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Abstract

Sampling rare, short-time, and reactive trajectories is of considerable interest in
molecular simulations. These trajectories, which are also called “activated”, hop between
stable states separated by energy or entropy barriers. Simulations of activated trajectories
with random sampling of initial conditions are inefficient, since most initial conditions
lead to trajectories that do not pass the barrier in short times. A boundary value
formulation is proposed that selects these rare trajectories, making the sampling of point-
to-point reactive trajectories more effective. Earlier boundary value formulations by one
of us focused on computations of approximate trajectories. In the proposed method,
trajectories are accurate even when we employ a relatively large integration step (by a
factor of about 100 compared to initial value methods). The boundary value solutions to
short time reactive trajectories tend to be unique and have significant statistical weights
compared to other reactive trajectories of the microcanonical ensemble. Three numerical
examples are considered: A transition in the Mueller potential, a conformational change

in alanine dipeptide, and an isomerization in a Lennard Jones cluster.



I. Introduction

Molecular dynamics simulations are powerful tools in the analysis of microscopic
phenomena. Kinetic and thermodynamic properties of matter are studied on the computer
by solving microscopic equations of motions. While highly successful in many cases,
significant limitations remain. One of these limits is of sampling rare events. In numerous
cases only a tiny fraction of the trajectories are “productive” after time t (reaching a
desired final state). Because of the rarity of these reactive processes the overall rate of an
ensemble of these trajectories (or the average time of reaction) can be very long even if
the actual transition is rapid. Therefore, sampling of rare transitional events is
computationally demanding. This paper focuses on this challenge, and suggests a method
for efficient sampling of rare, short time, and reactive paths. We restrict the discussion to

Newtonian’s trajectories.

We describe the dynamics of the system with the coordinate vector X (t) -- the

(Cartesian) position of the system at a time instant t. We divide the coordinate

(conformational) space into three. The system can be in the reactant state (R) , the

product state (P), or in a transitional state (Tr) (figure (1)).



Figure 1.a

Figure la: A schematic drawing of an activated trajectory going from R to P. The system is initially trapped
in a minimum R and is undergoing a rapid transition to minimum P, making the transition a rare event.
Here we are primarily interested in the (short) time in which the trajectory is not in R or in P.



Figure 1b

Figure 1b: A schematic drawing of a rare transition due to geometrical factors. A non-equilibrium
distribution is prepared at the state R. This state which is of high energy is relaxed rapidly to P and to A.
Since the channel to A is much broader than the channel to P most trajectories end at A. The transition to P
is therefore rare (but fast)

We determine the characteristics of trajectories that started in R at time zero and found
in P after total time T .

The most straightforward way to compute reactive trajectories is to sample initial

conditions X (0),Q(0) from a starting probability density p,(X,Q) (Q is the
momentum). The probability density we have in mind is either of the microcanonical
ensemble —(p, (X,Q) = 5( E(X,Q)- EO) where E is the total energy and E, a
predetermined value of the energy), or of the canonical ensemble

(P, (X,Q)= exp[—ﬂ E(X ,Q)] / Z where f is the inverse temperature and Z the



partition function (z = j exp(-BE(X.Q)) dXdQ) ). With the initial conditions at hand

we integrate the equations of motions up to the specified time T (m is the diagonal mass

matrix and U the potential energy).

dX =m'Q and d—Q— au

— = = 1
dt dt  dX )

If the system is ergodic, and if it reaches equilibrium then an ensemble average of a

function f (X,Q) -- <f (X,Q)>=jpo(X,Q) f (X,Q)dXdQ can be performed as an

S ey —

average over time and a single long trajectory < f (X ,Q)> :Tl f (X (t), Q (t)) dt. Here
we do not require ergodicity or equilibrium which means that averages must be done with

respect to the initial distribution p, ( X, Q) . A trajectory with a final coordinate vector,

X (T)e P, is reactive. If the end configuration is not in P, then this trial failed and

produced a non-reactive trajectory (nevertheless, the calculations of non reactive
trajectories is not a complete loss, since non-reactive trajectories can be used to estimate

the fraction of reactive versus non-reactive paths). It is obvious that if only a tiny

fraction of the trajectories initiated according to p, (X , Q) reacts, then a large fraction of

straightforward trial trajectories would be a miss. The actual fraction can be so small that

straightforward sampling of reactive trajectories may not be practical.

In light of the difficulties in straightforward sampling of reactive trajectories it is
desirable to use a less straightforward approach and bias the sampling of the initial
conditions to produce trajectories that spent less time in the reactant state and cross the

barrier more readily than typical trajectories. This is in the spirit of the “biased sampling”



of individual configurations' in computational statistical mechanics. Instead of
configurations this time we bias the sampling of trajectories. Such biases are used at
different levels:

(1) Generation of approximate, or average trajectories from R to P to study
qualitative reaction mechanisms’. Examples of subsets of “approximate”
trajectories include minimum energy or free energy paths3'8, and trajectories
with filtered high frequency modes®'? (of course, free energy paths have more
uses than qualitative studies of mechanisms).

