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Abstract

We analyzethe efficiency of the randomwalk algorithm on random � -CNF instances,andprove
thefirst polynomialtime upperboundfor small clausedensity, lessthan ��� ��� . We complementthis by
proving exponentiallowerboundsfor therunningtimeof thisalgorithmontheplanted-SAT distribution
with largeconstantclausedensity. Thisis thefirst polynomialupperboundontherunningtimeof a local
improvementalgorithmon randominstances,andconformswith theempiricallyobservedefficiency of
thesealgorithmsonrandomCNFs.
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1 Intr oduction

Understandingthecomplexity of SAT-solvingalgorithmsonvariousnaturalinstancesis afundamentalprob-
lemof computerscience.Ourcurrentresearchanalyzestherunningtimeof oneof thesimplestSAT solving
algorithmson oneof thesimplestinstancedistributions. Our motivation is to understandaninterestingob-
served phenomena,which is the efficient performanceof the randomwalk algorithmon random � -CNFs,
for smallclausedensity1, well below thesatisfiabilitythreshold.Random� -CNFsareextremelyinteresting
andhave beenthefocusof muchrecentresearch.Thealgorithmwe investigateis oneof thesimplestSAT
solving heuristics,andis usedheavily in practice[29]. From a theoreticalperspective, several lower and
upperboundsareknown for this algorithm,all of themexponential(seee.g. [24] problem11.5.6for lower
bounds,and [33] for upperbounds). Noneof theseexplainswhy RWalkSAT performswell on random
instances.Ourpapertriesto offer suchanexplanation.

We thenproceedto checkwhethertheefficiency of thealgorithmholdsalsofor largeclausedensities,
well over the satisfiability threshold. In this case,we examinethe randomplantedSAT distribution, that
assureseachrandomformulatobesatisfiable.For thiscase,weshow RWalkSAT is inefficient,andtypically
requiresexponentialtime to find asatisfyingassignment.

1.1 � -SAT and RandomWalk� -SAT is oneof themostfamousNP-completeproblems[11]. An input to thisproblemis a � -CNF, andwe
areasked to decidewhetherthereexistsanassignmentto thevariables,thatsatisfiesall clauses,i.e. setsit
to � . Assuming	�
��
 	 , no efficientalgorithmexits for thisproblem.Still, over theyears,many different
solutionshave beenproposedandinvestigated,boththeoreticallyandempirically (see[12] for a survey of
relatedresults). Most algorithmsare local, concentratingonly on a small part of the formula, usuallya
constantnumberof clausesor variables,andmakinga local assignmentto a few variables,basedon this
information,andhopingthatall localdecisionswill eventuallyproduceasatisfyingassignment.

Oneparticularlysimpleandelegantlocal method,startswith anassignmentto all variables,andthen,
aslong astheassignmentis not good,anunsatisfiedclause� is selected,andtheassignmentto oneof its
literals is changed.This createsa new assignment,that indeedsatisfies� , but may “ruin” thesituationin
otherclauses.We repeatthis procedure,until hopefully all clausesaresatisfied. Sincethe CNF may be
unsatisfiable,we usuallyput a time limit on thenumberof iterations,andoncethe limit hasbeenreached,
we giveup.

Thesimplestvariantof this local approach,originally introducedby [23], is at thecenterof our current
investigation. This algorithm,denotedRWalkSAT, relieson randomnessin all its decisions. Thus, the
initial assignmentis pickedat random, ateachstepa randomunsatisfiedclauseis picked,andthisclauseis
correctedby flipping a randomliteral in theclause.

Surprisingly, RWalkSAT behavesmuchbetterthanonemight expect. [23] proved that it succeedsin
finding a satisfyingassignmentin expectedquadratictime on any satisfiable� -CNF. Although � -SAT is
solvable in polynomial time, it is not obvious that sucha simple local heuristicasRWalkSAT is good
enoughto solve it. Anotherinterestingresultis thaton any satisfiable� -CNF, theexpectedrunningtime of
RWalkSAT is substantiallylessthan ��� (where� is thenumberof variables)[33]. Wepointout thatsimilar
to thecaseof other � -SAT algorithms,it is nothardto find specificinstancesonwhichRWalkSAT requires
exponentialrunningtime (seee.g.[24], problem11.5.6).

1Theclausedensityis theratiobetweenthenumberof clausesandnumberof variables.
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1.2 RandomCNFs

A random� -CNF with clausedensity � and � variables,is a � -CNF formulaobtainedby selecting��� ran-
domclauses,eachof size � , from thesetof all ������� � � � possibleclauses.Thisdistribution hasreceivedmuch
interestin recentyears,beinga naturaldistribution on NP-completeinstancesthat seems(empirically as
well astheoretically)computationallyhardfor a wide rangeof parameters.This distribution is investigated
in suchdiversefieldsasphysics[19], combinatorics[16], proofcomplexity [10], algorithmanalysis[3] and
hardnessof approximation[14], to mentionjusta few.

Oneof thebasicpropertiesof randomCNFs,is that for smalldensity( �����! "�#�! $ $ see[3]) almostall
formulasaresatisfiable,whereasfor large density( �&%(') "*! $ $ see[17]) they arealmostall unsatisfiable.
Anotherinterestingpropertyis that the thresholdbetweensatisfiabilityandunsatisfiabilityis sharp[16]. It
is conjecturedthata thresholdconstantexists,andempiricalexperimentsestimateit to be +�') "�#, [13]. The
settlingof thesatisfiabilitythresholdconjecture,anddeterminationof thesatisfiabilitythresholdconstant(if
it exists)areimportantopenproblemsin combinatorics(see[3] for moreinformation).

An interestingalgorithmicquestion,is theperformanceof SAT solvingmethodsonrandomCNFs.This
questionhasbeenextensively researchedempirically, andrandomCNFsarecommonlyusedastestcasesfor
analysisandcomparisonof SAT solvers.Froma theoreticalpoint of view, several lower andupperbounds
weregiven for DLL typealgorithmsunderthis distribution [3, 8, 21]. Upperboundsfor algorithmsimply
lowerboundson thesatisfiabilitythreshold,andin fact,all lowerboundson thethresholdsofar, have come
from analyzingspecificSAT solving algorithms. Most of the algorithmsfor which averagecaseanalysis
hasbeenappliedso far areclassifiedasmyopicalgorithms[3], andmuchlessis known aboutnon-myopic
algorithms.Wehopeour paperwill increasetheunderstandingof someof thesenon-myopicalgorithms,at
leaston randominstances.

Wepointout thatthelackof analysisfor RWalkSAT is not for lackof interest,but ratherbecauseof the
inherentdifficulty in approachingthisproblem.Myopic algorithmsowetheirnameto thefactthatthey view
only asmallportionof theformulabeforeassigningavariable,andmoreimportantly, neverbacktrack.This
allowsoneto analyzethesealgorithmsassumingtheunobservedformulais still random.RWalkSAT is very
far from beingmyopic. Evenfor � -CNFs,theexpectedrunningtime is quadratic,andthusmany variables
will be reassigneddifferentvaluesbeforethe satisfyingassignmentis found. Thus,whenanalyzingthis
algorithm,new techniquesarerequired.

