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Abstract

Tiling is one of the more important transformationsfor
enhancinglocality of referencein programs. Tiling of
perfectly-nestedloop nests(which are loop nestsin which
all assignmentstatementsare containedin the innermost
loop) is well understood. In practice, most loop nests
are imperfectly-nested,so existing compilersheuristically
try to find a sequenceof transformationsthat convert such
loop nestsinto perfectly-nestedonesbut not alwayssuc-
ceed. In this paper, we proposea novel approachto tiling
imperfectly-nestedloopnests.Thekey ideais to embedthe
iterationspaceof every statementin the imperfectly-nested
loop nestinto a specialspacecalledtheproductspace. The
setof possibleembeddingsis constrainedsothat theresult-
ing productspacecan be legally tiled. From this set we
chooseembeddingsthat enhancedatareuse. We evaluate
theeffectivenessof thisapproachfor densenumericallinear
algebrabenchmarks,relaxationcodes,andthetomcatvcode
from theSPECbenchmarks.No othersingleapproachin the
literaturecantile all thesecodesautomatically.

1 Background and Previous Work

Thememorysystemsof computersareorganizedasa hier-
archyin which thelatency of memoryaccessesincreasesby
roughly an orderof magnitudefrom one level of the hier-
archy to the next. Therefore,a programrunswell only if
it exhibits enoughlocality of referencefor mostof its data
accessesto be satisfiedby the fasterlevels of the memory
hierarchy. Unfortunately, programsproducedby straight-
forwardcodingof mostalgorithmsdo not exhibit sufficient
locality of reference. The numericallinear algebracom-
munity hasaddressedthis problemby writing libraries of
carefully hand-craftedprogramssuchas the Basic Linear
AlgebraSubroutines(BLAS) [22] andLAPACK [3] for al-
gorithms of interestto their community. However, these
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libraries are useful only when linear systemssolvers or
eigensolversareneeded,so they cannotbe usedwhenex-
plicit methodsareusedto solvepartialdifferentialequations
(pde’s),for example.

The restructuringcompiler communityhas explored a
more general-purposeapproachin which programlocal-
ity is enhancedthroughrestructuringby a compilerwhich
doesnot have any knowledgeof the algorithmsbeing im-
plementedby theseprograms.In principle,suchtechnology
canbe broughtto bearon any programwithout restriction
to problemdomain. In practice,mostof the work in this
areahasfocusedonperfectly-nestedloopneststhatmanipu-
latearrays.A perfectly-nestedloop nestis a setof loopsin
which all assignmentstatementsarecontainedin the inner-
mostloop.

Highlightsof therestructuringtechnologyfor perfectly-
nestedloop nestsarethefollowing. A loop is saidto carry
algorithmic reuseif the samememorylocationis accessed
by two or more iterationsof that loop for fixed outer loop
iterations. Permutinga reuse-carryingloop into the inner-
mostpositionin theloopnestallowsusto exploit thereuse.
In many programs,therearea numberof loops that carry
algorithmicreuse—thiscan be addressedby tiling . Tiling
interleavesiterationsof thetiled loops,therebyenablingex-
ploitation of algorithmicreusein all the tiled loops rather
thanin just theinnermostone[28]. Sophisticatedheuristics
have beenproposedfor choosingtile sizes[5,8,9,15,21].

Tiling changestheorderin which loopiterationsareper-
formed,soit is notalwayslegal to tile a loopnest.If tiling is
not legal, it maybepossibleto performlinear looptransfor-
mationslike skewing andreversalto enabletiling [2,4,16,
23,26]. This technologyhasbeenincorporatedinto produc-
tion compilerssuchastheSGI MIPSProcompiler, enabling
thesecompilersto producegoodcodefor perfectly-nested
loops.

In real programs though, many loop nests are
imperfectly-nested(that is, one or more assignmentstate-
mentsarecontainedin somebut not all of the loopsof the
loop nest). Figure2 shows a loop nestfor solving triangu-
lar systemswith multiple right-handsides;note that state-



ment S2 is not containedwithin the k loop, so the loop
nestis imperfectly-nested.Cholesky, LU andQR factoriza-
tions [11] alsocontainimperfectly-nestedloop nests. Carr
andLehoucq[6] have shown that thesefactorizationcodes
canbetiled by a sequenceof loop transformations.

A numberof approacheshave beenproposedfor en-
hancing locality of referencein imperfectly-nestedloop
nests. The simplestapproachis to transformeachmaxi-
mal perfectly-nestedloop nestseparately. In the triangular
solvecodein Figure2, thec andr loopstogether, andthek
loopby itself form two maximalperfectly-nestedloopnests.
Theperfectly-nestedloop nestformedby thec andr loops
can be tiled by the techniquesdescribedabove, but it can
beshown that theresultingcodeperformspoorly compared
to thecodein theBLAS library which interleavesiterations
from all threeloops[22].

A more aggressive approachtakenin someproduction
compilerssuchasthe SGI MIPSProcompileris to (i) con-
vert an imperfectly-nestedloop nestinto a perfectly-nested
loop nestif possibleby applyingtransformationslike code
sinking, loop fusionand loop fission[29], andthen(ii) use
locality enhancementtechniquesfor the resultingmaximal
perfectly-nestedloops. In general,therearemany waysto
do this conversion,andwhethertheresultingcodecouldbe
tiled dependson how this conversionis done[13]. Sophis-
ticatedheuristicsto guidethisprocesswereimplementedby
Wolf et al [27] in the SGI MIPSProcompiler, but our ex-
perimentsshow that the performanceof the resultingcode
doesnotapproachthatof hand-writtencodein theLAPACK
library [14].

Thesedifficulties led Kodukulaet al [13] to proposea
a techniquecalled data-shackling. Insteadof tiling loop
nests,the compiler blocks dataarraysand choosesan or-
derin whichtheseblocksarebroughtinto thecache;codeis
scheduledsothatall statementsthat toucha givenblock of
dataareexecutedwhenthatblock is broughtinto thecache,
if thatis legal. However, this is not legalfor relaxationcodes
like Jacobior Gauss-Seidelwhich makemultiple traversals
over dataarrays. A relatedapproach,iteration spaceslic-
ing wasdevelopedby PughandRosser[20], but it doesnot
addresstiling.

Recently, SongandLi [24] have proposedtechniquesfor
tiling codeslike Jacobi. Thesetechniquestackleprograms
with a specificstructureconsistingof an outermosttime-
steploop that containsa sequenceof perfectly-nestedloop
nests. Their algorithmidentifiesone loop from eachloop
nest,fusesthesetogetherandskewsthemwith respectto the
time-steploop. This transformationstrategy is not applica-
ble to codessuchasmatrix factorizations.