(i1) Generating exact trajectories from R to P, but without accurate knowledge
of their statistical weights. These Newtonian trajectories model better kinetic
energy and inertial effects compared to option (i). The probability of the
reactive trajectories that are sampled this way is assumed to be significant (see
also figure 1). However, because of the lack of exact weight, it is difficult to
compute the reactive flux and the rate. Therefore, additional calculations are
necessary to compute rate in this way..

(ii1))  The third option computes reactive trajectories and their corresponding
statistical weights. The weights enable for example the calculations of the rate
of the reaction. Option (iii) is the most demanding computationally.

Significant progress was made in the direct application of option (iii) for large molecules
in the condensed phase'*'*. Of considerable theoretical interest is the transition path
sampling approach'. Nevertheless, rate calculations are limited to systems in equilibrium
and to reactants and products that are strong attractors. Trajectories are initiated in the

transition region and the equations of motion are integrated in the backward and forward



directions to R and P respectively. With the additional restriction of equilibrium the
weights of the “patched” trajectories can be computed. If R and P are only weak
attractors, trajectories initiated at Tr are unlikely to terminate at the desired reactants and
products. For the last case this approach is not necessarily better than the straightforward

method in which the trajectories are initiated simply at R .

Another important group of rare, short time, and reactive paths is of non-equilibrium

trajectories. The distribution p, ( X ,Q) can be a product of an external perturbation

(absorption of a photon, temperature jump, etc.) that prepares the system in an initial non-
equilibrium state and then is turned off. Typically, we follow the relaxation of the system
to a new state either computationally or experimentally. For this class of problems
equilibrium considerations apply only asymptotoically at the long time limit. It is
necessary to directly initiate trajectories according to the above distribution. If our
interest is focused on a small fraction of these non-equilibrium trajectories that end at a

known desired product (e.g. figure 1), then the selection of reactive trajectories is

difficult.

Here we propose an alternative approach for the sampling of reactive trajectories that is
not based on initial value formulation. Instead we solve a boundary value problem and
compute a whole trajectory from reactant to product as a single minimization task. The
proposed approach can be classified as an intermediate between methods (i1) and (iii).
The computed trajectories are exact but the precise calculation of the weight can be

expensive. In section VI we consider the computations of relative rates.



Studies of activated trajectories with boundary value formulation have a number of
advantages compared to initial value solvers. Most importantly, boundary value
formulation selects only reactive trajectories that end at the desired products while initial
value solvers are likely to have many misses. Nevertheless, there are also some negative
aspects to the use of boundary value formulation. First, the optimization of the whole
trajectory (many time slices) is demanding in computer memory and expensive in terms
of CPU time. These difficulties are to be contrasted with the calculation of a single frame
at a time in initial value formulation that requires less memory and CPU per step. For a
fixed time step and system size the boundary value formulation is considerably more
expensive computationally. In practice boundary value calculations of exact classical
trajectories are limited to short time trajectories for which the cost of the calculation is
not high. An estimate of the computational efficiency of boundary value calculations
compared to initial value studies is provided in section VII.3

The limitation to short time trajectories is not a significant restriction for the problem at
hand since both of the processes that we are interested in: (a) passage over a large energy
barrier, and (b) rapid relaxation to rare products, are quick (if we remove from
trajectories of type (a) the “incubation” period, which is the (typically long) time spent at

the reactant state prior to crossing the barrier).

Another non-trivial problem with the boundary value formulation is of uniqueness. In
contrast to initial value formulation that generates a single unique trajectory (when the

initial velocities and coordinates are given), the boundary value formulation (the initial



and final coordinates, and the total time are fixed) can have more than one solution. In
section III.1 we illustrate numerically that the usual boundary formulation, based on
Lagrangian mechanics, is ill posed. Numerous (and different) trajectories solve the same
boundary value problem. The multiplicity of solutions needs to be addressed to ensure the
proper convergence of the calculations to a unique solution and in order to estimate the
weight of a particular boundary value. We introduce in section VI an algorithm to
compute relative rates in which we sample trajectories, compute averages, and avoid the
absolute weight problem.

The multiplicity of boundary value solutions should not come as a surprise. Consider a
long time ergodic trajectory that reaches the “statistical-mechanic” limit in which a single
trajectory samples extensively coordinate space. In this case the probability of “hitting”
the end point is independent of the initial conditions or the total time of the trajectory.
This means that for a sufficiently large number of trials and long times, more than one

solution for the pre-specified end point is likely to be observed.

I1. Minimal time, point-to-point calculation of classical trajectories
The problem is formulated as follows: Given the two states R and P, and two

coordinate sets X; € R and X, € P of a reactive trajectory, compute a classical

mechanics trajectory with a minimal time T and a bias to low energies. More

T,Xs
specifically, we seek the stationary path of the classical action'”, S = .[ Ldt , for which

0.X;

T is a minimum. The bias to low energies is added to a Monte Carlo procedure that
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searches for the classical path. The minimal time requirement removes significant

incubation period, and as we demonstrate below, makes the problem better posed.