1.3 The Observed Efficiency of RWalkSAT

For a long periodof time, theSAT-solving“market” wasdominatedby DLL-type algorithms.Thesealgo-
rithms, thatarestill extremelypopular, operateby fixing a valueto onevariableat a time, andrecursively
solvingtheSAT problemon therestrictedformula,usingbacktrackingwhena contradictionis reached.In
the1990’s, new playersenteredthescene,in theform of local improvementalgorithms,of whichRWalk-
SAT is the simplestvariant [31]. Thesealgorithms(the mostfamousof which areWalkSAT andGSAT)
werefoundto competesuccessfully, andmany timesoutperformthebestDLL-type algorithms.Today, the
two familiesof algorithmsarerecognizedto have theiradvantagesandlimitations,andafinal verdicton the
“best” SAT-solverhasnotbeenreached(in fact,thereareannualSAT-solvingcontests).

OneparticularlystrikingexampleonwhichRWalkSAT andotherlocalimprovementperformextremely
well, is that of randomCNF [28]. For instance,basedon experimentsusing randomCNFs with up to+-�/.#.102.#.#. variables,RWalkSAT appearsto require linear time on randomCNFs with clausedensity3 �! ", [26]. More advancedalgorithmssuchasWalkSAT andGSAT (thatuseRWalkSAT asa subroutine),
appearempirically to solve randominstanceswith clausedensity

3 ' , in quadratictime, andthereis data
indicatingpolynomialrunningtime up to density

3 ') "� (recall thattheempiricalthresholdis +�') "�#, ) [27].
This performanceis well above thelargesttheoreticallower boundon thesatisfiabilitythreshold(which is
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around �! "�#, [3]), andeven above thebestconjectureddensityfor which DLL algorithmsareefficient [2].
Theobservedefficiency of thesealgorithmssuggeststhattheiranalysismaypushthesatisfiabilitythreshold
constantabove whatis currentlyknown, andour resultscanbeviewedasaninitial stepin thisdirection.

1.4 Resultsand Proof Techniques

Ourmainresultsareapolynomialupperboundon therunningtimeof RWalkSAT for smallclausedensity,
andanexponentiallower boundfor largeclausedensity.

1.4.1 Upper Bound

We show that for any clausedensitybelow �� ",#� , RWalkSAT succeedswith high probability in finding a
satisfyingassignmentfor a randomCNF with � variablesand ��� clauses,in �547698;: time (theorem3.6).

Noticethat therearetwo differentnotionsof randomnessin our statement.Thefirst is therandomness
in picking < . Once< is fixed,wehave therandomnessin thechoicesof RWalkSAT2.

Sinceall our claimswill dealwith this dual randomness,let us clarify our meaning. Let us say that< is easyfor RWalkSAT if it succeedswith high probability (whp) in finding a satisfyingassignmentfor< in time �5476=8;: . We claim that for � 3 �� ",#� all but a negligible fraction of CNFswith ��� clausesare
easyfor RWalkSAT. This theoreticalclaimcoincideswith theobservedefficiency of RWalkSAT. Wepoint
out that thereis still a largegapbetweentheobservedandexplained.Both theobserveddensityfor which
RWalkSAT is efficient, andtheobserved runningtime, aremuchbetterthat what we prove. Still, even a
thousandmile walk startswith asinglestep[1].

A word aboutour proof techniques.We heavily rely on thework of [8], andshow that for suchsmall
clausedensity, a randomCNFhasan“onion-like” structure.It canbepartitionedinto >@?BA$C#DE�GF layers, such
that eachlayer, itself a CNF, canbe easilysatisfiedby RWalkSAT, assumingall outer layersarealready
satisfied.The runningtime of RWalkSAT for suchanonion-like formula is exponentialin thenumberof
layers.This immediatelyleadsto anupperboundof �54�6IHKJML!��: . We thenlook morecloselyat theinnermost
layersof the onion, andshow that they canbe combinedinto one layer, on which RWalkSAT succeeds
quickly. This reducesthenumberof layersfrom >N?BA$C#DO�GF to >N?P��F , giving usthepolynomialupperbound.

We endour discussionby showing theoptimality of our technique,andpresentingonion-like formulas
on which therunningtimeof RWalkSAT is exponentialin thenumberof layers.

1.4.2 Lower Bound

RWalkSAT hasaone-sidederror, andonany unsatisfiableformulaalwaysgivestherightanswer. Henceit is
only interestingto investigatethebehavior of RWalkSAT onsatisfiableformulas.For clausedensitygreater
than ') "*! $ $ almostall formulasareunsatisfiable.Onewould like to analyzethe behavior of RWalkSAT
on thesatisfiableportionof theserandomformulas,alaswe have no goodcharacterizationof them. Thus,
we investigatethe closelyrelatedplanted-SAT distribution. In this distribution, onestartswith a random
assignment,andmakessurethattheformulaobtainedsatisfiesat leastthisassignment.Thisdistribution has
beenstudiedempirically[9] andtheoretically[6], andis closelyrelatedto otherplanted-NPinstancessuch
asplanted-cliqueandplanted-bisection, thathave receivedmuchattentionin recentyears[4, 15, 18].

For this distribution we have negative results.We show that for large enoughconstantdensity, almost
all formulasarehardfor RWalkSAT, andrequireexponentialtime until a satisfyingassignmentis found
(theorem4.2).

2This dualrole playedby randomnessis well studiedin statisticalmechanicsmodels,e.g. in thestudyof thespinglass model
andits variants
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In orderto prove this, we first investigatethe full CNF, comprisingof all clausesthat aresatisfiedby
the plantedassignment.We show that RWalkSAT performspoorly on this CNF. We then usestandard
concentrationtheoremsto show that thebehavior on therandomCNF is similar to thebehavior on thefull
CNF.

2 Preliminaries

Somegeneraldefinitionsaredeferredto appendixA. Ourupperboundis for thefollowing distribution.

Definition 2.1 Let QR�S betheprobabilitydistributionobtainedbyselecting��� clausesuniformlyat random
fromthesetof all TE��� � � � clausesof size� over � variables.<VUWQ �S meansthat < is selectedat randomfrom
thisdistribution. Wecall such a < a random� -CNF

RWalkSAT operatesasfollows. Given asinput a CNF over � variables,anda time bound X , it starts
by selectinga randominitial assignmentY5Z\[^]�.10_��` � . Then,at eachtime step X it checkswhether < is
satisfiedby Y5a . If Y5b satisfies< , thealgorithmsucceeds. If this is not thecase,arandomclause� is selected
from thesetof all clausesnot satisfiedby Yca . Yca is thenlocally “corrected”asto satisfy � . This is done
by selectingat randoma literal appearingin � , andflipping theassignmentof Yca on this literal. Thenew
assignmentis denotedY5a9d 8 andthe processis repeated,e times. If after e timesthe algorithmhasnot
founda satisfyingassignment,it givesup anddeclaresits failure. For thefollowing algorithm,we usethe
notation f 
\gih ej?=<�0kY�F for thesetof clausesof < thatareunsatisfiedby Y . Pseudo-codeof this algorithm
is givenin appendixB.

Throughoutthepaper, we usethenotation Yca to denotetheassignmentof RWalkSAT at time X . Y Z is
calledthe initial assignment. We alsodenoteby lnmpo!q�rpsutnvw?=<�0PexF a singleexecutionof RWalkSAT on the
CNF < , giventime bounde on thenumberof executionsteps.