Chatterjeeet al are exploring the use of space-filling
curvesto enhancelocality in numericalcodes[7]. Theirgoal
is to usethis ideato write librariesby hand,andthereis no
effort to generatetheseblockedcodesautomaticallyfrom
high-level algorithms.
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Figure1: Tiling Imperfectly-nestedLoopNests

In this paper, we proposean approachfor automatic
tiling of imperfectly-nestedloop neststhat generalizesthe
approachusedfor perfectly-nestedloop nests.Our strategy
is shown in Figure1. EachstatementSi in an imperfectly-
nestedloop nestis first assigneda uniqueiterationspace

���
calledthestatementiteration space. Thesestatementitera-
tion spacesareembeddedinto a large iterationspacecalled
theproductspacewhich is simply theCartesianproductof
the individual statementiterationspaces.Embeddingsgen-
eralize transformationslike code-sinkingand loop fusion
that convert imperfectly-nestedloop nestsinto perfectly-
nestedones,andarespecifiedby embeddingfunctions� � as
shown in Figure1. Theproductspaceis furthertransformed
by unimodulartransformationsto producea loop nestthat
canbetiled, if possible.Theconditionsunderwhichatilable
loop nestcanbeproducedareexpressedasmatrix inequali-
tiesinvolving theembeddingfunctions � � andtheunimodu-
lar transformation� of theproductspace.In Section3, we
show how embeddingfunctionscanbe determinedfor dif-
ferentchoicesof theunimodulartransformation.Section3.3
describesouralgorithmandourheuristicfor picking“good”
embeddingfunctions. We are implementingour approach
in theSGI MIPSProcompiler, andin Section4, we present
the embeddingsfound by our implementationandprelimi-
naryperformanceresultsfor densenumericallinearalgebra
codes,relaxationcodesandthetomcatvcodefromtheSPEC
benchmarks.Finally, wediscussongoingwork in Section5.

The advantagesof our approacharethe following. By
embeddingstatementsin theproductspaceweabstractaway
thesyntacticstructureof thecode.Hence,wedonot rely on
thecodeconformingto a particularstructure.Secondly, by
directly determiningembeddingsthat allows us to tile the
code,we avoid the problemof searchingfor a sequenceof
transformationsallowing us to tile codes.Finally, we know
of no othersingletechniquethat is capableof tiling all the
classesof programsdiscussedin thepaper.

2 Product Spaces and Embeddings

Thekernelin Figure2 will beour runningexample.Trian-
gularsystemsof equationsof the form Lx = b whereL is
a lower triangularmatrix,b is a known vectorandx is the



for c = 1,M
for r = 1,N

for k = 1,r-1
S1: B(r,c) = B(r,c) - L(r,k)*B(k,c)
S2: B(r,c) = B(r,c)/L(r,r)

Figure2: TriangularSolvewith Multiple Right-handSides

vectorof unknownsarisefrequentlyin applications.Some-
times, it is necessaryto solve multiple triangularsystems
thathave thesameco-efficient matrixL. Suchmultiple sys-
temscanobviouslybeviewedascomputinga matrixX that
satisfiesthe equationLX = B whereB is a matrix whose
columnsareconstitutedfrom theright-handsidesof all the
triangularsystems.Thecodein Figure2 solvessuchmulti-
ple triangularsystems,overwritingB with thesolution.

2.1 Statement Iteration Spaces

We associatea distinct iterationspacewith eachstatement
in theloopnest,asdescribedin Definition1.

Definition 1 Each statementin a loop nesthasa statement
iterationspacewhosedimensionis equalto the numberof
loopsthatsurroundthatstatement.

Wewill useS1,S2, . . . , Sn to namethestatementsin the
loop nestin syntacticorder. The correspondingstatement
iterationspaceswill benamed

���
,
���

, . . . ,
��	

. In Figure2,
theiterationspace

���
of statementS1 is a three-dimensional

space
 ����
�������� , while the iterationspace
� �

of S2 is a
two-dimensionalspace
 ����
�� .

The boundson statementiterationspacescanbe speci-
fied by integerlinearinequalities.For our runningexample,
theseboundsarethefollowing:������� � 
 ��� � ��������� 
 ��� �� � 
 � � � � � 
 �!� �
 ��"#� � � �$� �

An instanceof a statementis a point within that state-
ment’s iterationspace.

2.2 Dependences

We show how theexistenceof a dependencecanbeformu-
latedasa setof linearinequalities.

A dependenceexists from instance%'& of statementSs to
instance%)( of statementSd if the following conditionsare
satisfied.

1. Loop bounds: Both sourceand destinationstatement
instanceslie within the correspondingiterationspace
bounds. Since the iteration spaceboundsare affine
expressionsof index variables,we canrepresentthese
constraintsas * &,+ % &.-0/1& �32 and * (4+ % (�-0/1( �32
for suitablematrices*5&768*�( andvectors/ &�6 / ( .

2. Samearray location: Both statementinstancesrefer-
encethe samearraylocationandat leastoneof them
writes to that location. Sincethe arrayreferencesare
assumedto beaffine expressionsof the loop variables,
thesereferencescan be written as 9:& + %)& -<; & and9�( + %'( -=; ( . Hencethe existenceof a dependence
requiresthat 9:& + %'& -0; &.>#9�( + %'( -?; ( .

3. Precedenceorder: Instance %'& of statementSs oc-
curs before instance %'( of statementSd in program
executionorder. If 
A@�BCBD@�E�&F( is a function that re-
turns the loop index variablesof the loops common
to both %'& and %)( , this condition can be written as
A@�BCBD@�E &G(�H % (�I?J 
A@�BDBC@�E &F(�H % &AI if Sd follows Ss
syntacticallyor 
1@�BDBD@�E &G(�H % (�I5K 
A@�BCBD@�E &G(�H % (LI if it
doesnot, where K is the lexicographicorderingrela-
tion.
This conditioncan be translatedinto a disjunctionof
matrixinequalitiesof theform MN& + %'& " MO( + %'( -QP �#2 .

If weexpressthedependenceconstraintsasadisjunction
of conjunctions,eachterm in the resultingdisjunctioncan
berepresentedasa matrix inequalityof thefollowing form.