Boundary value formulations (without the minimal time condition) were proposed by
Gillilan and Wilson'® in the context of a rubber band model of trajectories, by Cho, Doll
and Freeman'’ using Fourier space, and by Olender and Elber’ in the context of the
Onsager-Machlup action'®. Recently, Passerone et al. studied activated trajectories using

another boundary value formulation'”,

As mentioned in the Introduction the application of the boundary value approach to

compute long time and exact dynamics is difficult because (a) The optimization of an

accurate long trajectory (including incubation time) is demanding in computer memory
and CPU time compared to the calculation of a single frame at a time in initial value
formulation. (b) We illustrate below that the solution for a long time boundary value
problem is not unique. The above two problems are addressed by the minimal time
condition that selects trajectories that are (i) nearly unique and (ii) more direct and
therefore easier to compute. Hence besides focusing on the most interesting component
of the transitions, these trajectories are more accessible to boundary value calculations.
For computational purposes it is convenient to write a discrete version of the classical
action. The action becomes a function of the set of intermediate coordinates

Sﬁi““i(ﬂ%f—““ﬂ}t @)

=y
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The discrete coordinate sets provide a “basis-set” for the trajectory. X, is the vector of

(Cartesian) coordinates of time slice i. The condition that the action is stationary

provides a set of equations for the intermediate coordinates while X, and X, are kept

fixed.
_ Co=2X. dU (X, .
L5 Xt X, 22X, QU(X) i=1..,N-1 (3)
At 0X, At dX,
These equations are solved iteratively as follows:
1. Use a guess to interpolate between the two minima. In the examples below a

straight line interpolation was used. Pick an initial time for the trajectory that should be
small based on some knowledge of the system properties (e.g. a transition time in
peptides is less than a picosecond). Use a small number of time slices (e.g. 20-40) to
describe the trajectory.

2. Solve the second order system of Verlet’s equations (equation (3)) with fixed

boundaries. From (3) the residual vectors for the internal points i =1,...,N —1 are

=X

i+1

+ X, —2X, +m~'At? ZTU . The goal of the solution is to reduce all r; to 0. This

is accomplished by point-by-point iterations either by simulated annealing (SA) that

minimize the sum of F'r. or by Kaczmarz iterations™ (the simple Gauss-Seidel

i
iterations”' do not converge). In Kaczmarz iterations, in contrast to Gauss-Seidel’s,
changes are made not just to a single point (e.g. point i), but also to all its neighboring
points as well. The neighboring points are all those points appearing in the equation for
the i-th point. The coefficients of the neighboring points in the i-th point equation,

determine the weights of the changes of these points. While iterating on the i-th equation,

12



the positions X,, X, ,,and X, are updated so that I, vanishes. A global minimizer (like

simulated annealing) is necessary since elimination of local minima is required. The
observation that the residuals sometimes increase before decreasing suggests that the

system was trapped in a local minimum. A global minimizer also enables the search for

multiple solutions. Convergence is assumed when the norm of residuals ||r|| = ﬁi(h’l |)

i=1
falls below a cutoff value (e.g. for the Mueller potential the cutoff is 10~ ) and the energy
is conserved up to a few percents. A typical convergence plot for a simulated annealing
run is shown in figure 2.

3. Gradually decrease the total time T and use the spatial coordinates obtained with
the larger T of the previous time as an initial approximation for the smaller T . Solve the
resulting system as described in step 2.

4. When T becomes small enough in step 3, either convergence fails because of a
sudden and significant change in the shape of the trajectory or some other significant
changes occur in the system, such as abrupt rise in the energy. The process stops at that
T, and the solution of the previous total time is kept. We locate a local minimum of time
in the neighborhood of the initial guess (of the minimal time) and in the neighborhood of
a given energy. We do not search for a global minimum (which is a straight line and of
high energy). A search bias towards lower energies can be added in the annealing process

by a penalty function E which, at the time slice i, is equal to 0 if the energy E,; is

penalty

below a given value E, and to A(E, —E)when E;, > E. 4 is a positive constant that

determines the relative weight of the penalty. In the examples presented in this work such

13



a bias was added in the calculations of alanine dipeptide trajectories and in the trajectory

calculations of the Lennard Jones cluster.

T

Figure 2: The convergence of the target function R2 which is the sum of the square of the residuals as a
function of the simulated annealing step. Note the initial increase in the value of the target function before
the calculations settle into approximate linear decay of the residuals. The example is from a calculation for
the Lennard Jones cluster (see section V for more detailed discussion)

I11. Numerical experiments on the Mueller potential
To examine a number of alternative solutions that satisfy the same boundary value
conditions, we perform an extensive sampling of trajectories using initial value

formulation on the Mueller potential®,

14



u(x,y>=§ﬁxexp[ai(x—xif+bi<x—xi><y—yi>+ci<y—yﬂ )

A=(-200,-100,-170,15) a=(-1,-1,-6.5,0.7) b=(0,0,11,0.6)
c=(~10,-10,-6.5,0.7) x=(1,0,-0.5,-1) y=(0,0.5,1.5,1)

We choose the Mueller potential since it is simple and accessible to detailed analysis. It
was used extensively in the past to study reaction paths and many of its properties are
well understood. Below we describe both initial and boundary value calculations of

trajectories on the Mueller potential.