3 Upper Boundsfor Small Density

In thissectionweprove thatwith highprobability, RWalkSAT findsin polynomialtimeasatisfyingassign-
mentfor arandom� -CNFwith low enoughclausedensity, �y�z�� ",#� (theorem3.6).Ourproofshows thatat
low clausedensity, a randomCNF canbepartitionedinto aconstantnumberof layers,suchthateachlayer
is easilysatisfiedbyRWalkSAT, if thehigherlayershavealreadybeensatisfied.Theexpectedrunningtime
is exponentialin thenumberof layers,andsowe getourpolynomialupperbound.

At suchlow clausedensity, eventhesimplepureliteral heuristicfindswith highprobabilityasatisfying
assignment[8, 21]. Indeed,ourproofusesheavily elementsof theoriginalprooffor thepureliteral heuristic,
givenby [8], andall the“layers” but thelastaresetsof clausesremovedby a singleapplicationof thepure
literal rule.

3.1 The Pure Literal Rule

A literal { in < is calledpure if it appearsonly asa positive literal, or only asa negative literal, in < . A
clausein < is saidto bepure if it containsa pureliteral. Whenseekinga satisfyingassignment,a natural
strategy is to startby assigningall pureliteralstheirsatisfyingassignment,andthusremoveall pureclauses.
Theremoval of pureclausesmayresultin theemergenceon new pureliteralsin therestrictedCNF, andthe
processmay berepeated.Thepure literal heuristic is theheuristicthat appliesthis removal processuntil
no pureclausesremain. If the remainingCNF is empty, the pure literal heuristichasfound a satisfying
assignment,andotherwiseit failed.
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Let us introducesomenotation.For < a CNF, define < Z � < , | Z to bethesetof pureliterals in < , and	 Z to bethesetof pureclausesin < . Recursively define<!b}d 8 to be <1b�~�	Gb , andlet |�b}d 8 02	Gb}d 8 berespectively
thesetof pureliterals,andpureclauses,in <1b$d 8 . Finally, let � be theminimal � suchthat |�b ��� . Notice
thatthepureliteral succeedson < if f <!� ��� . If <1� ��� we say < is � -pure.

[8] showed thatwith high probability thepureliteral heuristicfindsa satisfyingassignmentfor clause
density �z�� ",#� . In particular, they implicitly provedthefollowing theorem.

Theorem 3.1 [8] For every ���z�� ",#� there existsan integer � such that with high probability for <�U�Q �S ,� <)� � 3 �� ZMZ Si� .
3.2 Efficiency of RWalkSAT on Pure CNFs

Weclaimthattherunningtimeof RWalkSAT onan � -pureformulawith � clauses,is with highprobability>N?�� � F . This will immediatelygive quasi-polynomialupperboundson therunningtime for randomCNFs.
For brevity, theproof of thefollowing theoremis deferredto appendixC.

Theorem 3.2 For all ����� , if < is an � -pure � -CNFformulaover � clauses,thenfor anyinitial assignmentY ,
P � lnmponq#rpsutnvw?=<�0�?�,��_�VF � F fails

� Y Z � Y��G�^?����VF � �����R�����
3.3 Quasi-Polynomial Upper Bounds

Theorem3.2immediatelyimpliesquasi-polynomialupperboundsfor randomCNFs,with low clausedensity
(lessthan �� ",#� ). This factfollows from thenext theorem.

Theorem 3.3 For every �-� �� ",#� there exists a constant¡ such that with high probability <¢U£Q �S is?B¡¤�_A$C#DO�GF -pure.

Proof: Weneeda standarddefinitionandclaim from thecontext of randomCNFs(seee.g.[10]).

Definition 3.4 For < a CNF, wesay < is an ?���02¡/F -expanderif for all <¦¥¨§©< � <¦¥ � 3 ��0 �Kª¬« �u­!?=<¨¥}F � �®¡c� � <¦¥ � .
For < ¥c¯ < , theboundaryof < ¥ , denoted°7?=< ¥ F , is thesetof variablesthat appearin exactlyoneclause

of <¨¥ . < is calledan ?���02¡_F -boundaryexpanderif for all <¨¥�§±< � <¦¥ � 3 ��0 � °7?=<¨¥=F � �²¡O� � <¨¥ � .
WeusethefactthatarandomCNFis adecentboundaryexpander, asgivenby thefollowing lemma,the

proof of which is deferredto appendixE.

Lemma 3.5 Let � Z � �� ",#� . For anyconstant� 3 � Z whp <³U´Q �S is a ? �� ZMZ S �µ 0_�/. � ��F -boundaryexpander.

We now completethe proof. By theorem3.1, thereexists a constant� suchthat whp <)� is a � -CNF
with

3 �G¶1?�,�.#.u��·�F clauses.By lemma3.5we alsoknow thatwhp <)� is a ? � <)� � 0_�/. � ��F -boundaryexpander.
Noticethattheboundaryof <1� is asetof pureliterals,sinceeachvariablein theboundaryappearsin asingle
clauseof <)� . Therearelinearlymany pureliterals,andeachclausecancontainatmost � pureliterals.Thus,
thereexists a linear fraction of clausesin <)� that arepure. Removing theseclauses,we apply lemma3.5
againto <1� d 8 andremoveanotherlinearfractionof clauses.After >N?BA}C#DE�GF repetitionswehave removedall
clausesfrom < , andhence< is an >N?BA}C#DE�GF -pureCNF.
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3.4 Polynomial Upper Bounds

Theorem 3.6(Main Upper Bound) For any �¸�z�� ",#� thereexistsa constant� such thatwhpfor <VUWQ)�S ,

P � lnmponq#rpsutnvw?=<�0M� � F fails� �´¹»º1¼ ?P½¿¾À?��GFMF
Proof: First theproof intuition. Theorem3.3shows that < is >@?BA$C#DE�GF -pure. We take theinnermostlayers
of < , andview themasa singlelayer. Althoughthis layer is not a � -pureCNF, we useit’s largeexpansion
to claim thatRWalkSAT terminatesquickly on it, givenany initial assignment.

Formally, we usethefollowing lemmaandtheorem.Theproof of thelemmais deferredto appendixE
whereastheproof of thetheoremwill promptlyfollow.

Lemma 3.7 For any �¸�z�� ",#� andanyconstant¡��²� there existsan integer � such that whpfor <VUWQ �S ,<)� is a ? � <1� � 02¡_F -expander.

Theorem 3.8 If < is an ? � < � 0nÁ� F -expander, thenfor anyinitial assignmentY ,

P � lnmponq#rpsutnvN?=<70M� � F fails
� Y Z � Y�� 3 � �pÂ 6 � :  

For ¡ � �#¶�' , let � betheconstantpromisedby lemma3.7. <)� is whp a ? � <1� � 0Ã�#¶�'nF -expandingCNF. We
now proceedasin theproof of theorem3.2.

Let < ¥¨ÄÆÅ�Ç� <È~�<)� . Noticethat < ¥ is by definitiona � -pureformula. Split theexecutionof lnmpo!q�rpsutnvw?=<5F
into epochs, whereeachepochstartswhenaclausefrom < ¥ is considered.By theorem3.2andits proof, the
numberof epochsis whp ?�,��VF � . By theorem3.8, <1� is whpan ? � <)� � 0Ã�#¶�'nF -expander, andsoby theorem3.8
eachepochterminatesin cubictime. Thetheoremfollows by aunionboundasin (11)-(13).