R3S %'&%)(CT -�U >
VWWWWX *�& 22 *�(9:& " 9�(" 9�& 9:(MN& " MO(

Y[ZZZZ\ S %'&%'(CT -
VWWWWX / &/ (; & " ; (; ( " ; &P

Y[ZZZZ\ �]2
Eachsuchmatrix inequalitywill becalleda dependence

class, andwill be denotedby ^ with an appropriatesub-
script. For our runningexample in Figure2, it is easyto
show that therearetwo dependenceclasses1. The first de-
pendenceclasŝ

�
arisesbecausestatementS1 writes to a

locationB(r,c) which is thenreadby statementS2; sim-
ilarly, theseconddependenceclasŝ

�
arisesbecausestate-

mentS2 writes to locationB(r,c) which is thenreadby
referenceB(k,c) in statementS1. For simplicity, they are
presentedassetsof inequalitiesratherthanin matrix nota-
tion.^ � � � � 
 � � � �_� 
 � � �� � 
 �`� � � � 
 � � �
 �a"]��� � �b� �
 � > 
 �
 � > 
 �^ ��� � � 
 ��� � �_� 
 �c� �� � 
 �`� � � � 
 � � �
 �a"]��� � �b� �� � > 
 �
 � > 
 �

1Thereareotherdependences,but theyareredundant.



2.3 Product Spaces and Embedding Functions

The productspacefor a loop nestis the Cartesianproduct
of theindividualstatementiterationspacesof thestatements
within that loop nest. The order in which this product is
formedis thesyntacticorderin whichthestatementsappear
in theloopnest.

Therelationshipbetweenstatementiterationspacesand
theproductspaceis specifiedby projectionandembedding
functions.Supposed3> ��� � ���fegehe � ��	 . Projectionfunc-
tions i � � dbj � � extract the individual statementitera-
tion spacecomponentsof a point in theproductspace,and
are obviously linear functions. For our running example,i � >lk�m8n7opn 2rq and i � >lk 2 m � o � q .

An embeddingfunction � � on the other handmapsa
point in statementiterationspace

���
to a point in the prod-

uctspace.Unlike projectionfunctions,embeddingfunctions
canbechosenin many ways.In our framework,weconsider
only thoseembeddingfunctions� �s����� jtd thatsatisfythe
following conditions.

Definition 2 Let Si bea statementwhosestatementitera-
tion spaceis

���
, andlet d betheproductspace. An embed-

ding function � �s����� jud mustsatisfythefollowingcondi-
tions.

1. � � mustbeaffine.
2. i � H � � H'v�IFI > v for all v�w � � .

Thefirst conditionis requiredby ouruseof integerlinear
programmingtechniques.Wewill allow symbolicconstants
in the affine part of the embeddingfunctions. The second
conditionstatesthat if point vxw ��� is mappedto a pointy w d , thenthe componentin y correspondingto

���
is v

itself. Each � � is thereforeone-to-one,but pointsfrom two
differentstatementiterationspacesmaybemappedto a sin-
gle point in theproductspace.Affine embeddingfunctions
canbedecomposedinto their linear andoffset partsasfol-
lows: �{z H %|z I >~}�z�%|z -�� z .
2.3.1 Examples of Embeddings

Embeddingscan be viewed as a generalizationof tech-
niqueslike code-sinking,loop fission and fusion that are
used in current compilers such as the SGI MIPSPro to
convert imperfectly-nestedloop nestsinto perfectly-nested
ones. Figure3 illustratesthis for loop fission. After loop
fission,all instancesof statementS1 in Figure3(a)areexe-
cutedbeforeall instancesof statementS2. It is easyto verify
that this effect is achieved by the transformedcodeof Fig-
ure3(b). Intuitively, the loop nestin this codecorresponds
to the productspace;theembeddingfunctionsfor different
statementscanbereadoff from theguardsin this loop nest
andareshown in Figure3(c).

Codesinkingis similarandis shown in Figure4.

for i = 1, N
for j = 1, N

S1: C(i,j) = 0
for k = 1, N

S2: B(i,k) = 0

(a) Original code

for i1 = 1, N
for j1 = 1, N
for i2 = 1, N
for k2 = 1, N

S1: if ((i2==1)&&(k2==1)) C(i1,j1) = 0
S2: if ((i1==N)&&(j1==N)) B(i2,k2) = 0

(b) Transformedcode

� � H S % �� � T I > VWWX % �� ���
Y ZZ\ � � H S % ���� T I > VWWX��� % ����

Y ZZ\
(c) Embeddings

Figure3: Embeddingsfor LoopFission

2.3.2 Dimension of Product Space

Thenumberof dimensionsin theproductspacecanbequite
large,andonemightwonderif it is possibleto embedstate-
mentiterationspacesinto asmallerspacewithoutrestricting
programtransformations.For example,in Figure4(b),state-
mentsin thebodyof thetransformedcodeareexecutedonly
wheni2 = i1, so it is possibleto eliminatethei2 loop
entirely, replacingall occurrencesof i2 in thebodyby i1.
Therefore,dimension% � of the productspaceis redundant,
asis dimension

� �
. Moregenerally, wecanstatethefollow-

ing result.

Theorem 1 Let d�� be any spaceand let ��� � 68� � 6 e�eLe 68� 	��
bea setof affineembeddingfunctions�{z ��� z�jud�� satisfy-
ing the conditionsin Definition2. Let �{z H %|z I >�},z�%|z -�� z .
Thenumberof independentdimensionsof the spaced�� is
equalto therankof thematrix }~>3��} � } � eLe�e } 	f� .

In Figure4, therankof thismatrix

}~> VWWWXC�������`����$�c����������`����$�c����`� �!���
Y[ZZZ\

is 3, which is alsothenumberof independentdimensionsin
the productspace.The remaining2 dimensionsareredun-
dant.



for i = 1, N
for j = 1, N

S1: C(i,j) = 0
for k = 1, N

S2: C(i,j) += A(i,k)*B(k,j)

(a)OriginalCode

for i1 = 1, N
for j1 = 1, N

for i2 = 1, N
for j2 = 1, N
for k2 = 1, N

S1: if ((i2==i1)&&(j2==j1)&&(k2==1))
C(i1,j1) = 0

S2: if ((i1==i2)&&(j1==j2))
C(i2,j2) += A(i2,k2)*B(k2,j2)

(b) Transformedcode

� � H S % �� � T I >
VWWWWX % �� �% �� ��
Y[ZZZZ\ � � H V

X % �� ���� Y\ I >
VWWWWX % �� �% �� ����
Y[ZZZZ\

(c) Embeddings

Figure4: Embeddingsfor CodeSinking

Corollary 1 Let d betheproductspace.