I11.1 Initial value calculations to solve the boundary value problem

The Verlet integrator™ is used with a time step of 0.0001. The mass was set to 1. The
starting coordinates were at the lowest energy minimum (-0.5,1.5), the initial velocities
were sampled with a random direction, and the total energy was fixed at —40.5 which is
just above the barrier height. If the coordinate vector at any time slice during the
trajectory was found within a distance of 0.01 from another minimum (0.5,0) we consider
the computed trajectory a solution of the boundary value problem, and the time T of the
trajectory was recorded (the end point can be determined only approximately within the
neighborhood of the second minimum). We have repeated the calculation using two radii
to check the convergence of our calculations and obtained similar results. Below we show
a histogram plot (Figure 3) of the probability of finding a trajectory with the pre-specified

end points as a function of the total time of the trajectory.
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Figure 3: The distribution of the total time of the trajectories that are satisfying spatial boundary condition:
The trajectories start at the lowest energy minimum (_0'5,1,5) and arrive to the second lowest minimum at

(0.5, 0) . The total energy was fixed at —40.5 and the direction of the velocity was sampled at random. The
drop of the probability density near 400 is due to limited statistics. The radius at the product was taken to
be 0.01.

The most striking feature of this plot is that trajectories obtained by the boundary value
formulation are far from unique (at least in the numerical sense). The trajectories so
computed are even “over-determined” since the energy, (in addition to total time and end
points) was also fixed. In practice, depending on the calculation history, different
trajectories may be obtained. The abrupt decay of the probability at time =~ 400 is a
reflection of the limited sample that we used rather than a property of the true
distribution.

Since the directions of the velocities were sampled at random, it is possible that some of
the sampled trajectories considered in Figure 3 are very similar. A question of interest is

how different are computed trajectories that made it from reactant to product at the same

total time and energy?
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In Figure 4 we measure the similarity of 32 alternative trajectories with the same end
points, energy, and total time T . The coordinates are sampled at three time slices:

t=T/4, T/2, 3T /4 of each trajectory. At each time slice the variance
o’ (7) :<(xi _<xi>)t (xi —<xi>)> of the coordinates X,, i=1,...,32, is computed from the

trajectories. The shortest time trajectories converge to a very small variance (about zero),
while at somewhat longer times a rapid increase in the variance (suggesting distinct

trajectories) is evident.
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Figure 4: The variance of the alternative trajectories that solve the same boundary condition. As in figure 3
the trajectories started from the same energy minima and the total energy was the same. In contrast to
Figure 3 we consider trajectories with the same total time and measured the variance of these trajectories as
described in the text. It is evident that the variance is small for the shortest time trajectories, while the
variation between the trajectories increases rapidly as a function of the trajectory time.

Figure 5.a shows three trajectories satisfying the same boundary conditions that are
clearly different. Figure 5.b shows three trajectories at the short time limit that (within

our numerical accuracy) correspond to essentially the same path.
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Figure 5: Sample of trajectories that satisfy the same boundary conditions as described in the text and the
legends of Figures 3 and 4.

2 T T Il T

-05 1 1 1 1
-1.5 -1 -0.5 0 0.5

Figure5b: Three solutions of the same boundary value problem that seem to converge to the same solution
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111.2 Boundary value calculations

Here we used our proposed boundary value algorithm (section II). Trajectories were
computed between the two energy minima of the Mueller potential that were studied with
initial value formulation (see previous section). Since the time step used for the
discretization of the functional (equation (2)) is significantly larger than the time step of
the initial value formulation (0.01 versus 0.0001), it is desirable to use a refinement
procedure. The refinement should convert the coarse-grained boundary value trajectories
to trajectories with the same time step as initial value formulation, enabling meaningful
comparison of algorithm accuracies. We note however that for numerous other
applications (like the calculation of the relative rate in section VI) the refinement is not
necessary.

The proposed refinement is using iterations. L.e., given a coarse grained trajectory with

time step AT , every iteration generates a new finer trajectory with half the time step

(AT / 2) . The boundaries of the finer trajectory are fixed to the same values as the coarse

trajectory. Intermediate points are added using linear interpolation between points of the
coarser trajectory as an initial approximation and followed by several Newton-Raphson
steps that minimizes the residuals of the equations of motion (equation (3)). At each of

the Newton-Raphson steps the unknown corrections J%; and dy; to the coordinates are
calculated by solving simultaneously for all internal points i =1,N —1the system of

oU
x>

, o°U
OX.0Y.

equations consisting of SX, + 0% — E 7 At? j SX + At Sy, =-r, and their

equivalent in the Yy direction.