Therestof this subsectionis devotedto theproof of theorem3.8. First a few wordsof intuition. For a
highly expandingCNF, thereis aneasyway to find a satisfyingassignment,namelyby finding a matching
from clausesto variablesandusingauniquevariableperclausefor thesatisfyingassignment.Thisstill does
not meanthatRWalkSAT will find suchanassignmentin shorttime. Noticethat if a CNF is � -expanding,
thenthereexistsanassignmentYc¥ thatsatisfies� literalsperclause,andthusRWalkSAT will terminatein
polynomialtime (becausefor eachunsatisfiedclausethereis a probabilityof at least �u¶�� of headingin the
directionof Y ¥ ).

Unfortunately, lemma3.7 only givesus ?��¬½±ÉÃF expansion,andthuswe needa new techniqueto show
thatRWalkSAT succeedson suchan instance.We show that for highly expandingCNFs, thereexists a
restriction Ê thatsatisfiestheCNF, andat eachstepthereis agoodprobabilityof headingtoward Ê .
Proof [Theorem3.8]: For < aCNF, a restriction Ê to < is anassignmentto

ª ¯ ªÀ« �u­n?=<5F , i.e. ÊÈ[\]�.10_��`�Ë ,
and

ª
is calledthesupportof Ê . We say Ê satisfies< , if for every clause��[³< thereis someliteral {Ì[Í�

that is satisfiedby Ê . For � a clause,the disagreementof Ê and � is the numberof literals in � that are
fixedby Ê (i.e. belongto its support)anddonotsatisfy � . Noticethatif Ê is asatisfyingrestriction,thenthe
disagreementof � is atmost � . Let themaximaldisagreementof Ê bethemaximumof thedisagreementof
aclausein < with Ê .
Lemma 3.9 If < is an ?��Î0nÁ� F - expanderover � clauses,thenthere existsa satisfyingrestriction Ê with
maximaldisagreement� .
Lemma 3.10 If < is a � -CNF over � variables,havinga satisfyingrestrictionwith maximaldisagreement� , then

P � l!mponq#rRs�tnvw?=<70M� � F fails� 3 ¹»º!¼ ?P½Ï¾À?��GFMF
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Theorem3.8follows immediatelyfrom thepreviouslemmas.

Proof [Lemma 3.9]: Form the following bipartite graph Ð . On the left hand,put one vertex for each
clausein < . On the right handside,put ' distinct verticesfor eachvariableappearingin < . Connectthe
vertex labeledby theclause� to all �_� verticeslabeledby variablesappearingin � . We do not careif the
appearanceis aspositive or negative literals.

Since < is an ?��Î0!Á� F -expander, Ð hasexpansionfactor � , i.e. for all subsetsg on the left handside,� 
 ? g F � ���Ñ� � g � , where 
 ? g F is thesetof neighborsof g . By Hall’s matchingtheoremwe concludethere
is an � -matchingfrom the left handsideto the right, i.e. eachnode � on the left handcanbe associated
with a set of � of its neighborson the right handside (denoted
 ¥ ?��ÌF ), suchthat for all clauses� 
�Ò 0 
 ¥�?��ÌF1Ó 
 ¥B? Ò F ��� . Wenow use
 ¥ to defineÊ . For any variableÔ , if thereexistsaclause� suchthat
 ¥ ?��¬F hasat least3 memberslabeledby Ô , thenset Ê¦?�Ô¦F to thevaluethatsatisfies� , andotherwise,leaveÊ¨?�Ô�F unassigned.Only ' verticesarelabeledby Ô , and 
 ¥�?��ÌFcÓ 
 ¥B? Ò F ��� for all clause�Õ
� Ò , so Ê is
well defined.Thelemmafollows from thefollowing pairof claims.

Claim 3.11 For anyclause� , Ê satisfies� .

Proof: � hasonly threevariables,whereas
� 
 ¥�?��ÌF � � � . By the pigeonholeprinciple somevariable Ô

appearingin � musthave threerepresentatives in 
 ¥ ?��ÌF , andby thedefinitionof Ê , � is satisfiedby Ê ’s
assignmentÔ .

Claim 3.12 For anyclause� , Ê candisagreewith � on at mostoneliteral.

Proof: Assumefor thesake of contradictionthat Ê disagreeswith � on two variables.Fromthedefinition
of Ê , thesetwo variableshave at leastthreeof their representativesin some
 ¥�? Ò FÃ0 
 ¥�?BÖ�F for someclausesÒ 02Ö�
� � . Since
 ¥ ?��ÌF hasno intersectionwith 
 ¥ ? Ò FÃ0 
 ¥ ?BÖjF , weconclude

� 
 ¥ ?��¬F � 3 �_�x½Í, � , . But
this contradictsthefactthat

� 
 ¥ ?��ÌF � � � .
Lemma3.9follows.

Proof [Lemma 3.10]: For Y×[\]�.10_��`_� and Ê a restriction,let �NØÌ?�YE0MÊ1F betheHammingdistancebetweenÊ and Y , measuredonly on the supportof Ê (the supportis the setof variablesfixed by Ê ). For X 3 �³· ,
let ��a � �NØ¬?�YcaM0MÊ)F . Let Ù�a � �ua9d 8 ½W�ua be the randomvariableindicatingwhetherthe X ’ th stepof the
executionwasgood( Ù�a � � , and Y5a9d 8 is closerto Ê ), bad( Ù�a =(-1)), or neutral( Ù�a � . ). NoticethatsinceÊ hasmaximaldisagreement� , we get that for all X , the probability of a neutralstepis at most �u¶�� , and
conditionedon astepbeingnon-neutral,theprobabilityof thestepbeinggood,is at least ��¶�� .

Standardargumentsfrom thetheoryof randomwalksshow thattheprobabilityof failurein time >N?��³��F
is exponentiallysmall (seee.g. [24], chapter11, pp. 245-247,for similar analysis).The lemmais proved.

3.5 Tightnessof Bounds

Deferredto appendixD

4 Lower Boundsfor Lar geDensity

In thissection,weshow thatRWalkSAT is notagoodalgorithmfor randomCNFswith largeclausedensity.
By definition,RWalkSAT givesthecorrectansweron any unsatisfiableformula. For large enoughclause
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density( �£%W') ", ), almostall formulasin QR�S areunsatisfiable[17]. Thus,onemayarguethatRWalkSAT
operatesvery well for thesedensities. On secondthought,on this distribution, even the constanttime
algorithmthat fails on every input, without readingit, operateswell. Thus,it makessenseto discussthe
performanceof RWalkSAT only on the uniform distribution over satisfiableformulaswith ��� clauses
(denotedÚcÛ�Ü S� ). Theproblemis thatfor smalldensities,ÚcÛ�Ü S� is notwell characterized,we don’t know
how to analyzeit. Weremarkthatfor � � ¾Ì?BA$C#DE�GF , ÚcÛ�Ü S� canbecharacterized(see[6] for moredetails).

Thus,following [6], weproposeto look atthefollowing pairof plantedSAT distributionsoversatisfiable� -CNFs.Thisdistribution is highly interestingin its own right. It hasbeenstudiedempiricallyin [9], andis
theanalogof theplantedcliqueandplantedbisectiondistributions,studiede.g.in [4, 15, 18].

Definition 4.1(PlantedSAT) Let Ý � S bethedistribution obtainedbyselectingat randomÞß[\]�.10_��` � , and
selectingat random��� clausesoutof all clausesof size� thataresatisfiedby Þ . Denotea randomformula
fromthisdistribution by <�U�Ý �S .