1. Anyspaced�� biggerthan d hasredundantdimensions
underanysetof affineembeddingfunctions.

2. There exist affine embedding functions��� � 68� � 6 e�e�e 68� 	 � for which no dimensionof d is
redundant.

Intuitively, Corollary 1 statesthat the productspaceis
“big enough”to modelany affinetransformationof theorig-
inal code.Furthermore,thereareaffine transformationsthat
utilize all dimensionsof the productspace. For example,
thereareno redundantdimensionsin the productspaceof
completelyfissionedcode,asFigure3 illustrates.

In general,therefore,it is the embeddingsthat deter-
minewhetherthereareredundantdimensionsin theproduct
space.Sincewe computeembeddingsandtransformations
simultaneously, we usethe full productspaceto avoid re-
strictingtransformationsunnecessarily. At theend,ourcode
generationalgorithmsuppressesredundantdimensionsau-
tomatically, sothereis noperformancepenaltyin thegener-
atedcodefrom theseextra dimensions.

2.4 Transformed Product Spaces and Valid Em-
beddings

If y is thedimensionof theproductspace,let �s� o � beauni-
modularmatrix. Any suchmatrix definesanorderin which
the pointsof the productspacearevisited. We will saya
setof embeddingsis valid for a given orderof traversalof
the productspaceif this traversalrespectsall dependences.
More formally, wehave thefollowingdefinitions.

Definition 3 The spacethat results from transforminga
product space d by a unimodularmatrix � is called the
transformedproductspaceundertransformation� .

For a setof embeddingfunctions ��� � 6�� � 6 e�eLe � 	 � anda
transformationmatrix � , we modelexecutionof the trans-
formedcodeby walkingthetransformedproductspacelexi-
cographicallyandexecutingall statementinstancesmapped
to each point as we visit it. We say that the pairH ��� � 6�� � 6 e�eLe � 	 � 6G� I definesanexecutionorder for thepro-
gram. For an executionorder to be legal, a lexicographic
orderof traversalof thetransformedproductspacemustsat-
isfy all dependencies.To formulatethis condition,it is con-
venientto definethefollowingconcept.

Definition 4 Let ��� � 6�� � 6 eLe�e � 	�� be a set of embedding
functionsfor a program,andlet �s� o � bea unimodularma-
trix. Let ^ � R S %'&%)( T -xU �#2
bea dependenceclassfor this program.Thedifferencevec-
tor for a pair H %)&�6�%'( I�w ^ is thevector��� H %'&�6�%'( Is� ��� ��( H %'( I " ��& H %)& I � e

The set of differencevectorsfor all points in a depen-
denceclass ^ will be called the differencevectorsfor ^ ;
abusingnotation,wewill refer to thissetas

���
.

The set of all difference vectors for all dependence
classesof a program will be called the differencevectors
of thatprogram; wewill referto thissetas

�
.

With thesedefinitions,it is easyto expressthecondition
underwhich a lexicographicorderof traversalof the trans-
formedproductspacerespectsall programdependences.

Definition 5 Let �s� o � be a unimodularmatrix. A set of
embeddingfunctions��� � 68� � 6 e�e�e 68� 	 � is saidto bevalid for� if � J 2 for all � w � .

3 Tiling

We now show how this framework can be used to tile
imperfectly-nestedloopnests.Theintuitiveideais to embed
all statementiterationspacesin theproductspace,andthen
tile theproductspaceafter transformingit if necessaryby a



unimodulartransformation.Tiling is legal if thetransformed
product� spaceis fully permutable—thatis, if its dimensions
canbe permutedarbitrarily without violating dependences.
This approachis a generalizationof the approachusedto
tile perfectly-nestedloopnests[17,26]; theembeddingstep
is not requiredfor perfectly-nestedloop nestsbecauseall
statementshave thesameiterationspaceto begin with.

3.1 Determining Constraints on Embeddings and
Transformations

Theconditionfor full permutabilityof thetransformedprod-
uctspaceis thefollowing.

Lemma 1 Let ��� � 68� � 6 e�eLe 68� 	�� be a set of embeddings,
and let � be a unimodularmatrix. Thetransformedprod-
uctspaceis fully permutableif � �#2 for all � w � .

The proof of this result is trivial: if every entry in ev-
ery differencevectoris non-negative, thespaceis fully per-
mutable,so it canbetiled. Thusour goal is to find embed-
dings � � anda productspacetransformation� that satisfy
theconditionof Lemma1.

Let ^ � R S %)&% ( T -?U �]2 beany dependenceclass.For

affineembeddingfunctions,thecondition� �?2 in Lemma1
canbewrittenasfollows:� k " }�&$}�( q S %)&% ( T - ��� � ( " � & � �#2 e

The affine form of Farkas’ Lemmalets us expressthe
unknown matrices� , }�& ,� & , }�( and � ( in termsof

R
.

Lemma 2 (Farkas)Any affinefunction ¡ H)P{I which is non-
negative everywhere over a polyhedron definedby the in-
equalities9 P�-?/ �#2 canberepresentedasfollows:¡ H)P{I >~¢{£ -�¤a¥ 9 P�-x¤s¥s/¢�£ �02 6 ¤ �]2
where ¤ is a vectorof lengthequalto thenumberof rowsof
A. ¢ £ and ¤ are calledtheFarkasmultipliers.

Applying Farkas’ Lemmato our dependenceequations
weobtain�#k " } & } ( q S % &% ( T - ��� �¦( " �¦& �> § -�¨ ¥ R S %)&%)( T -x¨ ¥ U§ �#2 6 ¨ �#2 6
wherethevector § andthematrix ¨ aretheFarkasmultipli-
ers.

Equatingcoefficientsof % & , % ( onbothsides,weget� k " }�&$}�( q > ¨�¥ R��� � ( " � & � > § -x¨�¥sU (1)§ �02 6 ¨ �02�e
The Farkasmultipliers in System(1) canbe eliminated

throughFourier-Motzkin projectionto give a systemof in-
equalitiesconstrainingtheunknown embeddingcoefficients
andtransformationmatrix. Sincewe requirethatall differ-
encevectorelementsbenon-negative,wecanapplythispro-
cedureto eachdimensionof theproductspaceseparately.