19



In Figure 6 we show a coarse grained and a highly refined trajectory. The coarse grained
trajectory, which includes 21 points is a minimal time trajectory obtained by the
procedure described in section II. The initial guess was a straight line between the two

end points. The initial total time was 0.5 and Kaczmarz iterations>’ were used until the

residuals dropped to below 10~ . The total time was gradually decreased until
convergence stopped at total time 0.375. The coarse grained trajectory is the one obtained
by the end of this process. The refined trajectory is very close to the exact Verlet
trajectory. Even the coarse-grained trajectory with a time step 30 times larger is quite
accurate. This example demonstrates the benefit of working with short time trajectories.
The particle does not spend much time in oscillatory motion near the minima and focuses
instead on executing the more interesting type of motion (the transition). We argue below
that these trajectories have significant statistical weight in the microcanonical ensemble.
Therefore they are worthy of investigation, even when the overall time scale is slow. Of
course it is easier to compute exact trajectories if their total time is short, and if they are

less curved and more direct.
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Figure 6: Coarse grained and highly refined boundary value trajectories on the Mueller potential. The
refined trajectory is essentially identical to the short time solution of the Verlet algorithm. The coarse
grained trajectories (using a time step larger by a factor of 30) is quite accurate.

IV Molecular example I: Transitional trajectories in alanine dipeptide

We have repeated the boundary value computation also for the considerably more
complex system of a conformational transition in alanine dipeptide. We consider the
conformational transition from a helix to an extended chain. The coarse grained
description of the trajectory includes 20 points. The time step was 0.00875 ps, making the
total trajectory time 0.175ps (which is the minimal time required for the transition as we
confirmed using the procedure described in section II). This minimal time was also
observed by extensive sampling of initial value solutions and recording the time of arrival
to the product. The initial guess for the path was a straight-line interpolation and a

simulated annealing algorithm was used to minimize the norm of the residuals, defined

identically to the Mueller problem. The starting residual norm was 10° and the cooling
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continued until the residuals dropped to about 10~ where changes in space coordinates

for the Metropolis algorithm were about 10”7 A. In figure 7 we show boundary value
trajectories for several total times. All these trajectories are similar to the minimal time
trajectory found by extensive sampling of initial value trajectories. The sampling of
initial value trajectories was performed in a similar spirit to the calculations described for
the Mueller potential. The alanine dipeptide system is considerably more complex than
the Mueller potential and it is possible to find new converged trajectories while making
the total time shorter and shorter. However, as we decrease the total time, we obtain an
abrupt rise in the total energy, shifting to a different class of trajectories. We terminate

the process as described in section II when such a sharp change in the energy is observed.
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Figure 7a: A short time trajectory for a conformational transition in alanine dipeptide. The calculations
include all the 36 degrees of freedom of this molecular system. However, the projection onto the two soft
degrees of freedom (the torsion angles ¢ and /) and one stiff degree of freedom (®) is shown. A

sequence of three times is shown to demonstrate our convergence criterion (shown in figure 7b)
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Figure 7b: The energetic of the conformational transition in alanine dipeptide for three different trajectories
of short time. Note the significant jump in the total energy and the kinetic energy when the time of
trajectory is shorten from 0.1575 to 0.1050. We use this as an indicator that the minimal time trajectory (of
low energy) converged at 0.1575.

V. Molecular example Il: An isomerization process in a Lennard Jones cluster

A more complex molecular example is the isomerization of a Lennard Jones cluster. The

potential energy of the system is given by U = 42[(1/ Uje )12 —(1/ qj )6} where g is the

>k

distance between any two particles. The masses were set to one. A 38 atom LJ cluster has
two minima with nearly the same lowest energy: the first is at the MacKay icosahedra
and the other at a face-centered-cubic truncated octahedron® (Figure 8). In the following
calculations the two boundaries are set to minima in the basins of the two distinct

conformations.
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Figure 8: The initial structure of the conformational transition in Lennard Jones cluster (MacKay
icosahedra). For the complete transition check http://www.cs.cornell.edu/ron/movies/lj img.gif

To provide a rough estimate of the minimal time of the trajectory the period of oscillation
of a Lennard Jones term is computed by harmonic analysis as ~ 0.85. The expectation is
that the minimal transition time will correlate with the vibrational time. The total time of
the transition in the calculation was therefore set to T =2.0. The number of slices was
33, and the uniform time step was set accordingly to AT =T /32 . The time was
decreased in the optimization following section II until it was impossible to conserve the

energy. The energy conservation was used as a stopping criterion.
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The solution of the boundary value problem was done by Monte-Carlo simulated

N-1
annealing, minimizing the functional R2 = z r' -1, . The term on the right hand side is an
i=1

inner product of the residual vector at each non-boundary time slice I. The slices are
numbered between 0 and N. The initial approximation of the coordinates at non-boundary
slices is obtained by linear interpolation from the boundaries.