Let àc�S bethedistribution obtainedbyselectingat randomÞá[\]�.10_��`_� , andfor each clause� satisfied
by Þ , select� to be in < with independentprobability â S� � � SÁ 6ã� � 8;:�6I� � · : . Denotea randomformula from
thisdistribution by <³UWàc�S .

Theorem 4.2(Main Lower Bound) Thereexistsa constant� Z %®. , such that for all �¸�²� Z , ( � maybe
a functionof � ), whpfor <�UWà �S , or <³U�Ý �S

P � lnmponq#rpsutnvw?=<�0k��ä � F succeeds� 3 � � ä �
where É¿%®. is somea constant,dependingon � .

For simplicity, our proof will be only for thedistribution à � S , andwe point out that thesameanalysis
canbecarriedover to thedistribution Ý � S .

Therestof this sectionis devotedto theproof of theorem4.2. We warmup by discussingthecaseof <
beingthemaximalsizeCNF satisfyingÞ , andthenapplyour insightsto thecaseof a randomCNF. For the
restof this sectionwe assumewithout lossof generalitythat Þ , the randomplantedassignment,is theall
zerovector, denotedå. .

Thefull CNFof size � hasall clausesof size � thataresatisfiedby å. . In thenext subsectionweanalyze
the behavior of RWalkSAT on this CNF, andshow its inefficiency. We then generalizeour analysisto<ßU^à �S , claimingthat < is a “randompiece”of thefull CNF, andhencethebehavior of RWalkSAT on <
will becloseto its behavior on thissimpleformula.

4.1 Analysis of RWalkSAT on the Full CNF

Definition 4.3(Full CNF) æ � is the � -CNF containingall clausesof sizeexactly � (without repetitionof
literals) satisfying å. .
Theorem 4.4 P � lnmpo!q�rpsutnvw?=æ � 0k� � � 8 ZMZ F succeeds� 3 � � � � 8 ZMZ

For theproof of theorem,we needthefollowing lemma,theproof of which is deferredto appendixE.
The line of length � is thegraphÐ � � ª 02Öç% where

ª � ]�.10_��0/ / / �0M��` and Ö � ]n?��20M�nè×��F¿éu. 3 �E�©��` .
Lemma 4.5 Let ê bea randomwalk on theline of length � , startingat a position ëÃ¥G��ë . Assumethere is
an interval . 3 « �^ë such that for all vertices�x[©] « 0 « èì��0/ / / �0kë�` theprobability of makinga move in
thedirectionof . whenstandingonvertex � , is at most ��¶��À½\í , for someconstantíî%®. . Then

P � ê reaches . in lessthan �/ï#6ãð �pñ : steps� 3 � � ï#6òð �pñ :
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Proof [Theorem4.4]: For � � �� / / »� , let æ b� bethesetof clauseshaving � literalssatisfiedundertheunique
satisfyingassignmentå. . For Y�[W]�.10_��` � 0 � Y � �çó � , let �³ô�õ b be thenumberof clausesin æ b� thatarenot
satisfiedby Y . �³ô�õ b is well defined,becauseit dependsonly on ó , andnot on theactualassignmentY . �³ô�õ 8
is the setof all clauseshaving exactly onenegative literal, suchthat this literal is assigned� by Y , and
the remainingpositive literals areassigned. by Y . Since

� Y � �yó � , thereare ó �Î�5� 6=8 � ô :}�· �
suchclauses.

analogouscalculationsperformedfor �³ô�õ · 0M�³ô�õ � yield:

�³ô�õ 8 ��ó �ö�G÷ ?P�Ï½ ó F;�� øÌù �³ô�õ · � ÷ ó ��Àø ��?P�ú½ ó F;� ù �³ô�õ � � ÷ ó ��ÀøÌù (1)

Since æ � hasonly one satisfyingassignment,one can characterizethe moves of l!mRo!q�rps�t�vw?=æ � F as
eithergood, or bad. A goodmove is onethat reducestheweightof Yca , bringinguscloserto thesatisfying
assignment,whereasa badmove increasesthis weight. Wenow calculatetheprobabilityof makinga good
move on æ � , assumingthecurrentassignmenthasweight ó � . Let usdenotethis probabilityby 	Gô , andlet�³ô � �³ô�õ 8 è×�³ô�õ · èá�³ô�õ � .

	Gô � �³ô�õ ��³ô è �³ô�õ ·�³ô � �� è �³ô�õ 8�³ô � �� + � ô;û� è®� ô �· ?P�¿½ ó F5è ó 6=8 � ô : �·�¬ü ô û� è ô � 698 � ô :· è ô 6=8 � ô : �· ý (2)

� ó ·Eè©� ó ?P�Ï½ ó F5è�?P�ú½ ó F�·ó · è©� ó ?P�Ï½ ó Fcè®�)?P�ú½ ó F · � �ó · ½ß� ó è©� (3)

Elementaryanalysisshows that 	Gô is anincreasingfunctionof ó in therange ?B.10_��F , with A}þ}ÿ�ô�� Z 	Gô ���¶�� , A9þ}ÿ�ô�� 8 	7ô � � , and 	Gô � ��¶�� when ? ó ½®��F�· ��ó , whichhappensfor ó��x� � � � �· +�.1 "�#T#� .
From herewe arealmostdone. Whp

� Y Z � � ?P��¶���½WÉÃF;� , andfor any assignmentYca , the probability
of a goodmove dependsonly on

� Y a � . ThustheprobabilityRWalkSAT succeedsin e stepsis at mostthe
probabilityof a randomwalk on theline, startingatdistance%^?P��¶��À½áÉÃF;� , reaches. in e steps,wherethe
probabilityof moving in thedirectionof . whenstandingat position � is 	 b � � . Using(3), for � 3 �G¶!�/. we
get 	 b � � �z��¶���½®��¶!�/. . Lemma4.5completesourproof.

4.2 Generalization to � � S
In this sectionwe completetheproof of theorem4.2. As previously mentioned,the lower boundfollows
from theobservation that < is obtainedby takinga “small piece”of æ � . Thus,we expectthebehavior of
RWalkSAT on < to besimilar to its behavior on æ � . Therearetwo pointsweneedto becarefulabout.The
first is that < mayhave othersatisfyingassignments.We arguein lemma4.6 thatalthoughthis is true,for
large � theseassignmentsareall foundwithin smallHammingdistanceof å. . Thesecondproblemis that
theremightbesmallweightassignmentsfor which theprobabilityof makingagoodstepis large.Weshow
in lemma4.7thatfor large � , whpthisdoesnothappen.ThusRWalkSAT operateson à � S almostaspoorly
asit operateson æ � . Theproofsof lemmas4.6,4.7aredeferredto appendixE.

Proof [Theorem 4.2]: Let h ô betheeventthat < hasa satisfyingassignmentof Hammingdistancegreater
than ó � from Þ (whereÞ is theplantedassignment).

Lemma 4.6 For any ó %². thereexistsa constant� ¥ , such that for all �¸�W� ¥ , theprobability that <VU²à �S
hasproperty h ô is exponentiallysmall.
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Definea goodmoveof RWalkSAT asonethatdecreasestheweightof thecurrentassignment.Call a
clausegoodif f it hasat leasttwo negative literals. A goodclause,if selected,will make a goodmove with
probabilityat least�u¶�� , whereasabadclause, having only onenegative literal, will makeagoodmoveonly
with probability ��¶�� . We claim that thenumbersof badandgoodclausesaretightly concentratedaround
theirexpectedvalues,andthustheprobabilityof agoodmove in < is roughlythatof agoodmoveon æ � .