Applying theabove procedureto all dependenceclasses
resultsin a systemof inequalitiesconstrainingthe embed-
dingfunctionsandtransformation.A fully permutableprod-
uct spaceis possibleif andonly if that systemhasa solu-
tion. Thesetof dimensionsfor which theequationshave a
solutionwill constitutea fully permutablesub-spaceof the
productspace.

3.2 Solving for Embeddings and Transformations

In System(1), � is unknownwhile each} � is partiallyspec-
ified2. To solve suchsystems,we will heuristicallyrestrict� andsolve theresultinglinearsystemfor appropriateem-
beddingsif they exist.

3.2.1 Example

Before describingthe algorithm, we illustrate this for the
runningexample.Theembeddingfunctionsfor thisprogram
canbewrittenasfollows:

� � H VX 
 �
 �� � Y\ I >
VWWWWX 
 �
 �� �¡ ©Fª�¡ « ª�
Y[ZZZZ\ � � H S 
 �
 � T I >

VWWWWX ¡ ©8¬�¡ « ¬�¡�­�¬�
 �
��
Y[ZZZZ\

where ¡ © ª� etc. areunknown affine functionsthat mustbe
determined.Assumethat � is theidentitymatrix. We apply
ourproceduredimensionby dimensionto theproductspace.

Considerthefirst dimension.Wehaveto ensuretwo con-
ditions:

1. ¡ © ¬� H 
 � 6 
�� I " 
 � �]2 for all pointsin ^ � , and
2. 
 �a" ¡ © ¬� H 
 � 6 
 � I �]2 for all pointsin ^ � .

Considerthe first condition. Let ¡�©8¬� H 
 � 6 
 � I > � ©Fª 
 � -� « ª 
 � -��7®�¯°-��7± � -�� � . Applying Farkas’Lemma,we
get ¡ ©8¬� H 
 � 6 
 � I " 
 � >²¢{£ - ¢ � H'¯ " 
 � I�- ¢ � H 
 ��"�� I�-

2Theembeddingfunctionsarepartiallyfixedbecauseof condition(2) in
Definition2.
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 � I where¢ £ , . . . , ¢ �µ´ arenon-
negati¶ ve3. Projectingthe ¢ ’sout,wefind out thatthecoeffi-
cientsof ¡ © ¬� H 
 � 6 
 � I mustsatisfythefollowing inequalities:�7® � 2�7± � 2� © ª -r� ® � �� « ª -�� ± � 2� © ª -¸·�� « ª -r� ® -0·�� ± -�� � � �

Similarly, for thesecondcondition,this proceduredeter-
minesthefollowing constraints: � ® ¹ 2�7± ¹ 2� © ª -�� ® ¹ �� « ª -r�7± ¹ 2� ©Fª -�� « ª -r�7®<-¸·��7±?-r� � ¹ �

The conjunctionof theseinequalitiesgivesthe solution¡ ©8¬� H 
 � 6 
L� I >~
 � .
Applying thesameprocedureto theotherdimensionsof

the productspace,we obtainthe following setof legal em-
beddings: ¡ ©8¬� H 
 � 6 
 � I > 
 �¡ « ¬� H 
 � 6 
�� I w � 
L� 6 
�� - ���¡�­�¬� H 
 � 6 
 � I w � 
 � 6 
 �a"0���¡ © ª� H 
 � 6 
�� 6 ��� I > 
 �¡ « ª� H 
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�� 6 ��� I w � 
�� 6 
�� "0� 6 ��� 6 ��� - ����e

In this case,wegetmorethanonesolution,andany one
of them can be usedto obtaina fully permutableproduct
space.

3.2.2 Reversal and Skewing

In general,it may not be possibleto find embeddingsthat
maketheproductspacefully permutable(thatis, with � re-
strictedto the identity matrix). For suchprograms,trans-
forming theproductspaceby a non-trivial transformation�
mayresultin a fully permutablespacethatcanbetiled. This
is thecasefor therelaxationcodesdiscussedin Section4. If
our algorithmfails to find embeddingswith � restrictedto
theidentity matrix, it triesto find combinationsof loopper-
mutation,reversalandskewing for which it canfind valid
embeddings.The framework presentedin Section3.1 can
beusedto find thesetransformations.

Loopreversalfor a givendimensionof theproductspace
is handledby requiringtheentry in thatdimensionof each

3Thereare14 inequalitiesthatdefineº.» in Section2.2,sothereare14
Farkasmultipliers ¼p»¦½G½F½µ¼�»¿¾ .

differencevectorto benon-positive.For a dependenceclass^ , the condition that the
��À)Á

entry of all of its difference
vectors

���
arenon-positivecanbewrittenasfollows:k " } z & } z ( q S % &% ( T -�� z ( " � z & ¹ 2

which is equivalenttok } z & " } z ( q S % &% ( T -r� z & " � z ( �#2 e
Loopskewing is handledasfollows.Wereplacethenon-

negativity constraintsonthe
��À)Á

entriesof all differencevec-
tors in

�
by linearconstraintsthatguaranteethat theseen-

triesareboundedbelow by a negativeconstant,asfollows:k " } z & } z ( q S % &% ( T -r� z ( " � z & -?Â �#2 6 Â �#2 (2)

where Â is an additionalvariableintroducedinto the sys-
tem.Thesmallestvalueof Â thatsatisfiesthissystemcanbe
foundby projectingout theothervariablesandpicking the
lower boundof Â . If thesystemhasa solution,thenegative
entriesin the

��À)Á
entryof all differencevectorsarebounded

by thevalueof Â . If every differencevectorthathasa neg-
ative valuein dimension

�
, hasa strictly positive entry in a

dimensionpreceding
�
, loop skewing canbe usedto make

all entriesin dimension
�

positive.

3.3 Algorithm

Our algorithmis shown in Figure5. Thedeterminationof
theembeddingfunctionsandof thetransformationare inter-
leaved,andthey are computedincrementallyonedimension
at a time. Eachiterationof theouter

�
loop determinesone

dimensionof the transformedproductspaceby determin-
ing theembeddingfunctionsfor dimensionv of theproduct
space,andpermutingthatdimensioninto the

� À)Á
positionof

thetransformedproductspace,reversingthatdimensionand
skewing thatdimensionby outerdimensionsif necessary.

The algorithmasshown in Figure5 doesnot stopafter
identifying the outersetof permutabledimensions.While
trying to find the

��À)Á
dimensionof the transformedproduct

space,if noneof the remainingdimensionsof the product
spacecanbemadepermutablewith theouter

� "��
dimen-

sions(evenallowingreversalandskewing), it determinesthe
subsetof thesedimensionsthatcanbemadepermutablewith
respectto eachother (but not with the outer dimensions).
By applyingthis successively, thealgorithmcreatesa trans-
formedproductspacethat consistsof nestedlayersof per-
mutabledimensions.

