [8] LetA, = 1.63. For anyconstantA < AgwhpC ~ I} isa( 3/2+41073)-expander

600A2’
Proof: Sete = 1073. Let A, bethe eventthatthereexists a setof k clauseshaving lessthan3/2 + ¢
variables. Let us boundthe probability of thesebad events,usinga union bound. Let r = W, and

0
¢ = 3/2 + e. We male useof thefollowing well-known inequality (7) < (£2)*.

- "\ [An n ck\ **
P < Sopi <3 (5 (3) () (14)
k=1
< (53" (3) a9
k=1
< Y| (5> ] (16)
k=1L "
< 3 a7 <k> ] — o(1) (17)
k=1L "
Wherethelastinequalityholdsfor r < 60%2 L]

Proof [Lemma 3.7]: We needthe following lemmaof [10].

3The original lemma4.4 of [8] only neededxpansionfactorof 3/2, whereasve needa constanfractionmorethan3/2. The
proofis essentialljthe same.

16



Lemma E.3 [10] For all constantsA > 0, ¢ < 2 there existssomeconstanty > 0 sud thatwhpC ~ F}
isa (6An, c)-expander

Let ¢ be the constantpromisedby lemmakE.3, for A = 1.63 andc¢ = 7/4. By theorem3.1, |Cy,| <
n/(600A3), for someconstantl;. By lemmakE.2,Cq, isa(|Cq, |, €)-boundaryexpandeyrfor somee > 0. As
obseredin the proofof theorenB.3,|P;| > ¢'n for all i > d;, andhenceCy,| < én. Thelemmais proved.

O

Proof [Lemma 4.5]: LetT = 2. for ¢t < T, let r; bethe positionof R attime ¢, andlet X; betherandom
variablethatis 1 if R doesagoodmove (towards0) attime ¢, and—1 otherwiseFormally, X; = r, — ryy1.
AssumeR reached) attimet,. Sincer; > b, theremustbeatimeintenal [t1,t2] in which0 <r, <b t €
[t1,%2]. This meansZ?:t1 X; = ¢,wherec = b—a. Letty — t; = 2s + c. Recallingthatfor all ¢ € [t1, 2],
P[X; =—-1] <1/2 —v,weget

t2
2s+c¢ ste s
Py xi=d < (UF9) 2oz (18)
t=t1
2s+c 2
-(1/4 — 5.(1/2 — )¢ 19
(5th)-am=r- a2 =) (19
225—|—c s . 20
< -(1/4 — -(1/2 —
< s (A= (/2-) 20)
1
< (1 =49%)% - (1 = 29)° 21
SN TR (1—47%)%- (1 =2y) (21)
1
< - exp(—(4y%s + 2 22
< \/28—+Cexp((vs+ c)) (22)
. ep(=(219) 3
Ve
Sincethereareat mostT? possibleselectionf ¢, t,, settingT’ = ¢7¢/2, andtaking a union bound,
completegheproof. ]

Proof [Lemma 4.6]: Assumingwlog 8 = 0, let us boundthe probability of the event A4,. For eachfixed
a € {0,1}" having weightdn, thereare (7) — ('"59") ~ (1 — (1 — §)*)n3/6 clauseshataresatisfiedby
0 andnotby c.

(1= pp) (-G (24)
exp(—(1 — (1 —0)*) - A/7) (25)

P[C(a) = 1]

IN R

Usinga unionboundandthe standardnequality(9), we get

Pl4s] < n-(g;)-exp<—<1—<1—<s>3>-A/7> (26)
_ _ 3
< exp((,6) - 2LZUZ0)) ) 27)
Thus,when TH.(9)
A > ﬁ (28)
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we getthatP[A;] < exp(—en), for someconstank > 0. 0

Proof [Lemma 4.7]: We boundthe probabilitiesof B}, (¢) and BZ (c) individually, for ary /2 < §" < 6.
We startwith B}, (¢). Pluggingthevalueof p,1, givenin (4), into the Chernof bound(8) we get

—3e28'(1 — §")2An

P[Bj (€)] < exp(—62u5/,1/2) < exp( i ) (29)
Now we dealwith BZ (c). Firstnoticethatfor ary § < 1/2, ms3 < ms,2, SO
P[Bj ()] = P[Xg 2 + Xy 3> (1+¢) - (g2 + po3)] < 2P[Xer 2 > (1+ )y 2]
Assuminge > 2e2, andpluggingthevalueof us,2 givenin (5) into the Chernof bound(7) we get
PBS (c)] < 2P[Xy> (1+c)us,2] (30)
ec ! € ! <
< A g < (7 < expl(—cp 2) (31)
—3¢6”(1 — §")An
= exp( =R, (32

Noticethatfor § < 1/2, thevalueof (29) and(32) is maximalwhend’ is minimal (i.e §' = §/2). Using
aunionboundover all assignmentsf weightbetweenin /2 anddn, we get

PlBad(bcd] < (1) - (PBY (0] + PIBE (0]

—3€? - 2 _3¢ 2(1 —
< 2m-exp (n-(He(é)—A-min{ 3 (6/2111 8/2° 3(5/2)7(1 5/2)}>>

Noticethatonced, ¢, ¢ arefixed,we canselectA suchthat

H(6) — A - min{ —3e (5/21511 —4/2) ’ —36(5/2)7(1 —6/2)

Lemma4.7 follows. [l

} <0

F OpenProblems

1. Whatis thelargestA for which onecanprove RWalkSAT to have polynomialrunningtimeonC ~ FX
? As afirst step,canoneprove polynomialupperboundsfor A < 3.22, for which similar boundsare
known for myopicalgorithms[3] ?

2. Whatis thelargestA for whichonecanprove RWalkSAT to have polynomialrunningtimeonC ~ P}
?

3. Is thereanefficient algorithmthatfinds whp a satisfyingassignmentor C ~ P}, andlarge constant
A7

4. Whatis theconnectiorof P} to SATﬁ for constantA ? Do boundsin onedistribution imply bounds
in theother?

5. Canonefurthercharacterizénstancesanddistributionson which RMal k SAT performswell ? How
aboutinstanceshatcorrespondo CNFsencountereth practice?
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