Fix Y±[\]�.10_��`_�¦0 � Y � �zó � , andrecallthedefinitionof �³ô�õ b from equations(1). For � � �� / / Æ� let ÙNô�õ b
bethenumberof clausesin < thathave � negativeliterals,andarenotsatisfiedby Y . SinceY is fixed,whereas< is random,ÙNô�õ b is arandomvariabledependingonly on ó andindependentof theparticularassignmentY .ÙNô�õ b is asumof �³ô�õ b independentcoin tosses,eachwith probability â S� . Moreover, all ÙNô�õ b ’sarecompletely
independentof eachother, becausethe æ b� ’s aredisjoint. Let �ö� �i0BâR� denotethebinomialdistribution over� coin tosses,eachwith successprobability â . According to our definitions, ÙNô�õ b U	�ö� �³ô�õ b 0Bâ S� � , and
 ô�õ b ÄÆÅ�Ç� Ö � ÙNô�õ b � � â S� �_�³ô�õ b . Pluggingin thevaluesof �³ô�õ b weget


 ô�õ 8 � � ó ?P�Ñ½ ó F�·_���� (4)


 ô�õ · � � ó · ?P�ú½ ó FP���� (5)


 ô�õ � � ó �_���� (6)

Let � 8ô ?�ÉÃF betheeventthatthenumberof badclausesnotsatisfiedby Y , ÙNô�õ 8 , is smallerthan ?P�¨½�ÉÆF 
 ô�õ 8 .
Similarly, let ��·ô ?B¡_F betheprobabilitythatthenumberof goodclauses,ÙNô�õ · èßÙNô�õ � is greaterthan ?P��èß¡_F5�? 
 ô�õ · è 
 ô�õ � F . Noticethatby definition, É 3 � , whereas¡ canbemuchlarger. Let � « �w? ó 02¡�0kÉÆF betheevent
that thereexistsanassignmentY�0 � Y � � ó ¥$�i0 ó ¶�� 3 ó ¥ 3 ó , suchthat � 8ô�� ?�ÉÃF or � ·ô
� ?B¡_F occurs,andhence
thenumbersof goodor badclausesarefar from theexpected.Thenext lemmashows thatfor largeenough� , this is not likely to happen.

Lemma 4.7 For any ÉÈ%ç.102¡�%��#� · and .á� ó 3 ��¶�� there existsa constant��¥ ¥ú%�. such that for all�¸�²� ¥ ¥ , theprobability that <VUWà �S hasproperty � « �w? ó 02¡�0kÉÃF is exponentiallysmall.

We do not attemptto optimizeconstants.Set É � ��¶��!02¡ � ��. , and ó@� ¡ � � . By lemmas4.6 and4.7,
thereexistssome� for which bothP � h ô � · � andP � � « �w? ó 02¡�0kÉÃF � areexponentiallysmall. Fix this � . Whp
for <±U�àc�S , all satisfyingassignmentshave weight � ó �G¶�� . Notice that for ó ����¶�� , 
 ô�õ b increaseswithó . For any Y with weight ó �G¶�� 3 � Y � 3 ó � , by lemma4.7 thenumberof badclausesunsatisfiedby Y is at
least ��¶��À� 
 ô � · õ 8 % � ó ����#T % ¡ � � ����/.
Similarly, assuming
 ô�õ · % 
 ô�õ � , which is truefor ó � ��¶�� , thenumberof goodclausesunsatisfiedby Y is
atmost �1�u? 
 ô�õ · è 
 ô�õ � F 3 '���� �� ó · ?P�¿½ ó FP���ß�²��. ó · ��� � ¡ � � ���
Thus,

P �Goodmove� 3 ü 8� ����� û8 Z è±¡ � � ý ���� � û8 Z ��� � �� è �'u. �Ì�z��¶��
Whp theinitial assignmentof RWalkSAT will have weightgreaterthan ó � . Any satisfyingassignment

musthave weightlessthan ó �G¶�� . For any assignmentY having weight ó �G¶�� 3 � Y � 3 ó � , theprobabilityof
RWalkSAT makingagoodmove is verycloseto ��¶�� . Lemma4.5completestheproofof thetheorem.
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5 OpenProblems

Deferredto appendixF
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A Definitions

For Ô a Booleanvariable,a literal over Ô is either Ô or �Ô (thenegationof Ô ), where Ô is calleda positive
literal and �Ô is a negativeone. A clauseis a disjunctionof literals,anda CNF formula is a setof clauses.
Throughoutthispaperwereservecalligraphicnotationfor CNFformulas.For < aCNF, let

ªÌ« �u­!?=<cF denote
the setof variableappearingin < . An assignmentto < is someBooleanvector Yç[ ]�.10_��` Ë ñ ��� 6���: . The
weightof Y , denoted

� Y � , is thenumberof onesin it.
A coin tossÙ is anindependent]�.10_��` -valuedrandomvariable,andits successprobability is P � Ù � �Æ� .

For 	 a distribution over someuniverse ¾ , we usethe notation Ù U 	 to denotethat Ù is a random
elementfrom ¾ , picked accordingto the distribution 	 . We usethe following Chernoff bounds(seee.g.
[22], Theorems4.1,4.2).

Theorem A.1 For Ù U��ö� �i0BâR� , with .��ÎâV�z� , 
 � ÖÈ� Ù³� � �1â , andfor all ¡�%®. :
P � Ù %ì?P��è±¡_F 
 �G��÷ � �?P��è±¡_F 8 d � ø � (7)

For .��²É 3 � :
P � Ù �ì?P�ú½áÉÃF 
 �5�²�#� ä � � � · (8)

Additionally, we make oftenuseof thestandardbound

÷ �� � ø 3 � Ø�� 6���:�� � (9)

where "!�?�#uF � #7A%$ 8& è�?P�ú½'#uF!A($ 88 � & is theentropy measure.

B RWalkSAT - Pseudocode

RWalkSAT( <�0Pe )
Select Y×[î]�.10_��`_� at random
Initialize � � .
While X¤�±e do ]

If <�?�Y7F � � return (‘‘Input is satisfied by ’’ Y )
Else ] Select� [îf 
\gih ej?=<�0kY�F at random

Select literal {x[V� at random
Flip assignment of Y at { .Xcè®è ` `

Return ‘‘Failed to find satisfying assignment in e steps.’’

C Proof of Theorem3.2

By inductionon � . For � � � , noticethatall clausesin < arepure,andthus,if � [ < is theclauseunsatisfied
by Y5a , andselectedby l!mponq#rRs�tnv at time X to besatisfied,with probability �ì��¶�� wewill fix apureliteral to
its correctvalue,andthustheclause� will neverbeunsatisfiedagainduringtheexecutionof thealgorithm.