An importantnotion in this algorithmis that of a satis-
fied dependenceclasswhich is similar to this notion in the
context of perfectly-nestedloop nests[28]. At the

� À)Á
itera-

tion of the outerloop, we saythata dependenceclasŝ is



ALGORITHM DetermineEmbeddingsÃ
:= Set of dimensions of product spaceÄ
:= Current layer (initialized to 1)Å�Æ
:= Set of unsatisfied dependence classes

(initialized to all dependence classes of program)Å�Ç
:= Set of satisfied dependence classes for the current layer

(initialized to empty set)È
:= Transformation matrix (initialized to Identity)

for dimension É = 1, Ê of the transformed product space

process_dimension :
for each Ë in Ã

Construct system
Ç

constraining the ËGÌ)Í dimension of every embedding function as follows:
for each unsatisfied dependence class ÎÐÏ Å�Æ

Add constraints so that each entry in dimension Ë of all difference vectors of Î
is non-negative;

for each satisfied dependence class Ñ<Ï Å�Ç
Add constraints so that each entry in dimension Ë of all difference vectors of ÑÒ

positive Ó is non-negative;
if system has solutions

Pick a solution corresponding to smallest Ó ;
Update

Å�Ç
and
Å�Æ

;
Delete Ë from Ã and make Ë the É�Ì)Í dimension of the transformed product space;
Update row É of È ;
Continue É loop;

endif

// if the previous system does not have a solution
// check whether reversing the dimension permits solutions
Construct system

Ç
constraining the ËGÌ)Í dimension of every embedding function as follows:

for each unsatisfied dependence class ÎÐÏ Å�Æ
Add constraints so that each entry in dimension Ë of all difference vectors of Î
is non-positive;

for each satisfied dependence class Ñ<Ï Å�Ç
Add constraints so that each entry in dimension Ë of all difference vectors of ÑÔ positive Ó is non-positive;

if system has solutions
Pick a solution corresponding to smallest Ó ;
Update

Å�Ç
and
Å�Æ

;
Delete Ë from Ã and make Ë the É�Ì)Í dimension of the transformed product space;
Update row É of È ;
Continue É loop;

endif
endfor

// Reach here if no further dimension of
Ã

can be added to the current layerÄ
:=
Ä

+ 1 // Start a new layerÅ�Ç
:= empty set

goto process_dimension

endfor

Figure5: Algorithm to DetermineEmbeddingsandTransformation

satisfiedif all (partially determined)differencevectors
�¦�

are lexicographicallypositive. Intuitively, a lexicographic
traversalof the first

�
dimensionsof the transformedprod-

uct spaceis guaranteedto respectall thedifferencevectors
of this dependenceclass,regardlessof how the remaining
dimensionsof the transformedproductspacearetraversed.
In checkingwhethera particulardimensionv of the prod-

uct spacecan be madepermutablewith the outer dimen-
sions,thelinearsystemweconstructspecifiesthatall unsat-
isfied dependenceclasses

RCÕ
musthave non-negative en-

tries along this dimension4 while the satisfieddependence
classes

RNÖ
are allowed to have entriesgreaterthan some

4non-positivefor thereversalcase



constantnegative5 Â to allow skewing by an outerdimen-
sion. This ensuresthata solutionwith skewing is accepted
only if it is legal. By choosinga solutionthat corresponds
to minimum Â , wechooseembeddingfunctionsthatrequire
theleastamountof skewing for successfultiling. If themin-
imumvalueof Â is

2
, thennoskewing is required.

While processingthe
� À'Á

dimensionof the transformed
space,if we fail to find a dimensionof theproductspaceto
addto our currentsetof permutabledimensions,we starta
new layerof permutabledimensionsnestedwithin theouter
layers.To dothiswesimplyneedto dropfrom consideration
thesatisfieddependenceclasses(

RNÖ
).

Regardingthecorrectnessandcompletenessof thealgo-
rithm westatethefollowing theorem:

Theorem 2 ThealgorithmDetermineEmbeddings has
thefollowing properties:

1. It alwaysproducesembeddings��� � 68� � 6 e�e�e 68� 	 � and
transformationmatrix � defininga legal executionor-
der.

2. � orders the dimensionsof the transformedproduct
spaced into layers × . Thedimensionswithin a layer
are fully permutable.

Theproof is omittedfor lackof space.Notethatalthough
in the worstcasethe algorithmcould require Ø H y � I execu-
tionsof the v loop in Figure5, in practicethenumberof ex-
ecutionsof the v loopis closerto Ø H y I . Eachiterationof thev loop needsto performFourier-Motzkin eliminationwhich
could potentiallybe exponential;this canbe engineeredto
work well in practice[19].

Oncethe transformedproductspaceis determined,we
have in effect founda perfectly-nestedloop nestwith a le-
gal executionorder. The loopsaregroupedinto layersand
loopswithin eachlayerarefully permutablewithin thelayer
andcanbetiled. Dependenceinformationfor this loop nest
canbesummarizedusingdirectionsanddistances,andstan-
dardtechniquesfor locality enhancementlike heightreduc-
tion [16] canbe applied. After this, redundantdimensions
areeliminated,fully-permutableloopsaretiled, andcodeis
generatedusingwell-understoodtechniques[2,12].

3.3.1 Picking Good Embedding Functions

As far astiling is concerned,any solutionto the system
Ö

createdby thealgorithmin the v loop would allow thatdi-
mensionof the transformedproductspaceto be fully per-
mutablewith the otherdimensionsin the currentlayer. If
our only concernis to producetiled code,thenany of the
solutionswill do. But notall solutionsareequallyeffective.
For example,considerthecodefragmentin Figure6 which
will benefitfrom tiling sincetheaccessesto arraysA andB
in statementS1 cannotbemadeunit-strideat thesametime.

5positive Ó in thereversalcase

for i1 = 1, N
for j1 = 1, N

S1: A(i1,j1) = B(j1,i1)

for i2 = 1, N
for j2 = 1, N

S2: A(i2,j2) = A(i2,j2) + B(i2,j2)

Figure6: To FuseOr Not To Fuse?