The simulated annealing starts at a temperature T, . =5.0e-4. The cooling protocol is

init
linear, decreasing the temperature by a constant AT at each cooling step. The number of

temperatures was N;=1000 and AT = T N =5.0e-6. The process ends when the
T

temperature reaches its final value, AT . To avoid trapping in a local minima the values
of all space coordinates were discretized with a small mesh size Hg, =1.0e-4. The initial
coordinates are rounded to the nearest value which is an integral multiple of Hg, . The
changes to coordinates in the Metropolis algorithm are always in integral multiples of
H,, . For each temperature, 200 Monte-Carlo sweeps were done. A single sweep consists
of a Metropolis step for each coordinate in the internal time slices. The value of the
functional R2 was monitored to ensure that it decreases linearly with the temperature
(Figure 2). At the initial temperature the maximum step size in the Metropolis algorithm
was 400 H, and the attempted changes to coordinates in the Metropolis algorithm was
distributed uniformly between -400 H, and 400 H,. At later temperatures, the

maximum allowable step size was decreased by a factor of 0.8 if the acceptance rate of
the Metropolis algorithm fell below 0.4 in the previous temperature. The residuals

decrease in the annealing process from a starting value of about 0.8 to a final value 0.002.
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Figure 9 displays the total, potential and kinetic energies at convergence as a function of
time. The maximum of the potential energy is near —150 which is consistent with low
kinetic energy when passing transition states. The total energy is nearly conserved, and

the small fluctuations are likely to be due to the discretization.
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Figure 9: The energetic of a transition in 38 atoms Lennard-Jones cluster. Note that the total energy is
clearly a constant for a total time of 2.00, but is fluctuating significantly for shorter times.

V1. Calculations of relative rates

Here we sketch how the short time trajectories can be used in the calculation of rates and
relative rates at short times. The restriction for short times is of particular interest for
downhill but rare events, and for activated processes (Figure 1).

In initial value formulation the reaction probability from R to P between time T and

T +dT is given by p(T)de J. YRP()(,Q,X(T),Q(T))pO(X,Q)dXdeX(T) T,

Xe<R
X(T)eP
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where Y, (X ,Q, X (T),Q(T )) is the probability density (in phase space and time) that a
trajectory that starts in the phase space point (X ,Q) in R will make a transition to P at
time T . We used the shortcut (X,Q) to denote (X (0),Q(0)). For the (deterministic)

Newton’s equations of motion, Y, (X ,Q, X (T),Q(T )) is either one or zero. Estimating

the above integral there are two functions that require accurate and efficient sampling --

Ygp and p, . In initial value formulation we sample p, exactly but the calculation of Y,
can be difficult. If the process is rare, Yy, will be zero most of the time. In the boundary
value formulation Y, is always one, but the sampling is not done according to p, which

complicated the calculation of the weight of the trajectories.

In the point-to-point approach we do not have the initial momentum as input. We sample

configurations at both the reactants and the products sites X (0)e R and X (T)e P and

compute trajectories of fixed time length T between any pair of sample points. The

initial momentum is an output that we can compute by a finite difference formula from

the calculated trajectory (i.e. Q(0)=m(X, — X, )/At), once it is available.

Here we show how the relative rates of two different systems can be estimated, relying
on a set of reactive trajectories only. Calculation of relative rates of similar systems is
widely used in computational chemistry and biophysics. For example, we may consider
changes of rates following the replacement of a hydrogen by a deuterium atom, or a
single residue mutation of a reacting protein. The time itself can also be a perturbation

(e.g. by changing the size of At keeping the number of time slices fixed).
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A concrete case is of a reaction at constant temperature. In the corresponding canonical
ensemble, we have ( E is the total energy)

P (X,Q)=w/Z W=exp(—,8U (X))-exp(—ﬂQ2/2m)Eexp(—ﬁE)
Z= jexp(—ﬂE)dXdQ

Consider two systems with reactants and products R,P and R, P respectively, the ratio

of the reaction probability densities is

[, WX, Q)Y (X, X (T))dXdQdX (T)dQ(0)

X,QeR

jx o WX QY (X, X (T))dXdQdX (T )dQ(0)

p(T)

(T)

=)
NI N

The ratio of the partition functions (Z /Z ) can be computed with standard methods in

equilibrium statistical mechanics such as the umbrella sampling, free energy perturbation,
dynamic integration and more (for a recent discussion on alternative ways to compute

25
free energy see™).

J- exp(—ﬂ(E—E))exp(—ﬂE)dX

- [ exp(-BE)dX E<eXp(_ﬂ (E_E))>exp(—ﬂ5)

XeR

NN

The above integration is restricted to the reactant state R.

Assume that a trajectory is found by the point-to-point approach. The weight of the initial

structure is exp (— p E) . This trajectory is perturbed to a new trajectory with a new

energy, E . Since the total energy is not expected to vary violently from a trajectory to a
trajectory, the average below should not be too difficult to perform.

The second ratio of integrals is called RR for “Relative Rates”.
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we (X, X(T))exp(-BE)
The existence of a corresponding point-to-point trajectory with a slightly different

Hamiltonian is tested first (in our experience we were always able to find a nearby

perturbed trajectory with a different energy) and the average of the energy differences is

performed explicitly. This is an important difference from the initial value formulation in

which the ratio of the Ys can be zero most of the time.
The algorithm to compute the RR is therefore as follows

(1) Sample start and end configurations in R and P .

(i1) Compute a trajectory according to the “sampling” Hamiltonian using total

fixed time T that is short but not minimal with the point-to-point approach,

(ii1))  Compute a trajectory for the perturbed Hamiltonian starting from the

trajectory in (ii) as an initial guess. If convergence fails add zero to the

average and go to (v). It is also possible to compute the change in energy by
perturbation theory with no need to re-optimize the reference trajectory.
(iv)  Estimate the difference in energy of the two trajectories and add to the RR.