For X 3 ,�� , let Ù a be the indicator randomvariablethat is � if the clauseconsideredat time X was
satisfiedby a pure literal, and . if this is not the case. If RWalkSAT terminatesat time e&��,�� , letÙ�aM0×XÀ%ze bean independentcoin tosswith successprobability ��¶�� . Let Ù �*) � �a%+ 8 Ù�a . Noticethatby

14



definitionof thealgorithm,andthefact thatall clausesarepure,eachÙ�a is an independentcoin tosswith
successprobability �ì��¶�� , so 
 ��, ?�Ù\F¤�²��� . By theChernoff bound(7) weget:-/. � l!mRo!q#rRs�t�v¨?=<70k,��VF fails� 3 -0. � Ù �z��¶�� 
 �7�®� � � ��1 � � �R����� (10)

For theinductionstep,noticethattheCNF 	 8 is � -pure,and < 8 is an ?���½\��F -pureCNFover thevariable
set
ª¬« �u­!?=<cF�~ ªÀ« �u­n?B| 8 F . Wecanview RWalkSAT asoperatingon < 8 with occasional“noise”. Eachtime

a clause��[î	 8 is selectedoneof two thingsmayhappen.Either � is satisfiedby fixing somepureliteral
to its satisfyingassignment.In this case� is permanentlysatisfiedandremoved from < andthis removal
hasno effect on < 8 , since

ªÌ« �u­!?=< 8 FGÓ ªÌ« �u­!?B| 8 F ��� . Otherwise,� is satisfiedby someliteral that is not
in | 8 , andwe view this asa perturbationto the currentassignmentYca . The main point is that with high
probability, the numberof suchperturbationsin >N?��VF . Now we apply inductionto claim that after each
suchperturbation,RWalkSAT will take atmost ?�,��VF � � 8 time to find a satisfyingassignmentto < 8 .

Formally, divide the executionof lnmpo!q�rpsutnvw?=<�0�?�,��VF � F into epochs. An epochstartsafter a clause��[³< 8 is pickedandsatisfiedby a literal not in | 8 . Let ­ bethenumberof epochs,andâ bethemaximal
timeof anepoch.

Claim C.1
-/. �K­¬%²,�� � 3 � �R�����  

Proof: Similar to thecaseof � � � . Let e bethenumberof clausesfrom 	 8 consideredduringtheexecution
of l!mponq#rRs�tnv , andlet � 8 0/ / / _0Ã�02 be thesetof theseclauses,orderedin theorderwhich they werepicked
by thealgorithm,with repetitions.For X 3 ,�� , let Ù�a be the indicatorrandomvariablethat is � if the �Oa
wassatisfiedby apureliteral, and . otherwise.If e^�²,�� , let Ù�aM0öX¤%±e beanindependentcoin tosswith
successprobability ��¶�� . Let Ù �3) � �a%+ 8 Ù a . Apply theChernoff boundasin (10).< 8 is �x½®� pure,soby inductionweknow thatfor any assignmentY

P � l!mponq#rRs�tnvw?=< 8 0�?�,À�/�VF � � 8 F fails
� Y Z � Yc�G�ì?����VF � � 8 ��� �R�¤���

Usingclaim C.1we getthatfor any Y ,

P � lnmponq#rpsutnvw?=<�0�?�,��/�VF � F fails
� Y5Z � Yc� 3

P �K­Ì%²,�� �)è P � âV%ì?�,��VF � � 8 � ­ 3 ,�� � (11)� � �R����� è®,��¸�n?����VF � � 8 ��� �R����� (12)3 ?����VF � ��� �R����� (13)

Theorem3.2follows.

D Tightnessof Bounds

One may hopethat in the caseof a formula that is satisfiableby the simple pure literal heuristic,there
might bea betterupperboundfor RWalkSAT. In this subsectionwe show thatourmethodencapsulatedin
theorem3.2 is essentiallytight. Thefollowing theoremalsoshows a separationRWalkSAT from thepure
literal heuristic.

Theorem D.1 For arbitrarily large � , thereexist formulasof size� , thataresatisfiable(in polynomialtime)
by thepure literal heuristic,whereasP � lnmpo!q�rpsutnv�?=< � 0k� ä �1F succeeds� �54 ?P��F .
Proof: Usethefollowing formula,which is aslight variationof the Ù -DAG contradictionusedin [5].
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Definition D.2 Let 6 � bethefollowingCNF over variablesÔ 8 0/ / / _0MÔ � 087 8 0/ / / �087 � 0�9 :
]��Ô 8 `;:�]<�7 8 `=: � � 8>b?+ 8 ]_Ôwb�@A7#bB@C�Ôwb}d 8 `=: � � 8>b?+ 8 ]_Ôwb�@A7#bB@D�7#b}d 8 `E:V]_Ô � @F7 � @G�91`

6 � hasauniquesatisfyingassignment,å. . Moreover, 6 � is � -pure,because�9 appearsonly in oneclause,
andonce 9 is satisfiedandremoved, �7 � 0H�Ô � eachappearin oneclausein theremainingformula. Thus,one
canrepeatedlyremove Ôwb � 8 087#b � 8 until all the formula is satisfied.This immediatelyimplies that thepure
literal heuristicsucceedson 6 � (in polynomialtime). Weclaim that l!mRo!q�rps�t�v requiresexponentialtime to
succeedon 6 � .

Let Ù�a bethenumberof onesassignedby Yca to thevariablesÔ · 0/ / / 2Ô � 087 · 0/ / / �7 � . Whp Ù Z %ì?P��½³ÉÃF;� ,
andif l!mponq#rRs�tnvw?I6 � 0PexF succeeds,we know ÙJ2 � . . But for every stepX , theprobabilityof Ù�a decreasing
is at most ��¶�� . Thetheoremfollows from standardargumentsfrom thetheoryof randomwalks.

E Proofs

Proof [Lemma 3.5]: First we notethatavery goodexpanderis alsoadecentboundaryexpander:

Lemma E.1 If < is � -CNF ?���02¡_F -expander, thenit is an ?���0k�À��¡¤½ß�uF -boundaryexpander.

Our proof follows immediatelyfrom lemmaE.1 andthefollowing slightly strongerversion3 of lemma
4.4of [8].

Lemma E.2 [8] Let � Z � �� ",#� . For anyconstant� 3 � Z whp <VUWQ)�S is a ? �� ZMZ S �µ 0k�u¶��Rè �/. � � F -expander.

Proof: Set É � �/. � � . Let hLK be the event that thereexists a setof � clauseshaving lessthan �u¶���èìÉ
variables. Let us boundthe probability of thesebadevents,usinga union bound. Let � � �� ZMZ S �µ , and¡ � �u¶��¿è®É . Wemake useof thefollowing well-known inequality � � K � 3 � ! �K � K .

P � � « �#� 3 �MK + 8 P � hNK � 3
�M K + 8 ÷ ����±ø �G÷ �¡��)ø �7÷ ¡���îø �

K
(14)

3 �MK + 8 ÷ ��� Z �� ø K �¦ü �/�¡�� ý � K �7÷ ¡��� ø � K (15)

3 �MK + 8
O ?�� 8 d � ¡ � � � ��Z_F7�5÷ ��úø · � �
P

K
(16)

3 �MK + 8
O �u�x� ÷ �� øRQ� � ä P

K ��4 ?P��F (17)

Wherethelastinequalityholdsfor � 3 �� ZMZ S �µ .
Proof [Lemma 3.7]: Weneedthefollowing lemmaof [10].

3Theoriginal lemma4.4of [8] only neededexpansionfactorof SUTWV , whereaswe needa constantfractionmorethan SUTXV . The
proof is essentiallythesame.
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Lemma E.3 [10] For all constants�Õ%�.102¡��z� there existssomeconstantó %�. such that whp <ÎUzQR�S
is a ? ó ���i02¡_F -expander.