Two valid embeddingsfor ��>=m thatallow this codeto
betiled arethefollowing:

1. � � H S % �� � T I > VWWX % �� ���
Y[ZZ\ � � H S % �� � T I > VWWX �� % �� �

Y[ZZ\
This embeddingcorrespondsto the original program
executionorder. Tiling theresultingtransformedprod-
uct spacewould in effect tile the two loop nestssepa-
rately.

2. � � H S % �� � T I > VWWX % �� �% �� �
Y[ZZ\ � � H S % �� � T I > VWWX % �% �% �� �

Y[ZZ\
Thisembeddingcorrespondsto fusingi1 andi2 loops
andthej1 andj2 loops. Theresultingfusedi andj
loopscannow betiled.

By fusingthetwo loops,thesecondsolutionis ableto re-
ducethedistancebetweenthewrite to arrayA in statement
S1 andthesubsequentreadin statementS2. In fact, in this
solution,both the sourceanddestinationof this datareuse
aremappedto the samepoint in the productspace. Note
that this reusecorrespondsto theflow dependencebetween
thestatementinstancesÙ�Ú H %G6 � I and Ù�Û H %F6 � I , � ¹ %F6 � ¹ � .
The distancebetweenthe sourceand the destinationstate-
ment instancescan thus be representedby the difference
vectorsfor this dependenceclass. For the first solution,
the differencevector correspondingto this dependenceis� � " % � 6 � " � � 68% � "#� 6 � � "#� � À while it is � 2 6 2 6 2 6 2 � À for
the secondsolution. For this codefragment,we preferthe
secondsolutionbecauseit exploits thereuse.

If ��� � 6�� � 6 eLe�e � 	{� are the set of embeddingfunctions

for a program,and ^ � RÜS %)&%'(CT -3U �b2 is a depen-

denceclassfor this program,thenthedifferencevectorfor
a pair H %'&768%)( IÝw ^ is � ��( H %)( I " ��& H %'& I � . Clearly, we can
reducethedistancebetweenthedependentiterationsby re-
ducingeachdimensionof the differencevector. The reuse
is fully exploited if the differencevector is Þ2 . The embed-
ding functionsthatareableto achieve this satisfytheplane��� (7H % (�I " � &�H % &AI � >lÞ2 for all pairs H % & 6�% (LI5w ^ . This plane
forms one of the facesof the polyhedronrepresentingthe
systemof inequalities

Ö
that describesthe setof legal em-

beddingfunctions. The systemis boundedby other faces



obtainedfrom otherdependenceclasses.A solutionthatlies
ontheß intersectionof morethanonefacewill beabletomake
theentrycorrespondingto morethanonedependenceclass
zero. Thesolutionthatmakesthemaximumnumberof en-
trieszeromustthereforelie at thecornersof thepolyhedron
representedby thesystem

Ö
. We enumeratethecornersand

pick a solutionmaximizingnumberof zeros.
For the codefragmentshown in Figure6, this heuristic

picksthesecondsolution.

4 Experimental Results

We are implementingour approachin the SGI MIPSPro
compiler. In this section,we presentpreliminary results
from this implementationfor four importantcodes.All ex-
perimentswererunonanSGIOctaneworkstationbasedona
R12000chiprunningat300MHzwith 32KB first-level data
cacheandanunifiedsecond-level cacheof size2 MB (both
cachesaretwo-waysetassociative). Wherever possible,we
presentthreesetsof performancenumbersfor acode.

1. Performanceof codeproducedby the SGI MIPSPro
compiler(Version7.2.1)with the“-O3” flagturnedon.
At this level of optimization,theSGI compilerapplies
thefollowingsetof transformationsto thecode[27]—it
convertsimperfectly-nestedloop neststo singlynested
loops(SNLs)by meansof fissionandfusionandthen
applies transformationslike permutation, tiling and
softwarepipelininginnerloops.

2. Performanceof codeproducedby animplementationof
the techniquesdescribedin this paper, andthencom-
piled by the SGI MIPSProcompilerwith the flags“-
O3-LNO:blocking=off ” todisableall localityenhance-
mentby theSGIcompiler.

3. Performanceof hand-codedLAPACK library routine
runningon topof hand-tunedBLAS.

Our tile size selectionalgorithm is still being imple-
mented,sowe tiled all codeswith a fixedblock sizeof à 2 .
Our experimentsshow that thereare no significantdiffer-
encesin performancefor block sizesranging from · 2 to�L272

. Performanceis reportedin MFLOPS,countingeach
multiply-addas1 Flop. For someof thecodeslike tomcatv,
we did not have hand-codedversionsas a comparison;in
thesecases,we reportrunningtime.

The numberspresentedshow that for thesecodestiling
is importantandastheSGI compileris not ableto tile these
loops,it sufferssevereperformancepenalties.Also,ourtiled
codeis able to approachthe performanceof hand-written
libraries.

4.1 Triangular Solve

For the running exampleof triangularsolve with multiple
right-handsides,our algorithm determinesthat the prod-
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Figure7: Performanceof TriangularSolve

uct spacecanbemadefully permutablewithout reversalor
skewing. It choosesthefollowing embeddings:

� � H VX 

� Y\ I >
VWWWWX 

�


Y[ZZZZ\ � � H S 

 T I >

VWWWWX 





Y[ZZZZ\

Thefourth andfifth dimensionsof theproductspaceare
redundant,sothey areeliminatedandtheremainingthreedi-
mensionsaretiled. Figure7 shows performanceresultsfor
aconstantnumberof right-handsides(M in Figure2 is 500).
Theperformanceof codegeneratedbyourtechniquesis upto
afactorof 10betterthanthecodeproducedby theSGIcom-
piler, but it is still 20% slower than the hand-tunedcode
in the BLAS library. The high-level structureof the code
we generateis similar to that of the codein the BLAS li-
brary;furtherimprovementsin thecompiler-generatedcode
mustcomefrom fine-tuningof registertiling andinstruction
scheduling.

4.2 Cholesky Factorization

Cholesky factorizationis usedto solve symmetricpositive-
definite linear systems. Figure 8(a) shows one version
of Cholesky factorization called row-Choleskyor % � � -á�â @�ã)ä�å � § ; thereareat leastfive otherversionsof Cholesky
factorizationcorrespondingto thepermutationsof thethree
outer loops. Our algorithm correctly determinesthat the
codecanbe tiled in all the six casesandproducesthe ap-
propriateembeddings.