(v) Check for termination conditions (convergence of the average or maximum

number of allowed trajectories, etc.). Return to (i) if not terminating.

An example of a calculation of relative rates on the Mueller energy surface is sketched

below. The original Mueller potential was used for sampling and the perturbation was

linear in the coordinate Y, i.e. the perturbed potential is U + 5y, where U is the Mueller
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potential of equation (4). The reactant and product were defined with a radius of 0.2
around the location of the corresponding minima. The reactant was the minimum at the
upper left corner of the Mueller potential. The total time was set to 0.38, slightly longer
than the minimal time of 0.375 observed earlier. We first computed initial value
trajectories with the Verlet algorithm (the time step was 0.001) and estimate the absolute
rate for the two Hamiltonians (the absolute reaction probability of the unperturbed
Hamiltonian was 0.0012). We then use a coarse grained trajectory with 38 points and
estimated the perturbation. The rate difference was 10 percent in both the boundary and

initial value approaches.

V11 Discussion

VI11.1 Why is it possible to use a larger time step in boundary value formulation?
Equation (3), which is a discrete version of the Newton’s equations of motion, is similar
in accuracy to initial value algorithms. Rearranging equation (3) we can recover an initial

value algorithm:

au (x,)

X, =2X, =X, —m At (5)

If the coordinates at X, and X, are given, we can use the above formula to propagate the

solution to its final configuration at X, . A solution of the discrete boundary value

problem is also a solution of the discrete initial value problem. This relationship is
particularly intriguing in light of the observation on stability and accuracy made in the
present study. We stated that the boundary value formulation is accurate and considerably

more stable numerically compared to initial value formulation. Given that a solution of
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the boundary value formulation is identical to a solution obtained with initial value
formulation, as discussed above, the statement seems false.
Therefore we have performed the reverse numerical experiment in which we start with

initial value description. We sample different initial values ( X, and X, ) and use

equation (5) to generate trajectories of the same characteristics as in the boundary value
formulation. If we employ the large time step that was used in the boundary value
formulation, most of the initial value trajectories lose stability and “explode” in accord
with the usual observations. Nevertheless, it is possible to find rare initial value
trajectories with large time steps that maintain their stability (and accuracy). These are
the trajectories that are picked by the boundary value formulation. Since the end structure
in the boundary value formulation is sound (by construction) all the “exploding” unstable
trajectories are eliminated at the start. Only the stable trajectories remain. This explains
the observed stability of the approach proposed here. The enhanced stability of the
boundary value formulation also supports the Stochastic Difference Equation approach'®
12 which focuses on generating approximate long-time (or length) trajectories that

qualitatively describe reaction mechanisms. The present approach is centered on accurate

calculation of short time trajectories.

VI11.2 Are minimal-time activated trajectories significant?

We have invested considerable effort to show that the minimal time trajectories are
nearly unique and as such can be computed accurately and efficiently with boundary
value formulation. However, typical calculations of physical observations (such as

calculations of rate) rely on an ensemble of trajectories and not on a unique path.
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Therefore the significance of minimal time trajectories and their contribution to the
ensemble of reactive paths require examination.

A first impression suggests that these trajectories are not significant. Since all initial
values (coordinates and momenta) in the microcanonical ensemble have the same
statistical weight, a single trajectory cannot be representative (in this section we consider
trajectories with fixed energy and time).

A more subtle argument focuses on the transitional component of the trajectories.

Consider reactive trajectories of total time T . We will divide this long-time trajectory

into two components: (i) An incubation part of length (T — r) in which the system spends

some time either in R or in P, and (ii) a transient component ( length 7 ) in which the
system is in Tr . Since both R and P are attractive states we expect that 7 <<T . A
transitional trajectory is initiated at the interface between R and Tr, called RTr, and is

terminated at the interface between Tr and P called TrP. A transitional trajectory

spends all its time (r) in Tr without “touching” RTr nor TrP at any time after

initiation or before termination. A sample of such boundary value transitional trajectories

makes it possible to compute, P (T) , the probability of observing a transitional trajectory

of time-length 7 . The details of the distribution will depend on the underlining energy

surface, and we cannot be more specific. However we expect (due to the assumed

transient nature of the trajectory) that P (r) is a rapidly decreasing function of 7.

Moreover, at very short times P (r) must go to zero. Therefore it has at least one

maximum.
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Experiments rarely measure properties of transient times and trajectories. More often the
overall time t (including the incubation time of component (i) of the trajectory) and rate
are available. We therefore need to extend our argument to trajectories of total length t

and transient time 7 (communicated to us by Cristopher Dellago).