Let ó be the constantpromisedby lemmaE.3, for � � �� ",#� and ¡ � �#¶�' . By theorem3.1,
� <1�
Q
� 3�G¶1?�,�.#.u� ·Z F , for someconstant� 8 . By lemmaE.2, <)�

Q
is a ? � <)�

Q
� 0kÉÆF -boundaryexpander, for someÉú%². . As

observedin theproofof theorem3.3,
� 	Gb � �²É ¥ � for all �O�²� 8 , andhence

� <)� � � 3 ó � . Thelemmais proved.

Proof [Lemma 4.5]: Let e � � ä � . for X 3 e , let �_a bethepositionof ê at time X , andlet Ù�a betherandom
variablethatis � if ê doesagoodmove (towards. ) at time X , and ½À� otherwise,Formally, Ù a � � a ½�� a9d 8 .
Assumeê reaches. at time X · . Since� 8 �²ë , theremustbea time interval � X 8 0MX · � in which . 3 �_a 3 ëîX¤[� X 8 0MX · � . Thismeans) a �a%+¨a

Q
Ù�a � ¡ , where¡ � ë�½ « . Let X · ½�X 8 � �#­�èÍ¡ . Recallingthatfor all X�[ß� X 8 0MX · � ,

P � Ù�a � ½Ì�Æ� 3 ��¶���½\í , weget

P � a �Ma%+¨a
Q
Ù�a � ¡Ã� 3 ÷ �#­�è©¡­ ø �n?P��¶��À½Í��F �;d � ��?P��¶��ÏèáícF � (18)

3 ÷ �#­ è×¡­Oè±¡_¶�� ø ��?P��¶�'¬½Îí · F � ��?P��¶��Ì½\í�F � (19)3 � · ��d �Y �#­ è±¡ ��?P��¶�'j½\í · F � �n?P��¶��À½îícF � (20)3 �Y �#­ è±¡ ��?P�ú½Í'�í · F � ��?P�ú½ß��í�F � (21)3 �Y �#­ è±¡ � ¹»º1¼ ?P½Ì?�'�í · ­�è®��í¨¡_FMF (22)3 ¹»º1¼ ?P½Ì?���í¦¡/FMFY ¡ (23)

Sincethereareat most e · possibleselectionsof X 8 0MX · , setting e � �»ï � � · , andtaking a union bound,
completestheproof.

Proof [Lemma 4.6]: Assumingwlog Þ � å. , let usboundtheprobabilityof theevent h ô . For eachfixedY±[ß]�.10_��`_� having weight ó � , thereare � � � � ½ � 6=8 � ô :}�� � +(?P�¿½²?P�Ï½ ó F � F;� � ¶�, clausesthataresatisfiedbyå. andnotby Y .

P � <i?�Y�F � �Æ� + ?P�ú½öâ S� F 6=8 � 698 � ô : û :$� û � � (24)3 ¹»º1¼ ?P½Ì?P�ú½W?P�ú½ ó F � F7���@¶#�#F (25)

Usingaunionboundandthestandardinequality(9), we get

P � h ôk� 3 �ö� ÷ �ó �5ø � ¹»º!¼ ?P½¬?P�ú½²?P�ú½ ó F � FG��� ¶#�#F (26)3 ¹»º1¼ ?M?� ! ? ó Fi½ �³?P�ú½®?P�ú½ ó F � F� F7�/� è©A($¤�GF (27)

Thus,when �¸% �Z [!�? ó F�ú½®?P�Ï½ ó F � (28)
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we getthatP � h ôk� 3 ¹»º1¼ ?P½¿ÉM�GF , for someconstantÉ¿%®. .
Proof [Lemma 4.7]: We boundtheprobabilitiesof � 8ô
� ?�ÉÆF and ��·ô
� ?B¡_F individually, for any ó ¶�� 3 ó ¥ 3 ó .
Westartwith � 8ô � ?�ÉÃF . Pluggingthevalueof 
 ô�õ 8 , givenin (4), into theChernoff bound(8) we get

P � � 8ô
� ?�ÉÆF �G� ¹»º1¼ ?P½¿É · 
 ô � õ 8 ¶��uFú� ¹»º1¼ ? ½¿�#É2· ó ¥ ?P�ú½ ó ¥ F�·»����»' F (29)

Now we dealwith ��·ô � ?B¡_F . Firstnoticethatfor any ó �z��¶�� , �³ô�õ � �©�³ô�õ · , so

P � � ·ô � ?B¡_F � � P � ÙNô � õ · è×ÙNô � õ � %ì?P�Oè±¡_F7�!? 
 ô � õ · è 
 ô � õ � F � 3 � P � ÙNô � õ · %z?P��è×¡_F 
 ô � õ · �
Assuming¡�%²�#��· , andpluggingthevalueof 
 ô�õ · givenin (5) into theChernoff bound(7) we get

P � � ·ô � ?B¡_F � 3 � P � ÙNô���õ · %ì?P�Oè±¡_F 
 ô
�9õ · � (30)� �)? � �?P�¤è±¡_F 8 d � F �]\ �_^ � �^? �¡ F � �`\ �%^ � � ¹»º1¼ ?P½ú¡ 
 ô���õ · F (31)

� ¹»º1¼ ? ½¿��¡ ó ¥ ·�?P�ú½ ó ¥ FP���� F (32)

Noticethatfor ó �z��¶�� , thevalueof (29)and(32) is maximalwhen ó ¥ is minimal (i.e ó ¥ ��ó ¶�� ). Using
aunionboundoverall assignmentsof weightbetweenó �G¶�� and ó � , we get

P � � « �w? ó 02¡�0kÉÆF � 3 �ö�G÷ �ó � ø �¦ü P � � 8ô � · ?�ÉÃF �1è P � � ·ô � · ?B¡_F � ý3 ���³� ¹»º!¼ ÷ �ö� ÷  [!�? ó F�½ß����ÿ@þ($w] ½¿�#É · ? ó ¶��uF»?P�Ï½ ó ¶��uF ·�»' 0 ½¿��¡#? ó ¶��uF · ?P�ú½ ó ¶��uF� ` øÏø
Noticethatonce ó 0kÉ_02¡ arefixed,wecanselect� suchthat

 "!�? ó Fi½á���_ÿNþ($¨] ½¿�#Ék·u? ó ¶��uF»?P�Ñ½ ó ¶��uF�·�»' 0 ½¿��¡#? ó ¶��uF�·n?P�ú½ ó ¶��uF� `¬�®.
Lemma4.7 follows.

F OpenProblems

1. Whatis thelargest� for whichonecanprove lnmpo!q�rpsutnv to havepolynomialrunningtimeon <VU²Q �S
? As afirst step,canoneprove polynomialupperboundsfor � 3 �! "�#� , for whichsimilar boundsare
known for myopicalgorithms[3] ?

2. Whatis thelargest� for whichonecanprove lnmpo!q�rpsutnv to havepolynomialrunningtimeon <VU²àc�S
?

3. Is thereanefficient algorithmthatfindswhp a satisfyingassignmentfor <ÍUìàc�S , andlargeconstant� ?

4. Whatis theconnectionof à � S to ÚcÛ�Ü S� for constant� ? Do boundsin onedistribution imply bounds
in theother?

5. Canonefurthercharacterizeinstancesanddistributionson whichRWalkSAT performswell ? How
aboutinstancesthatcorrespondto CNFsencounteredin practice?
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