For the % � � versionshown here,the algorithmdeduces
thatall 8 dimensionsof theproductspacecanbemadefully
permutablewithout reversalor skewing. It picksthefollow-
ing embeddingsfor thefour statements:



for i = 1,N
for j = 1,i-1

for k = 1,j-1
S1: a(i,j) = a(i,j) - a(i,k)*a(j,k)
S2: a(i,j) = a(i,j) / a(j,j)

for k = 1, i-1
S3: a(i,i) = a(i.i) - a(i,k)*a(i,k)
s4:a(i,i) = sqrt(a(i,i))

(a)OriginalCode
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Figure8: Cholesky Factorizationandits Performance
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For theseembeddings,thelastfivedimensionsareredun-

dantandare ignored. The remainingthreedimensionsare
tiled. Figure8(b) shows the resultof tiling the threeloops
for varyingmatrixsizes.Thecodeproducedby ourapproach
is roughly15timesfasterthanthecodeproducedby theSGI
compiler, andit is within 10%of thehand-writtenLAPACK
library codefor largematrices.

4.3 Jacobi

TheJacobikernelis typical of coderequiredto solve pde’s
using explicit methods. Theseare calledrelaxationcodes
in the compilerliterature. They containan outer loop that

for t = 1,T
for i = 2,N-1
for j = 2,N-1

S1: L(i,j) = (A(i,j+1) + A(i,j-1)
+ A(i+1,j) + A(i-1,j)) / 4

for i = 2,N-1
for j = 2,N-1

S2: A(i,j) = L(i,j)

(a)OriginalCode
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Figure9: Jacobiandits Performance

countstime-steps;in eachtime-step,a smoothingoperation
(stencilcomputation)is performedon arraysthat represent
approximationsto thesolutionto thepde. Mostof theseap-
plicationshave imperfectly-nestedloop nests.We show the
resultsof applyingour techniqueto theJacobikernelshown
in Figure9(a)whichusesrelaxationto solveLaplace’sequa-
tion. It requiresa non-trivial linear transformationof the
productspace.

Our algorithm picks an embeddingwhich corresponds
intuitively to shifting the iterationsof the two statements
with respectto eachother, andthenfusing the resultingi
andj loops. This not only allows us to tile the loopsbut
alsobenefitsthe reusesbetweenthe two arraysin the two
statements.

� � H VXCò %� Y\ I >
VWWWWWWX
ò %� ò% "#�� "0�
Y[ZZZZZZ\ � � H

VXCò %� Y\ I >
VWWWWWWX
ò% - �� - �ò %�
Y[ZZZZZZ\

Thelastthreedimensionsof theproductspaceareredun-
dant. The resultingproductspacecannotbe tiled directly,
so our implementationchoosesto skew the secondandthe
third dimensionsby 2*t.

Figure9(b) shows theexecutiontimesfor thecodepro-
ducedby our techniqueandby theSGI compilerfor a fixed
numberof time-steps(

��272
). Tiling the codeimprovesper-

formancesignificantly.
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Figure10: Performanceof tomcatv

Performanceresultsfor otherrelaxationcodeslike Red-
BlackGauss-Siedelarediscussedin [1].

4.4 Tomcatv

As a final exampleto demonstratethatour approachworks
on large codes,we considerthe kernel from the tomcatv
SPECfpbenchmarksuite.6 The code,which is too big to
be shown here,consistsof an outer time loop ITER con-
tainingasequenceof doubly-andsingly-nestedloopswhich
walk over both two-dimensionaland one-dimensionalar-
rays. Treatingevery basicblock asa singlestatement,our
algorithmproducesanembeddingwhich correspondsto in-
terchangingthe I andJ loops, and then fusing all the I
loops. Theproductspaceis transformedsothat theI loop
is skewed by 2*ITER, andtheITER andskewedI loops
aretiled. It is notpossibleto tile theJ loopsin thiscodebe-
causeoneof theloopswalksbackwardsthroughsomeof the
arrays.Theresultsof applyingthetransformationareshown
in Figure10 for a fixedarraysize(253from a referencein-
put), anda varyingnumberof time-steps.The line marked
“Our Method”showsaperformanceimprovementof around
18% over the original code. Additional improvement(line
marked“Our Method (plus datatransformation)”) canbe
obtainedby doing a datatransformationthat transposesall
thearraysassuggestedin [24].

5 Conclusions

We have presentedan approach to tiling imperfectly-
nestedloop nests,and demonstratedits utility on codes
that arisefrequentlyin computationalscienceapplications.
Our approachgeneralizestechniquesusedcurrentlyto tile
perfectly-nestedloop nests,andsubsumestechniquesused

6Tomcatvis not directly amenableto our techniquebecauseit contains
an exit testat the endof eachtime-step,so we considerthe kernelwith-
out the exit condition. The resultingkernelcanbe tiled speculatively as
demonstratedin [25].

in currentcompilersto convert imperfectly-nestedloopnests
into perfectly-nestedonesfor tiling. Further, it allows usto
pick good solutionsby reducingthe distancebetweende-
pendentstatementinstances. It also doesnot requirethat
programsconformto a specificstructure.

Other kinds of embeddingshave beenusedin the lit-
erature. For example, Feautrier[10] hassolved schedul-
ing problemsby embeddingstatementinstancesinto a one-
dimensionalspacethroughpiecewise affine functions,and
searchingthe spaceof legal embeddingsfor one with the
shortestlength. Kelly and Pugh [12] searcha spaceof
pseudo-affine mappingsfor programs,using a cost model
to choosethebestone. Therangeof thesemappingsis left
undefinedto maketheframework expressive,but thisgener-
ality makesit difficult to use.In their framework they repre-
senttiling by pseudo-affinemappings(usingmod anddiv)
but donotshow how to obtainthem.Lim andLam[18] have
usedaffine partitionsto maximizeparallelism.They derive
constraintssimilar to our tiling constraintsin order to par-
allelizeprogramswith optimal synchronization.Unlike the
previoustwo approaches,our approachprescribesa special
spacelargeenoughto includeall affine transformationsand
usesit to pick goodsolutionsfor tiling.

We areimplementingour techniquein theSGI MIPSPro
compiler. In a productionsetting,compiletime is a major
concern.The time takenby our implementationon a code
like tomcatvappearsto be reasonable,so we believe that
compiletime is not an issue(in the full paper, we will pro-
videcompiletimesfor thecodesdiscussedin this paper).

Finally, tiling somecodeslike QR factorizationrequires
exploiting domain-specificinformation such as the asso-
ciativity of matrix multiplication. Incorporatingthis kind
of knowledge into a restructuringcompiler is critical for
achieving the next level of performancefrom automatic
tiling.
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