We now consider a discrete (numerical) representation of the trajectory. The numerical
trajectory of total fixed time is described by a sequence of coordinates separated by a

time step of At: X, X,,..., X, X X X

s Xatoees ., X,.. Similarly to the continuous

m? m+12°*

trajectory the discrete path is divided into three parts, X,,..., X — a set of configurations

that reside in the reactants, R, X ., X,,—a set of configurations that reside in the

n+1o°*

transition state, Tr, and X X, — a set of configurations in the product, P . The

m+12°°>

transitional trajectory that we have in mind is the middle piece (from X, to X ,orto

n+1

make the transition complete perhaps from X, to X, we ignore this small difference).

m+1°

Assuming that we use equation (5), then with the initial pair of coordinates — X, and X,,
we can generate the whole trajectory from X, to X, . Note however that we are not

interested in the whole trajectory. We are only interested in the transitional component

from X,,, to X, . The statistical weight of this trajectory is the number of initial

n+l1
conditions in the reactant space that results in the same transitional trajectory. Similarly
to the reptation mechanism of polymer transport we now remove the first coordinate set

and create a new coordinate set at the end of this trajectory (creating a trajectory from X,
to X,,,, X,,, 1s uniquely defined since X, and X, , are known). This is a trajectory of

the same total length and exactly the same transitional trajectory (for n >1). However, it
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has different initial conditions in the reactant state (they are now X, and X, ). We can

repeat this process, and move the first coordinate to the end of the trajectory, keeping the
same transitional trajectory, n times. Since we consider a trajectory of total fixed length
of time, a larger N means a smaller m-n. The shorter is the transitional trajectory the larger
is n and more initial conditions provide the same transitional trajectory.

Typically all initial conditions will have the same weight if sampled from the
microcanonical ensemble; however the above argument, restricted to an ensemble of

trajectories with fixed energy and total time, suggests that shorter transitional trajectories

have larger statistical weights that skew the original P (r) to short times. The deree of

skewing will depend on the particular energy surface.

To illustrate the above argument we computed the distribution of the transitional times
for the Mueller potential. The probability density of transitional times for the Mueller
potential is highly peaked at the shortest time (shown in Figure 10).

Probability of transition times for Mueller potential
20 T T T T T T T T

18 | b

16 b

14 B

12 B

10 - b

Probability density

0 L L L TN RN NI
0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7 0.75 0.8
Transition time

Figure 10: Distribution of transition times from two states in the Mueller potential. The reactant state is a
circle with a radius 0.35 centered at (-0.5,1.5) and product is another circle with a radius 0.3 centered at
(0.5,0). Transitional trajectories were sampled by the Verlet algorithm for a total energy of —38 and total
time of 50. The time in which the trajectory is not in the reactant or the product is the transition time. Note
that in the canonical ensemble (that prefers low energies and slower transition times) the peak shifts to the
right.
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Note that for more diffusive transitions, and trajectories that cross slowly and/or many
times the barrier, the argument above is not valid.

VI11.3 Efficiency of the calculation

The boundary value calculations of this manuscript are reasonably efficient. The basic
unit for cost evaluation is the cost of energy calculation which is roughly proportional to
the number of particles in the system, N . The cost of a single action evaluation is
proportional to Lx N where L is the number of time slices. The number of relaxation
steps depends on the system but (in practice) is no worse than another factor of Lx N .
Nevertheless, this factor is perhaps the major source of uncertainty in the formula

provided below, and in some cases it can be larger. Accepting this estimate, the total cost

12

scales like (L xN )2 . This is similar to earlier boundary value calculations’? in much

larger systems, producing approximate trajectories.

For comparison, the computational cost for a single initial value trajectory scales like
Lx N, where L is the number of time slices we require in an initial value solver. We
denote the probability of an initial value trajectory to be reactive by p . The

computational cost for a reactive trajectory is therefore proportional to p~' (E x N ) . The

ratio of costs of the two approaches is

(L><N)2 _a L>xN

ratio of costs =a———— =a——
p- (LxN) p-xL

()

Where a is a numerical constant which is estimated to be of order of 10. In the most

complex example of this manuscript (The Lennard Jones cluster) L is 33 and L is about

100 times larger. The number of degrees of freedom, N , is 38x3. We can estimate what
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is the reaction probability in which the cost of computing a reactive trajectory using an

initial value or the boundary value approach is roughly the same (ratio of costs equal

33?x38x3x10

0 x3300 p ~ 0.001, which is a process that is only marginally activated

one). 1=

(i.e. not so rare). The above formula also suggests that as the system becomes larger the
reaction probability better be smaller to make the boundary value calculations of the type
described here more effective. Indeed the reaction probabilities of complex systems at
short times are significantly smaller than 107

Parallelization does not change the above conclusions in an obvious way. Let the number
of processors be n. Since the time slices can be distributed between the processors with
limited communication overhead we can replace one of the L by L/n in equation (5)
(the required number of minimization steps is reduced from the original cost of Lx N,
but the extent is not clear) . Initial value trajectories can be parallelized in a trivial way

(launching independent trajectories on separate processors), and we therefore replace p~'

by (np)f1 . The cost ratio for n processors is therefore unchanged, or perhaps slightly

favors the boundary value formulation.
Finally we note that the calculation of the perturbed trajectory for the study of relative
rate takes little effort within the boundary value formulation. In initial value formulation

it takes the same effort as the generation of the unperturbed trajectory.
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